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Abstract. This article is concerned with the discretization of parabolic optimization problems
subject to pointwise in time constraints on mean values of the derivative of the state variable.
Central component of the analysis are a priori error estimates for the dG(0)-cG(1) discretization
of the parabolic partial differential equation (PDE) in the L°°(0,T; H}(Q))-norm, together with
corresponding estimates in L(0,T; H~(Q2)) for the adjoint PDE. These results are then utilized
to show convergence orders for the discrete approximation towards the solution of the parabolic
optimization problem.
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1. Introduction. We are concerned with optimization problems governed by
parabolic partial differential equations (PDEs). For clarity of the presentation, we
confine ourselves to the case of the heat-equation with homogeneous Dirichlet bound-
ary conditions and a control acting distributed in the domain. The most important
feature is the consideration of pointwise in time constraints on weighted mean-values
of the spatial gradient of the solution of the PDE. Consideration of such constraints
is motivated by bounds on average stresses in glass cooling processes, [10,31,32], and
steel cooling, see, e.g., [38] and the references therein.

To be precise, for a time interval I = (0,7) and a domain Q C R¢, d € {2, 3}, let
u = u(t, z) be the state variable, i.e., the solution of the parabolic PDE and ¢ = ¢(t)
the control variable. We consider the following model problem

1
Minimize - / / (u(z,t) — ug(z,t))*dedt + @ / q(t)dt,
2J)1Ja 2 Jr
where u and ¢ are coupled by the parabolic PDE
atu(t7 ZL’) - Au(tv x) = Q(t)g(x)

with suitable boundary conditions and initial data. Additionally, box constraints on
the control variable and, most importantly, state constraints of the form

/ |Vu(z,t)|?w(z)de <b  Vte[0,T]
Q

are considered. The precise formulation of the problem is presented in Section 2.
The following a priori error analysis is inspired by the work of [26] where the
authors extended the technique developed in [27] and [28], to the case of constraints
on mean values of the state. However, due to the consideration of derivatives of the
state, the analysis of the problem at hand is severely more involved. Indeed, the error
estimate for the optimal control problem requires, at any level of discretization, error
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estimates for the state equation in L> (I, H}(Q)), instead of L (I, L?(Q)) considered
in [26], which are not present in the literature. Namely, for the temporal discretization
we will show

1

T 3
lu —ugllLoe(rvy < Ck(log =t 1) (”fHLOO(I,V) + HU0||H3(Q))
in Theorem 4.8. The corresponding estimate for the spatial discretization error

lukn — ukllo vy < Ch(| fllz2(r,v) + ol m2(0))

will be provided in Theorem 4.12.

In addition, as usual in the presence of pointwise state constraints, the associated
Lagrange multiplier is a Borel measure in C(I)*, leading to low regularity of the
adjoint state.

The literature on gradient state constraints for parabolic problem has only few
contributions. To the best of the authors knowledge, an a priori analysis in the case
of gradient state constraints has not yet been considered. Integral gradient constraint
pointwise in time are considered in [25], where existence and optimality conditions
are discussed. In [8], a Pontryagin’s principle is obtained using Ekeland’s variational
principle. In [33], second order sufficient conditions are discussed in a setting including
integral gradient constraints.

Integral state constraints, involving the state, but not its derivative, were consid-
ered in [15] and [2]. In both cases, second order sufficient conditions were investigated;
the former in presence of a non-linearity in the boundary condition, the latter in pres-
ence of a cubic non-linearity in the differential equation. For state constraints of
integral and mixed type in the semilinear case, we mention also [4,9].

State constraints pointwise in space and time are discussed in several publications.
Regarding the linear case, in the recent publication [16] a priori error estimates in the
L?-norm are derived. A Lavrentiev-type regularization was considered in [29] for both
distributed and boundary controls. For a discussion of the variational discretization
approach in the parabolic case, we refer to [12]. The papers [1, 5,21, 34] deal with
semilinear differential equations and second order sufficient conditions.

Gradient constraints for elliptic problem have recently received more attention
than the parabolic case. Optimality conditions have been derived on smooth domains
in [6,7], the case of nonsmooth polygonal domains was considered in [39] Algorithmi-
cally, barrier methods where considered in [35], while penalty methods are considered
in [19] for smooth domains and [40] for nonsmooth polygonal domains. A priori error
estimates have been derived in [11,18,30], and [40] for nonsmooth domains.

This paper is structured as follows: In Section 2, we define the model problem,
introduce some notations and state the necessary optimality conditions. The time and
space discretization of the problem is presented in Section 3. In Section 4, we provide
stability estimates for the state equation and for additional auxiliary problems. At
any level of discretization, we derive error estimate for the state equation in the
L°(I, H}(Q))norm. In Section 5, we assemble the results providing the rate of
convergence for the optimal control problem.

2. The Problem. Let Q C R? with d € {2,3}, be a convex bounded domain
with C2-boundary, I = (0,T) a given time interval and abbreviate V := H}(Q),
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H := L*(Q)). We consider the linear parabolic PDE

Ou — Au = f in I x4,
u=0 onlxomQ, (2.1)
u=1up in {0} xQ,

with right hand side f = f(t,z) = q(t)g(x) = 31", ¢:(t)gi(t), ¢; € L*(I), g; € V,
up € H2(Q) NV. The splitting of the right hand side is motivated by practical
considerations in the context of industrial applications, where the control ¢ acts in
time only and g represents the control action.

The regularity of the data ensures the existence of a weak solution for (2.1) in
the space

U={uec L*(I,H*(Q))NL>(I,V),u; € L*(I,H)}, (2.2)

see [14, Chapter 7, Theorem 5]. The thus defined control-to-state map S : L2(I)™ —
U, which associates to any given ¢ € L?(I)™ the solution Sq = u(q) to (2.1), is
continuous.

In the following, (-,-); denotes the standard inner product in L?(I, H), i.e.,
(,)r = [;(-,-)dt with associated norm || - ||7, while (-,-) and || - || is used for H.
Additional notation is introduced at the end of the section.

The following optimal control problem with tracking-type objective is then con-
sidered

1 o
Minimi J _ = B 2 @ 2
Minjmize (0,u) = 5llu—uallr + Sllalza ),

subject to (2.1) and
(|Vu|®>,w) <b Vtel

(2.3)

with prescribed temperature profile uq € L?(I, H), weighting function w € L*>(1Q),
b € R, and admissible control set

Qad = {q S L2(I)m | Amin < Q(t) < dmaz, &.€. in I}

with ¢min < Gmaez € R.
ASSUMPTION 2.1. We assume the following reqularity condition to hold:

3G € Qua such that ([Vu(d)|*,w) —b < —e <0, (2.4)

for some e € RT.

The regularity condition ensures the existence of a feasible point for (2.3), justi-
fying the well-posedness of the problem using standard arguments.

PROPOSITION 2.2. The optimal control problem (2.3) admits a unique solution
(g, u) € Q@ x U, where Q = L*°(I).

Proof. The problem can be formulated in the setting of the distributed optimal
control problem analyzed in [25], where well-posedness is showed. The additional
regularity of the control is a consequence of the box-control constraint. O

REMARK 2.3. We observe that there holds the embedding U — C(I,V), see [22,
Theorem 3.1, Chapter 1]. This is what we need to treat the state constraint. Indeed,
defining G(u) := (|Vu|?,w) we have G: U — C(I).
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In a next step, we formulate the necessary optimality conditions for the optimal
control problem.

THEOREM 2.4. Given Assumption 2.1 the pair (§,u) € Quqa X U is optimal for
(2.3) if and only if it is feasible and there exists a Lagrange multiplier i € C(I)* and
an adjoint state z € L?(I x ) satisfying the following system of optimality conditions:

(O, )1 + (Va, Vo) = (49, )1 + (uo, ¢(0)) Ve eU, (2-5a)
(0w, 2)1 + (Vo,VZ2) = (4 — ug, ©)1 + (1, 2(ViVe,w)) Vo e U, (2.5b)
(q,q— @ r2a) +(2,(¢—q)g)1 >0 Vq € Qad, (2.5¢)
(b—G(u),pn) =0, p >0, (2.5d)

where (-,-) denotes the duality pairing between C(I)* and C(I).

Proof. The continuity of the control-to-state map S ensures that the reduced cost
functional j(q) = J(g, S¢q) is well-defined.

Denoting with K = {v € C(I)|v < 0, a.e. in I} the closed convex cone of
non positive continuous functions, we observe that Assumption 2.1 corresponds to
G(Sq) € int K. Thus, we can formulate problem (2.3) in the abstract setting

min j(q)
st. G(Sq) € K q € Qqa,

and the claim follows by standard argument, see, e.g., [37, Chapter 6] together with
the solvability of the adjoint equation, see, e.g., [25, Lemma 3]. O

REMARK 2.5. Indeed, for the solution of the adjoint equation (2.5b) there holds
the additional regularity z € L (I, H=1(Q)), see [25, Appendiz 1].
We conclude the section with some notation for continuous and discrete negative
norms following [36]. For a nonnegative integer s, we introduce the space

H*(Q) = {ve H* Q)| AMv =0 on 99, for j < 5/2},
and the iterated solution operators for Poisson’s problem
A"t HTYQ) —» HY(Q),
~A7Y LA(Q) — H2(Q),
~AT? HY(Q) = H3(Q).
Then, the semi-norm
| |s = (A7)

is equivalent to the usual negative norm on the space H*(Q), see [36, Lemma 5.1].
As a consequence, we can define the following equivalent norms on H~*(Q2) and
A1, H—(9))

Il = VA=, I z2cr,m-100)) = VA~ g,
I -2 == 11A7" -, - L2z = 1A |1,
I lz-3) = IVA~Z -, I 22, m-300)) = [VA™2 |

Denoting by V}, the standard conforming finite element space of piecewise linear func-
tions, which will be introduced in detail in Section 3.2, we define the inverse of the
discrete Laplacian
—Ah : H_l(Q) — Vh,
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which associates to any f € H~1(Q) an element v;, € V}, given by

(Von, Veor) = f(en), Yeon € Vi.

We introduce the discrete semi-norm
| e = (=A%, )12,

which is equivalent to the continuous semi-norm modulo a small constant, see [36,
Lemma 5.3].

Throughout the article, we denote by C a generic constant.

REMARK 2.6. From the definition of H*(Q), we observe that the norm || - || g--
corresponds to the norm of (H*(2) N HE(Q))* when s = 1,2. While for s = 3, we
have the additional condition Av = 0.

3. Discretization. In this section, we briefly describe the discretization in time
and space of the state equation together with the corresponding optimality conditions
for the semidiscrete and discrete optimal control problem.

The problem is discretized using the so called dG(0)cG(1) method, continuous in
space and discontinuous in time Galerkin method. We refer to [13] and [36] for more
details.

For the discretization of the control variable, we use the variational approach,
going back to [20], implying that the control variable is discretized implicitly by the
optimality conditions. Here this means that g; is piecewise constant.

3.1. Time Discretization. To discretize the problem in time, let ¢; be such
that 0 = t9 < t; < ... < ty—1 < ty = T. Then, the intervals I,, = (t,_1,t,] for
n=1,..., N and Iy = {0} give a partition of I. The length of the interval I, is k,, and
we set k = max, k,. Further, we assume the existence of strictly positive constants
a,c, k such that the following technical conditions hold:

- k -
min k,, > ck®, < "<k Vn>0.
n>0 knJrl
Denoting with Py(I,,, V') the space of piecewise constant polynomials on I,, with values
in V, we introduce the semidiscrete state and trial space
U = Ur(V) = {or € L*(I,V) | 0.0 = @kl1, € Po(In,V),n=1,..,N},

with inner product (+,-);, and norm || - ||z, given by the restriction of the usual inner
product and norm of L?(I, H) onto the interval I,,, i.e., (-,-)1, = fln(-, -)dt.

Since our functions are piecewise constant on each interval, we can simplify stan-
dard notation in our case. It is

Pn4+1 = (p: = lim @(tn + t)a Pn = lim W(tn - t)a [‘P]n = Yn+1 — Pn;,
t—0t+ t—0t

for functions ¢ € Uy. Then, for ug, ¢ € Uy we introduce the bilinear form

N N
Blug, ¢) = > (O, @)1, + (Vur, Vo)1 + > ([wrln—1:00) + (ur1,01),  (3.1)

n=1 n=2

and the semidiscrete state equation reads: for ¢ € @, find ug(q) € Uy, such that

B(uk(q), ») = (a9, ¢)1 + (uo, ¢1) (3.2)
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holds for any ¢ € Uy. In particular, we observe that G(uy) is constant on each I,
ie., G(uk) S Uk(R)

REMARK 3.1. Utilizing that the solution u(q) of (2.1) is in C(I,L*(Q)) it is
clear, that u(q) satisfies (3.2) as well. Thus, there holds the orthogonality relation
B(u(g) — uk(q),») =0, Yy € Uy.

After this preparation, we state the semidiscrete optimal control problem:

1 @
Minimi T ) = Sr — wgl? + el
odmimize, I (g wr) = gl = uallr + 5 llgelzq
subject to (3.2) and
Glug)|r, <b, n=1,..,N.

(3.3)

REMARK 3.2. Indeed, given Assumption 2.1, the above problem (3.3) satisfies a
regularity condition once k is sufficiently small. To see this, we note that (2.4) asserts
the existence of € > 0 such that G(u(q)) < b— €, from which

G(ur(q) = G(u(q) + Gur(q) — ulq)) <b— e+ [lwllp(o (@) — ur(@)l Lo 1,v)-

By the L>(1,V) convergence of the semi-discretization provided in Theorem 4.8, we
conclude that G(ur(q)) < b once k is sufficiently small.

PROPOSITION 3.3. The semidiscrete optimal control problem (3.3) admits a
unique solution (G, ur) € Qad X Uy once k is sufficiently small.

Proof. The well-posedness of the problem follows by standard argument, utilizing
that by Remark 3.2 there exists a feasible point once k is small enough. O

THEOREM 3.4. Given Assumption 2.1 for the semi-discretized solution operator,
the pair (G, ug) € Qaa X Uy is optimal for (3.3) if and only if it is feasible and there
exists a Lagrange multiplier i, € C(I)* and an adjoint state z, € Uy, satisfying the
following system of optimality conditions

B(Ialm QO) = (qu, 90)1 + (U’Oa 903_) VQO € Uk?a (34&)
B(p, z1,) = (ur — ua, p)1 + (fik, 2(Vp Vo, w)) Vo € Uy, (3.4b)
Gk, q — Gr) 2y + (2, (@ — @r)9)1 > 0 Vq € Qad, (3.4c)
where the Lagrange multiplier fiy is given by
(i, v Z / #)dt, Yo € C(I) UUx(R) (3.5)

with pig.n € RY for anyn=1,...,N.

Proof. The proof moves along the same line of the continuous case with the
difference given by the presence of the finitely many state constraints G(ug) |7, <
b,n = 1,...,N. This lead to a different definition of the closed convex cone {v €
RV v, < 0,n = 1,..,N}. As a consequence, we have the existence of Lagrange
multipliers py , € Ry for all n =1, ..., N, associated to the subintervals I,,. Then, we
have fip € C(I)* by construction in (3.5). O

REMARK 3.5. The boundedness of the optimal pair (G, ur) and Lagrange mul-
tiplier piy, follows by standard argument. In particular, in view of Theorem 4.8 and
Assumption 2.1, one has J(qr, ur) < J(q,ur(q)) < ¢, implying ||ux| 1 + |Gxl 21y < c.
Ezploiting the adjoint equation (3.4b), the variational inequality (3.8c) and the posi-
tivity of ix one obtains ||fix||c(ry- < ¢, compare to [26, Lemma 6.2.].

6



3.2. Space Discretization. We consider a family 7, of subdivisions consisting
of closed triangles or quadrilaterals (tetrahedral or hexahedral in dimension three) T'
which are affine equivalent to their reference elements. The union of these elements
Qp = int(UTeTh T) is considered to be such that the vertices on 02}, are located on
0f). We assume the family 7} to be quasi-uniform and shape regular in the sense
of [3] denoting by hr the diameter of T and h := maxgpe7, hr. Then, we define the
conforming finite element space V;, C V as the space of piecewise linear functions
with respect to 7 with the canonical extension U|Q\Q}LE 0 for any v € V. Then, the

discrete state and trial space are given by
Uip = Uk n(Va) = {@xn € L*(I, Vi) | ernlr, € PoIn, Vi), n=1,..,N}.
The discrete state equation reads: for ¢ € @ find ug;, € Uy p such that

B(ukn(a), ¢) = (a9, )1 + (uo,08), (3.6)

for any ¢ € Uy p.
Then, the discrete optimal control problem is given by

Minimize J(qrn, urn) = =|
(qkh ukh) EQaa XUk, 2

subject to (3.6) and
G(ugn) |1, <b, n=1,...,N.

«
lukn — uall7 + 5”‘1th%2(1)
(3.7)

Using similar arguments as in the semidiscrete case, the regularity condition for the
discrete problem is a consequence of Assumption 2.1 once k, h are sufficiently small
utilizing the discretization error of the state equation shown in Theorem 4.12, compare
Remark 3.2. In particular, Assumption 2.1 provides the existence of a feasible point
for (3.7) once k, h are sufficiently small. Then, the existence of a unique optimal pair
(Gkh, Ukn) € Qaa X Uk,p of (3.7) follows by standard arguments.

The optimality conditions are given in the following.

THEOREM 3.6. Given Assumption 2.1 for the discretized solution operator, the
pair (Ugn, Gen) € Uk n X Qaa is optimal for (3.3) if and only if it is feasible and there
exists a Lagrange multiplier iy, € C(I)* and an adjoint state zy, € Uy satisfying
the following system of optimality conditions

B(ﬂkhm Lp) = (Qkhg7 @)I + (U’07 QP(T) VSO € Uk,ha (383‘)
B(p, Zen) = (tkn — ua, )1 + (fkn, 2(Vien Vi, w)) Vo € Uk, (3.8b)
(qkhs @ = Qrn)L2(r) + (Zkhs (@ — Qkn)g)1 > 0 Vq € Qud, (3.8¢)
(b — G(ukn), fixn) = 0, (3.8d)
where the Lagrange multiplier figp, is given by
N
() = 3 e / w(t)dt, Yo € C(T) U U(R) (3.9)
n—=1 n n

with pgnn, € RY for anyn=1,...,N.
Proof. The proof follows by standard arguments, compare to Theorem 3.4 0
REMARK 3.7. The boundedness of (Gin,urn) and fign independent of the dis-
cretization parameters follows as in Remark 3.5, compare to [26, Lemma 6.5].

7



4. The State Equation . In this section, we derive the L>(I, V) error estimate
for the state equation. The derivation employs a duality technique for parabolic
equations requiring at any level of discretization the introduction of the homogeneous
(uncontrolled) backward counterpart of the state equation, see, e.g., [24], [36].

In the following subsection, we analyze the stability of the continuous backward
problem together with an additional auxiliary problem. In Section 4.2 and 4.3, we
inspect the temporal and spatial error, respectively.

4.1. Continuous Auxiliary Solutions. For a given wr € V* := H’l(Q), we
consider the problem to find w € W := W(I) = L*(I,L*(Q)) N H'(I, (H?*)*) such
that

_(80781‘,/”])1 + (VL/)) VU})] = 07

o(T) = (4.1)

for any ¢ € L?(I, H*(Q))NH' (I, L*(£)), see [23, Chapter 4, Section 8] and Lemma 4.2
below.

REMARK 4.1. We observe that, thanks to [L?(Q), (HQ)*]l/Q = V*, compare to
[22, Chapter 1, Theorem 12.5], there holds the embedding W — C(I,V*), see [22,
Chapter 1, Theorem 3.1].

Further, we need an additional backward continuous problem on the truncated
time interval I = (0,7), where ¢ € Iy. Find @ € W (I) such that

—(p, 0wz + (Vo, Vo) 7 = 0,

@(f;A = wrt (42)

for any ¢ € L2(I, HX(Q)) N HX (I, L*(Q)).

We start the analysis with a regularity result for the solution of (4.1). The
following regularity result extends the well-known energy estimates for linear parabolic
equations with homogeneous Dirichlet data. This result is already present in some
classical books, see, e.g., [23]; we include it to keep the exposition self-contained.

LEMMA 4.2. Let w € W be the solution of (4.1). Then, there holds

lwllz + max [lw(®)llz-1 () < Cllwrlla-@- (4.3)

Proof. We test (4.1) with ¢ = —A~1w, obtaining
(A w, 0w); — (VA 'w, V) — (w(T) — wr, A" w(T)) = 0. (4.4)

We note that (4.4) holds also pointwise almost everywhere on I and w(T) = wrp.
Then for a.e. t €

(A w(t), dsw(t)) — (VA w(t), Vw(t)) = 0. (4.5)
We reformulate the first term, using the relation 0w = —Aw, obtaining
(A w(t), Dy (t)) = —[lo(t)]2
For the second, we see, by analogous arguments,

—(VA w(t), Vw(t)) = —(A~ w(t), w(t))
= (VA w(t), VA~ 8,w(t)).
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Then, observing that the time derivative interchanges with V and A~!, we have

(VA w(t), VAT 0w(t)) = 2dt||VA_ w(t)]?.
Thus, it follows from (4.5) that
d -
VAT w@)? = 2w(®)]*. (4.6)

Integrating (4.6) over (t,T) and defining n(t) = [|[VA™ w(t)||2,0(t) = ||w(t)]]?, we

obtain
T
t)+ Q/t P(s)ds =n(T).

Noting that both 1 and v are nonnegative, this shows the assertion. O

In a next step, we derive an error estimate for the solution of (4.1) and (4.2). In
Section 4.2, we use this estimate to investigate the error at the nodal points of the
time discretization.

LEMMA 4.3. Let w and @ be solutions of (4.1) and (4.2), respectively. Then the
error satisfies

_ N T 3
lw =@l 3 1.1y + [0(0) = @O)l11-s(0y < Ch(dog =+ 1) *fwr 20y (47)

Proof. In a first step, we derive the equation for the error e := w — w. Then,
subtracting (4.1) from (4.2), integrating only on I, we obtain

_(907 8t5)f + (V@a VE)T =0
for any ¢ € L2(I, H%(Q)) N H'(I, L*(2)).

Integration by parts in the second term gives

—(p, 0e)7 — (Ap,e)7 = 0. (4.8)

The proof is now divided in two parts corresponding to the two terms in the left-hand
side of (4.7). We start estimating [|(0)|| g3 (q)-
(i) Testing (4.8) with ¢ = —A~3¢, we have

(A%, 0ie)7 4 (A7 %e,e)7 = 0. (4.9)

Observing that

( 5 8t€ /at - (at(Aige)ae)]Aa
we rewrite (4.9) as

—(A73£(0),£(0)) — (3t(A_3E),E)f+ (A‘Qe,s)f

. . 4.10
= —(A73e(t), wr —w(t)). (4.10)

We consider each term in the last equation separately. Integration by parts
in space gives

—(A3£(0),£(0)) = (VA™2¢(0), VA™2£(0)). (4.11)
9



Further, the relation d;¢ = —Ae and A~! being self-adjoint implies
—(0:(A7%),e)7 = (A %e,e)7 = (A7 e, AT le) (4.12)
To estimate the right-hand side of (4.10), we observe that
e(t) = wp —w(t).

Then, with the help of the Cauchy-Schwarz inequality, the Fubini-Tonelli
theorem, and Lemma 4.2, we have

—(A7%(t), wr —w(t)) = [VAT?e(0)|

A(ATVAzatw(t)dt)de
:/Q(/; —VA‘lw(t)dt)2dx
< k/ﬂ (/{TWAIw(t)zdt)dx

T

:k/ /|VA‘1w(t)|2dxdt
t JQ

< CE?|| VA Ywr| 2.

(4.13)

Combining (4.10) with the relations (4.11), (4.12) and the estimate of the
right-hand side (4.13), we conclude

[VA=2(0)[2 + 2] A~ 'e]2 < CR [ VA wr | (4.14)

To derive an estimate for ||| 117, m-1()), We set ¢ = TA™%¢ in (4.8), where
7(t) = max(f — t, k) for t € I.
Assuming that the following relation has already been derived

IVTVAT |2 < CR?|[ VA wr ||, (4.15)
It follows
—1
H‘C:”il(f’Hf%Q)) < ||\/; ”iz(f)”\/;‘C:Hiz(f’Hf%Q))

T
< Ok (1og 7 + 1) lwr -1 q)-

Therefore, we focus in the derivation of (4.15). Inserting ¢ = TA~2¢ in (4.8),
it follows

—(TA™%¢,0,)7—(TA e, e)7 = 0. (4.16)

We reformulate the first term on the left-hand side using the relation

(A% B)p =~ /f 2 (ra2ete), )t + /f 7 (A1), £(1))

where 7/ denotes the first derivative of 7 with respect to t. The second term
in (4.16) is handled by

—(rA™ e e)7 = ||ﬁVA_15||%.
10



Then, observing that —7 < 1 and e(f) = wp — w(f), we obtain from (4.16)

to _

A7) + VrvATlel

B (4.17)
At o :

< — + §(A e(t),wr —w(t)).

In the next step, we estimate the second term in the right-hand side of the
previous expression. Thanks to (4.13) and Lemma 4.2, it follows

E(A™2e(t),wr —w(t)) = —k(VAT2e(t), VA~ (wr — w(t))
< KIVATZ()I[VA™ (wr — w(i)]|
< CE?|| VA Ywrp| 2.

Then, from (4.17) and thanks to (4.14) we conclude
AT e(0)? + 2[[VTVA |2 < CK? | VA w2

This establishes (4.15) as required.
0
We conclude the section with a time weighted stability result for the solution of (4.1).
This estimate will be used later in the derivation of the temporal error in the interior
of the time interval. A similar technique has been used in [26, Theorem 4.4], see
also [13, Lemma 1].
LEMMA 4.4. Let w € W be solution of (4.1). Then there holds

/, (T = D)0l gyt < Cllor 3, (4.18)

T
/ ||8tw(t)|\H_1(Q)dt§C(logE) lwr || -1 (- (4.19)
Ny

Proof. We start with the first relation. The choice ¢ = (T — t)A™19,w in (4.1)
leads to
- /(T —t)(A' 0w, Opw)dt + /(T —t)(VA™ 9w, Vw)dt = 0. (4.20)
I I

We observe that
— /(T — t)(Aflatw,ﬁtw) = /(T — t)||VA*18tw||2dt,
I I
and

/(T (VA yw, Vo) = — /(T ) (Oow, w)dt
I I
_ 1 2 1 d 2
=l ~ 5 [ (@ =Dl
Then, from (4.20) we conclude
) T 1 )
@ =0IvaTowlat + LleO)? = Sl < CITA wr?

11



where in the last step we used Lemma 4.2.
The second relation directly follows from (4.18) by means of Cauchy-Schwarz
inequality. In fact, recalling that k # T', there holds

[ 1owaedr< ([ @07 ([ @ - nlow@l o)
NN NN AV

< C(log %)% (/I(T - t)Hatw(t)”?{—l(Q)dt)%'

T
z

1
2

< (1os L) [vatur].

4.2. Temporal Discretization Error Estimates. We now focus on the deriva-
tion of the L™ (I, V') error estimate for the temporal discretization error which will
be given in Theorem 4.8.

In a first step, we introduce the semidiscrete counterpart of (4.1). For a given
wr € H71(Q), find wy, € Ug(V*) such that

B(p,wy) = (¢n,wr) (4.21)

for any ¢ € Ug(V). B
As in [26, Lemma 5.2], we introduce a projection operator m : C(I \ In,V*) —
Ui (V*) onto the semi-discrete space, defined by the relation

W |1, = w(tn-1), (4.22)

and establish a system of equations for the error between (4.22), when applied to the
solution of (4.1), and the solution of (4.21).

LEMMA 4.5. For the error € = mpw — wy, between the solutions w given by (4.1)
and wy given by (4.21) with the same initial value wr, it holds for anyn =1,..., N
and ¢ € Po(IL,, H*(Q)NV)

(V. Ver)r, — (om [exln) = / (tn — £)( A, yuo(t))dt. (4.23)

Proof. The relation can be obtained by Galerkin orthogonality and the definition
of the semidiscrete projection, as in [26, Lemma 5.2]. O

REMARK 4.6. We observe that, thanks to the embedding U < C(I,V), the
application of the semidiscrete projector to elements of the continuous state space is
well-posed. Further, we can extend my, to Uy by letting 7Tk|Uk= Idg, -

The following result will be used in Theorem 4.8 for the error estimate in the
interior of the time interval.

LEMMA 4.7. Let w and wy be solutions of (4.1) and (4.21), respectively. Then
the corresponding error satisfies

T 3
|w—wkll L1, m-1(0) + [w(0) —wk1ll-30) < Ck(log —+ 1) [lwr|g-1(0). (4.24)
k

Proof. We recall the abbreviation €, = mpw — wy and separate the proof in to
two parts corresponding to the norms in the left-hand side of the assertion.

12



We observe, that

lwO)—wr1llg-30) = mw(0) —wrillm-3) = ller1lla-23@).  (4.25)

We set ¢ = —A73g; in (4.23) and obtain, using integration by parts and
dw = —Aw,

(A2ep,e0) 1, + (A ey, [exln) = /1 (tn — ) (AT ep, w(t)dt.  (4.26)

Then, noticing that
(A_?’Ek:,n; [Ek]n) = _<VA_2€k,na [VA_QEk]n)z

and thanks to the equality

—(pn, [ln) = %(—H%HH2 +llelal® + leall®) Vo € Uk, (4.27)

we obtain from (4.26)

_ 1 _ _
1A exll7, +5 (VA e nll* = [IVA  epn4a1?)

(4.28)
< / (tn — t)(A  eg, w(t))dt.
Iy
Summation over n =1, ..., N,Lemma 4.2, and e y+1 = 0 gives
A ek |7+ VA e ||* < CR?|lw|F
< CE?*|| VA twr| 2.
We conclude
VA 2e, 1|17 < CE?| VA hwr 2. (4.29)
To estimate the L'(I, H~1(Q))-norm, we utilize the splitting
|w —wgllLr(rm-1()) < lerlloam-1() (4.30)

+ lw = w51 (0))-

In this part, we derive an upper bound for |[ex||z1(7,7-1(q)). Before starting,
we note that it will be sufficient to show

N
Zrk7n||VA_15k||§n < CE?||[VA™ Ywyp 2. (4.31)

n=1

Then, the required estimate follows by

N N
||€kH%1(I,H*1(Q)) < Z knTz;ll Z Tk,nHVA_l@kH%n
n=1 n=1

T
< Ok (log = + 1) lwr |} q)-

13



Therefore, we show that (4.31) holds. Testing (4.23) with ¢ := 7 , A" %ey,
where 7, := T — t,_1, we have

— (T A ek, e6) 1, — (T A 2k 0, [Ek]n)

:/ (tn — t)(Thn A ey, Opw(t))dt.

In

(4.32)

For the left-hand of (4.32) side, we have, using (4.27),
—(Tk A e 1)1, = T [VAT i )17,

_ 1 _ _ _
~(Thn A e, [ER]n) = iTk,n(—HA Yt ? 1A e l® 4 1A er]nll?).

We estimate the right-hand side of (4.32) as follows

/ (tn — ) (Tk n A eg, Qpw(t))dt

In

= f/ (tn — ) (e n VA e, VAT 0pw(t))dt
I,

Thk,n — Tk,n _
< B |vaTten?, + 2 [ (- 071VA (o) P
I,

Combining the previously derived relations, using the equality 7% ,, = T nt1+
k,, for the term ||[A~ ey 112, it follows

Tk,n||vA716kH§n + Tk,n”Ailak,n”2 - Tk,n-&-lHAilgk,n-&-lHQ

<kl A e [P+ Tk,n/ (ta = 8)* VAT O (t)||*dt.

n

Summing over n =1, ..., N, using € y4+1 = 0 and recalling that k,, < ]‘%kn+1,
we have

N
> Tenl VA ekF, + TIA epa
n=1

< kllA e (4.33)
N
# [ (0 = 02 VA Do) P
n=1 In

We note that for ¢t € I,, and n = 1,..., N — 1 it holds 74, < (14 k)(T — 1),
while 7, ; = ky. This observation suggests the following splitting for the
second term in the right-hand side of (4.33)

N
Z%n/ (tn — )% VAT 0w (t) | ?dt
n=1 In

N—-1

< kﬁ/ Tk7n||VA713tw(t)H2dt+]CJQV/ (T —t)||VA~L9,w(t)||*dt

n=1 In In
< (14 R / (T = )| VA~ dp(t) | 2dt.
I

14



In conclusion, inserting the above bound in (4.33), using Lemma 4.4 and the
estimate on ||[A~te.||2 from (4.29), we obtain (4.31).

(ili) We continue and estimate the remaining term on the left of (4.30). In view
of (4.19), we introduce the splitting

o=l = [ o= mnllaesdts [ millas
I I

In N

To estimate the first term we observe that A~! being independent of ¢,
interchanges with . As a consequence, it holds

/ [ - / VA= (w — mw) |,
NI NN
:/ V(A w — 1A~ L) dt.
Ny

We note that the projection operator 7y is an interpolation operator acting at
the nodal points in time. By standard transformation arguments, we assert

/ ||w - 7TkaH—1(Q)dt < Ck/ ||8tw(t)||H_1(Q)dt, (434)
IN\In JAVSY;

compare [36, Equation (12.10)].
For the second term, it clearly holds

/ ||w_7rkaH*1(Q)dtS ckmaXHwHHq(Q).
In teln
Then, Lemma 4.2 and Lemma 4.4 give the desired bound.

0

After this preparation, we are ready to show the temporal discretization error
estimate.

THEOREM 4.8. Letu € U and uy, € Uy, be solution of (2.1) and (3.2), respectively,
with f(z,t) = q(t)g(x) € L=, V) and ug € H3(Q). Then for the semi-discretization
error it holds

T 1
hu =il vy < Ck(1og 1 +1) " (Iflliww) + luollsiey ). (4:35)

Proof. Defining &, = u — uy, on each time interval I,, n = 1,..., N, we consider
the following splitting of the error

1€kl Loe (1,,,v) < lluls) = wltn)|lLoe(r,, vy + lutn) — ur(-)|lLoe (1, v)- (4.36)

We estimate the two terms in the right-hand side separately on each time interval
I,,. Then, summing over n = 1,.., N the resulting estimates gives the assertion.
With no loss of generality, we focus on the last time interval Iy denoting by
t € Iy a generic fixed time. For a generic I,,, _the proof follows by similar arguments
considering (4.1) on I = (0,t,) and (4.2) on I = (0,%) for ¢ € (t,_1,t,], noting that
0 <log(tn/k) <log(T/k).
15



(i)

We start the analysis with the interpolation error u(f) — u(ty). We consider
the solutions w and @ to (4.1) and (4.2), respectively, with terminal value wy
to be specified later. Integration by parts in time of (4.1) and (4.2) leads to

—(@(T), w(T)) + (£(0), w(0)) + (Brp, w)1 + (Vep, V) = 0,
—((8), 0 (1)) + (#(0), w(0)) + (dp, w); + (Vip, Vi) ; = 0,
for any ¢ € U.
In particular, setting ¢ = w it follows from the state equation (2.1) that
—(u(T),w(T)) + (u(0),w(0)) + (f,w);r =0, (4.37)
= (u(t), w(#) + (u(0), w(0)) + (f,@); = 0. (4.38)

Since by definition w(T) = w(f) = wr, subtracting (4.37) from (4.38) yields
(u(t) = u(T),wr) = (u(0),(0) — w(0)) + (f, 0 —w); — (f,w)p ;- (4.39)

We observe that the choice wr = —A(u(t) — w(T)) and integration by parts
for the left-hand side of (4.39) gives ||V (u(f) — u(T))|?.
Therefore, we have

T

IV (u(t) = w(T))|* = (u(0), w(0) — w(0)) + (f, —w); — [ (f(t),w(t))dt

t
< (11 = wll 1 111y + 15(0) = w(O) | 1150

+ k||w\|L°c(1,H—1(Q))) <Hf||L°°(I,V) + ||UOHH3(Q))
T 3
< Cklog (1 +1) "ozl (11l (1,v) + ol s -

In the last step we used Lemma 4.2 to bound ||w|| e (7,71 (q)) and Lemma 4.3
for the remaining terms.

Then, observing that it holds [lwr|lg-1) = [|V(u(f) — u(T))|| due to the
choice of the terminal value, we conclude

9 (uth) ~ ()] < Cklog (7 +1) (17 lewcrvy + o llscey). (440)

We consider w and wy, solutions of (4.1) and (4.21), respectively, with terminal
value wp = —A(u(t) — u(T)).
This choice gives

B(p,w) = B(p,wr) = (¢, =Au(T) = u(1)) = (Veon, V(u(T) = ug )

for any ¢ € Uy.
In particular, by means of Galerkin orthogonality and (3.2), we have
IV (u(T) —up §)||? = Blu — ug,w) = Blu,w — wy)
= (f,w—wg)r + (up, w(0) — wg(0))
< (lw = will (1, z-1(0)) + [[w(0) — wi(0) || 7-3(02))
X (I fllzoez,vy + lluoll 3 (e))-
16



Then, thanks to Lemma 4.7 we obtain

1

T 2
IV (u(T) )l < Cklog (1 + 1) (U loe vy + liolirocy)-— (441)

In conclusion, inserting (4.40) and (4.41) in (4.36), we have shown the desired estimate
for the interval In. O

We conclude the section with a stability result for the solutions of the auxiliary
problems

LEMMA 4.9. For wy, solution of (4.21), there holds

lwillr + lweallm-1@) < cllwrlla— @) (4.42)

Proof. Using integration by parts, the bilinear form (3.1) is formulated as

N -1

B(p,wy) = = > (@, 0iwp)r, + (Yoo, Var)r — Y (on, [wrln) + (on, w,n). (443)

=

n=1 n
Then, observing wy v = wr, we rewrite (4.21) for any I,, n=1,...,N — 1, as
(Vo,Vwg)r, — (on, [wi]n) =0, Yo € Po(I,, V). (4.44)
By the choice ¢ = —A~lwy, we have
well7, — (VA  wp o, [VAT ) = 0.

The second term in the left-hand side can be expressed by the identity (4.27) leading
to

||wk\|%n + [[VAT wep|? = [[VA™ wg g [|* < 0.

The assertion follows summing over n =1,..., N — 1. O

4.3. Spatial Discretization Error Estimates. In this section, we derive the
spatial L*° (I, V) error estimate with a series of lemmas culminating in the main result,
namely Theorem 4.12.

We introduce the discrete counterpart of (4.21) to find wgp, € Uy n(V*) such that

B(p,win) = (pn,wr), Vo € Uk, (4.45)
where wr € H=1(Q).

Further, for given vy € H? we consider the forward problems to find v, € Uy such
that

B(vk, ) = (vo, 1), Ve € U, (4.46)
and to find vk € Uy p, such that
B(vkn, ) = (vo, 1), Ve € Ug,p. (4.47)

When needed, we will require additional regularity on the initial data vg.
17



LEMMA 4.10. Let wg, wgp, be solutions of (4.21) and (4.45), respectively. Then,
there holds

Hw;@l — Wgh1l|lH-2(Q) < Ch”’lUTHH—l(Q). (4.48)

Proof. By definition of the norm, we have

(wr,1 — Wkh1,7)
H-2(Q) >~ sup
YEH2(Q) H¢”H2(Q)

wi,1 — wkn,1| (4.49)

therefore we provide an upper bound of the numerator in terms of |[¢)||f2(q) and
lwrllm-1(0)-

To obtain (w1 — Wkn,1,Y), we pick the test functions in the auxiliary problems
so that the backward and forward problems have same left-hand side. Namely, for a
fixed ¢ € H?(Q), we consider vy = v in (4.46), and (4.47). Then, we set p = wy, in
(4.46), ¢ = wgp, in (4.47) and ¢ = vi, in (4.21), ¢ = vgp, in (4.45), obtaining

(1/’7 wk,l) = B(’Uk, wk) = (Uk,Ny wT)7
(¢, wrn,1) = B(vkh, wrn) = (VN WT).

Using Galerkin orthogonality we have
(Y, w1 — win,1) = B(vg — vgn, wi, — wep) = (Vg,N — Vkh, N> WT),

from which

—(V(vg,n — vkn,n), VA  wr)
IV (VN — ven, )| VA g |

(P, w1 — Wih,1)

IN

follows.
By standard interpolation and inverse estimates, there holds

IV (vk,n = vkn, NI < IV (0k,N = Zoor, 8| + [V (Zn(vk,8) — vkn,n)) ||
< ch|| V3o, || + ch (| Thokn — vin | + lokn — venn|)
< c(h||Avk, x|l + b7 v, v — vin,n]l)

where the last estimates follows, e.g., from [17, Theorem 3.1.3.1] For the first term in
the right-hand side, we use [26, Theorem 4.6] and obtain

b
3 “[[Avk]n-]l* < CllAw|*. (4.50)

N
TV Av,n|1* + | vk, n |+ |V Avg]|F +
n=2
For the second term, there holds
vk, N — ven v || < Ch?|| Avo| (4.51)

due to [26, Lemma 5.7]. Combining this, we assert

[V (vi,n — vin )| < ch(||Avg, vl + |Avo||) < chlAvg].

18



This implies

(Y, w1 — W) < chl|Avg||[|[VA™ L ||
< ch|vollm2 ()| VA™ wr ||,

from which, recalling that ¥ = vy, we obtain the assertion

|wie,1 — wrn1llm-—2) < Chllwr || g-1)-

O
LEMMA 4.11. Let wg, wgp, be solutions of (4.21) and (4.45), respectively. Then,
there holds

wi — wenllL2(r,m-1(0)) < chllwrll -1 (4.52)
Proof. We introduce the L2-projection in space Py : V — Vj, and, noting that
Prwgp = wip, we split the error as
Nh 1= Wk — Wkp, = Wk — Prwy + Prnp. (4.53)
For the first part of the error, standard error estimates for the L2-projection give
VAT (wy, — Pywy) |1 < chljw]1, (4.54)

and we obtain the desired estimate by virtue of Lemma 4.9. Hence, we are left with
the estimate of Ppny,.
Subtracting (4.45) from (4.21) and using (4.43), we have

(Vo, V)1, — (on, [Mnln) =0, Yo € Po(In,Va), n=1,..,N — 1. (4.55)
Thanks to (4.53) and the definition of Py, this can written as
(Vo, VPunn)1, = (s [Paninln) = (Vo, V(Pywi, — wi)) 1, - (4.56)

Then, we set ¢ = A;zPhnh to obtain

VAL Punnll7, — (AL Puninn, [A Panaln)
= (VA}:IPhnh, VA,:l(Phwk — wk))ln
_ VA Pumllz, VA (Pawk — wi) [,
= 5 + 5 .

For the second term on the left-hand side we use (4.27) and, noting that the jump
term is positive, we have

VAL Punnll7, + 18, Panin|® = 187 P 1 1P < VAL (Prwi — wi)|[7,

Adding these inequalities for n = 1,..., N — 1, we obtain

N—-1 N—-1
D VA Pannll7, + 1A, P all” = 1AL Pana n1* <Y 1IVAL (Prws —wi) 17,
n=1 n=1
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We observe that P,n, v = 0. As a consequence, the third term in the left-hand is
zero and we can extend the sum up to the last time interval. Then, observing that the
second term in the left-hand side is positive, thanks to the splitting (4.53) we obtain

IVAL a7 < 21 VAL (Pywy — w) |7

Then, using (4.54) and recalling the equivalence between the discrete negative norm
[VA; " | and the continuous one [|[VA™! .||, we get

IVA™ |7 < VAT (Prhwy — wi)[[7 < ch®[lwi 7.

The proof is concluded by virtue of Lemma 4.9. O

After this preparation, we conclude the section combining the preceding results
to obtain the L°°(I,V) error estimate in space.

THEOREM 4.12. Let up, € Uy and ugy, € Uy be solution of (3.2) and (3.6),
respectively, with f(x,t) = q(t)g(x) € L®°(I,V) and uy € H?(Q) Then for the dis-
cretization error in space it holds

lwkn — wkllLes vy < ChUlfllzzavy + lluollaz(e))- (4.57)

Proof. We observe that both wug,uy, are constant on I, for any n = 1,...; N,
hence we can equivalently show the estimate on I,, and with no loss of generality we
consider Iy only.

Considering wy, € Uy, wgn, € Uy, solutions of (4.21) and (4.45), respectively,
with wr = —Ap(ug, Ny — ugh,n), by means of the duality argument and Galerkin
orthogonality there holds

up,N — Ukn,N)||° = B(ug — ugn, wi) = B(ug, wp — wip
IV( )I? = B( )= B( )
= (f,wr — wen) 1 + (o, Wi, 1 — Weh,1)
< (llwe — winllL2(r,m-1(0)) + lwe,1 — winallr-2))

X (1 lezc,vy + lluollm2(o))-

Using Lemma 4.10 and Lemma 4.11, we conclude

IV (ur, v = wen,w)I* < chllwr -1 (0) (1l L2cr,v) + luollazo))-

The assertion follows observing that by our choice of wr it holds

lwrllg-1) = [IV(ur,n — ugn,N) |-

5. Error Analysis for the Optimization Problem. This section is concerned
with the estimate of the error between the solution (g, @) of the continuous optimal
control problem (2.3) and the solution (Gxp, k) of the discretized problem (3.7). We
recall that by virtue of the variational discretization approach the optimal control
problem is already fully discretized with the dG(0)-cG(1) method.

We analyze the error arising from the time and space discretization of the problem
separately. The main result of this article, i.e., the error for the space-time discretiza-
tion of the optimization problem, is shown at the end of the section.

20



In both cases, we first derive the error estimate emphasizing its dependency on

the L*>(1,V) error estimates for the state equation derived in Theorem 4.8 and in
Theorem 4.12.

We start the analysis with the temporal error.

THEOREM 5.1. Let (3, @) and (G, Uy) be the optimal solutions of (2.3) and (3.3),
respectively. Then, there holds

1o — |7 + allg — Qk:HQLz(I)

< (1= w@lpqv) + lu@) = allev))-

Proof. We test (2.5¢) with ¢ = g, and (3.4a) with ¢ = ¢, obtaining

0 <a(qq —q) + (@& — 9)g,2)r,
0 < a(qr,q—qr) + (@~ ar)g, Zk)1-

Adding the inequalities above, we have

allg = @ll® = ~a(@— . ax — @)
< (@ — 09,7 — Z)1
= (@ — @9, 2)1 + (7 — )9, Zk)1 -
(a) (b)
We now consider the two terms separately.

(a) We consider (2.5a) with right-hand side given by ¢ = g — ¢ and we set ¢ = Z.
Then, in a first step we obtain

(@ = @)g,2)1r = (O (u(qr) — ), 2)1 + (V(u(qk) — 1), VZ)1- (5.2)
With the choice ¢ = u(gx) — @ in the adjoint equation (2.5b), we have from
(5.2) that

(@k — D)9, 2)1 = (@ — g, w(qr) — w1 + 2(p, (VaV(u(gy) — u),w)). (5.3)
We consider the second term on the right-hand side. In view of the comple-
mentary slackness condition (2.5d), the positivity of i, the boundedness of
Vu(g) and Vg in L (I, H), we have
2, (Vav (u(gr) — a),w)) = (@ (IVal* + [Vu(g) *, w)) - 2(a, (IVal*,w))

= (i, (IVu(ar)|* - [Val*,w))

= (i, (IVu(g)* — [Vag[* + [V — |Val*,w))
(i1, (IVu(@)? = [Vagl?,w)) + (3,0 — G(w)
Wl oo () 1Vul@r)1* = Vgl Lo 1,1
< cll(IVul@r)| = Ve ) ([Vul@r)| + [Vl e 2, m)
< c|IVu(@e)| — [Vl Lo (1, m)
< [|V(u(@r) — )l Lo (1,01
= cl|u(qr) — Ukl Lo (r,v)

<
<

Il

Therefore, we obtain

(@ — )9, 2)1 <(@ — ua,u(qr) — @)1 + cllu(@r) — UL~ 1,v)- (5.4)
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(b) We proceed along the same lines of the previous case using the semi-discrete
state and adjoint equation. We consider (3.4a) with right-hand side ¢ = §—gx
and we set ¢ = Z;. Then, through the choice ¢ = ui(q) — g in (3.4b), we
have

(@ = @9, Zx)1 = B(uk(q) — t, Zk)
= (U — ua, ur(q) — k)1 + 2(fi, (Ve V(ui(q) — tr), w)).

Estimating the second term in the right-hand side as in case (a), using the
uniform boundedness of ||fi||¢(p)~, We have

(7= qr)g, Ze) 1 <(W — g, wr(q) — )1 + cllue(q) — @llzoe1,v)- (5.5)
We go back to (5.1) inserting (5.4),(5.5) to obtain
allq = @ull7zcry < (@ —ua,u(@r) — @)1 + (@ — va, ur(q) — )1 (5.6)
+ c(||w(@r) — k| oo (1,v) lur (@) — @l o (1,v))-
Now, we note that

g — a3 = (@ —u®, @ — ax) — (@ — u?, 7 — ).

Adding this to (5.6), we obtain
la — |7 + allg — grll” < (@ = wa, w(Gr) — @)1 + (ax — ua, ur(q) — @)r
+ c(lw(@r) = oo (r,v) k(@) — @l Lo (1,v))
< e(llu(@) — alls + ux(@) —
+ llu(@r) — Ukl Lo (r,v) lur(@) — ’L_LHLOO(I,V))-

The assertion follows, since the || - |[;-norm can be bounded by the || - || Lo (7,y)-norm.
0

COROLLARY 5.2. Under the assumptions of Theorem 4.8 and Theorem 5.1, the
following estimate holds

T 1
=l + allg = a2y < e (log +1)". (5.7)

Proof. The claim directly follows from the previous Theorem inserting the L> (I, V)
estimate of Theorem 4.8 together with the assumed regularity of f and ug. O

In a second step, we consider the error arising from the space discretization.

THEOREM 5.3. Let (Gx,ax) and (Gin,Urn) be the optimal solutions of (3.3) and
(3.7), respectively. Then, there holds

ar — wenll7 + lle — @nllZ2p
< C(Hftk — ukn(Gr) || Loe (1,v) + |lun(Grn) — ﬂthLoo([,\/))-

Proof. The proof moves along the same lines of the error estimate for the semi-
discrete case in Theorem 5.1.
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In particular, testing (3.4c) with ¢ = gxp and (3.8¢) with ¢ = g, we can add the
resulting inequalities to get

al|@r — @rnlle2y < (Be — Zrns (@ — Q1) 9) 1
= (Zk, (Gen — G1)9)1 + Zhy (G — Grn)9)1 - (5.8)
(a) (b)

We now consider the two terms separately.
(a) As in the semi-discrete case, the idea is to express (a) in term of the semi-
discrete state equation and then in term of the semi-discrete adjoint equation
equalizing the common term B(-,-).
First, we consider (3.4a) with right-hand side g, = Gxp, — g and we set p = Z.
Then, with the choice ¢ = u(Gxn) — @ in (3.4b), we have
((kn —@r)g, Z) 1 = (ke — v, U (Gen) — n) 1 + (i, 2(V UV (ur (Gen) — U ) w))-
The proof now proceeds exactly as in Theorem 4.1, yielding
(Zry (Qrn — Qi) 1 < (Ug — ua, uk(qrn) — k)1 (5.9)
+ cll el ey llwll Lo (@) [k (@rn) = trnllpoe 1,v)-

(b) We now use the discrete state equation (3.8a) with ¢ = Zx;, and right-hand
side given by qrn = Gr — qrn, together with the discrete adjoint equation
(3.8b) with ¢ = ugp(gx) — @rr. This setting leads to

(Zihy (G — @rn)9)1 < (Ukn — wa, Upn(Gr) — Ukn) 1

_ (5.10)
+ cll frnll oy~

Wl Lo )1t — urn(Gr)l Lo (1,v)-

We insert (5.9),(5.10) in (5.8) and, as in Theorem 5.1, we manipulate the resulting
inequality by adding and subtracting %, tig,. Then, uniform boundedness of fix and
Iih, see Remark 3.7 concludes the proof. O

COROLLARY 5.4. Under the assumptions of Theorem 4.12 and Theorem 5.3, the
following estimate holds

[an — annllF + allgr — Grnll72(r) < ch. (5.11)

Proof. The thesis follows from the previous Theorem, inserting the error estimate
from Theorem 4.12 together with the assumed regularity of ug and f. O

We conclude the error analysis for the optimal control problem with the main
result of this article. The following Theorem is obtained combining the error estimate
for the time discretization with the error estimate for the space discretization derived
above.

THEOREM 5.5. Let (4,q) € U X Qqq be the optimal solution of the continuous
problem (2.3) and (Ugh, Gxn) € Ukn X Qaa be the optimal solution of the discrete
problem (3.7). Then, there holds the following error estimate

T 1
I = gl + alla = Genllary < c(k(logk +1)° +h). (5.12)
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