HAMBURGER BEITRÄGE ZUR MATHEMATIK

Heft 89

The Classification of the Simple Lie Algebras over Fields with Positive Characteristic

Helmut Strade, Hamburg

2

This note is a continuation of [St 97/1]. We refer to numberings, notations and results of that publication. While there we mainly dealt with the description and recognition of simple Lie algebras, we here treat general representation theory. The basic idea of this manuscript is to describe algebras and modules as coinduced objects. This method allows to reprove important results of Block and Weisfeiler on derivation simple algebras and modules. Moreover, every Lie algebra L has a presentation which is universal in a sense that L-modules of a certain type can be described simultaneously by use of this presentation. In particular, this technique allows a simultaneous and unified description of tori, minimal ideals and irreducible modules of a restricted semisimple Lie algebra. This technique is also one tool to prove a triangularity result for solvable Lie algebras, which will show to be extremly important in the Classification theory. In §6 we start the Classification by classifying all semisimple Lie algebras having a CSA of absolute toral rank 1 and investigating their structure.

The following notation has been changed from [St 97/1]: the expressions A((m)), A(m; n) etc. are substituted by F [[m]], F [m; n],..., and Φ(L, H) is now Γ(L, H).

4

Contents

5 Derivation simple algebras and modules 7 5.1 Algebras and coalgebras . . . . . . . . . . . . . . . . . . . . . . . 7 5.2 Induced and coinduced modules . . . . . . . . . . . . . . . . . . . 21 5.3 Block’s theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 27 5.4 Derivation semisimple associative algebras . . . . . . . . . . . . . 42 5.5 Weisfeiler’s theorems . . . . . . . . . . . . . . . . . . . . . . . 47 5.6 Conjugacy classes of tori . . . . . . . . . . . . . . . . . . . . . . . 54 5.7 Triangularity of Lie algebras . . . . . . . . . . . . . . . . . . . . . 59 5.8 Cartan prolongations . . . . . . . . . . . . . . . . . . . . . . . . . 82

6 Rank 1 Lie algebras 99 6.1 W(1;n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 6.2 Orbits of volume forms . . . . . . . . . . . . . . . . . . . . . . . . 109 6.3 Hamiltonian algebras . . . . . . . . . . . . . . . . . . . . . . . . . 121 6.4 Solvable maximal subalgebras . . . . . . . . . . . . . . . . . . . . 127 6.5 Cartan subalgebras of toral rank 1 . . . . . . . . . . . . . . . . . 137

6 CONTENTS

Chapter 5

Derivation simple algebras and modules

5.1 Algebras and coalgebras

In [Blo 68/1], [Blo 70] and [Blo 73] R.E. Block announced his fundamental theorems on derivation simple algebras and modules. In [Blo 74] he used coalgebra methods in order to reprove the theorem on derivation simple algebras. For the Classification Theory it is necessary to employ flag algebras (cf. [St 97/1, §2.2]) rather than truncated polynomial rings in these theorems. We generalize the basic idea of R.E. Block, and in doing this we are able to treat algebras and modules simultaneously in a generality which is necessary for the Classification Theory. In addition, we gain subtle structural insight, which will become very fruitful lateron.

We strongly refer to [St 97/1, §2] for notations and results. In particular, we remind the reader to the following: Let G denote a restricted Lie algebra of arbitrary dimension. We will often consider the universal p-envelope G = L̂ of any Lie algebra L. u(G) is the restricted universal enveloping algebra of G, and

Δ : u(G) → u(G) ⊗ u(G)

denotes the comultiplication which is symbolically written as

Δ(u) = ∑ (u) u_{(1)} ⊗ u_{(2)}.

For every algebra A the space Hom_F (u(G), A) is an algebra, the multiplication is given by (fg)(u) = ∑ (u) f(u_{(1)})g(u_{(2)}).

If A is an algebra and G acts restrictedly on A by derivations, then for x, y ∈ A, u ∈ u(G) one has

u(xy) = ∑ u_{(1)}(x)u_{(2)}(y).

Let K be a restricted subalgebra of the restricted Lie algebra G of finite codimension. Choose a cobasis (e_1, . . . , e_t) of G with respect to K, set W := span {e^a | 0 ≤ a_i ≤ p − 1}. It is stated in [St 97/1, §2.1] that W is a coalgebra and u(G) = u(K) ⊗ W . Let A be an arbitrary algebra on which K acts by derivations. Then Hom_{u(K)} (u(G), A) is an algebra and the injective algebra homomorphism mentioned in [St 97/1, Theorem 2.2]

σ_{A,K} : A ⊗ Hom_{u(K)} (u(G), F ) → Hom_{u(K)} (u(G), A) (5.1)

defined by σ_{A,K} (v ⊗ λ)(kw) = λ(w)k(v)

for v ∈ A, λ ∈ Hom_{u(K)} (u(G), F ), k ∈ u(K), w ∈ W is in fact an isomorphism, since dim u(G)/u(K) < ∞ by assumption. σ_{A,K} depends heavily on the choice of the cobasis (e_1, . . . , e_t).

Next let G be any (not necessary restricted) Lie algebra and K a restricted subalgebra of Ĝ of finite codimension. Set m := dim G/K ∩ G and let E(K) denote the flag defined by K ([St 97/1, §2.3]),

E_0(K) = K ∩ G, E_i(K) = {x ∈ G | x^{pi} ∈ K + Ĝ_{(p}i−1_)} i > 0.

Let n ∈ N^m be the m-tuple attached to the flag E(K) (see (2.23) of [St 97/1]). Observe that, if G itself is restricted and {x^p − x^{[p]} | x ∈ G} ⊂ K then E(K) is just the flag K ∩ G = E_0(K) ⊂ E_1(K) = G. Then n = 1.

The construction of [St 97/1, Lemmas 2.10, 2.12] give rise to a continuous isomorphism of divided power algebras, which by restriction defines a flag algebra isomorphism

φ_K :

Hom_{u(^K∩G)} (u(Ĝ), F )^∼→ F [[m]], Hom_{u(K)} (u(Ĝ), F ) ∼= F [m; n]

(5.2)

([St 97/1, Theorem 2.13]). Note that φ_K by no means is unique. We will eventually take advantage of the ambiguities of σ_{A,K} and φ_K . Ĝ acts on Hom_{u(K)} (u(Ĝ), A) by derivations if one puts

(Df)(u) := f(uD) ∀ D ∈ Ĝ, ∀ u ∈ Ĝ

([St 97/1, Theorem 2.2(4)]). This extends to an action of u(Ĝ)

(u^′f)(u) := f(uu^′) for all u, u^′ ∈ u(Ĝ), f ∈ Hom_{u(K)} (u(Ĝ), A). (5.3)

The isomorphism

(Id_A ⊗ φ_K ) ∘ σ^{−1}_{A,K} : Hom_{u(K)} (u(Ĝ), A) → A ⊗ F [m; n] therefore gives rise to a restricted Lie algebra homomorphism Ĝ → Der ( A ⊗ F [m; n] ) . Theorem 2.2(4) of [St 97/1] tells us that the action of Ĝ on A⊗F [m; n] respects the multiplication with F [m; n], i.e.,

D(v ⊗ f) = v ⊗ D(f) + (Id ⊗ f)D(v ⊗ 1) ∀ v ∈ A, f ∈ F [m; n].

The action of Ĝ on F [m; n] is given by the action (5.3) of Ĝ on Hom_{u(K)} (u(Ĝ), F ) and the isomorphism φ_K . According to Definition 2.2 of [St 97/1] this action defines, by restriction, a special homomorphism ψ : G → W (m; n) with respect to K. [St 97/1, Theorem 2.15] states that ψ(G) is a transitive subalgebra of W (m; n).

Let D ∈ G. Put D(v ⊗ 1) = ∑ (a) S_{(a)}(v) ⊗ x^{(a)} with S_{(a)} ∈ End A. It is immediate that every S_{(a)} is contained in Der A. Thus D acts as ∑ (a) S_{(a)} ⊗

x^{(a)} + Id_A ⊗ ψ(D) ∈ ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ W (m; n) ) . We have now shown that there is a Lie algebra homomorphism

ψ_{A,K} : G → ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ W (m; n) )

given by (5.3) and

ψ_{A,K} := (Id_A ⊗ φ_K ) ∘ σ^{−1}_{A,K} ∘ D ∘ σ_{A,K} ∘ (Id_A ⊗ φ_K )^{−1} Let π_2 : ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ W (m; n) ) → W (m; n) (5.4)

denote the projection onto the second summand. As mentioned, the composite homomorphism π_2 ∘ ψ_{A,K} maps G onto a transitive subalgebra of W (m; n). Observe that ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ Der F [m; n] ) is closed under asso-

ciative p-th powers. The universal property of Ĝ implies that one can extend ψ_{A,K} to a restricted Lie algebra homomorphism

ψ̂_{A,K} : Ĝ → ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ Der F [m; n] ) , ψ̂_{A,K} |G = ψ_{A,K} .

It is a very important fact that the construction of ψ_{A,K} depends on φ_K and the cobasis e_1, . . . , e_t of Ĝ with respect to K, but besides that is based on a universal construction. In particular, it will turn out that π_2 ∘ ψ_{A,K} is independent of the particular choice of A. We first quote the following technical

Lemma 5.1 [St-F, (5.7.1)] Let z, x_1, . . . , x_n be elements of an associative algebra. Then zx^s = ∑ 0≤t≤s

(_s t ) x^{s−t}(−1)^{|t|}(ad x_n)^{tn} ∘ · · · ∘ (ad x_1)^{t1} (z). □

Theorem 5.2 Let G be a Lie algebra and K ⊂ Ĝ a restricted subalgebra of finite codimension. Set m := dim G/K ∩ G and n ∈ N^m the m-tuple attached to the flag E(K). Let

φ_K : Hom_{u(K)} (u(Ĝ), F ) ∼= F [m; n]

be any isomorphism as in (5.2), and (e_1, . . . , e_t) a cobasis of Ĝ with respect to K.

1. The pair φ_K , (e_1, . . . , e_t) induces a natural injective Lie algebra homomorphism Ψ_K : G → ( K ⊗ F [m; n] ) ⊕ ( Id_K ⊗ W (m; n) ) which is written as

Ψ_K (D) =: ∑ a k_a(D) ⊗ x^{(a)} + Id_K ⊗ (π_2 ∘ Ψ_K )(D), k_a(D) ∈ K ∩ G. (5.5)

In particular, ( (π_2 ∘ Ψ_K )(D) ) (φ_K (f)) = φ_K (Df) ∀ D ∈ G, f ∈ Hom_{u(K)} (u(Ĝ), F ),

and (π_2 ∘ Ψ_K )(G) is a transitive subalgebra of W (m; n). Also,

K = {D ∈ Ĝ | (π_2 ∘ Ψ̂_K (D)) ( F [m; n]_{(1)}) ⊂ F [m; n]_{(1)}}.

If G is restricted and {x^p − x^{[p]} | x ∈ G} ⊂ K then n = 1. Suppose I is an ideal of G contained in K. Then Ψ_K (D) ∈ I ⊗ F [m; n] and Ψ_K (D) ≡ D ⊗ 1 (mod I ⊗ F [m; n]_{(1)}) for all D ∈ I.

2. Suppose A is any algebra on which K acts restrictedly by derivations via ω : K → Der A. Let σ_{A,K} be the isomorphism (5.1) defined by use of (e_1, . . . , e_t). Then the Lie algebra homomorphism

ψ_{A,K} : G → ( (Der A) ⊗ F [m; n] ) ⊕ ( Id_A ⊗ W (m; n) ) ψ_{A,K} (D) := (Id_A ⊗ φ_K ) ∘ σ^{−1}_{A,K} ∘ D ∘ σ_{A,K} ∘ (Id_A ⊗ φ_K )^{−1}

is related to Ψ_K by

ψ_{A,K} (D) = ∑ a ω(k_a(D)) ⊗ x^{(a)} + Id_A ⊗ (π_2 ∘ Ψ_K )(D). (5.6)

Its kernel ker ψ_{A,K} is the maximal ideal of G contained in {D ∈ K ∩ G | ω(D) = 0}.

Proof. Set W := span {e^a =

∏_t

i=1 e^{ai}_i | 0 ≤ a_i ≤ p−1}. Since u(Ĝ) = u(K)⊗W there are, for every D ∈ Ĝ, uniquely determined k^a_b (D) ∈ u(K) such that e^aD = ∑ b k^a_b (D)e^b (e^a, e^b ∈ W ).

(a) We intend to show that k^a_b (D) ∈ K + F , i.e., W Ĝ ⊂ KW + W . Suppose inductively that we have proved this claim for all a with |a| < s. Let e^a ∈ W with |a| = s.

For D ∈ K Lemma 5.1 shows that

e^aD = De^a − ∑ 0<b≤a ( a b ) e^{a−b}(−1)^{|b|} t−1∏ i=0 (ad e_{t−i})^{bt−i} (D) ∈ KW + W.

Let D = e_l, write e^a = e^{a′} e^{a′′} with a^′ = (a_1, . . . , a_{l−1}, 0, . . . , 0) and a^{′′} = (0, . . . , 0, a_l, . . . , a_t). Lemma 5.1 shows that

e^aD = e^{a+ϵl} − ∑ 0<b≤a^{′′} ( a^{′′} b ) e^{a−b}(−1)^{|b|} t−l∏ i=0 (ad e_{t−i})^{bt−i} (e_l).

Inductively, the last sum is contained in KW +W . If a_l < p−1 then e^{a+ϵl} ∈ W . Otherwise a_l = p − 1. Then e^{a+ϵl} = e^{a1}_1 · · · e^p_l · · · e^{at}_t . Note that, as these products are considered in u(Ĝ), e^p_l ∈ Ĝ. Set D_1 := e^p_l and apply again Lemma 5.1. One obtains that e^{a+ϵl} ≡ e^{a−(p−1)ϵl} D_1 ≡ 0 (mod KW + W ). This completes the proof of the claim.

Let ϵ : u(Ĝ) → F denote the augmentation homomorphism defined by ϵ(Ĝ) = 0. Then ϵ(W Ĝ) = 0 and this gives in particular ϵ(k^a_0 (D)) = 0. Therefore k^a_0 (D) ∈ K for all a. The proof also shows that k^0 (D) = D for all D ∈ K and k^a_0 (D) ∈ Ĝ^{(1)} + G = G whenever D ∈ G.

A similar reasoning as before yields that, if D ∈ I ⊂ K and I is an ideal of Ĝ, then k^a_b (D) ∈ I. Note that every ideal of G is an ideal of Ĝ as well.

(b) Set ψ : G → W (m; n) the Lie algebra homomorphism defined by the action (5.3) of G on Hom_{u(K)} (u(Ĝ), F ) and φ_K . Let (λ_a) be dual to the u(K)-basis (e^a | e^a ∈ W ) of u(Ĝ), λ_a ∈ Hom_{u(K)} (u(Ĝ), F ), and f_a := φ_K (λ_a) ∈ F [m; n]. The mapping

Ψ_K : G → ( K ⊗ F [m; n] ) ⊕ ( Id_K ⊗ W (m; n) ) , Ψ_K (D) := ∑ 0≤a_1,...,a_t≤p−1

k^a_0 (D) ⊗ f_a + Id_K ⊗ ψ(D)

is F -linear. Express f_a = ∑ γ_{a,b}x^{(b)} in terms of the monomials x^{(b)} and set k_b(D) := ∑ a γ_{a,b}k^a_0 (D).

Suppose D ∈ ker Ψ_K . Then ψ(D) = 0, and therefore D ∈ K ([St 97/1, Theorem 2.15]). In this case D = k^0 (D), and Ψ_K (D) = 0 implies D = k^0 (D) = 0. Thus Ψ_K is injective.

By definition, (π_2 ∘ Ψ_K ) = ψ. We have quoted from [St 97/1] that ψ(G) is a transitive subalgebra of W (m; n), and if G is restricted with {x^p − x^{[p]} | x ∈ G} ⊂ K then the m-tuple attached to the flag E(K) is n = 1. Observe that π_2 ∘ Ψ̂_K : Ĝ → Der F [m; n] is a restricted homomorphism which extends π_2 ∘ Ψ_K = ψ. By the universal property of Ĝ it is the unique extension. Therefore it coincides with ψ̂. The proof of [St 97/1, Theorem 2.15] shows that K = {D ∈ Ĝ | (π_2 ∘ Ψ̂_K (D)) ( F [m; n]_{(1)}) ⊂ F [m; n]_{(1)}}.

In order to complete the proof of (1) it remains to show that Ψ_K is a Lie algebra homomorphism. This is done below.

(c) Let A be any algebra on which K acts by derivations. Let ω : u(K) → End A denote the extension of this action of K. Recall that the isomorphism σ_{A,K} is defined by W and

σ_{A,K} : A ⊗ Hom_{u(K)} (u(Ĝ), F ) → Hom_{u(K)} (u(Ĝ), A) σ_{A,K} (v ⊗ f)(kw) = f(w)k(v) for k ∈ u(K), w ∈ W.

Every D ∈ G acts on A ⊗ Hom_{u(K)} (u(Ĝ), F ) according to

D(v ⊗ f) = v ⊗ D(f) + (Id_A ⊗ f)D(v ⊗ ϵ)

(recall that ϵ denotes the augmentation of u(Ĝ) and φ_K (ϵ) = 1 is the unit element of F [m; n]). By definition of ψ one has φ_K (D(f)) = ψ(D)(φ_K (f)) for D ∈ G, f ∈ Hom_{u(K)} (u(Ĝ), F ). For k ∈ u(K), v ∈ A one obtains

σ_{A,K} (D(v ⊗ ϵ))(ke^a) = ( D(σ_{A,K} (v ⊗ ϵ)) ) (ke^a) = (σ_{A,K} (v ⊗ ϵ))(ke^aD) = ∑ b (σ_{A,K} (v ⊗ ϵ))(kk^a_b (D)e^b) = ∑ b ϵ(e^b)ω(kk^a_b (D))(v)

= ω(k)ω(k^a_0 (D))(v).

This gives

σ_{A,K} (D(v ⊗ ϵ))(ke^a) = σ_{A,K} ( ∑ c ω(k^c_0(D))(v) ⊗ λ_c ) (ke^a),

hence D(v ⊗ ϵ) = ∑ c ω(k^c_0(D))(v) ⊗ λ_c. Applying Id_A ⊗ φ_K gives ψ_{A,K} (D) = ∑ c ω(k^c_0(D)) ⊗ f_c + Id_A ⊗ ψ(D) = ∑ b ω(k_b(D)) ⊗ x^{(b)} + Id_A ⊗ (π_2 ∘ Ψ_K )(D).

This proves (5.6).

Suppose D ∈ ker ψ_{A,K} . Then we have in particular ψ(D) = 0, and therefore D ∈ K ([St 97/1, Theorem 2.15]). In this case D = k^0 (D), and ψ(D) = 0 implies ω(D) = ω(k^0 (D)) = 0.

To prove the converse, let J be an ideal of G such that J ⊂ K and ω(D) = 0 for all D ∈ J. As J is an ideal in G, u(Ĝ)J = Ju(Ĝ). Then for D ∈ J one obtains for any f ∈ Hom_{u(K)} (u(Ĝ), A)

(Df)(u) = f(uD) ∈ f(Ju(Ĝ)) = ω(J)(f(u(Ĝ))) ⊂ ω(J)(A) = (0).

By definition this gives ψ_{A,K} (D) = (π_2 ∘ Ψ_K )(D). We proved in (1) that (π_2 ∘ Ψ_K )(D) = 0. The proof of (2) is now complete.

(d) Let N denote a faithful restricted K-module (such a module, which is not finite dimensional, always exists). We regard N as an algebra with trivial multiplication. Then Der N = gl(N). Let ρ denote the representation. Part (2) shows that, since ρ : K → ρ(K) is an isomorphism, Ψ_K = (( ρ^{−1}|_{ρ(K)} ⊗ Id_{F [m;n]} ) ⊕ ( id^A_K ⊗ Id_{W (m;n)} )) ∘ ψ_{N,K} (where id^A_K (Id_A) = Id_K ) is a Lie algebra homomorphism. □

A rather subtle choice of φ_K and (e_1, . . . , e_t) allows a precise description of ideals and tori. In order to do so we will take a close look at the proof of Theorem 5.2.

Theorem 5.3 Let G be a finite dimensional restricted Lie algebra, G_{(0)} a restricted subalgebra, J a restricted ideal and T a torus of G. Set

m := dim G/G_{(0)}, m^′ := dim J/J ∩ G_{(0)}, r := dim T/T ∩ G_{(0)}.

Suppose K is a restricted subalgebra of Ĝ satisfying

{x^p − x^{[p]} | x ∈ G} ⊂ K, K ∩ G = G_{(0)}.

Let r^′ := dim T ∩(G_{(0)}+J)/T ∩G_{(0)} and t_1, . . . , t_r′ ∈ T ∩(G_{(0)}+J), t_m′_{+1}, . . . , t_m′_{+r−r}′ ∈ T be toral elements which are linearly independent (mod T ∩ G_{(0)}). Then there are an isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Ĝ with respect to K such that the Lie algebra homomorphism Ψ_K of (5.5) has the following properties.

1. Ψ_K (J) ⊂ ( (K ∩ J) ⊗ F [m; 1] ) ⊕ ( ∑_{m′}

j=1 Id_K ⊗ F [m; 1]D_j ) , ∑_m′

j=1 F D_j ⊂ (π_2 ∘ Ψ_K )(J) +

∑_m′ j=1 F [m; 1]_{(1)}D_j .

2. Ψ_K (t_i) = (t^p_i − t_i) ⊗ x^{(p−1)}_i + Id_K ⊗ (1 + x_i)D_i for 1 ≤ i ≤ r^′ or m^′ + 1 ≤ i ≤ m^′ + r − r^′,

3. There is a linear mapping λ : T ∩G_{(0)} → ∑ j∈{r^′ +1,...,m^′,m^′+r−r^′+1,...,m} F xj Dj ,

such that Ψ_K (t) = t ⊗ 1 + Id_K ⊗ λ(t) ∀ t ∈ T ∩ G_{(0)}.

Proof. Set

T_0 := T ∩ G_{(0)}, T_1 := ⊕^{r′}_{i=1}F t_i, T^′_1 := ⊕^{m′+r−r′}_{i=m}′_{+1} F t_i.

Then T_0, T_1, T^′_1 are subtori of T and

T = T_0 ⊕ T_1 ⊕ T^′_1, T ∩ (G_{(0)} + J) = T_0 + T_1.

Take T -eigenvectors u_1, . . . , u_l ∈ J and T -eigenvectors u^′_1, . . . , u^′_l′ ∈ G such that (t_1, . . . , t_r′ , u_1, . . . , u_l) is a cobasis of G_{(0)} + J with respect to G_{(0)} and (t_m′_{+1}, . . . , t_m′_{+r−r}′ , u^′_1, . . . , u^′_l′ ) is a cobasis of G with respect to G_{(0)} +J. Note that r^′ + l = m^′, (r − r^′) + l^′ = m − m^′, r + l + l^′ = m. Set e_i := t_i 1 ≤ i ≤ r^′, e_r′_{+i} := t_m′_{+i} 1 ≤ i ≤ r − r^′ e_{r+i} := u_i 1 ≤ i ≤ l, e_{r+l+i} := u^′_i 1 ≤ i ≤ l^′, and e^a := e^{am}_m · · · e^{a1}_1 , a_i ≥ 0.

Observe that (e_1, . . . , e_m) is a cobasis of G with respect to G_{(0)}. Since G is restricted, {x^p − x^{[p]} | x ∈ G} ⊂ K and K ∩ G = G_{(0)} one has that Ĝ = K + G and (e_1, . . . , e_m) is a cobasis of Ĝ with respect to K. By PBWJ (e^a | 0 ≤ a_i ≤ p − 1) is a basis of the free u(K)-module u(Ĝ). Set W := span {e^a | 0 ≤ a_i ≤ p − 1} W_J := span {e^a ∈ W |

r^′∑

i=1 a_i + l∑ i=1 a_{r+i} > 0}.

These definitions imply that u(Ĝ) = u(K) ⊗ W . Every product e^a occurring in W_J contains a factor e_i which lies in J.

An application of Lemma 5.1 as in part (a) of the proof of Theorem 5.2 easily yields (since J is an ideal of G) that for D ∈ J one has e^aD = ∑ b k^a_b (D)e^b with (a) k^a_b (D) ∉ J ⇒ e^b ∈ W_J , k^a_0 (D) ∈ K ∩ J.

Next consider e_i ∈ T_1 + T^′_1 for 1 ≤ i ≤ r. Since [e_i, e_j ] = 0 for i, j ≤ r, [e^p_i − e_i, G] = (0), and e^{[p]}_i = e_i one has e^p_i − e_i ∈ K and

(b) e^ae_i = e^{a+ϵi} = { e^{a+ϵi} ∈ W if a_i < p − 1 e^{a−(p−2)ϵi} + (e^p_i − e_i)e^{a−(p−1)ϵi} if a_i = p − 1, Thus

(c) k^a_0 (e_i) = δ_{a,(p−1)ϵi} (e^p_i − e_i), i ≤ r.

Let t ∈ T_0. By construction, all e_i are T_0-eigenvectors. Set [e_i, t] = α_i(t)e_i for i = 1, . . . , m and t ∈ T_0. Then

(d) e^at = te^a + ( m∑ j=1 a_j α_j (t))e^a.

Consequently, as t ∈ K, (e) k^a_0 (t) = δ_{a,0}t ∀ t ∈ T_0.

In a second step we make a preliminary choice for the isomorphism (5.2). Set λ_i ∈ Hom_{u(K)} (u(Ĝ), F ), λ_i(e^a) := δ_{a,ϵi} , i = 1, . . . , m, e^a ∈ W.

These linear forms are linearly independent on G. [St 97/1, Theorem 2.8] proves that there is a continuous divided power algebra isomorphism φ : Hom_{u( ^G(0) )} (u(Ĝ), F ) ∼= F [[m]], φ(λ_i) = x_i.

The image under φ of Hom_{u(K)} (u(Ĝ), F ) contains φ(λ_1) = x_1, . . . , φ(λ_m) = x_m, hence contains F [m; 1]. Since both algebras have dimension p^m, φ defines by restriction an isomorphism

φ : Hom_{u(K)} (u(Ĝ), F ) ∼= F [m; 1].

Equation (2.18) of [St 97/1] yields that setting λ^{(a)} :=

∏_m i=1 λ^{(ai)}_i , one has

λ^{(a)}(e^b) = δ_{a,b} 0 ≤ a_i, b_i ≤ p − 1.

Therefore (λ^{(a)}) is dual to (e^a). Since φ(λ^{(a)}) = x^{(a)}, the definition of k_b(D) in part (b) of the proof of Theorem 5.2 (with λ_a = λ^{(a)} and f_a = x^{(a)}) now shows that k_b(D) = k^b_0(D) ∀ D ∈ G, 0 ≤ b_i ≤ p − 1.

Let Ψ^′_K denote the Lie algebra homomorphism (5.5) which is constructed by employing φ and (e_1, . . . , e_m). Recall that by definition (5.5) Ψ^′_K (D) = ∑ b k_b(D)⊗ x^{(b)} + Id_K ⊗ (π_2 ∘ Ψ^′_K )(D). It is so far proved in (a), (c), (e), that

(f) Ψ^′_K (J) ⊂ ( (K ∩ J) ⊗ F [m; 1] ) ⊕ ( Id_K ⊗ (π_2 ∘ Ψ^′_K )(J) ) , Ψ^′_K (e_i) = (e^p_i − e_i) ⊗ x^{(p−1)}_i + Id_K ⊗ (π_2 ∘ Ψ^′_K )(e_i), 1 ≤ i ≤ r,

Ψ^′_K (t) = t ⊗ 1 + Id_K ⊗ (π_2 ∘ Ψ^′_K )(t), t ∈ T_0.

In a third step we determine π_2 ∘ Ψ^′_K . For D ∈ G write

(π_2 ∘ Ψ^′_K )(D) = m∑ j=1 ∑ a β_{j,a}(D)x^{(a)}D_j , β_{j,a}(D) ∈ F

and observe that by definition

φ(Dλ_j ) = (φ ∘ D ∘ φ^{−1})(φ(λ_j )) = (π_2 ∘ Ψ^′_K )(D)(x_j ) = ∑ a β_{j,a}(D)x^{(a)} = φ ( ∑ a β_{j,a}(D)λ^{(a)} ) . From this one gets β_{j,a}(D) = (Dλ_j )(e^a) = λ_j (e^aD).

Take D ∈ J, then

β_{j,a}(D) = λ_j (e^aD) = ∑ b ϵ(k^a_b (D))λ_j (e^b) = ϵ(k^a_{ϵj} (D)),

where ϵ is the augmentation of u(Ĝ). We have stated in (a) that k^a_{ϵj} (D) ∉ J only if e_j ∈ W_J . Hence β_{j,a}(D) = 0 except if e_j ∈ J. As a consequence,

(g) (π_2 ∘ Ψ^′_K )(J) ⊂ ∑ j∈S F [m; 1]D_j with S = {1, . . . , r^′, r + 1, . . . , r + l}. Moreover, for j ∈ S one has (e_j λ_i)(1) = λ_i(e_j ) = δ_{i,j} , and this shows that

(π_2 ∘ Ψ^′_K )(e_j ) ∈ (D_j + W (m; 1)_{(0)}) ∩ ((π_2 ∘ Ψ^′_K )(J)) ⊂ D_j + W (m; 1)_{(0)} ∩ ( ∑ i∈S F [m; 1]D_i)

= D_j + ∑ i∈S F [m; 1]_{(1)}D_i.

Therefore

(h) D_j ∈ (π_2 ∘ Ψ^′_K )(J) + ∑ i∈S F [m; 1]_{(1)}D_i ∀ j ∈ S.

Take D = e_i ∈ T_1 + T^′_1. (b) gives

(e_iλ_j )(e^a) = λ_j (e^ae_i) = { λ_j (e^{a+ϵi} ) a_i < p − 1, λ_j (e^{a−(p−2)ϵi} ) + ϵ(e^p_i − e_i)λ_j (e^{a−(p−1)ϵi} ) a_i = p − 1.

Then β_{j,a}(e_i) = (e_iλ_j )(e^a) = δ_{a,0}δ_{j,i} + δ_{a,(p−1)ϵi} δ_{j,i}, and hence

(π_2 ∘ Ψ^′_K )(e_i) = (1 + x^{(p−1)}_i )D_i, i ≤ r.

Take D ∈ T_0. (d) gives

(Dλ_j )(e^a) = λ_j (e^aD) = ϵ(D)λ_j (e^a) + m∑ i=1 a_iα_i(D)λ_j (e^a) = δ_{a,ϵj} α_j (D),

hence (π_2 ∘ Ψ^′_K )(D) = m∑ i=1 α_i(D)x_iD_i, D ∈ T_0.

Set λ^′ : T_0 →

∑_m i=1 F x_iD_i, λ^′(D) =

∑_m

i=1 α_i(D)x_iD_i. Since [e_i, T_0] = (0) for 1 ≤ i ≤ r, one has by definition α_i(D) = 0 for 1 ≤ i ≤ r, D ∈ T_0. Hence λ^′(D) =

∑_m

i=r+1 αi(D)xiDi.

In a final step we adjust φ. Set

τ(x_j ) :=

∑_{p−1}

i=1 x^{(i)}_j 1 ≤ j ≤ r^′, x_{j−r}′_{+r} r^′ + 1 ≤ j ≤ m^′ = r^′ + l, ∑_{p−1}

i=1 x^{(i)}_{j−m}′_{+r}′ m^′ + 1 ≤ j ≤ m^′ + r − r^′, x_j m^′ + r − r^′ + 1 ≤ j ≤ m, and extend this to a continuous divided power algebra automorphism (see [St 97/1, Theorem 2.8]). Note that τ(F [m; 1]) ⊂ F [m; 1],

τ(x_j )^{(p−1)} := x^{(p−1)} j 1 ≤ j ≤ r^′, x^{(p−1)}

j−r^′ +r r

′ + 1 ≤ j ≤ m^′ = r^′ + l, x^{(p−1)}

j−m^′ +r^′ m

′ + 1 ≤ j ≤ m^′ + r − r^′, x^{(p−1)} j m^′ + r − r^′ + 1 ≤ j ≤ m, and

τ^{−1}∘D_k∘τ(x_j ) = δ_{k,j} τ^{−1}(

∑_{p−2}

i=0 x^{(i)}_j ) 1 ≤ j ≤ r^′, δ_{k,j−r}′_{+r} r^′ + 1 ≤ j ≤ m^′ = r^′ + l, δ_{k,j−m}′_{+r}′ τ^{−1}(

∑_{p−2} i=0 x^{(i)}_{j−m}′_{+r}′ ) m^′ + 1 ≤ j ≤ m^′ + r − r^′, δ_{k,j} m^′ + r − r^′ + 1 ≤ j ≤ m, whence

τ^{−1} ∘ D_k ∘ τ =

∑_{p−2}

i=0 x^{(i)}_k D_k 1 ≤ k ≤ r^′, D_{k+r}′_{−r} r + 1 ≤ k ≤ r + l, ∑_{p−2}

i=0 x^{(i)}_{k+m}′_{−r}′ r^′ + 1 ≤ k ≤ r, D_k m^′ + r − r^′ + 1 ≤ k ≤ m.

Therefore

τ^{−1} ∘ D_k ∘ τ = { D_{k+r}′_{−r} r + 1 ≤ k ≤ r + l, D_k m^′ + r − r^′ + 1 ≤ k ≤ m.

For 1 ≤ k ≤ r^′ one has

(τ^{−1} ∘ (1 + x^{(p−1)}_k )D_k ∘ τ)(x_l) = δ_{k,l}τ^{−1} ( (1 + x^{(p−1)}_k ) p−2∑ i=0 x^{(i)}_k )

= δ_{k,l}τ^{−1}

(^{p−1}∑ i=0 x^{(i)}_k ) = δ_{k,l}(1 + x_k ).

A similar computation can be done for r^′ + 1 ≤ k ≤ r. One obtains in total

τ^{−1} ∘ (1 + x^{(p−1)}_k )D_k ∘ τ = { (1 + x_k )D_k 1 ≤ k ≤ r^′, (1 + x_m′_{−r}′_{+k})D_m′_{−r}′_{+k} r^′ + 1 ≤ k ≤ r.

As τ^{−1} ∘ (1 + x^{(p−1)}_k )D_k ∘ τ = (1 + τ^{−1}(x_k )^{(p−1)})(τ^{−1} ∘ D_k ∘ τ) this also gives τ^{−1} ∘ D_k ∘ τ ∈ F [m; 1]D_k, 1 ≤ k ≤ r^′.

Set φ_K := τ^{−1} ∘ φ, Ψ_K (D) := (Id_K ⊗ τ^{−1}) ∘ Ψ^′_K (D) ∘ (Id_K ⊗ τ) for all D ∈ G, and λ(D) := τ^{−1} ∘ λ^′(D) ∘ τ for all D ∈ T_0. φ_K is an isomorphism (5.1). Also (π_2 ∘ Ψ_K )(D) = τ^{−1} ∘ ((π_2 ∘ Ψ^′_K )(D)) ∘ τ for all D ∈ G. Therefore (g),(h) yield

(π_2 ∘ Ψ_K )(J) ⊂ ∑ j∈S τ^{−1} ( F [m; 1] ) (τ^{−1} ∘ D_j ∘ τ) =

m^′∑

j=1 F [m; 1]D_j , and m^′∑

j=1 F D_j = ∑ j∈S τ^{−1} ∘ D_j ∘ τ ⊂ (π_2 ∘ Ψ_K )(J)) +

m^′∑

j=1 F [m; 1]_{(1)}D_j .

Recall that t_i = e_i for 1 ≤ i ≤ r^′ and t_i = e_{i+r}′_{−m}′ for m^′ + 1 ≤ i ≤ m^′ + r − r^′. Therefore (f) yields

Ψ_K (t_i) = Ψ_K (e_i) = (e^p_i − e_i) ⊗ τ^{−1}(x_i)^{(p−1)} + Id_K ⊗ τ^{−1} ∘ (1 + x^{(p−1)}_i )D_i ∘ τ

= (t^p_i − t_i) ⊗ x^{(p−1)}_i + Id_K ⊗ (1 + x_i)D_i, 1 ≤ i ≤ r^′,

and similarly

Ψ_K (t_i) = (t^p_i − t_i) ⊗ x^{(p−1)}_i + Id_K ⊗ (1 + x_i)D_i, m^′ + 1 ≤ i ≤ m^′ + r − r^′.

Finally observe that by (f)

Ψ_K (t) = t ⊗ 1 + Id_K ⊗ τ^{−1} ∘ λ^′(t) ∘ τ ∀ t ∈ T_0.

Recall that λ^′(t) =

∑_m

j=r+1 αj (t)xj Dj . Then

λ(t) = τ^{−1} ∘ λ^′(t) ∘ τ = m∑ j=r+1

α_j (t)τ^{−1}(x_j )(τ^{−1} ∘ D_j ∘ τ)

= m^′∑

j=r^′+1

α_{j−r}′_{+r}(t)x_j D_j + m∑ j=m^′ +r−r^′+1

α_j (t)x_j D_j .

This completes the proof of the theorem. □

We will often face the necessity to describe the action of G on various algebras or modules simultaneously. In the light of the preceding theorems it is therefore desireable to describe such algebras or modules as objects which are coinduced by the same restricted subalgebra K of Ĝ.

Theorem 5.4 Let A denote an arbitrary algebra, and G a restricted Lie algebra of arbitrary dimension which acts on A restrictedly by derivations. Let A_1 be any twosided ideal of A. Suppose K ⊂ G is a restricted subalgebra which stabilizes A_1. The mapping

χ : A → Hom_{u(K)} (u(G), A/A_1), χ(x)(u) := u(x) + A_1 establishes a G-invariant algebra homomorphism. Its kernel ker χ is the maximal G-invariant ideal of A in A_1. Every G-invariant subspace V of A is mapped into Hom_{u(K)} (u(G), V + A_1/A_1) under χ.

Proof. The definition of χ entails for x, y ∈ A, u ∈ u(G)

χ(xy)(u) = u(xy) + A_1 = ∑ u_{(1)}(x)u_{(2)}(y) + A_1 = (χ(x)χ(y))(u).

Thus χ is an algebra homomorphism and ker χ is an ideal of A. It is immediate from the definitions that

(Dχ(x))(u) = χ(x)(uD) = (uD)(x) + A_1 = u(D(x)) + A_1 = χ(D(x))(u)

for D ∈ G, u ∈ u(G). Moreover, for x ∈ ker χ we have in particular x + A_1 = χ(x)(1) = 0, whence x ∈ A_1. The remaining parts of the assertions are obvious. □ In order to establish that χ is an isomorphism we have to impose additional assumptions on A and A_1. If the algebra A in question has only trivial Ginvariant ideals then χ is injective. It will become necessary to make the right choice for the ideal A_1 in order to obtain the surjectivity of χ. This problem will be treated in §5.3.

Lemma 5.5 Let A denote an arbitrary algebra, G a restricted Lie algebra of arbitrary dimension, K_1 a restricted subalgebra of G which acts restrictedly on A by derivations, and K a restricted subalgebra of G containing K_1. Then there is a canonical G-invariant algebra isomorphism

μ : Hom_{u(K1 )} (u(G), A) → Hom_{u(K)} (u(G), Hom_{u(K1 )} (u(K), A)) ( μ(f)(u) ) (m) := f(mu) ∀ u ∈ u(G), m ∈ u(K).

Proof. Let f, g ∈ Hom_{u(K1)} (u(G), A), m, m^′ ∈ u(K). Clearly, μ(f)(u) is u(K_1)-linear in m, i.e., μ(f)(u) ∈ Hom_{u(K1)} (u(K), A). As (see (5.3) for the last equation) ( μ(f)(m^′u) ) (m) = f(mm^′u) = ( μ(f)(u) ) (mm^′) = ( m^′ ( μ(f)(u) )) (m) one has μ(f)(m^′u) = m^′ ( μ(f)(u) ) . Then μ(f) is u(K)-linear in u, i.e., μ(f) ∈ Hom_{u(K)} (u(G), Hom_{u(K1 )} (u(K), A)). Next, as Δ(mu) = Δ(m)Δ(u) = ∑ (m) ∑ (u) m_{(1)}u_{(1)} ⊗ m_{(2)}u_{(2)}, ( μ(fg)(u) ) (m) = (fg)(mu) = ∑ (m) ∑ (u) f(m_{(1)}u_{(1)})g(m_{(2)}u_{(2)}) = ∑ (m) ∑ (u) (( μ(f)(u_{(1)}) ) (m_{(1)}) )(( μ(g)(u_{(2)}) ) (m_{(2)}) )

= ∑ (u) (( μ(f)(u_{(1)}) )( μ(g)(u_{(2)}) )) (m) = ( μ(f)μ(g) ) (u)(m),

which proves that μ is an algebra homomorphism. Moreover, the equations ( μ(Df)(u) ) (m) = (Df)(mu) = f(muD) = ( μ(f)(uD) ) (m) = ( (Dμ(f))(u) ) (m) show that μ(Df) = Dμ(f) for all D ∈ G. Therefore μ is G-invariant. Finally, for h ∈ Hom_{u(K)} (u(G), Hom_{u(K1 )} (u(K), A)) set

μ^′(h)(u) := h(u)(1_{u(K)}) ∈ A ∀ u ∈ u(G).

Then one has for k ∈ u(K_1) ⊂ u(K)

μ^′(h)(ku) = h(ku)(1_{u(K)}) = (kh(u))(1_{u(K)})

= h(u)(k) = k ( h(u)(1_{u(K)}) ) = k ( μ^′(h)(u) ) . Thus μ^′(h) ∈ Hom_{u(K1 )} (u(G), A). Also, in considering u(K) as a subalgebra of u(G) one identifies 1_{u(G)} = 1_{u(K)}. Therefore ( (μ^′ ∘ μ)(f) ) (u) = μ(f)(u)(1_{u(K)}) = f(u), ( (μ ∘ μ^′)(h) ) (u)(m) = μ^′(h)(mu) = h(mu)(1_{u(K)})

= (mh(u))(1_{u(K)}) = h(u)(m).

Consequently, μ, μ^′ are inverse to each other. Hence μ is an isomorphism. □

Let G be a restricted Lie algebra, K a restricted subalgebra of G, and N a finite dimensional K-module. Let S be the anti-automorphism of u(G) of period 2 induced by the anti-automorphism x → −x of G. Note that for every G-module V the dual V^∗ is a G-module via

(Dλ)(v) := −λ(Dv) = λ(S(D)(v)) ∀ D ∈ G, λ ∈ V^∗, v ∈ V.

The induced module u(G) ⊗_{u(K)} N is defined by D(u ⊗ n) := (Du) ⊗ n for all D ∈ G. Then (u(G) ⊗_{u(K)} N)^∗ is a G-module via

(Dλ)(u ⊗ n) = −λ((Du) ⊗ n).

We formerly introduced another representation of G on Hom_F (u(G), F ) = u(G)^∗, which makes it a coinduced module. One carefully has to decide wether the coinduced module or the dual module structure is employed.

Theorem 5.6 Let G be a restricted Lie algebra of arbitrary dimension, K a restricted subalgebra of G of finite codimension and N a finite dimensional restricted K-module. Then there is a G-module isomorphism ( Hom_{u(K)} (u(G), N^{σ̃−1} )

)_∗

∼= Hom_{u(K)} (u(G), N^∗),

where σ̃ is the Frobenius twist of the extension u(G) : u(K) (cf. [St 97/1, §2.1]), and the ”Hom”-modules carry the coinduced module structure, while the ∗-modules carry the dual module structure.

Proof. Let u ∈ u(G), k ∈ u(K), n ∈ N, λ ∈ Hom_{u(K)} (u(G), N^∗). Define

λ^′ : u(G) × N → F, λ^′(u, n) := λ(S(u))(n).

Observe that S(k) ∈ u(K), λ(S(u)) ∈ N^∗, and therefore the definitions yield ( S(k)λ(S(u)) ) (n) = λ(S(u))(S^2(k)n) = λ(S(u))(kn), hence

λ^′(uk, n) = λ(S(uk))(n) = λ(S(k)S(u))(n) = ( S(k)λ(S(u)) ) (n) = λ(S(u))(kn) = λ^′(u, kn).

This shows that λ^′ is u(K)-balanced. Let α(λ) ∈ ( u(G) ⊗_{u(K)} N

)_∗

be the element induced by λ^′. The mapping

α : Hom_{u(K)} (u(G), N^∗) → ( u(G) ⊗_{u(K)} N

)_∗

is linear and injective and a dimension argument shows that α is surjective. Note that for D ∈ G

α(Dλ)(u ⊗ n) = ( (Dλ)(S(u)) ) (n) = ( λ(S(u)D) ) (n) = − ( λ(S(u)S(D)) ) (n) = − ( λ(S(Du)) ) (n) = −α(λ)((Du) ⊗ n) = ( Dα(λ) ) (u ⊗ n).

Therefore α is a G-module homomorphism.

By Theorem 2.1 of [St 97/1] there is G-module isomorphism

θ : u(G) ⊗_{u(K)} N → Hom_{u(K)} (u(G), N^{σ̃−1} )

and this gives rise to a G-module isomorphism as claimed. □

5.2 Induced and coinduced modules

In this section a Dixmier argument on the irreducibility of induced modules in characteristic 0 is employed to obtain a similar result in characteristic p.

Theorem 5.7 Let G be a restricted Lie algebra of arbitrary dimension, I an ideal of G, N = ∑ N_i a sum of finite dimensional irreducible I-modules which are all isomorphic, with representation ρ : I → gl(N). Put K := {x ∈ G | [x, ker ρ] ⊂ ker ρ}, which is a restricted subalgebra of G. Assume that ρ can be extended to a restricted representation K → gl(N). Then the following is true.

1. Every I-submodule W ≠ (0) of u(G)⊗_{u(K)} N intersects F ⊗N nontrivially.

2. {v ∈ u(G) ⊗_{u(K)} N | x · v = 0 ∀ x ∈ ker ρ} = F ⊗ N.

3. Every G-submodule M of u(G) ⊗_{u(K)} N is induced by M ∩ (F ⊗ N).

Proof. The following preliminary argument will yield proofs of all statements. Choose (e_j )_{j∈J} a cobasis of G with respect to K. Set S := {a = (a_i)_{i∈J} | 0 ≤ a_i ≤ p − 1, all but finitely many of the a_i = 0}, use the notation e^a = ∏ e^{ai}_i ∈ u(G) for a ∈ S, and put V_k := ∑ a∈S,|a|≤k F e

a ⊗ N. We omit some of the N_i in order to obtain that N is the direct sum of the remaining N_i. Let N_0 be a finite dimensional irreducible I-module and σ_i : N_i → N_0 the claimed I-module isomorphisms.

For any x ∈ ker ρ ⊂ I ⊂ K we have according to Lemma 5.1 (as x · N = (0) and [G, x] · N ⊂ I · N ⊂ N)

x · V_k ⊂ V_{k−1} for k > 0. (∗)

Let k > 0, t_0 ∈ V_k \ V_{k−1}, t_0 = ∑ i ∑ a∈S,|a|≤k e

a ⊗ v_{a,i}, v_{a,i} ∈ N_i. Note that, although this formally is an infinite sum, it is meant that all but finitely many of the v_{a,i} = 0. Fix a^′ with |a^′| = k and i^′ with v_a′_{,i}′ ≠ 0 and set σ_i′ (v_a′_{,i}′ ) =: v_0 ∈ N_0 \ (0). Let (σ_i(v_{a,i}))_{(a,i)∈A} be a maximal linearly independent subfamily in N_0 of the entire family (σ_i(v_{a,i})). Denote by I_p the p-envelope of I in G. Since N is u(I_p)-semisimple the density theorem ensures the existence of z_0 ∈ u(I_p), such that this subfamily is mapped onto v_0: σ_i(z_0 · v_{a,i}) = z_0 · σ_i(v_{a,i}) = v_0 for (a, i) ∈ A. The rest of the σ_i(v_{a,i}) are linearly dependent on this subfamily, and therefore σ_i(z_0 · v_{a,i}) = z_0 · σ_i(v_{a,i}) ∈ F z_0 ∑ (b,j)∈A σj (vb,j ) = F ∑ (b,j)∈A σj (z0 ·

v_{b,j} ) ⊂ F v_0. Hence there are ξ_{a,i} ∈ F such that σ_i(z_0 · v_{a,i}) = ξ_{a,i}v_0 for all v_{a,i}. Since z · t_0 ≡ ∑ i ∑ a∈S^′,|a|=k e

a ⊗ zv_{a,i} (mod V_{k−1}) for all z ∈ u(I_p) one therefore obtains that

t(z) := zz_0 · t_0 ≡ ∑ i ∑ a∈S,|a|=k

e^a ⊗ w_{a,i} (mod V_{k−1}),

with σ_i(w_{a,i}) = σ_i(zz_0 · v_{a,i}) = ξ_{a,i}z · v_0.

For any x ∈ ker ρ we have according to Lemma 5.1 and (∗)

x · t(z) ≡ ∑ i ∑ a∈S,|a|=k ∑ j∈J a_j e^{a−ϵj} ⊗ ([x, e_j ] · w_{a,i}) (mod V_{k−2}).

Now suppose that (ker ρ)u(I_p) · t_0 = (0) . The above yields ∑ a∈S,|a|=k ∑ j∈J a_j e^{a−ϵj} ⊗ ([x, e_j ] · w_{a,i}) = 0 ∀ i, ∀ x ∈ ker ρ.

Thus for every b satisfying |b| = k − 1, ∑ j∈J with b+ϵj ∈S

(b_j + 1)[x, e_j ] · w_{b+ϵj ,i} = 0 for all i,

and 0 = σ_i ( ∑ j∈J with b+ϵj ∈S

(b_j + 1)[x, e_j ] · w_{b+ϵj ,i} )

= ∑ j∈J with b+ϵj ∈S ξ_{b+ϵj ,i} (b_j + 1)[x, e_j ]z · v_0

for all z ∈ u(I_p). Since N_0 is an irreducible I-module this means ([ x , ∑ j∈J with b+ϵj ∈S ξ_{b+ϵj ,i}(b_j + 1)e_j ]) · N_0 = (0).

Consequently, [ ∑ j∈J with b+ϵj ∈S ξ^{b+ϵ}j^{,i}(b^j + 1)e^j , ker ρ] ⊂ ker ρ. By definition of K we obtain that ∑ j∈J with b+ϵj ∈S ξ^{b+ϵ}j^{,i}(b^j +1)e^j ∈ K and thus ξ^{b+ϵ}j^{,i} = 0 for all i and those j, b, for which |b| = k − 1, b + ϵ_j ∈ S. In particular, ξ_a′_{,i}′ = 0, a contradiction. Thus (ker ρ)u(I_p) · t_0 ≠ (0). After these preliminaries we prove the claims.

(1) Choose k minimal with W ∩ V_k ≠ (0). If k > 0 then (∗) shows (ker ρ)u(I_p) · (W ∩V_k ) ⊂ (ker ρ)·(W ∩V_k ) ⊂ W ∩V_{k−1} = (0). This contradicts the preliminary result, whence k = 0.

In order to prove (2) let W := {v ∈ u(G) ⊗_{u(K)} N | x · v = 0 ∀ x ∈ ker ρ}. Suppose W ≠ F ⊗ N, and consider any t_0 ∈ W \ F ⊗ N. As ker ρ is an ideal of I one has (ker ρ)u(I_p) = u(I_p)(ker ρ) and therefore (ker ρ)u(I_p) · t_0 = u(I_p)(ker ρ) · t_0 = (0). This contradicts the preliminary result.

(3) Let M ≠ (0) be a G-submodule and set M ∩ (F ⊗ N) =: F ⊗ M_0. Then M ⊃ u(G)⊗_{u(K)}M_0. Consider the G-module ( u(G)⊗_{u(K)} N ) / ( u(G)⊗_{u(K)}M_0 ) which (as u(G) is a free u(K)-module) is isomorphic to u(G)⊗_{u(K)} (N/M_0). The image of M in this module meets F ⊗ (N/M_0) only trivially. By part (1) of this theorem this is only possible if the image of M is (0). □

Corollary 5.8 Let G be a restricted Lie algebra of arbitrary dimension, I an ideal of G, and V a restricted irreducible G-module. Suppose that V contains a finite dimensional irreducible I-submodule N_0. Set N = ∑ N_i the sum of all

I-submodules N_i isomorphic to N_0 and K := {x ∈ G | x · N ⊂ N}. Then K is a restricted subalgebra of G,

V ∼= u(G) ⊗_{u(K)} N

as G-modules, and N is a restricted irreducible K-module.

Proof. Let I_p denote the p-envelope of I in G. Consider N_0 as an irreducible u(I_p)-module. Let J denote the annihilator of N_0 in u(I_p). Then u(I_p)/J is a finite dimensional simple associative algebra, whence all its modules are completely reducible and all its irreducible modules are isomorphic to N_0. Therefore

N = {v ∈ V | J · v = (0)}, J = {x ∈ u(I_p) | x · N = (0)}.

Take y ∈ {x ∈ G | [x, J] ⊂ J}. Then J ·(y ·N) ⊂ J ·N +y ·(J ·N) = (0), whence y · N ⊂ N. This proves y ∈ K. On the other hand, take any x ∈ K. Then [x, J] clearly annihilates N. Moreover, [x, I] ⊂ I and hence [x, J] ⊂ [x, u(I_p)] ⊂ u(I_p). Consequently, [x, J] ⊂ J, and one obtains K = {x ∈ G | [x, J] ⊂ J}. We now consider G and u(I_p)^− as restricted Lie subalgebras of u(G) (with the commutator product and associative p-powers) and observe that G := G+u(I_p)^− is a restricted Lie algebra, in which I := u(I_p)^− is an ideal. Note that V naturally is a restricted G-module. Clearly, J is the kernel of the representation I → gl(N). We also put K := {x ∈ G | [x, J] ⊂ J} = K + u(I_p). N is stable under K, and by definition the action of K on N is restricted. The universal property of induced modules gives rise to a nonzero G-module homomorphism

ψ : u(G) ⊗_{u(K)} N → V, ψ(1 ⊗ v) = v ∀ v ∈ N,

which by virtue of the irreducibility of V is surjective. Theorem 5.7 shows that there is an I-submodule N^′ ⊂ N, such that ker ψ = u(G) ⊗_{u(K)} N^′. However, N^′ = ψ(1 ⊗ N^′) = (0). Thus ψ is an isomorphism.

Next observe that G = G + I, K = K + I, therefore u(G) = u(G)u(I), u(K) = u(K)u(I) and rank_{u(K)} u(G) = rank_{u(K)} u(G). Hence there is a natural Gmodule isomorphism

u(G) ⊗_{u(K)} N ∼= u(G) ⊗_{u(K)} N^ψ→ u(G).

Every proper K-submodule N^{′′} of N gives rise to a proper G-submodule u(G)⊗_{u(K)} N^{′′}. Hence N is an irreducible K-module. □

The methods of this section are most powerful for solvable Lie algebras, since then we have an induction process available. For a Lie algebra P and λ ∈ P^∗ with λ(P^{(1)}) = 0 the 1-dimensional P -module F_λ is given by x.1 = λ(x) for all x ∈ P .

Corollary 5.9 [St-F, §5.8] Let L be a finite dimensional solvable Lie algebra. Suppose that V is an irreducible L-module and J is an ideal of L, such that

J^{(1)} acts nilpotently on V . Then there are a restricted subalgebra P ⊂ L̂ of finite codimension and a linear form λ ∈ P^∗, satisfying J ⊂ P , λ(P^{(1)}) = 0, λ(x^p) = λ(x)^p for all x ∈ P such that

V ∼= u(L̂) ⊗_{u(P )} F_λ.

Proof. The representation L → gl(V ) extends to a restricted representation ρ : L̂ → gl(V ). Then ker ρ is a restricted ideal and L_{[p]} := L̂/ ker ρ is a finite dimensional restricted Lie algebra which acts faithfully, irreducibly, and restrictedly on V . Therefore [St-F, (5.8.4)] yields the existence of a restricted subalgebra Q, λ ∈ Q^∗ and an isomorphism V ∼= u(L_{[p]}) ⊗_{u(Q)} F_λ. In fact, the proof in [St-F] shows that we may take Q to contain J. Set P the inverse image of Q in L̂ and consider λ as a linear form on P . □

A weak version of Theorem 5.8 allows to determine lower bounds for the dimension of irreducible L-modules, which will turn out to be most useful for filtered Lie algebras.

Proposition 5.10 [St 77/1] Let L be any Lie algebra, M a subalgebra of L and I an ideal of M. Suppose V is a finite dimensional irreducible L-module and V_0 is an irreducible M-submodule of V .

Assume that there are e_1, . . . , e_m ∈ L, f_1, . . . , f_m ∈ I such that

(i) [e_i, f_j ], [e_i, [e_k, f_j ]] ∈ M for all i, j, k;

(ii) ∑ i,j F [e_i, f_j ] generates a Lie algebra R ⊂ M such that [M, I] + R^{(1)} + ∑ i<j F [e_i, f_j ] acts nilpotently on V_0;

(iii) [e_i, f_i] acts invertibly on V_0 for 1 ≤ i ≤ m.

Then dim V ≥ p^m dim V_0.

Proof. (a) Let ρ : L → gl(V ) denote the representation. Since [M, I] ⊂ I acts nilpotently on V_0, the M-irreducibility of V_0 implies that there is λ ∈ I^∗ such that ρ(x)|_{V0} = λ(x)Id_{V0} ∀ x ∈ I.

Set R^′ := I + R ⊂ M and R̃ := [M, I] + R^{(1)} + ∑ i<j F [e_i, f_j ] ⊂ [M, I] + R ⊂ R^′.

Note that R^′ is a Lie algebra and R̃ is an ideal of R^′, which according to (ii) acts nilpotently on V_0, and therefore U(R^′)R̃ is an ideal of U(R^′) acting nilpotently on V_0.

(b) Suppose

∑_{i0} i=1 α_ie_i ∈ M, i_0 ≤ m, α_{i0} ≠ 0. Then α_{i0} [e_{i0} , f_{i0} ] ∈ R̃, and therefore α_{i0} [e_{i0} , f_{i0} ] acts nilpotently on V_0. As this contradicts (iii), e_1, . . . , e_m are linearly independent ( mod M). Extend this family to a cobasis (e_1, . . . , e_n) of L with respect to M. Set e^a :=

∏_n i=1 ρ(e_i)^{ai} for a = (a_1, . . . , a_n), and V_k := ∑ |a|≤k e

aV_0. Assume that there is a nontrivial relation ∑ |a|≤k e

au(a) = 0, u(a) ∈ V_0, |a| = k ∧ u(a) ≠ 0 ⇒ a_i ≤ p − 1 ∀ i ≤ m, a_{m+1} = . . . = a_n = 0 with minimal k > 0. By Lemma 5.1 and (i) 0 = ∑ |a|≤k

ρ(f_j )e^au(a)

≡ λ(f_j ) ∑ |a|≤k

e^au(a) + ∑ |a|=k m∑ i=1 a_ie^{a−ϵi} ρ([f_j , e_i])u(a)

≡ m∑ i=1 ∑ |b|=k−1

(b_i + 1)e^bρ([f_j , e_i])u(b + ϵ_i)

(mod V_{k−2}).

This gives a relation ∑ |b|≤k−1 e

bv(b) = 0, v(b) ∈ V_0, where, if |b| = k − 1 only those summands occur with b_1, . . . , b_m ≤ p − 1, b_{m+1} = . . . = b_n = 0, and for these v(b) =

∑_m

i=1 (b_i + 1)e^bρ([f_j , e_i])u(b + ϵ_i) hold. By assumption on k this gives_m ∑ i=1 (b_i + 1)ρ([f_j , e_i])u(b + ϵ_i) = 0

for all b with |b| = k − 1. Set v_i(b) := (b_i + 1)u(b + ϵ_i), T_{j,i} := ρ([f_j , e_i])|_{V0} . As a result,_m ∑ i=1 T_{j,i}v_i(b) = 0 ∀ j = 1, . . . , m, |b| = k − 1.

Since by (iii) T_{j,j} is invertible this gives

v_j (b) ∈ ∑ i≠j

T^{−1}_{j,j} T_{j,i}v_i(b) ∈ m∑ i=1 U(R^′)R̃v_i(b).

Since U(R^′)R̃ is a nilpotent ideal of U(R^′), this is only possible if v_1(b) = . . . = v_m(b) = 0 for all b under consideration. But then u(a) = 0 for all a with |a| = k. (c) Now let (u_1, . . . , u_t) be a basis of V_0. As a result of (b) the family ( m∏ i=1 ρ(e_i)^{ai} (u_j ))_{0≤ai≤p−1,1≤j≤t}

is linearly independent. This proves the proposition. □

As an application we determine the irreducible representations of the (2m + 1)-dimensional Heisenberg algebra H_m = (⊕^m_{i=1}F x_i) ⊕ F z ⊕ (⊕^m_{i=1}F y_i), [x_i, x_j ] = [y_i, y_j ] = [z, H_m] = 0, [x_i, y_j ] = δ_{i,j} z.

Let V be an irreducible H_m-module with representation ρ : H_m → gl(V ). Note that V is finite dimensional ([St-F, (5.2.4)]). If ρ(z) = 0 then ρ(H_m) is abelian, hence dim V = 1.

Suppose ρ(z) ≠ 0. As z centralizes H_m and V is H_m-irreducible, there is α ≠ 0 such that ρ(z) = αId_V . Set P the restricted subalgebra of Ĥ_m generated by ∑_m

i=1 F x_i + F z +

∑_m i=1 F y^p_i . Then P is abelian and dim Ĥ_m/P = m. There is λ ∈ P^∗ such that V_λ is a nonzero weight space of V as a P -module. As ρ([x_i, y_j ]) = δ_{i,j} αId_V , Proposition 5.10 yields the estimate dim V ≥ p^m dim V_λ. On the other hand V is the homomorphic image of u(Ĥ_m) ⊗_{u(P )} F_λ, and this module has dimension p^m. Therefore

V ∼= u(Ĥ_m) ⊗_{u(P )} F_λ = ⨁ 0≤a_i ≤p−1 F ( m∏ i=1 y^{ai}_i ) ⊗ 1. (5.7)

The following is partly a reformulation of Theorem 5.7 on induced modules in terms of coinduced modules. Recall that the assignment λ → λ(1) gives a surjective u(K)-module homomorphism

p_N : Hom_{u(K)}(u(G), N) → N.

Corollary 5.11 Let G be a restricted Lie algebra of arbitrary dimension, I an ideal of G, N a sum of finite dimensional irreducible I-modules which are all isomorphic, with representation ρ : I → gl(N). Put K := {x ∈ G | [x, ker ρ] ⊂ ker ρ} which is a restricted subalgebra of G. Assume that dim G/K < ∞ and that ρ can be extended to a restricted representation K → gl(N). Then every G-submodule M of Hom_{u(K)}(u(G), N) is of the form Hom_{u(K)}(u(G), p_N (M)).

Proof. According to [St 97/1, Theorem 2.1] there is a G-module isomorphism

θ^{−1} : Hom_{u(K)} (u(G), N)^∼→ u(G) ⊗_{u(K)} N^{σ̃−1} .

Apply Theorem 5.7(3). □

5.3 Block’s theorems

The following proposition is the main technical tool which will allow detailed insight into the structure of coinduced modules.

Let B denote an arbitrary algebra of finite dimension, L a Lie algebra which acts on B by derivations, and I an ideal of L. Let L_b, R_b denote the left and right multiplications of b ∈ B and ρ : L̂ → Der B the extension of the L-action on B. Set M the associative subalgebra with identity of End B generated by

{L_b, R_b, ρ(D) | b ∈ B, D ∈ I}.

The M-module structure of B is given by the canonical (End B)-module structure. The two-sided I-invariant ideals of B are in one-to-one correspondence with the M-submodules of B. Suppose B_0 ≠ B is a maximal I-invariant ideal of B. Then B_0 is a maximal M-submodule of B. Thus B/B_0 is an irreducible M-module. Set M := {t ∈ M | t(B) ⊂ B_0}

the kernel of this representation. Then

M/M ∼= End (B/B_0)

is a simple finite dimensional associative algebra. Set

B_1 := M(B).

Define an algebra structure on M ⊕ B by

(t + b) ⊙ (t^′ + b^′) := tt^′ + (t(b^′) + bb^′) ∀ t, t^′ ∈ M, b, b^′ ∈ B. (5.8)

Since we do not presuppose that the multiplication of B satisfies any identity, the multiplication on M ⊕ B does not necessarily satisfy any identity either. In any case M ⊕ B has no right unit element. We also note that

L_b ⊙ b^′ = b ⊙ b^′ = bb^′, R_b ⊙ b^′ = b^′ ⊙ b = b^′b ∀ b, b^′ ∈ B, t ⊙ b = t(b), b ⊙ t = 0 ∀ t ∈ M, b ∈ B.

Thus (M ⊕ B) ⊙ b^′ + b^′ ⊙ (M ⊕ B) ⊂ M(b^′) ∀ b^′ ∈ B.

This gives

(M ⊕ B) ⊙ B_1 + B_1 ⊙ (M ⊕ B) ⊂ M(M(B)) = M(B) = B_1.

Therefore B_1 and M ⊕ B_1 are two-sided ideals of M ⊕ B.

Let b ∈ B, x ∈ I, D ∈ L̂. Then [ρ(D), L_b] = L_{ρ(D)(b)}, [ρ(D), R_b] = R_{ρ(D)(b)} and [ρ(D), ρ(x)] = ρ([D, x]). This shows that a generating set for M is invariant under commutation with {ρ(D) | D ∈ L̂}, hence [ρ(D), t] ∈ M for all D ∈ L̂, t ∈ M. It is now easy to check that L̂ acts on the algebra M ⊕ B by derivations

D(t + b) = [ρ(D), t] + ρ(D)(b) ∀ D ∈ L̂, t ∈ M, b ∈ B. (5.9)

Next assume that B is a Z-graded algebra, L is a graded subalgebra of Der B, B_0 is a graded maximal I-invariant ideal of B, and I is a graded ideal of L. Then M is a graded subalgebra of End B, and M, M/M, B_1 are Z-graded in the natural fashion.

Proposition 5.12 Let B denote an arbitrary Z-graded algebra of finite dimension, L a graded Lie subalgebra of the Z-graded algebra Der B, I a graded ideal of L, and B_0 ≠ B a graded maximal I-invariant ideal of B. Set M the associative subalgebra with identity of End B generated by {L_b, R_b, ρ(D) | b ∈ B, D ∈ I} and M := {t ∈ M | t(B) ⊂ B_0} and B_1 := M(B). Assume that (0) is the only L-invariant ideal of B in B_1. Then the following is true.

1. K := {D ∈ L̂ | D(B_1) ⊂ B_1} is a graded restricted subalgebra of L̂ of finite codimension, which stabilizes M ⊕ B_1.

2. The mapping

χ : M ⊕ B → Hom_{u(K)} ( u(L̂), (M ⊕ B)/(M ⊕ B_1) ) , given in Theorem 5.4 is an isomorphism of graded algebras. The restrictions to M, B and I yield isomorphisms M ∼= Hom_{u(K)}(u(L̂), M/M), B ∼= Hom_{u(K)}(u(L̂), B/B_1), and an injective mapping I → Hom_{u(K)}(u(L̂), (I + M)/M).

3. If B^2 ≠ (0) then B_1 = B_0.

Proof. (1) Observe first that

M ⊂ {t ∈ M | t(B) ⊂ B_1} ⊂ {t ∈ M | t(B) ⊂ B_0} = M.

We then conclude from this that [K, M] ⊂ M. Moreover, if D ∈ L̂ and [D, M] ⊂ M then D(M(B)) ⊂ M(B), whence D ∈ K. Consequently, K = {D ∈ L̂ | [D, M] ⊂ M}.

It is clear that dim L̂/K ≤ dim L̂/ann_{L̂} B ≤ dim End B < ∞.

(2) Theorem 5.4 yields the existence of a L-invariant algebra homomorphism

χ : M ⊕ B → Hom_{u(K)} ( u(L̂), (M ⊕ B)/(M ⊕ B_1) )

which maps the L-invariant spaces M and B into Hom_{u(K)}(u(L̂), M/M) and Hom_{u(K)}(u(L̂), B/B_1), respectively. Also J := ker χ is a L-invariant ideal contained in M ⊕ B_1. Thus J = (J ∩ M) ⊕ (J ∩ B) with J ∩ M ⊂ M and J ∩B ⊂ B_1. As J ∩B is a L-invariant ideal of B and B_1 contains no L-invariant ideals, J ∩ B = (0). Then J ⊙ B ⊂ J ∩ B = (0). Hence (J ∩ M) ⊂ ann_M B, and as M ⊂ End B this gives J ∩ M = (0). Then χ is an injective algebra homomorphism.

Note that M and B are L-invariant subalgebras of M ⊕ B, and I is naturally embedded into M as a L-invariant subspace because I by definition acts faithfully on B. Therefore the restrictions of χ yield embeddings M → Hom_{u(K)} (u(L̂), M/M), B → Hom_{u(K)} (u(L̂), B/B_1), and I → Hom_{u(K)} (u(L̂), (I+

M)/M).

To prove the surjectivity of χ is harder. L and M are subspaces of End B. We mentioned in the proof of (5.9) that L + M is closed under commutation. Let L_p be the space generated by L and associative p-th powers. Then G := L_p +M is a restricted Lie subalgebra of the restricted Lie algebra gl(B). Note that

I := M^−

is a restricted ideal of G. Put K := {D ∈ G | [D, M] ⊂ M}, which contains I. Then K = (K ∩ L_p) + I.

Let τ_1 : L̂ → L_p be the surjective restricted homomorphism which extends the identity on L. Then ker τ_1 = ann_{L̂} B ⊂ K. This in combination with the surjectivity of τ_1 and the fact that [K, M] ⊂ M (see (1)) shows that K ∩ L_p ⊂ τ_1(K). The characterization of K obtained in (1) also shows that τ_1(K) ⊂ K. Therefore τ_1(K) = K ∩ L_p.

Let τ_2 : L_p → G denote the inclusion. Then (τ_2 ∘ τ_1)(K) ⊂ K and u(G) = u(I)u((τ_2 ∘ τ_1)(L̂)). Let τ : u(L̂) → u(G) denote the associative homomorphism which extends τ_2 ∘ τ_1. The above implies that τ(u(K)) ⊂ u(K) and u(G) = u(I)τ(u(L̂)) = u(K)τ(u(L̂)). Therefore τ gives rise to an injective linear homomorphism

τ̃ : Hom_{u(K)} ( u(G), (M ⊕ B)/(M ⊕ B_1) )

→ Hom_{u(K)} ( u(L̂), (M ⊕ B)/(M ⊕ B_1) ) , τ̃ (f)(u) = f(τ(u))

for all f ∈ Hom_{u(K)} ( u(G), ((M ⊕ B)/(M ⊕ B_1) ) , u ∈ u(L̂). Note that

dim L̂/K = dim τ_1(L̂)/τ_1(K) = dim L_p/K ∩ L_p = dim G/K.

Then rank_{u(K)} u(G) = rank_{u(K)} u(L̂) < ∞ and a dimension argument (using the injectivity of τ̃ ) shows that τ̃ is surjective. Let χ̃ : M⊕B → Hom_{u(K)} ( u(G), (M⊕

B)/(M ⊕ B_1) ) denote the algebra homomorphism mentioned in Theorem 5.4.

Then for t ∈ M, b ∈ B, u ∈ u(L̂) one has

τ̃ (χ̃(t + b))(u) = χ̃(t + b)(τ(u)) = τ(u)(t + b) = χ(t + b)(u),

i.e., χ = τ̃ ∘ χ̃.

Next consider M ⊕ B as a left I-module via the action of M = I given by the left multiplication ⊙ (5.8). Then M and B_1 are I-submodules. Hence M/M and B/B_1 are I-modules, in fact, they are I/M-modules. Classical representation theory of simple finite dimensional associative algebras applied to the algebra M/M ∼= End (B/B_0) shows that the modules M/M as well as B/B_1 are direct sums of I-modules, all summands being isomorphic to B/B_0. As B/B_0 is finite dimensional and F is algebraically closed, B/B_0 is absolutely irreducible. The kernel of this representation of I is M. By definition K acts restrictedly on M/M and B/B_1. Therefore Corollary 5.11 applies and proves that the image of M ⊕ B under the G-module homomorphism χ̃ is coinduced from (M ⊕ B)/(M ⊕ B_1). Hence this homomorphism χ̃ is surjective. Consequently χ = τ̃ ∘ χ̃ is surjective as well.

Note that M and B are mapped under χ into Hom_{u(K)}(u(L̂), M/M) and Hom_{u(K)}(u(L̂), B/B_1), respectively. Then the restrictions of χ to these subalgebras are isomorphisms as well.

It remains to prove that χ is homogeneous of degree 0. By assumption the gradation of L is given by the gradation of B, i.e. L_k(B_l) ⊂ B_{k+l} for all homogeneous subspaces L_k, B_l. The gradation of L induces a gradation of u(L̂) such that the action of u(L̂) on I ⊕ B is a graded action. Similarly, M carries a grading which is given by the natural grading of End B. Thus if u ∈ u(L̂) is homogeneous of degree r and t + b ∈ M ⊕ B is homogeneous of degree r^′, then u(t) maps B_l into B_{r+r}′_{+l}, and u(b) is contained in B_{r+r}′ . Therefore both u(t) and u(b) are homogeneous of degree r + r^′. This proves that χ(t + b) maps u onto an element of degree r + r^′, and then χ(t + b) is homogeneous of degree r^′.

(3) Recall that, considered as M-modules via the left multiplication, B/B_1 ∼= ⊕^t_{k=1}V_k is the direct sum of M-modules which are isomorphic to B/B_0. The definition of M now implies in particular, that every V_k is an ideal of B/B_1, and that they all are isomorphic as left B-modules (where the module operation is given by the left multiplication). Let λ_{j,k} : V_k → V_j denote these isomorphisms. The preceding reasoning implies that λ_{j,k} (b̄v) = b̄λ_{j,k}(v) for all b̄ ∈ B/B_1 and v ∈ V_k . If t > 1 then one obtains λ_{j,k}(V^2_k ) = V_kλ_{j,k}(V_k ) = V_kV_j ⊂ V_k ∩ V_j = (0) for k ≠ j, proving B^2 ⊂ B_1 ≠ B. As B^2 is a L-invariant ideal in B_0 this forces B^2 = (0). Thus if B^2 ≠ (0) then B/B_1 = V_1 ∼= B/B_0. □

We are now ready to provide proofs for some theorems of R.E. Block. An algebra B is called L-simple, where L is a subalgebra of Der B, if B^2 ≠ (0) and B, (0) are the only L-invariant ideals.

Corollary 5.13 (cf. [Blo 68/1]) Let B be any algebra of finite dimension, L a Lie subalgebra of Der B and assume that B is L-simple. Let J denote a maximal ideal of B. Set K := {D ∈ L̂ | D(J) ⊂ J} and m := dim L/L ∩ K, n ∈ N^m the m-tupel attached to the flag E(K). Then with any isomorphisms σ_{B/J,K} , φ_K of (5.1) and (5.2) and χ of Theorem 5.4 there is an isomorphism τ = (Id ⊗ φ_K ) ∘ σ^{−1}_{B/J,K} ∘ χ such that

τ : B ∼= Hom_{u(K)} (u(L̂), B/J) ∼= (B/J) ⊗ F [m; n].

This isomorphism gives rise to an embedding

L ∼= τ ∘ L ∘ τ^{−1} ⊂ ( (Der (B/J)) ⊗ F [m; n] ) ⊕ ( Id_{B/J} ⊗ W (m; n) ) .

Moreover, the projection π_2 : ( (Der (B/J)) ⊗ F [m; n] ) ⊕ ( Id_{B/J} ⊗ W (m; n) ) → W (m; n) maps L onto a transitive subalgebra of W (m; n). If L is closed under associative p-th powers then n = 1.

Proof. Set in Proposition 5.12 I := (0), B_0 := J and obtain by use of (5.1) and (5.2) an isomorphism τ : B ∼= Hom_{u(K)} (u(L̂), B/J) ∼= (B/J) ⊗ F [m; n]. Theorem 5.2(2) yields the existence of a Lie algebra homomorphism

ψ_{B/J,K} : L ∼= τ ∘ L ∘ τ^{−1} ⊂ ( (Der (B/J)) ⊗ F [m; n] ) ⊕ ( Id_{B/J} ⊗ W (m; n) ) . By Theorem 5.2 one has (π_2 ∘ ψ_{B/J,K} )(L) = (π_2 ∘ Ψ_K )(L), and part (1) of that theorem states that (π_2 ∘ Ψ_K )(L) is a transitive subalgebra of W (m; n). Finally suppose that L is closed under associative p-th powers. Let x^p and x^{[p]} denote the p-th powers in L̂ and Der B, respectively. By definition x^p − x^{[p]} annihilates B, hence {x^p − x^{[p]} | x ∈ L} ⊂ K. Then Theorem 5.2(1) states that n = 1. □

Corollary 5.14 Let B be any simple algebra of finite dimension, B^2 ≠ (0). Then

Der (B ⊗ F [m; n]) = ( (Der B) ⊗ F [m; n] ) ⊕ ( Id_B ⊗ Der F [m; n] ) . Proof. Set L := Der (B ⊗ F [m; n]). Clearly B ⊗ F [m; n] is L-simple. Set J := B ⊗ F [m; n]_{(1)}. Note that L is closed under associative p-th powers. By Corollary 5.13 there is m^′ and an isomorphism

B ⊗ F [m; n] → ( B ⊗ F [m; n]/J ) ⊗ F [m^′; 1] ∼= B ⊗ F [m^′; 1],

such that L is mapped into ( (Der B) ⊗ F [m^′; 1] ) ⊕ ( Id_B ⊗ W (m^′; 1) ) . Note that F [m^′; 1] ∼= F [m; n] by dimension reasons and therefore Der F [m; n] ∼= Der F [m^′; 1] = W (m^′; 1). □

Remark 5.3.1 Suppose B is not simple, but derivation simple. Then B ∼= (B/J) ⊗ F [r; 1] for a maximal ideal J and some r > 0. Now

B ⊗ F [m; 1] ∼= (B/J) ⊗ F [r + m; 1]

and by the above

Der B ∼= ( (Der (B/J)) ⊗ F [r; 1] ) ⊕ ( Id_{B/J} ⊗ W (r; 1) ) , Der (B ⊗ F [m; 1]) ∼= ( (Der (B/J)) ⊗ F [r + m; 1] ) ⊕ ( Id_{B/J} ⊗ W (r + m; 1) ) . We obtain

dim Der B = p^r(dim Der (B/J)) + rp^r, dim Der (B ⊗ F [m; 1]) = p^{r+m}(dim Der (B/J)) + (r + m)p^{r+m}.

In particular, Der (B ⊗ F [m; 1]) ≠ ( (Der B) ⊗ F [m; 1] ) ⊕ ( Id_B ⊗ W (m; 1) ) if r, m ≠ 0.

Every minimal nonabelian ideal of L is a L-simple algebra. Thus the following result is a direct consequence of Corollary 5.13.

Corollary 5.15 (cf. [Blo 68/1]) Let L be a finite dimensional Lie algebra and I a nonabelian minimal ideal. Let J denote a maximal ideal of I. Set K := {D ∈ L̂ | [D, J] ⊂ J} and m := dim L/L∩K, n ∈ Nm the m-tupel attached to the flag E(K). Then setting S := I/J one has I ∼= S ⊗ F [m; n]. The ad_I -representation gives rise to inclusions

S ⊗ F [m; n] ⊂ L/ann_L I ⊂ ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗ W (m; n) ) . Moreover, the projection π_2 : ( (Der S)⊗F [m; n] ) ⊕ ( Id_S ⊗W (m; n) ) → W (m; n) maps L onto a transitive subalgebra of W (m; n). If L is closed under associative p-th powers, then n = 1. □

In particular, every nonabelian minimal ideal I of a finite dimensional Lie algebra L has a unique maximal ideal. Namely, let J be any maximal ideal of I. Then I ∼= (I/J) ⊗ F [m; n] has the unique maximal ideal (I/J) ⊗ F [m; n]_{(1)}, which is a nilpotent ideal.

The socle of a semisimple Lie algebra L is the direct sum ⊕I_j of all minimal ideals I_j of L. In particular, these ideals are irreducible L-modules. Therefore every I_j is a (Der I_j )-simple Lie algebra, and Der I_j is closed under associative p-th powers. Thus the following result is an immediate consequence of Corollary 5.15.

Corollary 5.16 [Blo 68/1] Let L be a finite dimensional semisimple Lie algebra. Then there are simple algebras S_i and truncated polynomial rings F [m_i; 1] such that ⊕^t_{i=1}S_i ⊗ F [m_i; 1] is the socle of L and t⨁ i=1 S_i ⊗ F [m_i; 1] ⊂ L ⊂ t⨁ i=1 ( (Der S_i) ⊗ F [m_i; 1] ) ⊕ ( Id_{Si} ⊗ W (m_i; 1) ) . □ Recall that W (r; s) is a natural F [r; s]-module. Every isomorphism of commutative algebras φ : F [r; s] → F [m; n] gives rise to an injective homomorphism

W (r; s) → Der F [m; n], D → φ ∘ D ∘ φ^{−1}.

One has φ ∘ (fD) ∘ φ^{−1} = φ(f)φ ∘ D ∘ φ^{−1} for f ∈ F [r; s], D ∈ W (r; s). We also mention, that if L is a transitive subalgebra of W (m; n), then by definition there is, for every i = 1, . . . , m, D_i + E_i ∈ L with E_i ∈ W (m; n)_{(0)}. Thus it is quite easy to see, that

F [m; n]_{(ℓ)}L = W (m; n)_{(ℓ−1)}, L(F [m; n]_{(ℓ)}) = F [m; n]_{(ℓ−1)}

whenever F [m; n]_{(ℓ)} ≠ (0) and L is a transitive subalgebra of W (m; n).

Corollary 5.17 Let B be a finite dimensional commutative algebra and L ⊂ Der B be a Lie subalgebra such that B is L-simple.

1. There are m ∈ N, n ∈ N^m and an isomorphism of commutative algebras φ : B → F [m; n] such that φ∘L∘φ^{−1} is a transitive subalgebra of W (m; n). (cf. [Ku 76, Proposition 2.1]).

2. Suppose L contains an ideal J ≠ (0), such that BJ = J. Then L is semisimple and J is the unique minimal ideal of L ([Sk 97, Theorem 1.10]).

Proof. (1) Let J denote a maximal ideal of B. The assumptions on B imply that B/J ∼= F and hence Der (B/J) = (0). Corollary 5.13 states that there is an isomorphism φ : B → F [m; n] such that L̃ := φ ∘ L ∘ φ^{−1} ⊂ W (m; n) is a transitive subalgebra.

(2) We now consider L ∼= φ ∘ L ∘ φ^{−1} as a transitive subalgebra of W (m; n). Let I be any minimal ideal of L. Then C := span {D(f) | D ∈ I, f ∈ F [m; n]} is a nonzero L-invariant subspace of F [m; n], and hence CF [m; n] is a L-invariant ideal of F [m; n]. Consequently, CF [m; n] = F [m; n]. Therefore

J = (CF [m; n])J = CJ ⊂ [I, F [m; n]J] + F [m; n][I, J] = F [m; n][I, J] ⊂ J.

As J ≠ (0), then [I, J] ≠ (0). The minimality of I implies I = [I, J]. The above yields F [m; n]I = J.

Now let M denote the maximal J-invariant ideal of F [m; n]. Then A := F [m; n]/M is J-simple. Set J_0 := {D ∈ J | D(F [m; n]) ⊂ M}. Then J/J_0 maps injectively into Der A and A is J/J_0-simple. Part (1) of this proposition shows that there are u, v such that A = F [u; v] and J/J_0 maps injectively and transitively into W (u; v). Note that A(J/J_0) = (F [m; n]J)/J_0 = J/J_0. Therefore J/J_0 ∼= W (u; v) is simple. Recall that F [m; n]I = J and hence I ⊄ J_0. Therefore I/I ∩ J_0 = J/J_0, whence J = I + J_0. Next let ∑ f_iD_i ∈ J_0. By definition f_1, . . . , f_m ∈ M ⊂ F [m; n]_{(1)}. Recall that L is a transitive subalgebra of W (m; n), which implies that F [m; n]_{(1)}L = W (m; n)_{(0)} ⊃ J_0. We have now proved that J ⊂ I + F [m; n]_{(1)}L. Multiplying this with the highest nonvanishing term of the gradation of F [m; n] we obtain

F [m; n]_{(ℓ)}I = F [m; n]_{(ℓ)}J for ℓ = ∑ (p^{ni} − 1).

Assume that the above equation is true for some ℓ. Then

F [m; n]_{(ℓ−1)}J = L ( F [m; n]_{(ℓ)} ) J ⊂ [L, F [m; n]_{(ℓ)}J] + F [m; n]_{(ℓ)}[L, J]

⊂ [L, F [m; n]_{(ℓ)}I] + F [m; n]_{(ℓ)}J ⊂ L ( F [m; n]_{(ℓ)} ) I + F [m; n]_{(ℓ)}I ⊂ F [m; n]_{(ℓ−1)}I.

As this establishes the induction step, one obtains for ℓ = 0 that I = J. □

Proposition 5.12 allows to treat modules simultaneously.

Corollary 5.18 (cf. [Blo 73]) Let L denote a Lie algebra, I an ideal of L, V a finite dimensional faithful irreducible L-module, V_0 a maximal I-submodule of V , and W := {x(V ) | x ∈ ker (U(I) → End V/V_0)}. Set K_1 := {D ∈ L̂ | D(W ) ⊂ W }, m := dim L/K_1 ∩ L, and n ∈ N^m the m-tupel attached to the flag E(K_1). Then the following are true.

1. There are I-module isomorphisms

V/W ∼= ⊕_{t times}V/V_0 ∼= {v ∈ V | x(v) = 0 ∀ x ∈ ker (U(I) → End V/V_0)}.

In particular, V/W is a semisimple isogenic I-module.

2. The mapping χ : V → Hom_{u(K1 )} (u(L̂), V/W )

given in Theorem 5.5 is a L-module isomorphism. Any isomorphisms σ_{V /W,K1} and φ_{K1} of (5.1) and (5.2) give rise to an isomorphism

τ = (Id ⊗ φ_{K1} ) ∘ σ^{−1}_{V /W,K1} ∘ χ : V ∼= (V/W ) ⊗ F [m; n]

as vector spaces and a representation

ρ : L ∼= τ ∘ L ∘ τ^{−1} → ( gl(V/W ) ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ W (m; n) ) . (π_2 ∘ ρ)(L) is a transitive subalgebra of W (m; n).

3. Let ρ̂ : L̂ → ( gl(V/W ) ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ Der F [m; n] ) denote the extension of ρ to a restricted homomorphism. Then

K_1 = {x ∈ L̂ | (π_2 ∘ ρ̂(x)) ( F [m; n]_{(1)} ) ⊂ F [m; n]_{(1)}}.

The K_1-module isomorphism ( (V/W ) ⊗ F [m; n] ) / ( (V/W ) ⊗ F [m; n]_{(1)} ) ∼= V/W

induces a representation

ρ̂_{V /W} : K_1 → gl(V/W ),

and V/W is an irreducible K_1-module under this representation.

4. Set ρ_{V /W} the restriction of ρ̂_{V /W} to K_1 ∩ L. Then

ρ(I) ⊂ ρ_{V /W} (I) ⊗ F [m; n], ρ(D) ≡ ρ_{V /W} (D) ⊗ 1 (mod ρ_{V /W} (I) ⊗ F [m; n]_{(1)}) ∀ D ∈ I.

5. Let A ⊂ End V/W denote the associative algebra with unit element generated by ρ_{V /W} (I). Then A ∼= End V/V_0 and ρ(I) generates A ⊗ F [m; n].

6. If L is restricted, then n = 1.

Proof. Set in Proposition 5.12 B := V with trivial multiplication and trivial grading, B_0 := V_0. Thus M ∼= U(I)/ann_{U(I)} V . If M = {t ∈ M | t(V ) ⊂ V_0} denotes the maximal ideal of M mentioned in Proposition 5.12, then M/M ∼= End V/V_0 is a finite dimensional simple associative algebra. Set W := M(V ) to obtain that V/W = ⊕^t_{k=1}U_k (with U_k ∼= V/V_0 for all k) is isogenic as a M/Mmodule (that means in the present case: as an I-module). Proposition 5.12 in combination with (5.1) and (5.2) yields the existence of L-module isomorphisms

V ∼= Hom_{u(K1 )} (u(L̂), V/W ) ∼= (V/W ) ⊗ F [m; n].

Regard L acting on Hom_{u(K1)} (u(L̂), V/W ). Theorem 5.2 shows that these isomorphisms induce a Lie algebra homomorphism

ρ = ψ_{V /W,K1} : L → ( gl(V/W ) ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ W (m; n) ) . Recall that in the notation of Theorem 5.2 π_2 ∘ ρ = π_2 ∘ Ψ_K . Therefore (π_2 ∘ ρ)(L) is a transitive subalgebra of W (m; n). This proves parts of (1), and (2) completely.

It is mentioned in Theorem 5.2 that K_1 = {x ∈ L̂ | (π_2 ∘ Ψ̂_K )(x)(F [m; n]_{(1)}) ⊂ F [m; n]_{(1)}}. Since both π_2 ∘ ρ̂ and π_2 ∘ Ψ̂_K are extensions of π_2 ∘ ρ = π_2 ∘ Ψ_K : L → Der F [m; n] to a restricted homomorphism L̂ → Der F [m; n] and the universal property of L̂ yields that such an extension is unique, one obtains K_1 = {x ∈ L̂ | (π_2 ∘ ρ̂)(x)(F [m; n]_{(1)}) ⊂ F [m; n]_{(1)}}.

By equation (5.6) of Theorem 5.2, (4) is an immediate consequence of that theorem.

In order to prove (5) we observe that Proposition 5.12 provides an isomorphism of algebras

(U(I)/ann_{U(I)} V ) ⊕ V ∼= Hom_{u(K1)} (u(L̂), (End V/V_0) ⊕ V/W ).

The multiplication of (U(I)/ann_{U(I)} V ) on V is induced by the action of I on V , while the multiplication on the right side algebra is induced by the comultiplication and ρ_{V /W} |I. Applying isomorphisms (5.1) and (5.2) yields an algebra isomorphism which maps U(I)/ann_{U(I)} V onto (End V/V_0) ⊗ F [m; n]. This proves (5).

Suppose L is restricted. Denote the p-mapping on L by [p]. Then for x ∈ L one has that x^p − x^{[p]} ∈ L̂ centralizes L̂, and therefore the irreducibility of V implies that x^p − x^{[p]} acts on V as a multiple of the identity. By definition, x^p − x^{[p]} ∈ K_1 for all x ∈ L. Theorem 5.2 shows that n = 1.

Recall that ker (U(I) → End V/V_0) = M. Under the isomorphism mentioned above one obtains the following. The maximal ideal M of M ∼= U(I)/ann_U (I) V ∼= (End V/V_0) ⊗ F [m; n] is the image of the unique maximal ideal (End V/V_0) ⊗

F [m; n]_{(1)} of (End V/V_0)⊗F [m; n]. Therefore W = M(V ) ∼= (V/W )⊗F [m; n]_{(1)} and {v ∈ V | M(v) = (0)} ∼= (V/W ) ⊗ F

∏_m i=1 x^{(pni −1)} i . As a consequence of (4) this space is isomorphic as an I-module to V/W with representation ρ_{V /W} |I. This proves the remaining part of (1).

In order to prove the remaining part of (3) we observe that V/W carries the K_1-module structure defined by the quotient module structure (as W is a K_1- submodule of V ) and by ρ̂_{V /W} . We have just seen that these structures coincide, as W ∼= (V/W ) ⊗ F [m; n]_{(1)} under the isomorphism mentioned above. Hence every K_1-submodule U of V/W under ρ̂_{V /W} gives rise to a L-submodule Hom_{u(K1)} (u(L̂), U) of V . Then V/W is K_1-irreducible. □

Corollary 5.19 Let in the setting of Corollary 5.18 N be an ideal of L such that ρ(N) is nilpotent. Then (π_2 ∘ ρ)(N) ⊂ W (m; n) is p-nilpotent.

Proof. Set ρ(L)_p the Lie subalgebra of gl(V ) generated by ρ(L) and associative p-th powers. As V is an irreducible L-module, C(ρ(L)_p) consists of scalar multiplications. Thus π_2(C(ρ(L)_p)) = (0). Decompose x ∈ N such that ρ(x) = x_1 + Id ⊗ π_2(ρ(x)) with x_1 ∈ gl(V/W ) ⊗ F [m; n]. For sufficiently large r one has ρ(x)^{pr} ∈ C(ρ(L)_p) since ρ(N) is a nilpotent ideal of ρ(L). Then 0 = π_2(ρ(x)^{pr} ) = (π_2(ρ(x)))^{pr} . □

Corollary 5.20 Suppose that L is solvable, and V is an irreducible finite dimensional L-module. Then there are a restricted subalgebra P of L̂, λ ∈ P^∗ with λ(P^{(1)}) = 0, and a L-module isomorphism

χ : V ∼= Hom_{u(P )} (u(L̂), F_λ).

Any isomorphisms (5.1) and (5.2) give rise to m ∈ N, n ∈ N^m, a vector space isomorphism V ∼= F [m; n] and a representation

ρ : L → ( F_λ ⊗ F [m; n] ) ⊕ ( Id_{Fλ} ⊗ W (m; n) )

for which (π_2 ∘ ρ)(L) is a transitive subalgebra of W (m; n).

Proof. Choose according to Corollary 5.9 a restricted subalgebra P ⊂ L̂ and λ^′ ∈ P^∗ such that V ∼= u(L̂) ⊗_{u(P )} F_λ′ . By Theorem 2.1 of [St 97/1] there is a L-module isomorphism θ : u(L̂) ⊗_{u(P )} F_λ′ → Hom_{u(P )} (u(L̂), F_λ), where λ is obtained from λ^′ and the Frobenius twist of the extension u(L̂) : u(P ). By (5.1) and (5.2) there are m ∈ N, n ∈ N^m and a L-module isomorphism Hom_{u(P )} (u(L̂), F_λ) ∼= F_λ ⊗ F [m; n], which according to Theorem 5.2 induces the Lie algebra homomorphism ρ := ψ_{Fλ,P} : L → ( F_λ ⊗ F [m; n] ) ⊕ ( Id_{Fλ} ⊗

W (m; n) ) such that (π_2 ∘ ψ_{Fλ ,P} )(L) is a transitive subalgebra of W (m; n). □

We will now relate Corollaries 5.15 and 5.18. Observe the following. If G is any Lie algebra and W is a G-module then G̃ = G ⊕ W is a graded Lie algebra if one defines products and grading by

[g + w, g^′ + w^′] = [g, g^′] + gw^′ − g^′w, G̃_0 = G, G̃_{−1} = W. Also Der_0(G⊕W ) denotes the derivations of G̃ which are homogeneous of degree 0, so that

Der_0(G ⊕ W ) = {λ ∈ Hom (G ⊕ W ) | λ|_G ∈ Der G, λ(W ) ⊂ W, λ(gw) = λ(g)w + gλ(w) ∀ g ∈ G, w ∈ W }.

Theorem 5.21 [St 97/2] Let L denote a finite dimensional Lie algebra, I a nonabelian minimal ideal of L and V a finite dimensional irreducible L-module with representation ρ : L → gl(V ). Assume ρ(I) ≠ (0).

Let J be the maximal ideal of I and assume that J acts nilpotently on V . Set K := {D ∈ L̂ | [D, J] ⊂ J}, m := dim L/L ∩ K, n ∈ N^m the m-tupel attached to the flag E(K), and S := I/J, U := V/ρ(J)(V ).

1. The mapping χ : I ⊕ V → Hom_{u(K)} (u(L̂), S ⊕ U) given in Theorem 5.5 is an algebra and L-module isomorphism. Any isomorphisms (5.1) and (5.2) give rise to an algebra isomorphism ψ_1 : I^∼→ S ⊗ F [m; n], a representation ρ : S → gl(U), and a vector space isomorphism ψ_2 : V^∼→ U ⊗ F [m; n], such that

ψ_2 (( (ρ ∘ ψ^{−1}_1 )(y ⊗ f) )( ψ^{−1}_2 (u ⊗ g) )) = ρ(y)(u) ⊗ fg (5.10)

for all y ∈ S, u ∈ U, f, g ∈ F [m; n]. 2. The isomorphism ψ_1 ⊕ ψ_2 : I ⊕ V → (S ⊕ U) ⊗ F [m; n] induces a Lie algebra homomorphism

ψ_{S⊕U,K} : L → ( Der_0 (S ⊕ U) ⊗ F [m; n] ) ⊕ ( Id_{S⊕U} ⊗ W (m; n) )

with ker ψ_{S⊕U,K} = C_L(I) ∩ ann_L V .

(π_2 ∘ ψ_{S⊕U,K} )(L)) is a transitive subalgebra of W (m; n).

3. Suppose L = I + C_L(ψ^{−1}_1 (S ⊗ F )), or dim U < p dim V/V_0 . Then U is a semisimple isogenic S-module.

4. Suppose D is a subalgebra of L for which L = I +D and [ψ^{−1}_1 (S ⊗F ), D] = (0). If D^{(1)} acts nilpotently on V then U is S-irreducible.

Proof. The representation ρ : L → gl(V ) extends to a representation ρ_{ass} : U(L) → End V and a restricted representation ρ̂ : L̂ → gl(V ). Let V_0 denote a maximal I-submodule of V , M := ker (U(I) → End V/V_0), and W := M(V ). Set K_1 := {y ∈ L̂ | ρ̂(y)(W ) ⊂ W }.

(1) (a) As U(I)/M is a finite dimensional simple associative algebra, the representation theory of these algebras yields that V/W is the direct sum of irreducible U(I)/M-modules which are all isomorphic to V/V_0. Since V/V_0 is I-irreducible and the ideal J of I acts nilpotently on V , J annihilates V/V_0. Then J annihilates V/W . Note that

ρ([K_1, J])(V ) ⊂ ρ̂(K_1) ∘ ρ(J)(V ) + ρ(J) ∘ ρ̂(K_1)(V ) ⊂ ρ̂(K_1)(W ) + ρ(J)(V ) ⊂ W.

Thus [K_1, J] is contained in {y ∈ I | ρ(y)(V ) ⊂ W }. The latter is an ideal of I. If this coincides with I then ρ(I)(V ) is a L-submodule contained in W and the irreducibility of V entails ρ(I)(V ) = (0) and ρ(I) = (0). As this contradicts our assumptions, one has that the ideal in question is different from I. As J is the unique maximal ideal of I one concludes [K_1, J] ⊂ J. We now have proved that

K_1 ⊂ K, [K_1, J] ⊂ J, ρ(I)(W ) ⊂ W, ρ(J)(V ) ⊂ W.

(b) The multiplication of the Lie algebra I ⊕ V is defined by

[y + v, y^′ + v^′] = [y, y^′] + ρ(y)(v^′) − ρ(y^′)(v) ∀ y, y^′ ∈ I, ∀ v, v^′ ∈ V.

We have seen in (a) that J ⊕ W is an ideal of I ⊕ V and K_1 stabilizes J ⊕ W . According to Theorem 5.4 there is an algebra homomorphism

χ : I ⊕ V → Hom_{u(K1)} (u(L̂), (I/J) ⊕ (V/W )).

Since W ⊂ V_0 ≠ V and I is a minimal ideal of L, it is easy to see that J ⊕ W contains no L-invariant ideals of I ⊕ V . Thus Theorem 5.4 shows that χ is injective.

With the isomorphism μ from Theorem 5.5 the following mappings are injective algebra homomorphisms and L-module homomorphisms.

I ⊕ V^χ→ Hom_{u(K1)} ( u(L̂), (I/J) ⊕ (V/W ) ) μ → Hom_{u(K)} ( u(L̂), Hom_{u(K1 )} ( u(K), (I/J) ⊕ (V/W ) )) . (c) We now determine the images of I and V under these mappings. As K_1 ⊂ K, we may regard Hom_{u(K)} (u(L̂), I/J) as a subalgebra of

Hom_{u(K1)} (u(L̂), (I/J) ⊕ (V/W )). Observe that χ(I) ⊂ Hom_{u(K)} (u(L̂), I/J). Thus (μ∘χ)(I) is contained in Hom_{u(K)} ( u(L̂), Hom_{u(K)} (u(K), I/J) ) , which is

regarded as a subalgebra of Hom_{u(K)} ( u(L̂), Hom_{u(K1)} (u(K), (I/J)⊕(V/W )) ) . Corollary 5.15 yields the existence of some isomorphism I ∼= (I/J) ⊗ F [m; n]. Therefore dim I = p^{dim L̂/K} (dim I/J) and a dimension argument now shows that (μ ∘ χ)(I) = Hom_{u(K)} ( u(L̂), Hom_{u(K)} (u(K), I/J) ) . Corollary 5.18 yields χ(V ) = Hom_{u(K1)} (u(L̂), V/W ), and therefore (μ∘χ)(V ) = Hom_{u(K)} ( u(L̂), Hom_{u(K1)} (u(K), V/W ) ) . Next we determine Hom_{u(K)} (u(K), I/J) ⊕ Hom_{u(K1 )} (u(K), V/W ) as an algebra and a K-module. Set

τ : Hom_{u(K)} ( u(L̂), Hom_{u(K1 )} (u(K), (I/J) ⊕ (V/W )) ) → Hom_{u(K1)} (u(K), (I/J) ⊕ (V/W )), τ(f) := f(1).

It is clear that τ is a surjective algebra homomorphism. Also for k ∈ K one has

τ(kf) = (kf)(1) = f(k) = kf(1) = kτ(f).

Then τ is a K-module as well. Clearly (τ ∘ μ ∘ χ)(I) = Hom_{u(K)} (u(K), I/J). Then (ker (τ ∘ μ ∘ χ)) ∩ I is a proper ideal of I, which, since J is the unique maximal ideal, coincides with J by dimension reasons. Thus

Hom_{u(K)} (u(K), I/J) = (τ ∘ μ ∘ χ)(I) ∼= I/J

as algebras and K-modules.

Next set U := (τ ∘ μ ∘ χ)(V ) = Hom_{u(K1)} (u(K), V/W ). It is clear by the preceding result that (ker (τ ∘ μ ∘ χ)) ∩ V contains ρ(J)(V ). We will show that equality holds. If so then τ ∘ μ ∘ χ establishes an algebra isomorphism and K-module homomorphism

I/J ⊕ V/ρ(J)(V ) ∼= Hom_{u(K)} (u(K), I/J) ⊕ Hom_{u(K1)} (u(K), V/W ).

At this point we have already proved that I⊕V ∼= Hom_{u(K)} (u(L̂), (I/J)⊕V/W ) as algebras and L-modules. Applying isomorphisms (5.1) and (5.2) one obtains an isomorphism of algebras

Λ : I ⊕ V ∼= ((I/J) ⊕ U) ⊗ F [m; n].

The maximal ideal of (I/J) ⊗ F [m; n] = Λ(I) is (I/J) ⊗ F [m; n]_{(1)} = Λ(J). Note that ρ(I)(V ) = V . Hence [I/J, U] = U and Λ(ρ(J)(V )) = [Λ(J), Λ(V )] = U ⊗ F [m; n]_{(1)}. Then

Λ(V )/Λ(ρ(J)(V )) = (U ⊗ F [m; n])/(U ⊗ F [m; n]_{(1)}) ∼= U ∼= V/ ker (τ ∘ μ ∘ χ|_V ).

A dimension argument therefore yields ker (τ ∘μ∘χ|_V ) = ρ(J)(V ). Consequently, there is a L-invariant algebra homomorphism

φ : I ⊕ V ∼= Hom_{u(K)} ( u(L̂), (I/J) ⊕ (V/W ) ) ∼= (S ⊕ U) ⊗ F [m; n].

Set ψ_1 := φ|I, ψ_2 := φ|V and ρ̄(x + J)(v + ρ(J)(V )) := ρ(x)(v) + ρ(J)(V ) for all x ∈ I and v ∈ V .

(2) By Theorem 5.2 the isomorphism Hom_{u(K)} (u(L̂), S⊕U) ∼= (S⊕U)⊗F [m; n] induces a Lie algebra homomorphism

ψ_{S⊕U,K} : L → ( Der (S ⊕ U) ⊗ F [m; n] ) ⊕ ( Id_{S⊕U} ⊗ W (m; n) ) , and (π_2 ∘ ψ_{S⊕U,K} )(L)) is a transitive subalgebra of W (m; n). Since L maps I and V into I and V , respectively, ψ_{S⊕U,K} (L) maps S ⊗ F [m; n] and U ⊗ F [m; n] into the respective spaces. Then ψ_{S⊕U,K} (L) is homogeneous of degree 0.

It is obvious that ker ψ_{S⊕U,K} = C_L(I) ∩ ann_L V .

(3) (a) Set P := ψ^{−1}_1 (S ⊗ F ) ⊂ I and observe that J + P = I. Suppose L = I + C_L(P ). In this case L̂ = Î + ^C_L(P ), and hence

K = Î + K ∩ ^C_L(P ).

Since [K ∩ ^C_L(P ), I] = [K ∩ ^C_L(P ), P ] + [K ∩ ^C_L(P ), J] ⊂ J ⊂ M one obtains that [K ∩ ^C_L(P ), U(I)] ⊂ M. Consequently, [K, M] ⊂ M. It is now easy to see that K ⊂ K_1, hence K = K_1.

(b) Suppose dim U < p dim V/V_0. Then p > rank_{u(K1 )} u(K) = p^{dim K/K1} , and this implies K = K_1.

Thus in both cases under consideration U = V/W is a semisimple isogenic Imodule. Since J annihilates this space, V/W is a semisimple isogenic S-module as well.

(4) Suppose D is a subalgebra of L for which L = I+D and [ψ^{−1}_1 (S⊗F ), D] = (0) such that D^{(1)} acts nilpotently on V . As a result of (3), U = V/W . Since K ∩ D^{(1)} acts nilpotently on V there is a nonzero eigenspace (V/W )_α = {v ∈ V/W | xv = α(x)v ∀ x ∈ K ∩D}. We also have seen in (3) that K = Î + ^K ∩ D and [K ∩ D, I] ⊂ J. As J annihilates V/W this implies that (V/W )_α is Iinvariant. Hence it is a K-module. As V/W is K-irreducible, this gives that V/W = (V/W )_α is even more I-irreducible. Thus it is S-irreducible. □

Remark 5.3.2 Suppose that L is a restricted Lie algebra, ρ is a restricted representation and ψ^{−1}_1 (S ⊗ F ) is a restricted subalgebra of L. Then S carries a p–mapping via

y^{[p]} ⊗ 1 := ψ_1 ( (ψ^{−1}_1 (y ⊗ 1))^{[p]} ) ∀ y ∈ S, and hence ( (ρ ∘ ψ^{−1}_1 )(y ⊗ 1)

)_p = ρ ( (ψ^{−1}_1 (y ⊗ 1))^{[p]} ) = ρ ( ψ^{−1}_1 (y^{[p]} ⊗ 1) ) , ρ(y)^p(u) ⊗ 1 = ψ_2 (( (ρ ∘ ψ^{−1}_1 )(y ⊗ 1)

)_p( ψ^{−1}_2 (u ⊗ 1) ))

= ψ_2 ( (ρ ∘ ψ^{−1}_1 )(y^{[p]} ⊗ 1) ( ψ^{−1}_2 (u ⊗ 1) )) = ρ(y^{[p]})(u) ⊗ 1.

Thus U is a restricted S–module in this case.

Corollary 5.22 Let L be a finite dimensional restricted Lie algebra with C(L) = (0), ρ : L → gl(V ) an irreducible restricted representation, and I a minimal ideal of L. Assume that ρ(I) ≠ (0). Then I is nonabelian, and the maximal ideal J of I acts nilpotently on V . Thus the assertions of Theorem 5.21 hold in this case.

Moreover, n = 1 and ψ_{S⊕U,K} is a restricted homomorphism. If S ⊗ F acts restrictedly on ψ_{S⊕U,K} (L) via the ad-representation then the pmapping of L induces a p-mapping on S, and with this p-mapping the representation ρ : S → gl(U) is restricted.

Proof. Suppose I is abelian. Then I^{[p]} ⊂ C(L) = (0). In this case I acts nilpotently on V . As V is an irreducible L-module this implies ρ(I)(V ) = (0), a contradiction. Therefore I is a nonabelian minimal ideal.

Since J is nilpotent it acts nilpotently on L. Hence x^{[p]r} ∈ C(L) = (0) for all x ∈ J and sufficiently large r. As ρ is a restricted representation this gives ρ(x)^{pr} = ρ(x^{[p]r} ) = 0.

Since L is restricted, the image of L in Der I is closed under associative p-th powers. Corollary 5.13 with B = I proves n = 1.

Suppose S ⊗ F acts restrictedly on ψ_{S⊕U,K} (L) and [p]^′ is a p-mapping on S such that ad (y^{[p]′} ⊗ 1) = (ad (y ⊗ 1))^p for all y ∈ S. Then [ ψ_1 ( (ψ^{−1}_1 (y ⊗

1))^{[p]} ) − y^{[p]′} ⊗ 1, ψ_{S⊕U,K} (L) ] = (0). Since C(L) = (0) this proves y^{[p]′} ⊗ 1 =

ψ_1 ( (ψ^{−1}_1 (y ⊗ 1))^{[p]} ) . Therefore ψ^{−1}_1 (S ⊗ F ) is a restricted subalgebra of L.

Apply Remark 5.3.2. □

5.4 Derivation semisimple associative algebras

A finite dimensional associative algebra B is called L–semisimple (where L is a Lie subalgebra of Der B) if B contains no nonzero L–invariant nilpotent ideals. Many results on semisimple associative algebras have analogues for L-semisimple associative algebras.

Theorem 5.23 [Blo 70] Let B be a finite dimensional associative algebra and L ⊂ Der B a Lie subalgebra. If B is L–semisimple, then B = r⨁ i=1 B_i

is the direct sum of all its minimal L–invariant ideals B_1, . . . , B_r. Every B_i is L–simple.

Proof. The proof is similar to that for ordinary semisimple associative algebras. Let (B_i)_{i∈I} be the family of all minimal L–invariant ideals of B. Since B is L– semisimple, B^2_i = B_i for all i ∈ I. Therefore the assumption B_j ⊂ ∑ {B_i | i ∈ I\{j}} gives the contradiction B_j = B^2_j ⊂ ∑ i≠j BiBj = (0). This observation

proves that the sum of all ideals (B_i)_{i∈I} is direct and I = {1, . . . , r} is a finite set (as B is finite dimensional). By Corollary 5.13 there are simple associative algebras S_i, m_i ∈ N, n(i) ∈ N^{mi} such that

B_i ∼= S_i ⊗ F [m(i); n(i)], i = 1, . . . , r.

Let e_i denote the unit elements of S_i, and e :=

∑_r i=1 e_i ⊗ 1. We write 1 for the unit element of any of F [m_i; n(i)]. As e^2 = e, B decomposes into its Fitting components with respect to the idempotent e,

B = B(0) ⊕ B(1), B(j) := {b ∈ B | eb = jb}, j = 0, 1.

Note that

∑_r

i=1 B_i ⊂ B(1) and B(0) = {b ∈ B | (

∑_r i=1 B_i) b = (0)}. Thus B(0) is a two–sided L–invariant ideal of B. Now if B(0) ≠ (0), then it contains a minimal L–invariant ideal of B. This has to appear in {B_1, . . . , B_r} and therefore is contained in B(0) ∩ B(1) = (0). This contradiction shows that B(0) = (0), and hence

B = B(1) = eB(1) ⊂ r∑ i=1 B_i. □ As in the case of semisimple associative algebras, every derivation semisimple associative algebra B of finite dimension has a unit element, every L–invariant ideal I of B is the sum of all minimal L–invariant ideals contained in I,

I = ⊕{B_i | B_i ⊂ I}.

Every minimal ideal B_i is determined by the primitive idempotent e_i ⊗ 1 of the center of B B_i = (e_i ⊗ 1)B.

Recall that L ⊂ gl(V ) is called an irreducible Lie algebra if V is L-irreducible.

Corollary 5.24 [Sk 97] Let V be a finite dimensional vector space, L ⊂ gl(V ) an irreducible Lie algebra, and B ⊂ End V a (ad_{End V} L)-invariant associative algebra. Then B and C(B) are (ad_B L)-simple.

Proof. Let R denote the maximal (ad_B L)-invariant nilpotent ideal of B. Since End V is generated as an associative algebra by L and Id_V , R(End V ) is a 2- sided nilpotent ideal of End V . This shows R = (0). Consequently, B is (ad_B L)- semisimple. Let according to Theorem 5.23 B = ⊕^r_{i=1}B_i be the decomposition into the direct sum of minimal (ad_B L)-invariant ideals. Note that (End V )B_i = B_i(End V ) (as B_i is (ad_B L)-invariant). Therefore ( B_i(End V ) ) i=1,...,r is a fam-

ily of ideals of End V which annihilate each other. This forces r = 1, and B is (ad_B L)-simple. Write according to Corollary 5.13 B = S ⊗ F [m; n] with S a simple associative algebra, and observe that L maps under this identification into ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗ W (m; n) ) , such that π_2(L) is a transitive subalgebra of W (m; n). Since C(B) = C(S) ⊗ F [m; n] = F 1_S ⊗ F [m; n], every nonzero L-invariant ideal of C(B) contains an invertible element. Thus C(B) is (ad_B L)-simple. □

Next we shall consider modules. Let B be an associative algebra, L a Lie algebra acting on B by derivations, and V both a B–module and a L–module, such that D(bv) = D(b)v + b(Dv) ∀ D ∈ L, b ∈ B, v ∈ V.

Then V is called a (B, L)–module. As an example, if I is an ideal of the Lie algebra L and V is a L–module, then V is a (U(I), L)–module.

Let F [m] denote the algebra of all divided polynomials, and D_1, . . . , D_m, D_i(x^{(a)}) = x^{(a−ϵi)} the ”partial derivatives”. Let B be a finite dimensional simple associative algebra and U its uniquely determined irreducible module. Then B⊗F [m; n] is (

∑_m

i=1 F D_i)–simple. For every ñ > n the vector space U ⊗F [m; ñ] is a (B ⊗ F [m; n],

∑_m i=1 F D_i)–module. As such it has the unique minimal submodule U ⊗ F [m; n]. This construction gives a class of indecomposable but reducible modules. Nevertheless, there is a strong and important theorem which combines the L–structure of an algebra B and its (B, L)–modules.

Theorem 5.25 Let B = B_0⊗F [m; n] be a finite dimensional associative algebra with unit element, and L ⊂ ( (Der B_0) ⊗ F [m; n] ) ⊕ ( F Id_{B0} ⊗ W (m; n ) a Lie subalgebra of Der B, for which π_2(L) is a transitive subalgebra of W (m; n). Set J := B_0 ⊗ F [m; n]_{(1)}.

Let V be a finite dimensional unitary (B, L)–module satisfying

(a) JV ≠ V ,

(b) JV contains no nonzero L–invariant B–submodule of V .

Then there is an isomorphism

V ∼= (V/JV ) ⊗ F [m; n] of vector spaces, and this isomorphism endows (V/JV ) ⊗ F [m; n] with a (B, L)- module structure such that (V/JV ) ⊗ F [m; n] has the natural B_0 ⊗ F [m; n]– module structure.

Proof. Set K := {D ∈ L̂ | D(J) ⊂ J}. We regard the semidirect sum B ⊕ V as an associative algebra in the natural fashion. Let

χ : B ⊕ V → Hom_{u(K)} (u(L̂), (B/J) ⊕ (V/JV ))

denote the algebra and L-module homomorphism mentioned in Theorem 5.4. Since π_2(L) is a transitive subalgebra of W (m; n), J contains no nonzero L– invariant ideals of B. Also, by assumption on V , JV contains no nonzero L–invariant B–modules. As ker χ = (ker χ|B) ⊕ (ker χ|V ), Theorem 5.4 proves that χ is injective.

Let σ, φ_K be as in (5.1) and (5.2). Then there is an injective composite homomorphism

λ : B ⊕ V^χ→ Hom_{u(K)} (u(L̂), (B/J) ⊕ (V/JV ))

σ^{−1}−→ ((B/J) ⊕ (V/JV )) ⊗ Hom u(K)(u(L̂), F ) Id⊗φ_K −→ ( (B/J) ⊕ (V/JV ) ) ⊗ F [m; n].

Counting dimensions one obtains that this homomorphism λ = (Id⊗φ_K )∘σ^{−1}∘χ is an isomorphism, when restricted to λ : B → (B/J) ⊗ F [m; n]. We are going to determine the image of V under this homomorphism. Consider τ : Hom_{u(K)}(u(L̂), F ) → F , τ(f) = f(1). Then ker τ is a maximal ideal and therefore φ_K (ker τ) = F [m; n]_{(1)}. Next observe that by definition of σ for every f ∈ Hom_{u(K)} (u(L̂), (B/J) ⊕ (V/JV )) with f(1) = 0 one has

((Id ⊗ φ_K ) ∘ σ^{−1})(f) ∈ ((B/J) ⊕ (V/JV ) ) ⊗ F [m; n]_{(1)}.

Now let v ∈ V . Then (with ϵ : u(L̂) → F the augmentation homomorphism) ( χ(v) − σ((v + JV ) ⊗ ϵ) ) (1) = (v + JV ) − (v + JV ) = 0,

whence λ(v) − (v + JV ) ⊗ 1 ∈ (V/JV ) ⊗ F [m; n]_{(1)}.

Recall that the unit element ē of B/J acts as the identity operator on V/JV and ē ⊗ x^{(a)} ∈ λ(B) for all x^{(a)}. Then

(v + JV ) ⊗ x^{(a)} = (ē ⊗ x^{(a)})((v + JV ) ⊗ 1) ∈ (ē ⊗ x^{(a)})(λ(V ) + (V/JV ) ⊗ F [m; n]_{(1)}) ⊂ λ(V ) + (V/JV ) ⊗ F [m; n]_{(|a|+1)}.

One obtains inductively that (V/JV ) ⊗ F [m; n] = λ(V ). Consequently, λ is surjective, hence an isomorphism.

The B-module structure of (V/JV ) ⊗ F [m; n] is naturally given, since λ is an algebra isomorphism. The L-module structure of (V/JV ) ⊗ F [m; n] is defined by λ ∘ D ∘ λ^{−1} for D ∈ L. Then (V/JV ) ⊗ F [m; n] is a (B, L)-module under these module structures induced by λ. □

Corollary 5.26 [Blo 70] Let B be a finite dimensional associative algebra and L a Lie subalgebra of Der B. Suppose that B is L–semisimple and let B = ⊕^r_{i=1}B_i be the direct sum of its minimal L–invariant ideals. Suppose that V is a unitary (B, L)–module of finite dimension. Then V is the direct sum of L–invariant submodules V = r⨁ i=1 V_i, V_i := B_iV.

If B_i = S_i ⊗ F [m(i); n(i)], where S_i is a simple associative algebra, then there is a S_i–module U_i, such that

V_i ∼= U_i ⊗ F [m(i); n(i)]

and the action of B_i on V induces the natural action of S_i ⊗ F [m(i); n(i)] on U_i ⊗ F [m(i); n(i)].

Proof. (a) We write according to Corollary 5.13 B_i = S_i ⊗ F [m_i; n(i)], where S_i is a simple associative algebra (i = 1, . . . , r). Let e_i denote the unit element of S_i and set e :=

∑_r

i=1 e_i ⊗ 1, (which is the unit element of B). Then V = ∑_r

i=1(e_i⊗1)V =

∑_r i=1 V_i. Clearly, V_i∩( ∑ j≠i Vj ) = ((ei⊗1)V )∩( ∑ j≠i(ej ⊗1)V )

is annihilated by all (e_k ⊗ 1) hence by e. So the sum of these submodules is direct.

(b) In order to apply Theorem 5.25 we suppress the notion of the index, assuming that B = S ⊗ F [m; n] is L–simple. Set J = S ⊗ F [m; n]_{(1)}. As J is a nilpotent ideal of the associative algebra B, we have JV ≠ V . Also, let W ⊂ JV be a L-invariant submodule. Observe that N := {b ∈ B | bJ = 0} ≠ (0) (as J is nilpotent) and NW = (0). Then ann_B W is a nonzero L–invariant ideal of B, because it contains N. As B is L–simple, we end up with BW = (0). Then W = (0) since V is a unitary B-module. Therefore Theorem 5.25 applies and yields the result. □

The following is an immediate consequence.

Corollary 5.27 Let V be a finite dimensional vector space, L a Lie subalgebra of gl(V ), B ⊂ End V a commutative subalgebra containing Id_V . If B is (ad_{End V} L)-invariant and (ad_{End V} L)-simple, then V is a free B-module of finite rank.

Proof. By Corollary 5.26 one has B ∼= B_0 ⊗ F [m; n], V ∼= U ⊗ F [m; n], and B_0 is simple, U is a B_0-module. As B is commutative, B_0 ∼= F and V ∼= ⊕_{dim U} B. □

Theorem 5.28 Let A be a finite dimensional associative algebra with unit element, B a subalgebra of A containing the unit element of A, and C(B) ⊂ C(A). Suppose L is a Lie subalgebra of Der B, and B is L–simple. Then

A ∼= B ⊗_{C(B)} C_A(B).

Suppose in addition, that C(B) = C(A), L is a subalgebra of Der A and A is L–simple. Then C_A(B) is L–simple, and there is an isomorphism σ : A^∼→ A_0 ⊗ F [m; n], such that

σ(B) = B_0 ⊗ F [m; n], σ(C_A(B)) = C_0 ⊗ F [m; n]

where A_0 is a simple algebra, B_0, C_0 are simple subalgebras of A_0 and A_0 ∼= B_0 ⊗_F C_0

Proof. (a) Write according to Corollary 5.13 B = B_0 ⊗ F [m; n] where B_0 is simple. Note that C(B) = F ⊗ F [m; n] and therefore the unit element of A in B is of the form 1_{B0} ⊗ 1. Thus B_0 ⊗ F is a simple subalgebra of A for which C(B_0 ⊗ F ) = F (1_B ⊗ 1) = F 1_A. By a classical theorem,

A ∼= (B_0 ⊗ F ) ⊗_F C_A(B_0 ⊗ F ).

As F 1_{B0} ⊗F [m; n] = C(B) ⊂ C(A) one obtains C_A(B_0 ⊗F ) = C_A(B_0 ⊗F [m; n]). Therefore A ∼= ( B_0 ⊗_F F [m; n] ) ⊗_{F 1B0 ⊗F [m;n]} C_A ( B_0 ⊗_F F [m; n] ) . This proves the first claim.

(b) We now assume that L acts on A by derivations and that A is L–simple. As B is L-invariant, so is C := C_A(B) and C is L-simple as well (by use of (a)). So we may write

B ∼= B_0 ⊗ F [m; n], C ∼= C_0 ⊗ F [r; s]

with simple algebras B_0, C_0 and a suitable choice of m, r, n, s. As C(A) = C(B) ∼= F [m; n], and, by the first part of this theorem, C(A) ∼= C(B) ⊗_{C(B)} C(C_A(B)) ∼= F [r; s], one obtains B ∼= B_0 ⊗_F C(A), C ∼= C_0 ⊗_F C(A),

A ∼= ( B_0 ⊗_F C(A) ) ⊗_{C(A)} ( C_0 ⊗_F C(A) ) ∼= (B_0 ⊗_F C_0) ⊗_F C(A). □ 5.5 Weisfeiler’s theorems

The techniques developed in the preceding sections will provide us with short proofs of two theorems of B. Weisfeiler on the structure of graded algebras.

For the following see §1.4 of [St 97/1]. Suppose we are given a maximal subalgebra L_{(0)} of a finite dimensional simple Lie algebra L, and a L_{(0)}-invariant subspace L_{(−1)} which contains L_{(0)} such that L_{(−1)}/L_{(0)} is an irreducible L_{(0)}- module. Set L_{(i+1)} := {x ∈ L_{(i)} | [x, L_{(−1)}] ⊂ L_{(i)}} i ≥ 0, L_{(−i−1)} := [L_{(−i)}, L_{(−1)}] + L_{(−i)} i ≥ 1.

We say that the sequence of subspaces (L_{(i)})_{i∈Z} defines a standard filtration. Given a filtered Lie algebra L one defines the associated graded algebra gr L := ⊕ gr_i L, gr_i L := L_{(i)}/L_{(i+1)} with multiplication [x + L_{(i+1)}, y + L_{(j+1)}] = [x, y] + L_{(i+j+1)} for x ∈ L_{(i)} \ L_{(i+1)}, y ∈ L_{(j)} \ L_{(j+1)}.

For further reference we introduce the following notation. Definition 5.1 Let G = ⊕_{i∈Z} G_i be a Z-graded Lie algebra. Set (g1) For i ≥ 0 and x ∈ G_i \ (0) there is y ∈ G_{−1} such that [x, y] ≠ 0. (g2) If i < 0, then G_i = (G_{−1})^{−i}. (g3) G_{−1} is a faithful irreducible G_0-module.

(g4) For i < 0 and x ∈ G_i \ (0) there is j > 0 such that [x, G_j ] ≠ (0).

If one starts with a simple Lie algebra endowed with a standard filtration then G := gr L satisfies (g1)-(g3). Now let L be a Z-graded Lie algebra, L = ⊕^s_{i=−r} L_i, L_{−r} ≠ (0), L_s ≠ (0).

Put L^+ := ∑ i>0 L_i, L^− := ∑ i<0 L_i. Assume that L satisfies (g1) - (g3) and L^+ ≠ (0). Let M(L) denote the unique maximal ideal of L contained in L^−. Then M(L) is a graded ideal and L/M(L) satisfies (g1) - (g4). Lemma 5.29 Let L = ⊕^s_{i=−r} L_i be Z-graded satisfying (g1), . . . , (g4), and r, s > 0. The following assertions are true.

1. ann_L L_{−1} = L_{−r};

2. Let J be a (L_0 + L_{−1})-invariant subspace of L. Then J ⊂ ∑ j≤−2 Lj or

L^− ⊂ J;

3. ann_L L^+ = L_s or ann_L L^+ = L_s + [L_{−1}, L_s].

Proof. (1) Suppose ann_L L_{−1} ≠ L_{−r}. Clearly ann_L L_{−1} is a graded subspace of L, hence there is k > −r with W_k := (ann_L L_{−1}) ∩ L_k ≠ (0). Set

I := ∑ j≥0 (ad L^+)^j (W_k ) ⊂ ∑ j≥k L_j .

Due to (g2) I is L^−-invariant, it clearly is invariant under L_0 + L^+. Therefore I is a graded ideal of L. (g4) implies that I ∩ (L_0 + L^+) ≠ (0), then (g1) shows that I ∩ L_{−1} ≠ (0), and by (g3) one concludes L_{−1} ⊂ I. Now (g2) yields the contradiction L_{−r} ⊂ I.

(2) Suppose J ⊄ ∑ j≤−2 Lj and let x ∈ J with x =

∑_k

j=−r xj (xj ∈ Lj , xk ≠ 0)

such that k ≥ −1. By (g1) there is such an element for which k = −1. (g3) then shows that ∀ y ∈ L_{−1} ∃ u ∈ ∑ j≤−2

L_j : y + u ∈ J.

This means L_{−1} ⊂ J + ∑ j<−1 Lj . Using (2) one proves inductively Li ⊂ J + ∑ j<i L_j for all i ≤ −1. As a consequence, L^− ⊂ J.

(3) Suppose ann_L L^+ ≠ L_s. Clearly ann_L L^+ is a graded subspace of L, hence there is k < s with W_k := (ann_L L^+) ∩ L_k ≠ (0). Set

I := ∑ j≥0 (ad L^−)^j (W_k ) ⊂ ∑ j≤k L_j .

It is easily seen that I is invariant under L^− + L_0 + L^+. Therefore I is a graded ideal of L. (g4) implies k ≥ 0. Therefore (2) of this lemma shows that L_{−1} ⊂ I. Consequently, I_{s−1} ≠ (0). Then k ≥ s − 1. As k ≠ s this implies k = s − 1 and W_k = [L_{−1}, L_s]. In this case we have ann_L L^+ = L_s + [L_{−1}, L_s]. □

Lemma 5.30 Let L = ⊕^s_{i=−r} L_i be Z-graded and r, s > 0. Suppose G is a subalgebra of Der_0 L and L is G-simple. The following assertions are true.

1. L_{−r}, L_s are irreducible ((ad L_0) + G)-modules;

2. [L_0, L_{−r}] = L_{−r}, [L_0, L_s] = L_s;

3. [L_{−1}, L_{−r+1}] = L_{−r}, [L_1, L_{s−1}] = L_s;

4. ann_L L^− = L_{−r}, ann_L L^+ = L_s.

Proof. By symmetry it is sufficient to prove the statements only for the L_scase.

Let (0) ≠ V ⊂ L_s be a ((ad L_0) + G)-invariant subspace and set

W := [L, V ] + G(V ), I := ∑ j≥0 (ad L^−)^j (W ).

If W = (0), then V is a proper G-invariant ideal of L, contradicting the Gsimplicity of L. Since [L^+, V ] = (0), it is immediate that W is invariant under

L^+, L_0, G. Then I is a graded G-invariant ideal of L, hence I = L. This yields L_s = W ∩ L_s = [L_0, V ] + G(V ) ⊂ V , proving (1).

Next set U := ann_L L^+ and observe that U = ⊕U_j is a graded subspace of L. Suppose U_k ≠ (0) for some k and set

I := ∑ j≥0 (ad L^−)^j (U_k) ⊂ ∑ j≤k L_j .

Since U_k is invariant under L^+ + L_0 + G, I is a nonzero G-invariant ideal of L. Thus I = L and L_s = U_k. Consequently, ann_L L^+ = L_s. This proves (4).

Since [L_i, L_{s−1}] = (0) for i ≥ 2 one has ann_{Ls−1} L_1 ⊂ ann_{Ls−1} L^+ = (0). Therefore [L_1, L_{s−1}] is a nonzero ((ad L_0) + G)-invariant subspace of L_s. By (1) this gives [L_1, L_{s−1}] = L_s.

Similarly, if [L_0, L_s] ≠ (0) then [L_0, L_s] = L_s. So assume [L_0, L_s] = (0). Then set U := ∑ j≥0 (ad L^−)^j ([L^−, L_s]) and obtain as in the former case U = (0) or U = L. The latter case is impossible since U_s = (0). Then U = (0) and L_s ⊂ ann_L L^− = L_{−r}, a contradiction. □

Theorem 5.31 [We 78] Let L = ⊕^s_{i=−r} L_i be Z-graded satisfying (g1), . . . , (g4), and r, s > 0. The following assertions are true.

1. L is semisimple and has a unique minimal ideal A(L).

2. A(L) is a graded ideal,

A(L) =

s^′⨁

i=−r

A(L) ∩ L_i, s − 1 ≤ s^′ ≤ s, L^− ⊂ A(L).

3. A_{−r}, A_s′ are irreducible L_0-modules,

[L_0, A_{−r}] = A_{−r}, [L_0, A_s′ ] = A_s′ , A_i = (ad A_{−1})^{s′ −i}(A_s′ ) ∀ i ≤ s^′.

4. Suppose A(L)^+ ≠ (0). Then A(L) is L_0-simple.

Proof. (1), (2) Let J ≠ (0) be an ideal of L. (g4) implies that J ⊄ ∑ j≤−1 Lj .

Then Lemma 5.29 yields L^− ⊂ J. Hence L has the unique minimal ideal A(L), namely that generated by L^−. Note that [L_{−1}, [L_{−1}, L_1]] ≠ (0) by (g1) and therefore A(L) is not abelian.

It is an obvious consequence that A(L) is a graded subspace of L. Moreover, [L_{−1}, L_s] ⊂ A(L)_{s−1} is nonzero. Hence s^′ ≥ s − 1.

(3) Let (0) ≠ V ⊂ A_s′ be a L_0-submodule and W := [L, V ]. (g1) implies W ≠ (0). Note that [L^+, V ] ⊂ ∑ j>s^′ Aj = (0) and therefore [L0 +L

+, W ] ⊂ W .

Hence the minimality of A(L) proves A(L) = ∑ j≥0 (ad L^−)^j (W ). This yields A_s′ = [L_0, V ]. Similarly we prove the respective result on A_{−r}. Finally we observe that according to (g2) A(L) = ∑ j≥0 (ad L^−)^j (A_s′ ) = ∑ j≥0 (ad L_{−1})^j (A_s′ )

This proves the last statement.

(4) Let J ≠ A(L) be a L_0-invariant ideal of A(L) of maximal dimension. Suppose L_{−1} ⊂ J. Then (3) shows that A(L) = J + A_s′ , while the present assumption yields s^′ > 0. Then A(L) = A(L)^{(1)} ⊂ J, a contradiction. Lemma 5.29(2) now gives J ⊂ ∑ j≤−2 Lj . Therefore J + [L, J] is a L0-invariant ideal of A(L)

being contained in J + ∑ j≤s−2 A(L)j . As s

′ ≥ s−1 we obtain J +[L, J] ≠ A(L) and hence J + [L, J] = J. Then J is an ideal of L. The minimality of A(L) ensures J = A(L), a contradiction. Thus A(L) is L_0-simple. □

The following Theorems 5.32 and 5.33 in the version of truncated polynomial rings instead of flag algebras are due to B. Weisfeiler.

Theorem 5.32 (see [We 78, Theorem 4.1]) Suppose L = ⊕^s_{i=−r} L_i is a finite dimensional Z-graded Lie algebra satisfying (g1), . . . , (g4), and r, s > 0. Let A(L) denote the unique minimal ideal of L, and assume A(L)^+ ≠ (0). Then the following assertions are true.

1. There exist a graded simple Lie algebra S = ⊕^{s′}_{i=−r} S_i, m ≥ 0 and n ∈ N^m, and an isomorphism τ, such that s^′ ∈ {s − 1, s} and

τ : A(L) ∼= S ⊗ F [m; n], τ(A(L)_i) = S_i ⊗ F [m; n]. 2. ∑ i≠0 Li stabilizes rad A(L).

3. τ ∘(ad_{A(L)} L)∘τ^{−1} is a subalgebra of ( (Der S)⊗F [m; n] ) ⊕ ( Id_S ⊗W (m; n) ) and π_2(τ ∘ (ad_{A(L)} L_0) ∘ τ^{−1}) is a transitive subalgebra of W (m; n). If L_0 is restricted and acts restrictedly on A(L) then n = 1.

4. S satisfies (g1), (g2), (g4). Set

K := {x ∈ L̂_0 | [x, S ⊗ F [m; n]_{(1)}] ⊂ S ⊗ F [m; n]_{(1)}}.

Under the isomorphism S_{−1} ∼= (S_{−1} ⊗ F [m; n])/(S_{−1} ⊗ F [m; n]_{(1)}) S_{−1} is an irreducible K-module.

Proof. (1) Theorem 5.31 shows that A(L) is a nonabelian minimal ideal, and that it is L_0-simple. Let J be the maximal ideal of A(L). Set S := A(L)/J, K := {x ∈ L̂_0 | [x, J] ⊂ J} and

χ : A(L) → Hom_{u(K)} (u(L̂_0), S)

the algebra homomorphism mentioned in Theorem 5.4. Corollary 5.13 shows that χ is an isomorphism.

Let m := dim L/K ∩ L and n ∈ N^m the m-tuple attached to the flag E(K). Applying isomorphisms (5.1) and (5.2) one obtains an algebra isomorphism

τ : A(L) ∼= S ⊗ F [m; n].

We consider the canonical projections pr_j : L → L_j as well as J^′ := ∑ pr_j (J).

Then J^′ is a L_0-invariant ideal of A(L). Suppose J^′ = A(L). Then J + ∑ j<s^′ A(L)j ⊃ A(L)s^′ and an induction argument along with Theorem 5.31(3)

proves J = A(L), a contradiction. Consequently, J ⊂ J^′ ⊊ A(L). The maximality of J shows J = J^′. Thus J is a graded ideal. Then the grading of A(L) induces a grading on S. Consider u(L̂_0) trivially graded of degree 0. Then Hom_{u(K)} (u(L̂_0), S) carries the grading induced by that of S. For v ∈ A(L)_i, u ∈ u(L̂_0) we have

χ(v)(u) = u(v) + J ∈ A(L)_i + J/J = S_i.

Thus χ(v) is homogeneous of degree i, i.e., χ is an isomorphism of graded algebras.

The mapping (5.1)

σ^{−1}_{S,K} : Hom_{u(K)} (u(L̂_0), S) → S ⊗ Hom_{u(K)} (u(L̂_0), F )

also is an isomorphism which respects the grading, if one regards Hom_{u(K)} (u(L̂_0), F ) trivially graded of degree 0. Therefore A(L) is, as a graded algebra, isomorphic to S ⊗ F [m; n], where F [m; n] ∼= Hom_{u(K)} (u(L̂_0), F ) has degree 0.

(2),(3) Observe that ad_{A(L)} is a faithful representation of L, since A(L) is the unique minimal ideal of L and A(L) is not abelian. Due to Corollary 5.13 the isomorphism τ gives rise to an embedding

L_0 ∼= τ ∘ (ad_{A(L)} L_0) ∘ τ^{−1} ⊂ ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗ W (m; n) )

such that π_2(τ ∘ (ad_{A(L)} L_0) ∘ τ^{−1}) is a transitive subalgebra of W (m; n). Suppose ad_{A(L)} L_0 is closed under associative p-th powers. Corollary 5.13 proves n = 1.

Observe that τ ∘ (ad_{A(L)} L) ∘ τ^{−1} ⊂ ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗ Der F [m; n] ) (see Corollary 5.14). The second summand is homogeneous of degree 0. Thus ∑ i≠0 Li is mapped into (Der S) ⊗ F [m; n] and τ ∘ (adA(L) L) ∘ τ

−1 ⊂ (Der S) ⊗

F [m; n] + τ ∘ (ad_{A(L)} L_0) ∘ τ^{−1} ⊂ ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗ W (m; n) ) . As rad A(L) = S ⊗ F [m; n]_{(1)}, (2) follows.

(4) (g1),(g2) are obviously satisfied by S, as S_{−1} ⊗ F [m; n] = L_{−1}. (g4) follows from the simplicity of S.

Let (0) ≠ V ⊂ S_{−1} be a K-invariant subspace. Then χ^{−1} ( Hom_{u(K)} (u(L̂_0), V ) ) is a L_0-invariant subspace of A(L)_{−1} = L_{−1}. By (g3) it is all of L_{−1}, and a dimension argument implies V = S_{−1}. □

The assumption ”A(L)^+ ≠ (0)” in the preceding theorem is refered to as the nondegenerate case. The applied method also yields an easy proof for Weisfeiler’s result on the degenerate case.

Theorem 5.33 (see [We 78, Theorem 3.1]) Suppose L =

⨁_s

i=−r Li is a finite

dimensional Z-graded algebra satisfying (g1), . . . , (g4), and r, s > 0. Let A(L) denote the unique minimal ideal of L, and assume A(L)^+ = (0). Then the following assertions are true.

1. There exist a simple Lie algebra S, m ≥ 0 and n ∈ N^m, and an isomorphism τ, such that τ : A(L) ∼= S ⊗ F [m; n].

S is a homomorphic image of [L_{−1}, L_1].

2. F [m; n] carries a grading such that

τ(A(L)_i) = S ⊗ F [m; n]_i.

3. τ ∘ (ad_{A(L)} L) ∘ τ^{−1} is a subalgebra of ( (Der S) ⊗ F [m; n] ) ⊕ ( Id_S ⊗

W (m; n) ) , and its image under π_2 is a transitive subalgebra of W (m; n).

If L is restricted then n = 1.

Proof. Set A := A(L). As A^+ = (0), then A^− is an ideal of A. Choose a maximal ideal J of A containing A^−. Then J = ∑ i<0 A_i + J ∩ A_0 is a graded ideal and A/J ∼= A_0/J ∩ A_0.

We are going to apply Corollary 5.13 as before. Note that U(L) and L̂ are naturally graded by the grading inherited from L and, as J is a graded ideal, K := {x ∈ L̂ | [x, J] ⊂ J} is a graded subalgebra as well. Then

A ∼= Hom_{u(K)}(u(L̂), A/J) ∼= (A/J) ⊗ F [m; n],

where F [m; n] ∼= Hom_{u(K)}(u(L̂), F ), and χ : A → Hom_{u(K)}(u(L̂), A/J) is the first of the above mentioned isomorphisms, which is given by χ(x)(u) = u(x)+J. Suppose that x ∈ A_i, u ∈ u(L̂)_j . Then χ(x)(u) ∈ A_{i+j} + J, hence χ(x) is of degree i. This means that χ is an isomorphism of graded algebras which is homogeneous of degree 0. If one regards A/J ∼= A_0/J ∩ A_0 to be homogeneous of degree 0, then the isomorphism

σ^{−1}_{A/J,K} ∘ χ : A^∼→ (A/J) ⊗ Hom_{u(K)} (u(L̂), F )

respects the grading.

Now set S := A/J, observe that Hom_{u(K)} (u(L̂), F ) ∼= F [m; n], and consider the grading of F [m; n] which is imposed by that of Hom_{u(K)} (u(L̂), F ). Note that S ∼= A_0/(J ∩ A_0) and A_0 = [L_{−1}, L_1].

Part (3) is a direct consequence of Corollary 5.13. □

5.6 Conjugacy classes of tori

In this section we will apply Theorems 5.2 and 5.3 in order to derive normalizations of tori.

Theorem 5.34 Let T ⊂ W (m; 1) be a torus, and T_0 := T ∩ W (m; 1)_{(0)}. Let t_1, . . . , t_r be toral elements of T , which are linearly independent (mod T_0). Then there is a continuous divided power isomorphism σ of F [[m]] which stabilizes F [m; 1] such that

σ ∘ T_0 ∘ σ^{−1} ⊂ m∑ j=r+1

F x_j D_j ,

σ ∘ t_i ∘ σ^{−1} = (1 + x_i)D_i, i = 1, . . . , r.

Proof. Set in Theorem 5.2 G := W (m; 1), G_{(0)} := W (m; 1)_{(0)}, K := Nor_Ĝ G_{(0)}. Note that G is a restricted Lie algebra, {x^p − x^{[p]} | x ∈ G} ⊂ C(Ĝ) ⊂ K, Ĝ = K + G and dim Ĝ/K = m. This theorem states that any choice of an isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Ĝ with respect to K gives rise to a Lie algebra homomorphism Ψ_K . Then π_2 ∘ Ψ_K is a nonzero endomorphism of W (m; 1), and as this latter algebra is simple, π_2 ∘ Ψ_K is an automorphism of W (m; 1). By [St 97/1, Theorem 3.21] there is a continuous divided power automorphism σ of F [[m]] which stabilizes F [m; 1], such that (π_2 ∘ Ψ_K )(D) = σ ∘ D ∘ σ^{−1} for all D ∈ W (m; 1).

With these choices of G, G_{(0)} and K we put in Theorem 5.3 J = (0). Then m^′ = r^′ = 0. This theorem states that there is a choice of an isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Ĝ with respect to K such that (π_2 ∘ Ψ_K )(t_i) = (1 + x_i)D_i for i = 1, . . . , r, and (π_2 ∘ Ψ_K)(t) = λ(t) ∈ ∑ i≥r+1 F xiDi

for t ∈ T_0. □

Corollary 5.35 [Dem 70] Let T be a torus of W (m; 1). Then there are δ_1, . . . , δ_m ∈ {0, 1} and σ ∈ Aut F [m; 1] such that

σ ∘ T ∘ σ^{−1} ⊂ m∑ i=1 F (x_i + δ_i)D_i. □ Next we are going to determine the absolute toral rank of all Witt algebras.

Theorem 5.36

1. W (1; n) has a basis (u_i)_{i∈GF (p}n_) with multiplication

[u_i, u_j ] = (j − i)u_{i+j} ∀ i, j ∈ GF (p^n).

2. T R(W (m; n)) =

∑_m

i=1 n_i.

Proof. (1) Define an algebra on the p^n-dimensional F -vector space

L := ∑ i∈GF (p^n)

F u_i, [u_i, u_j ] = (j − i)u_{i+j} ,

which is easily seen to be a Lie algebra. Let I ≠ (0) be an ideal and 0 ≠ ∑ α_j u_j ∈ I. Then I contains (ad u_0)^k( ∑ α_j u_j ) = ∑ j^kα_j u_j for all k. As det (j^k)_{j∈GF (p}n_{), 0≤k≤p}n_{−1} ≠ 0, there is an index i such that u_i ∈ I. It is now immediate that I = L. Thus L is a simple Lie algebra. Set L_{(0)} := { ∑ α_iu_i | ∑ α_i = 0}. For ∑ α_iu_i, ∑ β_iu_i ∈ L_{(0)} one has [ ∑ α_iu_i, ∑ β_iu_i] = ∑ i,j α_iβ_j (j − i)u_{i+j} , and ∑ i,j α_iβ_j (j − i) = ∑ j jβ_j ∑ i α_i − ∑ i iα_i ∑ j β_j = 0.

Thus L_{(0)} is a subalgebra of codimension 1 in L. By [St 97/1, Corollary 4.7] L ∼= W (1; s) is a Witt algebra. For dimension reasons s = n.

(2) Let T denote the torus of the p-envelope of W (1; n) in Der W (1; n) generated by u_0. It has been mentioned in [St 97/1, p.18] that dim_F T is the GF (p)-dimension of the GF (p)-vector space spanned by the T -roots. Since the set of eigenvalues of ad u_0 is GF (p^n), one has dim_F T ≥ dim_{GF (p)} GF (p^n) = n. In particular, T R(W (1; n)) ≥ n.

Next we observe that, setting S_i := ∑ a<p^ni F x (a) i D_i ∼= W (1; n_i), one has ⊕^m_{i=1} S_i ⊂ W (m; n). Hence ∑ n_i ≤

∑_m

i=1 T R(S_i) ≤ T R(W (m; n)) ([St 97/1, Theorem 1.7(1)(6)]).

The isomorphism F [m; n] ∼= F [ ∑ n_i; 1] gives rise to an injective Lie algebra homomorphism W (m; n) → Der F [ ∑ n_i; 1] = W ( ∑ n_i; 1). By Corollary 5.35 one obtains T R(W (m; n)) ≤ ∑ n_i. □ Let M be any finite dimensional Z–graded algebra. Recall that Der_0 M is the space of homogeneous derivations of degree 0, and Aut_0 M is the subgroup of homogeneous automorphisms of M. Observe that M ⊗ F [m; 1] carries a Z– grading ( M ⊗ F [m; 1] ) i := M_i ⊗ F [m; 1] for all i ∈ Z. We will now consider

homogeneous tori T of Der (M ⊗ F [m; 1]) which are contained in ( (Der_0 M) ⊗

F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1) ) . Note that the latter is a restricted subalgebra of

Der (M ⊗ F [m; 1]).

Theorem 5.37 [P-St 98] Let M be a finite dimensional Z–graded algebra and T ⊂ ( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1) ) a torus. Set

T_0 := T ∩ (( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1)_{(0)} )) , r := dim T/T_0, and let t_1, . . . , t_r be toral elements such that

T = T_0 ⊕ r⨁ i=1 F t_i.

Then there are τ ∈ Aut_0 (M ⊗ F [m; 1]) and linear mappings

ω : T_0 → Der_0 M,

λ : T_0 → m∑ j=r+1

F x_j D_j ,

such that

τ ∘ t_i ∘ τ^{−1} = Id_M ⊗ (1 + x_i)D_i, i = 1, . . . , r, τ ∘ t ∘ τ^{−1} = ω(t) ⊗ 1 + Id_M ⊗ λ(t), t ∈ T_0.

Proof. (a) Set in Theorem 5.2 G := ( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1) ) , G_{(0)} := ( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1)_{(0)} ) , K := Nor_Ĝ G_{(0)}. Note

that G is a restricted Lie algebra, {x^p − x^{[p]} | x ∈ G} ⊂ C(Ĝ) ⊂ K, and dim Ĝ/K = m. This theorem states that any choice of an isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Ĝ with respect to K gives rise to a Lie algebra homomorphism Ψ_K . By definition, Ĝ acts restrictedly on M ⊗ F [m; 1] as derivations. Observe that K acts restrictedly on M ∼= (M ⊗ F [m; 1])/(M ⊗ F [m; 1]_{(1)}) as homogeneous derivations of degree 0. Therefore there is a Lie algebra homomorphism

ψ_{M,K} : ( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1) )

→ ( (Der_0 M) ⊗ F [m; 1] ) ⊕ ( Id_M ⊗ W (m; 1) ) , which is related to Ψ_K by equation (5.6) (Theorem 5.2(2)).

(b) With these choices of G, G_{(0)} and K we put in Theorem 5.3 J = (0). Then m^′ = r^′ = 0. This theorem states that there is a choice of an isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Ĝ with respect to K such that Ψ_K (t_i) = (t^p_i − t_i) ⊗ x^{(p−1)}_i + Id_M ⊗ (1 + x_i)D_i for i = 1, . . . , r, and Ψ_K (t) = t ⊗ 1 + Id_M ⊗ λ(t) for t ∈ T_0. Since T acts restrictedly on M ⊗ F [m; 1], t^p_i − t_i acts trivially on M. Thus ψ_{M,K} (t_i) = Id_M ⊗ (1 + x_i)D_i for i = 1, . . . , r. For t ∈ T_0 set ω(t) the action of t on M.

(c) It remains to express ψ_{M,K} in terms of an automorphism of M ⊗ F [m; 1]. Let χ : M ⊗ F [m; 1] → Hom_{u(K)} (u(Ĝ), M) be the G-invariant algebra homomorphism of Theorem 5.4. The Z-grading of M induces a Z-grading of Hom_{u(K)} (u(Ĝ), M) (regarding G as homogeneous of degree 0). With these gradings χ is homogeneous of degree 0. Since ker χ is a G-invariant ideal contained in M ⊗F [m; 1]_{(1)}, χ is injective and hence an isomorphism (by dimension reasons). With the choices of σ_{M,K} (defined by (e_1, . . . , e_m) and (5.1)) and φ_K as in (b) we set τ := (Id_M ⊗ φ_K ) ∘ σ^{−1}_{M,K} ∘ χ. Then τ is an automorphism of M ⊗ F [m; 1] homogeneous of degree 0. By construction (see Theorem 5.2(2)) one has ψ_{M,K} (D) = τ ∘ D ∘ τ^{−1} for all D ∈ M ⊗ F [m; 1]. □

We will now apply this result in the situation of Theorem 5.21. In addition to the assumptions and notations of that theorem we presuppose that L is restricted. Note that I ⊕ V and (S ⊕ U) ⊗ F [m; 1] are graded Lie algebras, I and S ⊗ F [m; 1] are the 0-terms, and V and U ⊗ F [m; 1] are the (−1)-terms of the respective algebras. Also, ψ_1 ⊕ ψ_2 is a homogeneous isomorphism of degree 0. Corollary 5.38 [P-St 98] Let in Theorem 5.21 L be restricted and T ⊂ L be a torus. Then the homogeneous Lie algebra isomorphism of degree 0

ψ_1 ⊕ ψ_2 : I ⊕ V → (S ⊕ U) ⊗ F [m; 1]

of Theorem 5.21(2) can be chosen such that, for some r ≥ 0,

ψ_{S⊕U} (T ) =

( ∑_r

j=1 F Id_{S⊕U} ⊗ (1 + x_j )D_j ) ⨁

ψ_{S⊕U} (T ) ∩ ( (Der_0 (S ⊕ U)) ⊗ F +

∑_m

j=r+1 F IdS⊕U ⊗ xj Dj ) . Proof. Choose τ ∈ Aut_0 ((S ⊕ U) ⊗ F [m; 1]) according to Theorem 5.37. Note that the restrictions of τ define a Lie algebra automorphism of S ⊗ F [m; 1] and a module isomorphism of the S ⊗ F [m; 1]–module U ⊗ F [m; 1]. Now substitute ψ_1, ψ_2 by τ ∘ ψ_1, τ ∘ ψ_2, and ψ_{S⊕U} by τ ∘ ψ_{S⊕U} ∘ τ^{−1}. □

It is possible to describe Aut_0 (M ⊗ F [m; 1]) occurring in the preceding theorems. Suppose that B is any algebra, and d ∈ Der B satisfies d^p = 0. In order to conclude that exp (d) :=

∑_{p−1} i=0 1 i! d^i is an automorphism of B it suffices to know that

(d^i(u))(d^j (v)) = 0 ∀ u, v ∈ B, whenever i + j ≥ p.

Now let M be any algebra and set B := M ⊗ F [m; n]. If d = d_a ⊗ x^{(a)} with d_a ∈ Der M and a ≠ 0, then d^i = d^i_a ⊗ (x^{(a)})^i, and hence ( d^i(u ⊗ f) )( d^j (v ⊗ g) ) = (d^i_a(u))(d^j_a(v)) ⊗ fg(x^{(a)})^{i+j} . As (x^{(a)})^p = 0 for a ≠ 0, exp (d_a ⊗ x^{(a)}) is an automorphism of M ⊗ F [m; n] whenever a ≠ 0. It is easy to see that (exp (d_a ⊗ x^{(a)}))^{−1} = exp (−d_a ⊗ x^{(a)}). Let

exp_0 ((Der_0 M) ⊗ F [m; n])

denote the subgroup of Aut_0 (M ⊗F [m; n]) generated by the set {exp (d⊗x^{(a)}) | d ∈ Der_0 M, a ≠ 0}.

Theorem 5.39 Let M be a finite dimensional Z-graded simple algebra. Then

Aut_0 (M ⊗ F [m; n]) = ( (Aut_0 M) ⊗ 1 )( exp_0 ((Der_0 M) ⊗ F [m; n]_{(1)}) )( Id_M ⊗ Aut F [m; n] ) . Proof. (a) For τ ∈ Aut_0 (M ⊗ F [m; n]) set

τ(u ⊗ 1) = τ_0(u) ⊗ 1 + ∑ a>0 τ_a(u) ⊗ x^{(a)}.

Clearly, τ_0 is an algebra homomorphism of M. If τ_0 = 0 then τ(M ⊗ 1) ⊂ M ⊗ F [m; n]_{(1)}. This implies that τ(M ⊗ 1) is nilpotent, whence M would be nilpotent as well. But M is simple. Therefore τ_0 ≠ 0, and as M is simple, we obtain τ_0 ∈ Aut_0 M.

(b) Set τ^′ := (τ_0 ⊗ 1)^{−1} ∘ τ. Choose a_0 > 0 such that

(τ^′ − Id_M ⊗ 1)(M ⊗ 1) ⊂ ∑ a≥a_0

M ⊗ F x^{(a)}.

Then τ^′(u⊗1) = u⊗1+τ^′_{a0} (u)⊗x^{(a0)} + ∑ a>a_0 τ ′ a(u)⊗x^{(a)}. It is easy to conclude that τ^′_{a0} ∈ Der_0 M. Set σ_1 := exp (−τ^′_{a0} ⊗ x^{(a0)}) ∈ exp_0 ((Der_0 M) ⊗ F [m; n]). Then (σ_1 ∘ τ^′)(u ⊗ 1) = σ_1(u ⊗ 1 + τ^′_{a0} (u) ⊗ x^{(a0 )} + ∑ a>a_0 τ ′ a(u) ⊗ x^{(a)}) ≡ u ⊗ 1 (mod ∑ a>a_0 M ⊗ F x

(a)). Inductively, we construct σ ∈ exp_0 ((Der_0 M) ⊗ F [m; n]) such that (σ ∘ (τ_0 ⊗ 1)^{−1} ∘ τ)(u ⊗ 1) = u ⊗ 1 for all u ∈ M. (c) Set τ^{′′} := σ ∘ τ^′. Then

τ^{′′}(u ⊗ 1) = u ⊗ 1 ∀ u ∈ M.

For arbitrary v ≠ 0, fix a subspace V of M such that M = F v ⊕ V . Let M denote the associative subalgebra of End M generated by all left and right multiplications with elements of M. Since M is simple, then M = End M. Thus there is λ ∈ M such that λ(v) = v, λ(V ) = (0). By the present assumption, (λ ⊗ 1) ∘ τ^{′′} = τ^{′′} ∘ (λ ⊗ 1). Then

τ^{′′}(v⊗f) = τ^{′′}(λ(v)⊗f) = τ^{′′}((λ⊗1)(v⊗f)) = (λ⊗1)(τ^{′′}(v⊗f)) ∈ F v⊗F [m; n].

Similarly, for v, w ∈ M, v ≠ 0, there is μ ∈ M such that μ(v) = w. Then

τ^{′′}(w ⊗ f) = τ^{′′}(μ(v) ⊗ f) = τ^{′′}((μ ⊗ 1)(v ⊗ f)) = (μ ⊗ 1)(τ^{′′}(v ⊗ f)).

Set τ^{′′}(v ⊗ f) =: v ⊗ τ_2(f) for v ∈ M, f ∈ F [m; n] and observe that by the above τ_2(f) is independent of v. Clearly, τ_2 ∈ Aut_0 F [m; n], and τ = (τ_0 ⊗ 1) ∘ σ^{−1} ∘ (Id_M ⊗ τ_2). □

5.7 Triangularity of Lie algebras

Over an algebraically closed field of characteristic 0 a solvable Lie algebra acting faithfully on a finite dimensional module can be represented as an algebra of upper triangular matrices. This Theorem of Lie on solvable Lie algebras fails to hold in positive characteristic. As an example, we have seen in §5.2 that the (nilpotent) Heisenberg algebra of dimension 2m + 1 has a p^m–dimensional irreducible module, while in the case of Lie’s Theorem all irreducible modules are 1–dimensional.

It will turn out that this lack of Lie’s Theorem in positive characteristic is the reason for severe technical troubles in the present approach of the Classification. In fact, historically, every partial substitute for this theorem stimulated further progress in the Classification Theory. The proof of the triangularity of Cartan subalgebras in simple Lie algebras over algebraically closed fields of characteristic > 7 was one of the first steps in the Block-Wilson classification. The results on the triangularity of certain CSAs of p–envelopes of simple Lie algebras ([St 89/2]) were the starting point for the classification of not necessarily restricted simple Lie algebras over fields of characteristic > 7. In contrast, in [St 98] we were not yet able to prove the triangularity of certain 2–sections, which forced us to go a very unsatisfactory way to solve the case under consideration. For the small characteristics p = 5, 7 the essential first steps in the Classification have been the triangularity results on CSAs (see [P 94]) and certain solvable subalgebras (see [P-St 98], in which, in other terms, the respective triangularity theorem shows the nonexistence of exceptional roots).

The following definition is very basic.

Definition 5.2 Let Q be a Lie algebra, and V a Q–module. Q acts triangulably on V if Q^{(1)} acts nilpotently.

If it is clear, which module V is meant, then Q is just called triangulable or triangular.

The central result of this section is a dimension estimate for modules of solvable Lie algebras. This result will be applied in the sequel to prove triangulability of the solvable Lie algebras under consideration. The proof of this result will need the very details of the structure theory presented in §5.1, 5.3, 5.6.

Proposition 5.40 Let Q be a solvable Lie algebra and N a subalgebra which acts nilpotently on Q. If Q = N + Q^{(1)}, then Q = N.

Proof. Assume that we have already proved

Q = N + (ad N)^k(Q^{(l)}) + Q^{(l+1)}

for some l ≥ 1 and k ≥ 0. For l = 1, k = 0 this is the assumption of the proposition. Then

Q^{(l)} ⊂ Q^{(1)} = (N +(ad N)^k(Q^{(l)})+Q^{(l+1)})^{(1)} ⊂ N^{(1)} +(ad N)^{k+1}(Q^{(l)})+Q^{(l+1)}.

This shows that

Q = N+(ad N)^k(N^{(1)})+(ad N)^{2k+1}(Q^{(l)})+Q^{(l+1)} ⊂ N+(ad N)^{k+1}(Q^{(l)})+Q^{(l+1)}.

Induction on k yields

Q = N + Q^{(l+1)} = N + (ad N)^0(Q^{(l+1)}) + Q^{(l+2)}.

Induction on l now gives the result. □

In all cases which we have to investigate for a proof of the main result of this section, we reduce the consideration of the modules in question to that of coinduced modules by the following proposition.

We recall the following well known fact. Let ρ : G → gl(V ) be an irreducible representation and N an ideal of G, such that ρ(N) consists of nilpotent transformations. Then {v ∈ V | ρ(x)v = 0 ∀ x ∈ N} is a nonzero G–submodule. Consequently, ρ(N) = (0).

Definition 5.3 Let G be a finite dimensional Lie algebra and ρ : G → gl(V ) a finite dimensional representation.

1. If ρ(x) has a single eigenvalue for every ad–nilpotent element x ∈ G, then V is called an eigenvalue module. The function assigning to every ad– nilpotent element of G the eigenvalue on V is called the corresponding eigenvalue function.

2. Let G be restricted. If there is χ ∈ G^∗ such that

ρ(x)^p − ρ(x^{(p)}) = χ(x)^p Id_V ∀ x ∈ G,

then V is called a character module and χ is the assigned character.

Lemma 5.41 Let G be a finite dimensional Lie algebra, N a nilpotent ideal of G, and ρ : G → gl(V ) a finite dimensional representation.

1. If V is G–irreducible, then V is an eigenvalue module. If in addition G is restricted, then V is a character module.

2. If V is an eigenvalue module, then it is a eigenvalue module considered as a N–module. If N is abelian, then the eigenvalue function is linear on N.

3. Let G ⊕^s_{i=−r} G_i be Z-graded satisfying (g1) - (g3) and N ≠ (0) a nilpotent ideal of G_0. Then there is α : N → F , α ≠ 0, such that every G_i is a N-eigenvalue module with eigenvalue function iα.

Proof. (1) Let x be ad–nilpotent. Then, for sufficiently big k, [ρ(x)^{pk} , ρ(G)] = (0). As V is G–irreducible, there is α ∈ F such that ρ(x)^{pk} = α^{pk} Id_V . Then α is the only eigenvalue of ρ(x).

If, in addition, G is restricted then [St-F, (5.2.5)] shows that V is a character module.

(2) Since N is a nilpotent ideal of G, every x ∈ N is ad–nilpotent. As V is an eigenvalue module, there is, by definition, a mapping α : N → F such that ρ(x) − α(x)Id_V is nilpotent for every x ∈ N. Therefore V , considered as a N–module, is an eigenvalue module.

Suppose N is abelian. Then there is a common eigenvector

ρ(x)(v) ∈ F v ∀ x ∈ N.

Now α(x) is the only eigenvalue, so ρ(x)(v) = α(x)v for all x ∈ N. Therefore α is linear on N.

(3) Since G_{−1} is an irreducible G_0-module by (g3), part (1) shows that G_{−1} is an eigenvalue module. Let −α be the eigenvalue function, by (g1) G_{−1} is a faithful G_0-module. Then N acts nonnilpotently, hence α(N) ≠ 0. Due to (g2) G_i, (i < −1), is an eigenvalue module with eigenvalue function iα. For i ≥ 0 (g1) implies that G_i embeds into Hom_F (G_{−1}, G_{i−1}). Inductively, one proves that Hom_F (G_{−1}, G_{i−1}) (and hence its submodule G_i) is an eigenvalue module with eigenvalue function (i − 1)α − (−α) = iα. □

Proposition 5.42 Let Q be a solvable Lie algebra and J a nonabelian ideal of Q. Suppose Q acts triangulably on C(J). Then there exists an ideal I of Q satisfying C(J) ⊂ I ⊂ J, I^{(1)} = (0), [I, J] ≠ (0).

Proof. Since Q is solvable there is an ideal I of Q satisfying

C(J) ⊊ I ⊂ J, I^{(1)} ⊂ C(J).

Choose I of minimal dimension, then I/C(J) is an irreducible Q-module. If I^{(1)} = (0) then I satisfies the requirements. So assume I^{(1)} ≠ (0). Let K be a maximal Q-submodule of I^{(1)}. Since Q^{(1)} acts nilpotently on C(J) ⊃ I^{(1)}, one has dim I^{(1)}/K = 1.

Let ρ : Q → gl(I/C(J)) denote the representation of Q into the irreducible Q-module I/C(J), and λ the eigenvalue function assigned to ρ(Q). Let U be an ideal of Q satisfying U^{(1)} ⊂ ker ρ. As U ∩ Q^{(1)} annihilates the 1-dimensional module I^{(1)}/K one has 2λ(x) = 0 for all x ∈ ρ(U ∩ Q^{(1)}). But then U ∩ Q^{(1)} acts nilpotently, hence U ∩ Q^{(1)} ⊂ ker ρ. Consequently, C(ρ(Q)) contains all abelian ideals of ρ(Q). [St-F, (5.8.2)] shows that ρ(Q) is abelian. Then dim I/C(J) = 1 and I^{(1)} = (0). □

Lemma 5.43 Let Q be a solvable Lie algebra and J an ideal of Q. Suppose V is an irreducible Q–module on which J acts nontriangulably. Assume that Q acts triangulably on C(J).

1. For every ideal I_0 ⊂ J of Q acting triangulably on V there exists a Q–ideal I with I_0 ⊂ I ⊂ J, such that I also acts triangulably on V and [I, J] does not act nilpotently on V .

2. Let I be any ideal of Q as in (1). Then V is an eigenvalue module for I with linear eigenvalue function α ∈ I^∗. Let V_0 be a maximal I–submodule of V , W = {x(V ) | x ∈ ker (U(I) → End (V/V_0))} and K = {x ∈ Q̂ | x(W ) ⊂ W }. Then

x(v + W ) = α(x)v + W ∀ x ∈ I, v ∈ V, K = {x ∈ Q̂ | α([x, I]) = 0},

J ⊄ K, and the mapping χ : V → Hom_{u(K)} (u(Q̂), V/W ) given in Theorem 5.5 is an isomorphism of Q-modules.

Proof. We may assume Q ⊂ gl(V ). Recall that every Q–ideal N which acts nilpotently on V , even annihilates V . This means N = (0), as we consider Q ⊂ gl(V ). With this setting, I_0 is abelian and J is nonabelian.

(1) If I_0 ⊄ C(J) then put I := I_0. If I_0 ⊂ C(J) then Proposition 5.42 shows the existence of an abelian ideal I ⊋ C(J) being contained in J. In any case there is an abelian Q–ideal I ⊂ J satisfying

I_0 ⊂ I ⊄ C(J).

By the introductory remark [I, J] acts nonnilpotently on V .

(2) Let I be any ideal as in (1). Our introductory remark allows to assume that I is abelian. Then V is an eigenvalue module for I and some eigenvalue function α ∈ I^∗ (Lemma 5.41). Since V/V_0 is an irreducible I–module, and I is abelian, V/V_0 is 1–dimensional. Let M := ker (U(I) → End (V/V_0)). Then U(I)/M ∼= F , hence V/W consists of I–eigenvectors of weight α. Note that, if x ∈ K, then x acts naturally on V/W . Since every y ∈ I acts on V/W as α(y)Id_{V /W} , one has α([x, I]) = 0. If on the other hand, x ∈ Q̂ and α([x, I]) = 0, then [x, I] ⊂ M and [x, M] ⊂ [x, U(I)] ⊂ M. This immediately shows x ∈ K. Hence K = {x ∈ Q̂ | α([x, I]) = 0}.

If α([J, I]) = 0, then [J, I] ⊂ I is an ideal of Q, which acts nilpotently on V . This contradicts the assumption on I. Thus J ⊄ K.

Corollary 5.18(2) states that χ is an isomorphism. □

After these preparations we will formulate and prove the key result of this section.

Theorem 5.44 Let Q be a solvable subalgebra of a finite dimensional Lie algebra L, and V^+, W^+, V^− be Q–invariant subspaces of L. Assume that

(a) [V^+, V^−] ⊂ Q,

(b) W^+ is a maximal Q–submodule of V^+,

(c) [W^+, V^−] acts triangulably on V^+/W^+,

(d) [V^+, V^−] acts nontriangulably on V^+/W^+,

(e) either

(i) Q is completely solvable or (ii) Q = [V^+, V^−] + T , where T is an abelian subalgebra which acts semisimply on L.

Then one of the following cases occurs.

(A) dim [V^+, V^+]/W_2 > dim V^+/W^+, where W_2 := {v ∈ [V^+, V^+] | [v, V^−] ⊂ W^+}.

(B) (i) p = 5;

(ii) ([V^+, V^−])^n acts nontriangulably on V^+/W^+ for all n > 1; (iii) [V^+, V^+] ≠ W_2;

(iv) every composition factor of the [V^+, V^−]–module V^+/W^+ is 5–dimensional; (v) in case (e(i)) dim V^+/W^+ = 5 holds.

If L = ⨁ i∈GF (p) Li is GF (p)–graded with L±1 = V

±, L_0 = Q, such that L_{±1} are irreducible L_0–modules, then (A) holds.

The Proof is done in several steps. We mention that [V^+, V^−] and [W^+, V^−] are ideals of Q.

Claim 1 : We may assume that Q acts faithfully on V^+ + V^−.

Proof. We clearly may assume that L is generated as a Lie algebra by V^+ + Q + V^−. Put C := {x ∈ Q | [x, V^+ + V^−] = (0)}

and assume that C ≠ (0). C is an ideal of L, satisfying [C, [V^+, V^−]] = (0). Let π : L → L/C denote the canonical homomorphism. If π(V^+) = π(W^+) then V^+ = W^+ + C ∩ V^+. In this case [V^+, V^−] ⊂ [W^+, V^−] ⊂ Q acts triangulably on V^+/W^+. As this contradicts assumption (d), one has π(V^+) ≠ π(W^+) and C ∩ V^+ ⊂ W^+ (as W^+ is a maximal Q-submodule of V^+). As a consequence, π(V^+)/π(W^+) ∼= V^+/W^+. In particular, π(V^+)/π(W^+) is an irreducible π(Q)–module as V^+/W^+ is an irreducible Q–module. Thus (b) holds for the respective images under π.

Suppose [π(V^+), π(V^−)] = π([V^+, V^−]) acts triangulably on π(V^+)/π(W^+). As π([V^+, V^−]) is an ideal of π(Q), and π(V^+)/π(W^+) is an irreducible π(Q)– module, then π([V^+, V^−])^{(1)} annihilates this module. In this case [([V^+, V^−])^{(1)}, V^+] ⊂ W^+ + C ∩ V^+ = W^+. This again contradicts assumption (d). Therefore (a) - (e) are satisfied for π(L), π(Q), π(V^+), π(W^+), π(V^−). Suppose the theorem holds for these homomorphic images. Suppose (A) holds. Set

W̃_2 = {v ∈ [π(V^+), π(V^+)] | [v, π(V^−)] ⊂ π(W^+)}.

Then π(W_2) ⊂ W̃_2 and hence

dim [V^+, V^+]/W_2 ≥ dim [π(V^+), π(V^+)]/W̃_2 > dim π(V^+)/π(W^+) = dim V^+/W^+.

Suppose (B) holds for the homomorphic images. Then obviously (i)-(iii), (v) hold for L, Q, V^+, W^+, V^−. Recall that π(V^+)/π(W^+) ∼= V^+/W^+ as Q-modules. Therefore the [V^+, V^−]-composition factors of these modules coincide. This proves (iv).

If L is GF (p)-graded with the asserted properties, then π(L) also satisfies these assumptions. Hence it is sufficient to prove the theorem for π(L),i.e., we eventually may assume C = (0). □

Let Q denote the p-envelope of Q ∼= ad_L Q in Der L and J denote the restricted ideal of Q generated by [V^+, V^−]. Note that in case (e(ii)) T generates a torus T and Q = J + T . The algebra

L + Q satisfies (a) - (d) and (e(i)) or

(e(ii)) Q = J + T .

Step 2 : Determining the Q–module V^+/W^+. Set V̄ := V^+/W^+, v̄ := v + W^+ ∀ v ∈ V^+.

Observe that V̄ is an irreducible Q–module according to assumption (b), J acts nontriangulably on V̄ (by (d)), and Q is completely solvable or Q^{(1)} ⊂ J (see (e)). Set I_0 := [W^+, V^−] ⊂ J , which acts triangulably on V̄ (by (c)). Therefore Lemma 5.43 applies. This lemma firstly shows the existence of a triangulable Q–ideal I with [W^+, V^−] ⊂ I ⊂ J, and secondly states that V̄ ∼= Hom_{u(K)}(u(Q̂), U),

where the K–module U is a homomorphic image of V̄ . Moreover, there is α ∈ I^∗ such that every x ∈ I acts on U as α(x)Id_U ,

K = {x ∈ Q̂ | α([x, I]) = 0}.

Let p, [p] denote the p-mappings of Q̂ and Q. Then [x^p − x^{[p]}, I] = (0) for all x ∈ Q. Hence {x^p − x^{[p]} | x ∈ Q} ⊂ K and Q̂ = Q + K. Set

m := dim Q̂/K = dim Q/K ∩ Q.

Lemma 5.43 shows that J ⊄ K. This implies m ≠ 0 and J ⊄ K. Set

m^′ := dim J /(K ∩ J ) ≠ 0.

Set in Theorem 5.3 G = Q, G_{(0)} = K ∩ Q. That theorem states that there is a choice of isomorphism φ_K as in (5.2) and a cobasis (e_1, . . . , e_m) of Q̂ with respect to K such that

Ψ_K (J ) ⊂ ( (K ∩ J ) ⊗ F [m; 1] ) ⊕ (^{m′}∑ j=1 Id_K ⊗ F [m; 1]D_j ) , m^′∑

j=1 F D_j ⊂ (π_2 ∘ Ψ_K )(J ) +

m^′∑

j=1 F [m; 1]_{(1)}D_j .

Let in case (e(ii)) t_m′_{+1}, . . . , t_m ∈ T be toral elements which are linearly independent (mod K). Theorem 5.3 states that one may take Ψ_K such that in addition to the above

Ψ_K (t_i) = (t^p_i − t_i) ⊗ x^{(p−1)}_i + Id_K ⊗ (1 + x_i)D_i ∀ i = m^′ + 1, . . . , m.

Since both the representation ρ : Q → gl(V̄ ) and its extension ρ̂ : Q̂ → gl(V̄ ) are restricted and all t_i are toral, one has ρ̂(t^p_i ) = ρ(t_i)^p = ρ(t^{[p]}_i ) = ρ(t_i). As U is a homomorphic image of the K-module V̄ , t^p_i − t_i acts trivially on U. Theorem 5.2(2) now states that there are isomorphisms σ_{U,K} and φ_K as in (5.1) and (5.2) such that the associated isomorphism

(Id_U ⊗ φ_K ) ∘ σ^{−1}_{U,K} ∘ χ : V̄ ∼= Hom_{u(K)} (u(Q̂), U) ∼= U ⊗ F [m; 1]

gives rise to a restricted representation

ψ_{U,K} : Q → ( gl(U) ⊗ F [m; 1] ) ⊕ ( Id_U ⊗ W (m; 1) ) , which is related to Ψ_K by (5.6). Let by abuse ρ denote this representation, which is connected with the original one via the above mentioned isomorphism V̄ ∼= U ⊗ F [m; 1]. Then

(a) π_2ρ(J ) ⊂

∑_m′ j=1 F [m; 1]D_j , ∑_m′

j=1 F D_j ⊂ π_2ρ(J ) +

∑_m′ j=1 F [m; 1]_{(1)}D_j ,

and in case (e(ii))

(a^′) ρ(t_i) = Id_U ⊗ (1 + x_i)D_i i = m^′ + 1, . . . , m.

With these choices of σ_{U,K} and φ_K Corollary 5.18 states that

(2a) π_2ρ(Q) is a transitive subalgebra of W (m; 1),

(2b) K = ρ̂^{−1} ( gl(U) ⊗ F [m; 1] + F Id_U ⊗ W (m; 1)_{(0)} ) , (2c) U is an irreducible K–module,

(2d) π_2ρ(I) = (0),

(2e) ρ(I) generates Id_U ⊗ F [m; 1] as an associative algebra with unit element.

Since [W^+, V^−] ⊂ I ⊂ ker (π_2 ∘ ρ) (see (2d)), there is a bilinear mapping

φ : V̄ × V^− → π_2ρ(J ), φ([v̄, v^−]) := π_2ρ([v, v^−]).

Since φ(ρ(D)(v̄), v^−) = φ([D, v], v^−) and

[π_2ρ(D), π_2ρ([v, v^−])] = π_2ρ([D, [v, v^−]]) = π_2ρ([[D, v], v^−]) + π_2ρ([v, [D, v^−]]),

one has

(b) φ(ρ(D)(v̄), v^−) + φ(v̄, [D, v^−]) = [π_2ρ(D), φ(v̄, v^−)]

for all D ∈ Q, v̄ ∈ V̄ , v^− ∈ V^−. We stated in (2e), that for every g ∈ F [m; 1] there are q_{i,ji} ∈ I such that ∑ i ∏_{ri}

j_i =1 ρ(qi,ji ) = IdU ⊗ g (ri ≥ 0). Since

π_2ρ(I) = 0 (cf. (2d)), equation (b) yields

φ(u ⊗ fg, v^−) = φ ( ∑ i r_i∏

j_i =1

ρ(q_{i,ji} )(u ⊗ f), v^− )

= φ ( u ⊗ f, ∑ i (−1)^{ri}

r_i−1∏

j_i =0

(ad q_{i,ri−ji} )(v^−) ) . For every g ∈ F [m; 1] there is now q_g ∈ U(I) such that

(c) φ(u ⊗ fg, v^−) = φ(u ⊗ f, q_g · v^−) ∀ f ∈ F [m; 1], u ∈ U, v^− ∈ V^−.

From now on we assume that (A) is not true.

Claim 3 : φ(U ⊗

∏_m′ i=1 x^{p−1}_i , V^−) ⊂ W (m; 1)_{(0)}.

Proof. Suppose the claim is not true. We introduce the following notation. Set x^a =

∏_m′

i=1 x^{ai}_i for a ∈ N^{m′} , 0 ≤ a_i ≤ p − 1, τ =

∑_m′ i=1 (p − 1)ϵ_i, and x^τ = ∏_m′

i=1 x^{p−1}_i . Since the subsets {x_1, . . . , x_m′ }, {x_m′_{+1}, . . . , x_m} of {x_1, . . . , x_m} will play different roles in this proof, we write

y_1 := x_m′_{+1}, . . . , y_{m−m}′ := x_m and y^b =

m−m^′∏

i=1 y^{bi}_i .

Let (deg_x ≥ r) be the subspace of U ⊗F [m; 1] spanned by the set {u⊗

∏_m

i=1 x^{ai}_i | u ∈ U,

∑_m′ i=1 a_i ≥ r}. This means that we give x_1, . . . , x_m′ the degree 1 and y_1, . . . , y_{m−m}′ the degree 0.

In the present case there are u_1 ∈ U, v_1 ∈ V^− such that φ(u_1 ⊗ x^τ , v_1) ∉ W (m; 1)_{(0)}. By equation (a), as φ(u_1 ⊗ x^τ , v_1) ∈ π_2ρ(J),

φ(u_1 ⊗ x^τ , v_1) ≡

m^′∑

i=1 α_iD_i ≠ 0 (mod W (m; 1)_{(0)}).

After a reindexing we may assume α_1 ≠ 0, adjusting v_1 by a scalar gives α_1 = 1. We obtain

φ(u_1 ⊗ x^τ , v_1) ≡ D_1 (mod (W (m; 1)_{(0)} + ∑ j≠1

F D_j )).

Note that for a, b ∈ N^{m′} , 0 ≤ a, b ≤ τ, |b| ≤ |a| one has x^{τ +a−b} = δ_{a,b}x^τ (since x^p_i = 0 for all i). An application of equation (c) now yields for these choices of a, b

(d) φ(u_1 ⊗ x^a, q_xτ −b · v_1) = φ(u_1 ⊗ x^{τ +a−b}, v_1) { ≡ D_1 (mod (W (m; 1)_{(0)} + ∑ j≠1 F Dj )) if a = b,

= 0 if a ≠ b.

Extend u_1 to a basis (u_1, . . . , u_s) of U. Choose v(i, a, b) ∈ V^+ such that

v(i, a, b) = u_i ⊗ x^ay^b, 1 ≤ i ≤ s, 0 ≤ a_k, b_l ≤ p − 1.

We intend to show, that the following family in [V^+, V^+] ( [v(1, a, 0), v(i, rϵ_1, b)] | 1 ≤ i ≤ s, 0 ≤ a_k, b_l ≤ p − 1,

1 ≤ r ≤ p − 1, r + 1 ≤ |a| )

is linearly independent modulo W_2. To that end we assume that ∑ β(a, i, r, b)[v(1, a, 0), v(i, rϵ_1, b)] ∈ W_2

is a nontrivial relation of this family. Since [W_2, V^−] ⊂ W^+, this relation induces, for every ṽ ∈ V^−, an equation in V̄ = U ⊗ F [m; 1] 0 = ∑ β(a, i, r, b) [ [v(1, a, 0), ṽ], v(i, rϵ_1, b) ]

+ ∑ β(a, i, r, b) [ v(1, a, 0), [v(i, rϵ_1, b), ṽ] ]

= ∑ β(a, i, r, b)ρ([v(1, a, 0), ṽ])(u_i ⊗ x^r_1y^b) − ∑ β(a, i, r, b)ρ([v(i, rϵ_1, b), ṽ])(u_1 ⊗ x^a). Let r_0 := min {r | β(a, i, r, b) ≠ 0 for some i, a, b}.

Since by definition of the family under consideration |a| > r ≥ r_0 ≥ 1 for every summand occurring in this equation, the above gives a congruence (mod (deg_x ≥ r_0)) 0 ≡ ∑ β(a, i, r, b)u_i ⊗ π_2ρ([v(1, a, 0), ṽ])(x^r_1y^b)

− ∑ β(a, i, r, b)u_1 ⊗ π_2ρ([v(i, rϵ_1, b), ṽ])(x^a) ≡ ∑ β(a, i, r_0, b)u_i ⊗ π_2ρ([v(1, a, 0), ṽ])(x^{r0}_1 y^b) = s∑ i=1 ∑ a,b β(a, i, r_0, b)u_i ⊗ φ(u_1 ⊗ x^a, ṽ)(x^{r0}_1 y^b).

Set r_1 := min {|a| | β(a, i, r_0, b) ≠ 0 for some i, b}.

Take ã a m^′–tuple with |ã| = r_1 such that β(ã, i, r_0, b) ≠ 0 for some i, b, and ṽ := q_xτ −ã · v_1. Applying equation (d) to the above yields a congruence 0 ≡ s∑ i=1 ∑ b β(ã, i, r_0, b)u_i ⊗ φ(u_1 ⊗ x^τ , v_1)(x^{r0}_1 y^b)

≡ s∑ i=1 ∑ b r_0β(ã, i, r_0, b)u_i ⊗ x^{r0−1}_1 y^b (mod (deg_x ≥ r_0)). Set r_2 := min {|b| | β(ã, i, r_0, b) ≠ 0 for some i}.

Comparing summands of deg_x = r_0 − 1 and total degree r_0 − 1 + r_2 the above gives_s ∑ i=1 ∑ |b|=r_2

r_0β(ã, i, r_0, b)u_i ⊗ x^{r0 −1}_1 y^b = 0.

Then β(ã, i, r_0, b) = 0 for all i and all b with |b| = r_2. This contradiction shows, that the family in question is in fact linearly independent modulo W_2. As a consequence,

dim [V^+, V^+]/W_2 ≥ (dim U)p^{m−m′} p−1∑ r=1 dim F [m^′; 1]_{(r+1)}.

We now observe that for m^′ ≥ 1, p ≥ 5

dim F [m^′; 1]_{(2)} + dim F [m^′; 1]_{(3)} = (p^{m′} − (1 + m^′)) + (p^{m′} − (1 + m^′ + m^′(m^′ + 1) 2 )) ≥ p^{m′} .

As F [m^′; 1]_{(4)} ≠ (0), we conclude

dim [V^+, V^+]/W_2 > (dim U)p^{m−m′} p^{m′} = dim V^+/W^+.

Thus case (A) holds. This contradiction proves Claim 3. □

Claim 4 : The Lie algebra generated by φ(U ⊗

∏_m′ i=1 x^{p−1}_i , V^−) does not act nilpotently on π_2ρ(J ). In particular, φ(U ⊗

∏_m′

i=1 x^{p−1}_i , V^−) ⊄ W (m; 1)_{(1)}.

Proof. As above set x^τ =

∏_m′ i=1 x^{p−1}_i . Set N the subalgebra of W (m; 1)_{(0)} generated by φ(U ⊗ x^τ , V^−), and

B := {f ∈ F [m; 1] | φ(U ⊗ f, V^−) ⊂ N + π_2ρ(J )^{(1)}}.

Note that J^{(1)} = ([V^+, V^−])^{(1)} and φ(V̄ , V^−) = π_2ρ([V^+, V^−]). Therefore φ(V̄ , V^−)^{(1)} = π_2ρ(J )^{(1)}. Clearly, N ⊂ π_2ρ(J ). Due to equation (c) B is an ideal of F [m; 1]. Let D ∈ J , write

ρ(D) = ∑ a,b μ_{a,b} ⊗ x^ay^b + Id_U ⊗ π_2ρ(D)

with μ_{a,b} ∈ gl(U). Then equation (b) shows that for f ∈ B

φ(u ⊗ π_2ρ(D)(f), v) = φ(ρ(D)(u ⊗ f), v) − ∑ a,b φ(μ_{a,b}(u) ⊗ fx^ay^b, v)

= [π_2ρ(D), φ(u ⊗ f, v)] − φ(u ⊗ f, [D, v]) − ∑ a,b φ(μ_{a,b}(u) ⊗ f, q_xa_yb · v) ∈ π_2ρ(J )^{(1)} + N.

Therefore B is invariant under π_2ρ(J ). The definition of N implies x^τ ∈ B. Recall that, due to (a), there are

d_i ∈ J , E_i ∈ W (m; 1)_{(0)} ∀ i = 1, . . . , m^′,

such that π_2ρ(d_i) = D_i + E_i (i = 1, . . . , m^′).

Then B contains the invertible element

∏_m′ i=1(π_2ρ(d_i))^{p−1}(x^τ ), whence B = F [m; 1]. As a consequence,

φ(V̄ , V^−) ⊂ N + π_2ρ(J )^{(1)} = N + φ(V̄ , V^−)^{(1)}.

Suppose N acts nilpotently on π_2ρ([V^+, V^−]). Then Proposition 5.40 yields φ(V̄ , V^−) = N ⊂ W (m; 1)_{(0)}. As a consequence, [V^+, V^−] ⊂ K by (2b). We have mentioned in Step 2 that this is not true. This proves the claim. □

Claim 5 : Suppose Q is completely solvable. Then φ(U ⊗

∏_m i=1 x^{p−1}_i , V^−) ⊄ W (m; 1)_{(1)}.

Proof. Suppose the claim is not true. Set N_1 the subalgebra of W (m; 1)_{(1)} generated by φ(U ⊗

∏_m

i=1 x^{p−1}_i , V^−), and

B_1 := {f ∈ F [m; 1] | φ(U ⊗ f, V^−) ⊂ N + π_2ρ([Q, J ])}.

As in the proof of Claim 4 one obtains that B_1 is invariant under π_2ρ(Q), and from this one derives (since π_2ρ(Q) is a transitive subalgebra of W (m; 1)) that φ(V̄ , V^−) ⊂ N_1 + π_2ρ([Q, J ]). By assumption [Q, J ] ⊂ Q^{(1)} is nilpotent. Since N_1 ⊂ W (m; 1)_{(1)}, N_1 + π_2ρ([Q, J ]) is nilpotent as well. However, according to Claim 4 φ(V̄ , V^−) is not nilpotent. □

Claim 6 : In case (e(ii)) one has p = 5, dim U = 1, m^′ = 1, [V^+, V^+] ≠ W_2.

Proof. In the present case one has

Q = J + T ,

where T is a torus. Recall that in addition to (a) now also (a’) is true. Set T̃ := ⨁^m_{i=m′ +1} F t_i. We refer to the notation introduced in Claim 3. Set

x^a =

m^′∏

i=1 x^{ai}_i for a ∈ N^{m′} , 0 ≤ a_i ≤ p − 1,

y_i := x_m′_{+i}, y^b =

m−m^′∏

i=1 y^{bi}_i .

Claim 3 shows that φ(U ⊗ x^τ , V^−) ⊂ W (m; 1)_{(0)}.

According to (a’) one has ρ(T̃ ) =

∑_m

i=m^′ +1 F IdU ⊗ (1 + xi)Di. Then ρ(T̃ )(U ⊗

x^τ ) = 0. By (b) the space φ(U ⊗ x^τ , V^−) is therefore invariant under π_2ρ(T̃ ). Let ∑ j,a α_j (a)

∏_m

i=1 x^{ai}_i D_j ∈ φ(U ⊗ x^τ , V^−). If one of these summands only contains factors x_m′_{+1}, . . . , x_m, an iterated application of elements of the form (1 + x_i)D_i (i > m^′) would eventually create an element in φ(U ⊗ x^τ , V^−) \ W (m; 1)_{(0)}. But this contradicts the present assumption. Consequently,

(e) deg_x φ(u ⊗ x^τ , v) ≥ 0 ∀ u ∈ U, v ∈ V^−.

As φ(U ⊗ x^τ , V^−) ⊄ W (m; 1)_{(1)} (cf. Claim 4), there are u ∈ U, v ∈ V^− with φ(u ⊗ x^τ , v) ∉ W (m; 1)_{(1)}. Then there is i such that [D_i, φ(u ⊗ x^τ , v)] ∉ W (m; 1)_{(0)}. As φ(U ⊗ x^τ , V^−) ⊂ W (m; 1)_{(0)} and φ(U ⊗ x^τ , V^−) is invariant under π_2ρ(T̃ ), this implies i ≤ m^′. Let as in Claim 4

d_i ∈ J , E_i = m∑ j=1 f_j D_j ∈ W (m; 1)_{(0)},

such that π_2ρ(d_i) = D_i + E_i.

By (a) f_j = 0 for j > m^′. Set ρ(d_i) = ∑ a,b μ_{a,b} ⊗x^ay^b +Id_U ⊗(D_i +

∑_m′ j=1 f_j D_j ).

Then (observe (b) and (c))

0 ≢ [D_i, φ(u ⊗ x^τ , v)] ≡ [π_2ρ(d_i), φ(u ⊗ x^τ , v)] = φ(ρ(d_i)(u ⊗ x^τ ), v) + φ(u ⊗ x^τ , [d_i, v]) = ∑ a,b φ(μ_{a,b}(u) ⊗ x^τ x^ay^b, v) − φ(u ⊗ x^{τ −ϵi} , v)

− m^′∑

j=1 φ(u ⊗ f_j x^{τ −ϵj} , v) + φ(u ⊗ x^τ , [d_i, v]) = ∑ a,b φ(μ_{a,b}(u) ⊗ x^τ , q_xa_yb · v) − φ(u ⊗ x^{τ −ϵi} , v)

− m^′∑

j=1 φ(u ⊗ x^{τ −ϵj} , q_{fj} · v) + φ(u ⊗ x^τ , [d_i, v])

≡ −φ(u ⊗ x^{τ −ϵi} , v) −

m^′∑

j=1 φ(u ⊗ x^{τ −ϵj} , q_{fj} · v)

(mod W (m; 1)_{(0)}). Therefore there is an index i_0 ≤ m^′ and v^′ ∈ V^−, such that

φ(u ⊗ x^{τ −ϵi0} , v^′) ∉ W (m; 1)_{(0)}.

Write φ(u ⊗ x^{τ −ϵi0} , v^′) =

∑_m

j=1 g_j ∂_j . As φ(u ⊗ x^{τ −ϵi0} , v^′) ⊂ π_2ρ(J ), (a) shows that g_m′_{+1} = . . . = g_m = 0. Therefore there is i_1 ≤ m^′ such that g_{i1} has nonzero constant term. Set u_1 := u, v_1 := v^′. Then (f) φ(u_1 ⊗ x^{τ −ϵi0} , v_1) ≡ g_{i1} D_{i1} (mod ∑ i_1 ≠j≤m^′ F [m; 1]Dj ),

g_{i1} (0) ≠ 0, i_0, i_1 ≤ m^′.

Now proceed as in Claim 3. Extend u_1 to a basis (u_1, . . . , u_s) of U. Choose v(i, a, b) ∈ V^+ such that v(i, a, b) = u_i ⊗ x^ay^b. We intend to show, that the following family in [V^+, V^+] ( [v(1, a, 0), v(i, rϵ_{i1} , b)] | 1 ≤ i ≤ s, 0 ≤ a_k, b_l ≤ p − 1, 1 ≤ r ≤ p − 1,

r ≤ |a|, a_{i0} ≤ p − 2, a_{i0} ≠ r − 1, (1, a) ≠ (i, rϵ_{i1} ) )

is linearly independent modulo W_2. To that end we assume that ∑ β(a, i, r, b)[v(1, a, 0), v(i, rϵ_{i1} , b)] ∈ W_2

is a nontrivial relation of this family. Since [W_2, V^−] ⊂ W^+, this relation induces, for every ṽ ∈ V^−, an equation in U ⊗ F [m; 1] 0 = ∑ β(a, i, r, b)[[v(1, a, 0), ṽ], v(i, rϵ_{i1} , b)]

+ ∑ β(a, i, r, b)[v(1, a, 0), [v(i, rϵ_{i1} , b), ṽ]] = ∑ β(a, i, r, b)ρ([v(1, a, 0), ṽ])(u_i ⊗ x^r_{i1} y^b) − ∑ β(a, i, r, b)ρ([v(i, rϵ_{i1} , b), ṽ])(u_1 ⊗ x^a). Let r_0 := min{r | β(a, i, r, b) ≠ 0 for some i, a, b}.

Since by definition of the family under consideration |a| ≥ r ≥ r_0 ≥ 1 for every summand occurring in this equation, the above gives a congruence (mod (deg_x ≥ r_0))

(g) 0 ≡ ∑ β(a, i, r, b)u_i ⊗ π_2ρ([v(1, a, 0), ṽ])(x^r_{i1} y^b) − ∑ β(a, i, r, b)u_1 ⊗ π_2ρ([v(i, rϵ_{i1} , b), ṽ])(x^a) ≡ ∑_s i=1 ∑ a,b β(a, i, r_0, b)u_i ⊗ φ(u_1 ⊗ x^a, ṽ)(x^{r0}_{i1} y^b) − ∑ |a|=r_0 ∑ i,r,b β(a, i, r, b)u1 ⊗ φ(ui ⊗ x r i_1 y

b, ṽ)(x^a). Set r_1 := min{|a| | β(a, i, r_0, b) ≠ 0 for some i, b}, and a := {a | |a| = r_1; β(a, i, r_0, b) ≠ 0 for some i, b}.

Note that r_1 ≥ r_0 since |a| ≥ r ≥ r_0 whenever β(a, i, r, b) ≠ 0. Choose ã ∈ a for which the i_0–component is maximal,

a ∈ a ⇒ a_{i0} ≤ ã_{i0} .

Now observe the following. If |a| > r_1 = |ã|, then there is l with (τ +a−ã−ϵ_{i0} )_l ≥ p, or (a_l − ã_l − δ_{l,i0} ) ≤ 0 for all l. In the first case x^{τ +a−ã−ϵi0} = 0. In the second case, as |a| > |ã|, one has a = ã + ϵ_{i0} . Then x^{τ +a−ã−ϵi0} = x^τ and (e) implies

deg_x φ(u ⊗ x^{τ +a−ã−ϵi0} , v) ≥ 0 ∀ u ∈ U, v ∈ V^−

(which is now true in both cases). Suppose a ∈ a. Then either there is l with (τ + a − ã − ϵ_{i0} )_l ≥ p, or a_j − ã_j ≤ 0 for all j ≠ i_0. By choice of ã, one also has a_{i0} ≤ ã_{i0} . Hence, as |a| = |ã|, this proves a = ã in the second case. Thus in the first case

φ(u ⊗ x^{τ +a−ã−ϵi0} y^b, v) = 0 ∀ u ∈ U, v ∈ V^−, b ∈ N^{m−m′} ,

and in the second case one has a = ã, in which (see (f))

φ(u_1 ⊗ x^{τ +a−ã−ϵi0} , v_1) = φ(u_1 ⊗ x^{τ −ϵi0} , v_1) ≡ g_{i1} D_{i1} (mod ∑ j≠i_1

F [m; 1]D_j ).

Observe that (τ − ã − ϵ_{i0} )_l ≥ 0 for all l, since τ_l = p − 1 and ã_{i0} ≤ p − 2. Set in (g) ṽ := q_xτ −ã−ϵ_{i0} · v_1. Then we obtain a congruence (mod (deg_x ≥ r_0)) 0 ≡ s∑ i=1 ∑ a,b β(a, i, r_0, b)u_i ⊗ φ(u_1 ⊗ x^{τ +a−ã−ϵi0} , v_1)(x^{r0}_{i1} y^b) − ∑ |a|=r_0 ∑ i,r,b

β(a, i, r, b)u_1 ⊗ φ(u_i ⊗ x^{τ −ã−ϵi0 +rϵi1} y^b, v_1)(x^a)

≡ s∑ i=1 ∑ b r_0β(ã, i, r_0, b)u_i ⊗ g_{i1} x^{r0−1}_{i1} y^b − ∑ |a|=r_0 ∑ i,r,b

β(a, i, r, b)u_1 ⊗ φ(u_i ⊗ x^{τ −ã−ϵi0 +rϵi1} y^b, v_1)(x^a).

Since g_{i1} is invertible one gets

β(ã, i, r_0, b) = 0 ∀ i ≠ 1, ∀ b.

By definition of ã there is therefore b ∈ N^{m−m′} such that β(ã, 1, r_0, b) ≠ 0. In particular, for such b, [v(1, ã, 0), v(1, r_0ϵ_{i1} , b)] is an element of the family under consideration. Then ã ≠ r_0ϵ_{i1} . By definition of the family under consideration the second sum only contains summands for which r ≤ |a| = r_0. By choice of r_0 this means r = r_0. There is therefore a nontrivial congruence (mod (deg_x ≥ r_0)) ∑ b r_0β(ã, 1, r_0, b)u_1 ⊗ g_{i1} x^{r0−1}_{i1} y^b ≡ ∑ |a|=r_0 ∑ i,b β(a, i, r_0, b)u_1 ⊗ φ(u_i ⊗ x^{τ −ã−ϵi0 +r0ϵi1} y^b, v_1)(x^a).

We now take a close look at the nonzero summands on the right side of this congruence. By definition of r_1 one has r_1 ≤ |a| = r_0 for such a summand, and the earlier observation r_1 ≥ r_0 implies that such summands can only occur if r_1 = r_0. As |ã| = r_1 = r_0 and ã ≠ r_0ϵ_{i1} , one has ã_{i1} < r_0.

If i_0 ≠ i_1 this implies (τ − ã − ϵ_{i0} + r_0ϵ_{i1} )_{i1} ≥ p, and x^{τ −ã−ϵi0 +r0ϵi1} = 0. All summands vanish in this case.

Next consider the case i_0 = i_1. Then x^{τ −ã−ϵi0 +r0ϵi1} = 0 except if ã_{i0} = r_0 − 1. However, as β(ã, 1, r_0, b) ≠ 0 for some b, the definition of the family under consideration implies that ã_{i0} ≠ r_0 − 1.

We conclude β(ã, 1, r_0, b) = 0 for all b (since g_{i1} is invertible). This contradiction shows that the family in question is linearly independent modulo W_2.

To obtain the required dimension estimate, consider the subfamily ( [v(1, a, 0), v(i, rϵ_{i1} , b)] | (1 ≤ i ≤ s) ∧ (1 ≤ r ≤ p − 3) ∧ (r + 1 ≤ a_{i0} ≤ p − 2),

or (2 ≤ i ≤ s) ∧ (1 ≤ r ≤ p − 2) ∧ (r = a_{i0} ) ) .

The preceding deliberations imply

dim [V^+, V^+]/W_2

≥ sp^{m−m′} p−3∑ r=1 dim span

{^{m′}∏ i=1 x^{ai}_i | r + 1 ≤ a_{i0} ≤ p − 2 }

+ (s − 1)p^{m−m′} p−2∑ r=1 dim span

{^{m′}∏ i=1 x^{ai}_i | a_{i0} = r }

= sp^{m−1} p−3∑ r=1 dim span {x^k_{i0} | r + 1 ≤ k ≤ p − 2} + (s − 1)p^{m−1}(p − 2)

= sp^{m−1}

(^{p−3}∑ r=1 p − r − 2 ) + (s − 1)p^{m−1}(p − 2)

= sp^{m−1}

( (p − 3)(p − 2) 2 + (p − 2) ) − p^{m−1}(p − 2).

For p ≥ 7 or p = 5, s ≥ 4 the right side of this inequality exceeds sp^m = dim V^+/W^+. In this case, the (A) holds contrary to our assumption. Thus p = 5, s ≤ 3. Since U is an irreducible K–module (cf. (2c)) and K is a solvable Lie algebra, dim U is a p–power. Thus s = 5^k for some k ≥ 0, then s = 1. We end up with the case p = 5, s = 1. Consider the subfamily ( [v(1, a, 0), v(1, rϵ_{i1} , b)] | (r = 1) ∧ (a_{i0} ∈ {1, 2, 3}) ∧ (a ≠ ϵ_{i1} ), or

(r = 2) ∧ (a_{i0} ∈ {2, 3}) ∧ (a ≠ 2ϵ_{i1} ), or (r = 3) ∧ (a_{i0} = 3) ∧ (a ≠ 3ϵ_{i1} ) ) . The preceding deliberations imply

dim [V^+, V^+]/W_2 ≥ p^{m−m′} ( 3 dim span { ∏ j≠i_0

x^{aj}_j } − 1 )

+ p^{m−m′} ( 2 dim span { ∏ j≠i_0

x^{aj}_j } − 1 )

+ p^{m−m′} ( dim span { ∏ j≠i_0

x^{aj}_j } − 1 )

= 6p^{m−1} − 3p^{m−m′} = 5^m + 5^{m−m′} (5^{m′−1} − 3).

If m^′ > 1, then the right side of this equality exceeds 5^m = dim V^+/W^+. Then (A) holds contrary to the present assumption.

Thus m^′ = 1. Observe that in this case dim [V^+, V^+]/W_2 ≥ 3p^{m−1} ≠ 0. □

Claim 7 : In case (e(i)) one has p = 5, dim U = 1, m = 1, dim V^+/W^+ = 5, [V^+, V^+] ≠ W_2.

Proof. We repeat the proof of Claim 6 with some simplifications. Namely, substitute J by Q, T by (0), m^′ by m. There is no need to distinguish different subsets {x_1, . . . , x_m′ } and {y_1, . . . , y_{m−m}′ } of {x_1, . . . , x_m}. Set x^a =

∏_m

i=1 x^{ai}_i .

Claim 3 shows that

φ(U ⊗ m∏ i=1 x^{p−1}_i , V^−) = φ(U ⊗

m^′∏

i=1 x^{p−1}_i , ( m∏ i=m^′ +1

q_xp−1_i ) · V^−) ⊂ W (m; 1)_{(0)},

while Claim 5 states that

φ(U ⊗ m∏ i=1 x^{p−1}_i , V^−) ⊄ W (m; 1)_{(1)}.

Therefore an analogue of (f) (h) φ(u_1 ⊗

∏_m i=1 x^{p−1−δi,i0} i , v_1) ≡ g_{i1} D_{i1} (mod ∑ j≠i_1 F [m; 1]Dj ),

g_{i1} (0) ≠ 0,

is true in the present setting. Now proceed as in Claim 6. Extend u_1 to a basis (u_1, . . . , u_s) of U. Choose v(i, a) ∈ V^+ such that v(i, a) = u_i ⊗ x^a and show as in the former proof that the family ( [v(1, a), v(i, rϵ_{i1} )] | 1 ≤ i ≤ s, 0 ≤ a_k ≤ p − 1, 1 ≤ r ≤ p − 1,

r ≤ |a|, a_{i0} ≤ p − 2, a_{i0} ≠ r − 1, (1, a) ≠ (i, rϵ_{i1} ) )

is linearly independent modulo W_2. Finally, the estimates derived in the proof of Claim 6 remain unchanged for this case and yield the desired contradiction. Thus p = 5, dim U = 1, m = 1, [V^+, V^+] ≠ W_2. Observe that dim V^+/W^+ = (dim U)p^m = 5. □

Step 8 :

We have already verified assertions (i),(iii), (v) of (B). The spaces U_a := ∑ b≥a ∑_4

i=0 U ⊗ x^iy^b and U^′_a := ∑ b>a ∑_4 i=0 U ⊗ x^iy^b are π_2ρ(J )-invariant (cf. (a)). Hence they are ρ(J )-invariant, and Ū_a := U_a/U^′_a is a [V^+, V^−]-module. Observe that dim Ū_a = 5. Since ([V^+, V^−])^{(1)} contains an element which acts invertibly on V^+/W^+, no composition factor of the [V^+, V^−]–module V^+/W^+ is 1–dimensional. Hence every such factor has dimension at least 5 (as the dimension is a 5–power). Consequently, every Ū_a is [V^+, V^−]–irreducible. Thus V^+/W^+ has a [V^+, V^−]–composition series, whose factors are 5–dimensional. Then every composition factor of any [V^+, V^−]– composition series of V^+/W^+ is 5–dimensional. This proves (iv). Claims 3 and 4 show that π_2ρ(J ) ∩ W (m; 1)_{(0)} is not p-nilpotent. As m^′ = 1 in the present case, (a) shows that there is a toral element h ∈ J such that π_2ρ(h) ≠ 0 and π_2ρ(h) ∈ π_2ρ(J ) ∩ F [m; 1]_{(1)}D_1. Write π_2ρ(h) = ∑ γ_ix_iD_1 + ∑ |a|>1 γ(a)x

(a)D_1. Then necessarily γ_1 ≠ 0. Let D ∈ J be an eigenvector with respect to h for which π_2ρ(D) ≡ D_1 (mod W (m; 1)_{(0)}) (see (a)). Then

[h, D] = −γ_1D. Since D ∉ K, there is E ∈ I such that [h, E] ∈ F E and α([D, E]) ≠ 0 (see the definition of K in Step 2). Write ρ(E) = ∑ β(a)Id⊗x^{(a)}.

Then [ρ(D), ρ(E)] ∉ Id ⊗ F [m; 1]_{(1)} (otherwise α([D, E]) = 0). As [D, E] is an eigenvector with respect to h and [ρ(h), ρ([D, E])] = [ρ(h), [ρ(D), ρ(E)]] ∈ Id ⊗ F [m; 1]_{(1)}, the corresponding eigenvalue is 0. Then [h, E] = γ_1E. As a consequence, D, E ∈ J^n = ([V^+, V^−])^n for all n > 1 and therefore ([V^+, V^−])^n acts nontriangulably. We have now established (B). This result proves that under the assumptions of the theorem cases (A) or (B) hold.

Step 9 :

Finally assume that L = ⨁ i∈GF (p) Li is GF (p)–graded with L±1 = V

±, L_0 = Q, that L_{±1} are irreducible L_0–modules, and that (A) is not true. By the preceding results, p = 5, dim U = 1 and every [L_{−1}, L_1]–composition factor of L_1 is 5–dimensional.

Consider case (e(i)). Then m = m^′ = 1 (Claim 7), hence L_1 is 5-dimensional, and therefore L_1 is an irreducible [L_{−1}, L_1]-module. Since Q^{(1)} = Q^{(1)} is nilpotent, there is an eigenvalue function β on Q^{(1)} such that L_1 is a Q^{(1)}-eigenvalue module with eigenvalue function β. Since L_{−1} is Q-irreducible and Q^{(1)} acts nilpotently on [L_{−1}, L_1], L_{−1}/ann_{L−1} L_1 = L_{−1} is a Q^{(1)}-eigenvalue module with eigenvalue function −β. Then

L_{±1} ∼= Hom_{u(K}′_)(u(Q̂), U_{±1})

where K^′ is a subalgebra maximal subject to the condition β(K^{′(1)}) = 0 and U_{±1} are irreducible K^′-modules (Corollary 5.9). Since K^′ acts triangulably on U_{±1}, these modules are 1-dimensional. It is important here to mention that this construction is done by using K^′ in both cases. Since L_1 is 5-dimensional, so is L_{−1}. Since β(([L_{−1}, L_1])^{(1)}) ≠ 0, [L_{−1}, L_1] acts nontriangulably on L_{−1}. Hence L_{−1} is an irreducible [L_{−1}, L_1]-module. Clearly one may assume that L is generated by L_1 + L_0 + L_{−1}. Then (⊕_{i≠0}L_i) ⊕ ([L_{−1}, L_1]) is a Lie algebra. Since L_{±1} are irreducible [L_{−1}, L_1]-modules, it is sufficient in this case to assume that Q = [L_{−1}, L_1].

In case (e(ii)) we have Q = J + T where J is the p-envelope of [L_{−1}, L_1] in Der L and T is a torus. We now have Q = J + T in both cases, with T = (0) in case (e(i)).

In order to derive a contradiction, we have to go into the very details of this Lie algebra.

(a) We are going to employ the notations and results of the preceding steps. Step 3 shows that π_2ρ(J ) ∩ W (m; 1)_{(0)} is not p-nilpotent. Then J contains a toral element h_1 such that π_2ρ(h_1) ∈ W (m; 1)_{(0)}. As ad_Q h_1 is a semisimple endomorphism, Q = J + C_Q(h_1). Moreover, Q/J is by assumption a torus. Hence there are toral elements t_2, . . . , t_m ∈ C_Q(h_1) which are linearly independent (mod J ). Then F h_1 +

∑_m i=2 F t_i is a torus of W (m; 1). Since π_2ρ(Q) is transitive and dim π_2ρ(J )/π_2ρ(J ) ∩ W (m; 1)_{(0)} = m^′ = 1, similar to Step 2 and (a),(a’) one can choose isomorphisms such that

π_2ρ(J ) ⊂ F [m; 1]D_1,

F D_1 ⊂ π_2ρ(J ) + F [m; 1]_{(1)}D_1,

π_2ρ(h_1) = x_1D_1,

ρ(t_i) = Id_U ⊗ (1 + x_i)D_i, i = 2, . . . , m,

holds. Set T^′ = F h_1 +

∑_m i=2 F t_i. Then π_2ρ(T^′) = F x_1D_1 +

∑_m i=2 F (1 + x_i)D_i.

The natural Lie algebra homomorphism

ψ : F [m; 1]D_1 → W (1; 1)

with ker ψ = ∑ a_2+...a_m≥1 F

∏_m i=1 x^{ai}_i D_1 maps π_2ρ(J ) into a solvable transitive subalgebra of W (1; 1), which contains x_1D_1 as h_1 ∈ J . Then ψπ_2ρ(J ) = F x_1D_1 + F D_1.

Now we introduce some distinguished elements. In case (e(ii)) one has m^′ = 1. Then (f) shows that there are u_1 ∈ U, v_1 ∈ V^− with φ(u_1 ⊗ x^3_1, v_1) = g_1D_1 with g_1(0) ≠ 0. In case (e(i)) one has m = 1. Then (h) shows that there are u_1 ∈ U, v_1 ∈ V^− with φ(u_1 ⊗ x^3_1, v_1) = g_1D_1 with g_1(0) ≠ 0. In fact in both cases (f) and (h) one may take v_1 a T^′-eigenvector. Then φ(u_1 ⊗ x^3_1, v_1) is a π_2ρ(T^′)-eigenvector as well. Thus we find v_1 ∈ V^−, w_{−1} = αx^{a1}_1

∏_m

i=2(1 + x_i)^{ai} such that φ(u_1 ⊗ x^3_1, v_1) = w_{−1}D_1. Since g_1(0) ≠ 0 we have a_1 = 0, adjusting v_1 we may assume α = 1. Comparing T^′-weights (observe eqn. (b)) one obtains that φ(u_1 ⊗ x^4_1w^4_{−1}, v_1) = δx_1D_1 for some δ ∈ F . Set d^′ := [u_1 ⊗ x^3_1, v_1] ∈ J , then π_2ρ(d^′) = w_{−1}D_1. Since d^′ is a T^′-eigenvector, one necessarily obtains d^′ = γId ⊗ x^4_1w_{−1} + Id ⊗ w_{−1}D_1, γ ∈ F . By equations (b) and (c)

δw_{−1}D_1 = [π_2ρ(d^′), [u_1 ⊗ x^4_1, (q_{w−1} )^4 · v_1]] = −φ(u_1 ⊗ x^3_1w_{−1}, (q_{w−1} )^4 · v_1) + φ(u_1 ⊗ x^4_1, [d^′, (q_{w−1} )^4 · v_1]).

Now observe that R := φ(u_1 ⊗ x^4_1, [d^′, (q_{w−1} )^4 · v_1]) is contained in F [m; 1]_{(1)}D_1 (by Claim 3) and it is a π_2ρ(T^′)-eigenvector. Since φ(u_1 ⊗ x^4_1, (q_{w−1} )^4 · v_1) has weight 0, the weight of R is the same as that of π_2ρ(d^′) = w_{−1}D_1. But weight spaces in F [m; 1]D_1 are 1-dimensional, hence R ∈ F w_{−1}D_1. As R ∈ F [m; 1]_{(1)}D_1 this forces R = 0. Hence

δw_{−1}D_1 = −φ(u_1 ⊗ x^3_1w_{−1}, (q_{w−1} )^4 · v_1) = −φ(u_1 ⊗ x^3_1, v_1) = −w_{−1}D_1.

Then δ = −1. Set v_0 := −(q_{w−1} )^4 · v_1. We obtain (k) φ(u_1 ⊗ x^4_1, v_0) = x_1D_1, φ(u_1 ⊗ x^3_1w_{−1}, v_0) = −w_1D_1.

Set h := [u_1 ⊗ x^4_1, v_0], d := [u_1 ⊗ x^3_1w_{−1}, v_0].

(b) Observe that π_2ρ(J ) is π_2ρ(T^′)-invariant and hence decomposes into the direct sum of eigenspaces. Let x^{a1}_1

∏_m i=2(1 + x_i)^{ai} D_1 ∈ π_2ρ(J ) be a typical eigenvector. Then ψ(x^{a1}_1

∏_m i=2(1 + x_i)^{ai} D_1) = x^{a1}_1 D_1 ∈ F x_1D_1 + F D_1. This yields a_1 ≤ 1 and

π_2ρ(J ) ⊂ ∑ a F (^m∏ i=2 (1 + x_i)^{ai} ) x_1D_1 + ∑ a F (^m∏ i=2 (1 + x_i)^{ai} ) D_1. Set J_0 := (π_2ρ)^{−1} ( ∑ a_2+...+a_m≥1 F m∏ i=2 (1 + x_i)^{ai} x_1D_1 + ∑ a F m∏ i=2 (1 + x_i)^{ai} D_1 ) .

Observe that J = J_0 ⊕ F h_1, J^{(1)} ⊂ J_0, [T^′, J ] ⊂ J_0. Therefore Q = J_0 ⊕ T^′, [Q, J ] ⊂ J_0 and there exists a Q–invariant pairing

Λ : V^+ × V^− → F

given by [v, v^′] ≡ Λ(v, v^′)h_1 (mod J_0), v ∈ V^+, v ∈ V^−.

By (a) [V^+, V^−] ⊄ J_0 and hence Λ ≠ 0. As V^+, V^− are irreducible Q–modules, Λ is nondegenerate. Hence V^− ∼= (V^+)^∗ as Q–modules. Note that L_1 is induced by a 1-dimensional subrepresentation of a subalgebra K ⊂ Q̂ (Corollary 5.20),

L_1 = V^+ ∼= Hom_{u(K)} (u(Q̂), F_α) ∼= F_α ⊗ F [m; 1],

where α and K are as in Step 2. In particular, h_1, h ∈ K. Theorem 5.6 now shows that (with σ̃ the Frobenius twist)

L_{−1} = V^− ∼= Hom_{u(K)} (u(Q̂), F_{−α−σ̃} ) ∼= F_{−α−σ̃} ⊗ F [m; 1].

Due to Theorem 5.2 (see also Step 2) there is a homomorphism

Ψ_K : J → ( K ⊗ F [m; 1] ) ⊕ ( Id_K ⊗ W (m; 1) )

which has the following important universal property. Let ρ_± denote the representation of Q on L_{±1} and ω_± the restricted representations of K on F_{−α} and F_{−α−σ̃} , respectively. Write Ψ_K (E) = ∑ k_a(E) ⊗ x^{(a)} + Id_K ⊗ (π_2 ∘ Ψ_K )(E), then ρ_±(E) = ∑ ω_±(k_a(E)) ⊗ x^{(a)} + Id_K ⊗ (π_2 ∘ Ψ_K )(E) (see equation (5.6)).

In particular, π_2ρ_+(E) = π_2ρ_−(E) for all E, and ker ρ_+ = ker ρ_−. According to Claim 1 we now have ker ρ_+ = ker ρ_− = (0). Comparing weights one obtains

ρ_+(h_1) = ω_+(h_1)Id_+ ⊗ 1 + Id_+ ⊗ x_1D_1, ρ_+(t_i) = Id_+ ⊗ (1 + x_i)D_i, i = 2, . . . , m, ρ_−(h_1) = ω_−(h_1)Id_− ⊗ 1 + Id_− ⊗ x_1D_1, ρ_−(t_i) = Id_− ⊗ (1 + x_i)D_i, i = 2, . . . , m.

(5.11)

(c) Write v_0 = u_− ⊗ x^k_1 w with w =

∏_m i=2(1 + x_i)^{bi} (recall that v_0 is a T^′- eigenvector). Since π_2ρ_+([u_+ ⊗x^4_1, v_0]) = x_1D_1, comparing weights yields w = 1, and equation (c) gives k = 0 (otherwise π_2ρ_+([u_+ ⊗ x^4_1, v_0]) = 0). As h = [u_+ ⊗ x^4_1, v_0] is a T^′-eigenvector, necessarily of weight 0, one has ρ_+(h) = ω_+(h)Id_+ ⊗ 1+Id_+ ⊗x_1D_1 , ρ_−(h) = ω_−(h)Id_−⊗1+Id_−⊗x_1D_1. Then 0 = [h, [u_+⊗x^4_1, v_0]] = (ω_+(h) + 4 + ω_−(h))[u_+ ⊗ x^4_1, v_0], hence ω_−(h) = −ω_+(h) + 1. Since π_2ρ_+([u_+ ⊗ x^3_1w_{−1}, v_0]) = −w_1D_1, and d = [u_+ ⊗ x^3_1w_{−1}, v_0] is a T^′-eigenvector, one has ρ_+(d) = γ_+Id_+ ⊗x^4_1w_{−1} −Id_+ ⊗w_{−1}D_1, ρ_−(d) = γ_−Id_− ⊗x^4_1w_{−1} −Id_− ⊗w_{−1}D_1, with γ_± ∈ F . We summarize (with μ = ω_+(h))

ρ_+(h) = μId_+ ⊗ 1 + Id_+ ⊗ x_1D_1, ρ_−(h) = (−μ + 1)Id_− ⊗ 1 + Id_− ⊗ x_1D_1,

[h, u_+ ⊗ x^4_1] = ρ_+(h)(u_+ ⊗ x^4_1) = (μ − 1)u_+ ⊗ x^4_1, [h, u_− ⊗ 1] = ρ_−(h)(u_− ⊗ 1) = (1 − μ)u_− ⊗ 1, [u_+ ⊗ x^4_1, u_− ⊗ 1] = h,

ρ_+(d) = γ_+Id_+ ⊗ x^4_1w_{−1} − Id_+ ⊗ w_{−1}D_1, ρ_−(d) = γ_−Id_− ⊗ x^4_1w_{−1} − Id_− ⊗ w_{−1}D_1, [u_+ ⊗ x^3_1w_{−1}, u_− ⊗ 1] = d.

(5.12)

Since L is generated by L_±, h is a semisimple element. Since [ρ_±(h), ρ_±(t_i)] = 0 for i = 2, . . . , m, T^{′′} := F h +

∑_m i=2 F t_i is a torus and Q = J + T^{′′}. We may assume that h_1 = h. Then h ∈ T^′.

We have seen in Step 2, that there are q_{i,ji} ∈ I such that ∑ i ∏_{ri}

j_i=1 ρ+(qi,ji ) =

Id_+ ⊗ x_1. Since I^{(1)} ⊂ ker ρ_+ = (0), one has [ u_+ ⊗ x^a_1 m∏ i=2 x^{ai}_i , u_− ⊗ x^b_1 m∏ i=2 x^{bi}_i ] = 0 whenever a + b > 5. As a consequence,

0 = [d, d]

= [d, [u_+ ⊗ x^3_1w_{−1}, u_− ⊗ 1]] = −3[u_+ ⊗ x^2_1w^2_{−1}, u_− ⊗ 1] + [u_+ ⊗ x^3_1w_{−1}, γ_−u_− ⊗ x^4_1w_{−1}] = −3[u_+ ⊗ x^2_1w^2_{−1}, u_− ⊗ 1],

0 = [d, [u_+ ⊗ x^2_1w^2_{−1}, u_− ⊗ 1]] = −2[u_+ ⊗ x_1w^3_{−1}, u_− ⊗ 1] + [u_+ ⊗ x^2_1w^2_{−1}, γ_−u_− ⊗ x^4_1w_{−1}] = −2[u_+ ⊗ x_1w^3_{−1}, u_− ⊗ 1]

0 = [u_+ ⊗ x^4_1, u_− ⊗ x^4_1], 0 = [u_+ ⊗ x^4_1, u_− ⊗ x^3_1w^2_{−1}], 0 = [u_+ ⊗ x^4_1, u_− ⊗ x^2_1w^3_{−1}].

(5.13)

(d) Equations (5.12) show that

S := F (u_+ ⊗ x^4_1) ⊕ F h ⊕ F (u_− ⊗ 1) is a Lie algebra. We are going to consider the S–module L. Let (κ_1, . . . , κ_m) be the basis of J^{′∗} dual to (h, t_2, . . . , t_m). Then

F u_+ ⊗ x^k_1 m∏ j=2 (1 + x_j )^{lj} = L_{1,(μ+k)κ1+}^∑m_{j=2 lj κj} ,

F u_− ⊗ x^k_1 m∏ j=2 (1 + x_j )^{lj} = L_{−1,(−μ+1+k)κ1+}^∑m_{j=2 lj κj}

are the 1–dimensional root spaces of L_1 and L_{−1}, respectively. Set w_{−1} = ∏_m

i=2(1 + x_i)^{ai} (see part (a)) and κ̃ :=

∑_m j=2 a_j κ_j .

Suppose μ = 1: Then [h, S] = (0) (by (5.12)), from which one concludes that S is a Heisenberg algebra. As L_{1,3κ1+2κ̃} = F u_+ ⊗ x^2_1w^2_{−1} and (cf. (5.13)) [u_− ⊗ 1, u_+ ⊗x^2_1w^2_{−1}] = 0, [h, u_+ ⊗x^2_1w^2_{−1}] = 3u_+ ⊗x^2_1w^2_{−1} ≠ 0, the representation theory of the Heisenberg algebra (see the Example in §5.2) shows that (ad u_+ ⊗ x^4_1)^4(u_+ ⊗ x^2_1w^2_{−1}) ≠ 0.

Observe that L_{−1,3κ1+2κ̃} = F u_− ⊗ x^3_1w^2_{−1} is 1–dimensional. Hence F (ad u_+ ⊗ x^4_1)^3(u_+ ⊗ x^2_1w^2_{−1}) = F u_− ⊗ x^3_1w^2_{−1}. But we have shown above that [u_+ ⊗ x^4_1, u_− ⊗ x^3_1w^2_{−1}] = 0. Therefore μ ≠ 1. Set λ :=^2_{μ−1} and e := λu_+ ⊗ x^4_1, f = u_− ⊗ 1, h_0 := [e, f] = λh.

Then (e, h_0, f) is a sl(2)–triple. Set

W_2 := 4∑ j=1 L_{j,(j(μ−1)+3)κ1 +2κ̃},

W_3 := 4∑ j=1 L_{j,(j(μ−1)+2)κ1 +3κ̃}.

Note that

W_2 ∩ L_1 = F u_+ ⊗ x^2_1w^2_{−1}, W_2 ∩ L_{−1} = F u_− ⊗ x^3_1w^2_{−1}, W_3 ∩ L_1 = F u_+ ⊗ x_1w^3_{−1}, W_3 ∩ L_{−1} = F u_− ⊗ x^2_1w^3_{−1}.

(5.13) yields [e, W_2 ∩ L_{−1}] = [e, W_3 ∩ L_{−1}] = (0), [f, W_2 ∩ L_1] = [f, W_3 ∩ L_1] = (0).

Since e ∈ L_{1,(μ−1)κ1} , f ∈ L_{−1,−(μ−1)κ1} , these observations show that W_2 and W_3 are S–modules, and in addition,

(ad e)^4(W_2) = (ad e)^4(W_3) = (ad f)^4(W_2) = (ad f)^4(W_3) = (0).

Therefore W_2, W_3 split into direct sums of irreducible S–modules each of which has dimension at most 4 ([St 97/1, Theorems 3.27 and 3.26]). Note that h_0 has eigenvalues

λ(−μ + 4), λ(−μ + 3), λ(μ + 2), λ(μ + 1)

on the respective spaces

W_2 ∩ L_{−1}, W_3 ∩ L_{−1}, W_2 ∩ L_1, W_3 ∩ L_1.

Therefore λ(−μ + 4) and λ(−μ + 3) are heighest weights of W_2 and W_3, and λ(μ + 2), λ(μ + 1) are lowest weights of W_2, W_3, respectively. Since all these numbers lie in the prime field, μ is in the prime field as well. Recall that μ ≠ 1. If μ = 0, then λ = −2, and λ(−μ + 3) ≡ 4 mod (5) is a heighest weight of W_3, and then W_3 contains a 5–dimensional irreducible S–module. We have seen above that this is not true.

If μ = 2, then λ = 2, and λ(−μ + 4) ≡ 4 mod (5) which is impossible, as above. Suppose μ = 4. Then W_2 has highest weight λ(−μ+4) = 0, and W_2 ∩L_{−1} is a S– module (recall that W_2 is a semisimple S-module). Also λ = −1, and λ(μ+2) ≡ −1 mod (5) is a lowest weight of W_2. Therefore W_2 has a 2–dimensional S– submodule M = W_2 ∩ L_1 + M ∩ L_2.

Suppose W_2 ∩ L_3 ≠ (0). By construction, (3(μ − 1) + 3)κ_1 + 2κ̃ = 2κ_1 + 2κ̃ is the only weight of W_2 ∩ L_3. Hence h_0 has the unique eigenvalue 2λ = 3. Therefore the nonzero S–module W_2/(M + W_2 ∩ L_{−1}) has highest weight 3. Then (ad f)^2(W_2 ∩L_3) ≢ (0) (mod (M +W_2 ∩L_{−1})). However (ad f)^2(W_2 ∩L_3) ⊂ W_2 ∩ L_1 ⊂ M. This contradiction shows that W_2 ∩ L_3 = (0). Note that [e, u_− ⊗x^4_1] = 0 and [h_0, u_− ⊗x^4_1] = 3u_− ⊗x^4_1. Hence [f, u_− ⊗x^2_1w^3_{−1}] ≠ 0. Therefore L_3 ≠ (0).

Recall that L_1, Q and L_{−1} are I–eigenvalue modules of eigenvalue functions α, 0 and −α, respectively. As L_1, Q, L_{−1} generate L, every L_i (i ≢ 0 mod (5)) is a I–eigenvalue module with eigenvalue function iα. Let V_3 be a composition factor of the Q–module L_3 and ρ_3 : Q → gl(V_3) the representation. Then V_3 is a I–eigenvalue module of eigenvalue function 3α. Note that K = {x ∈ Q̂ | 3α([x, I]) = 0} (see (a)) and V_3 ∼= Hom_{u(K)} (u(Q̂), U_3) for some irreducible K-module U_3. According to Theorem 5.37 there is an isomorphism V_3 ∼= U_3 ⊗ F [m; 1] such that

ρ_3(h) = λ ⊗ 1 + Id ⊗ x_1D_1, ρ_3(t_i) = Id ⊗ (1 + x_i)D_i, i = 2, . . . , m,

with some λ ∈ gl(U_3). Let u ∈ U_3 be a λ–eigenvector with eigenvalue δ ∈ F . Note that δ ∈ GF (p) since h is toral. Then u ⊗ x^l_1w^k_{−1} is a T^′–eigenvector of weight (δ + l)κ_1 + kκ̃.

Choose l ≡ 2 − δ mod (5). Then (δ + l)κ_1 + 2κ̃ = (3(μ − 1) + 3)κ_1 + 2κ̃, and therefore W_2 ∩ L_3 ≠ (0). This contradiction excludes the case μ = 4. If μ = 3 we proceed similarly. This final contradiction proves the theorem. □

5.8 Cartan prolongations

Suppose φ : V → End V denotes a linear mapping from a finite dimensional vector space V into its endomorphism ring. The adjoint φ^∗ : V → End V is defined by the equation

φ^∗(v)(v^′) := φ(v^′)(v) ∀ v, v^′ ∈ V.

The mapping^∗ is a linear isomorphism of Hom (V, End V ) of period 2. Therefore every^∗-invariant subspace C decomposes

C = C_+ ⊕ C_−, C_± := {φ ∈ C | φ^∗ = ±φ}.

Now let V denote a faithful module for the Lie algebra G. We consider G as a subalgebra of gl(V ). Then

C(V, G) := Hom (V, G) ∩ Hom (V, G)^∗

is the maximal^∗-invariant subspace of Hom (V, G). Recall the natural action of G on Hom (V, G)

(γ.φ)(v)(v^′) = ( [γ, φ(v)] − φ(γ(v)) ) (v^′) (5.14) = γ ( φ(v)(v^′) ) − φ(v)(γ(v^′)) − φ(γ(v))(v^′).

One concludes from this equation that

(γ.φ)^∗ = γ.φ^∗ ∀ γ ∈ G, φ ∈ Hom (V, G).

In particular, C(V, G)_± and C(V, G) are G-invariant subspaces.

The space C(V, G)_+ is called the first Cartan prolongation. For a graded Lie algebra L = L_{−1} ⊕ · · · ⊕ L_s (s ≥ 1) with gradation of depth 1 one may put V := L_{−1}, G := L_0. Then the multiplications with elements of L_1 constitute a L_0-invariant subspace, which is contained in C(L_{−1}, L_0)_+. However, if L = L_{−r} ⊕ · · · ⊕ L_s (s ≥ 1) is graded of depth > 1 then it is necessary to generalize this concept. Any sequence (x_1, . . . , x_l) of homogeneous elements x_i ∈ L with deg x_i > 0, ∑ deg x_i = r gives rise to a mapping

∏_l

i=1(ad x_i) : L_{−r} → L_0 which might not be a Cartan prolongation. Nevertheless, as L_{−r−1} = (0), one has [_l ∏ i=1 (ad x_i)(v), v^′ ] = (−1)^{l+1}

[_l ∏ i=1 (ad x_{l+1−i})(v^′), v ] ∀ v, v^′ ∈ L_{−r}.

The kernel of the linear homomorphism λ : ∑ i_k >0,|(i)|=r ⨂ (i) L_{ik} → Hom (L_{−r}, ad_{Lr} L_0), λ(x_1 ⊗ · · · ⊗ x_l) = l∏ i=j (ad x_j )

is therefore invariant under the involution x_1 ⊗ · · · ⊗ x_l → (−1)^{l+1}x_l ⊗ · · · ⊗ x_1. Thus the image under λ is a G- and^∗-invariant subspace of C(V, G).

In [Ku 76] the Cartan prolongations are studied, mainly for the case that G

is solvable. This leads immediately (cf. Corollary 5.20) to the case that V =

F [m; n], G ⊂ F [m; n] ⊕ W (m; n). However, here we follow mainly the ideas of

[Sk 97].

Lemma 5.45 Let φ ∈ Hom (V, gl(V )), f, g ∈ End V .

1. For all u, v ∈ V one has ( [φ(f(u)), g] − f ∘ [φ(u), g] ) (v) − ( [φ^∗(g(v)), f] − g ∘ [φ^∗(v), f] ) (u) = ( [f, g] ∘ φ(u) ) (v).

2. For

ξ_{φ,f} : V → gl(V ), ξ_{φ,f} (u) := [φ(f(u)), f] − f ∘ [φ(u), f]

the adjoint mapping is given by

(ξ_{φ,f} )^∗ = ξ_φ∗_{,f} .

Proof. (1) One has ( [φ(f(u)), g] − f ∘ [φ(u), g] ) (v) − ( [φ^∗(g(v)), f] − g ∘ [φ^∗(v), f] ) (u) = φ(f(u))(g(v)) − ( g ∘ φ(f(u)) ) (v) − ( f ∘ φ(u) ∘ g ) (v) + ( f ∘ g ∘ φ(u) ) (v) − ( φ^∗(g(v)) ∘ f ) (u) + ( f ∘ φ^∗(g(v)) ) (u) + ( g ∘ φ^∗(v) ∘ f ) (u) − ( g ∘ f ∘ φ^∗(v) ) (u) = ( (f ∘ g − g ∘ f)φ(u) ) (v).

(2) Setting in (1) g = f one obtains ξ_{φ,f} (u)(v) − ξ_φ∗_{,f} (v)(u) = 0. □

Lemma 5.46 Let B ⊂ End V be a commutative subalgebra, φ ∈ Hom (V, gl(V ))

and assume that [φ^∗(V ), B] ⊂ B. Then

φ(f^2(u)) − 2f ∘ φ(f(u)) + f^2 ∘ φ(u) = 0 ∀ f ∈ B, u ∈ V.

Proof. As B is commutative,

[φ^∗(v), f^2] = [φ^∗(v), f] ∘ f + f ∘ [φ^∗(v), f] = 2f ∘ [φ^∗(v), f].

Therefore ( φ(f^2(u)) − 2f ∘ φ(f(u)) + f^2 ∘ φ(u) ) (v) = ( φ^∗(v) ∘ f^2 ) (u) − ( 2f ∘ φ^∗(v) ∘ f ) (u) + ( f^2 ∘ φ^∗(v) ) (u) = ( [φ^∗(v), f^2] − 2f ∘ [φ^∗(v), f] ) (u) = 0

for all v ∈ V . □

Proposition 5.47 [Sk 97] Let G ⊂ gl(V ) be an irreducible Lie algebra of linear transformations of a finite dimensional vector space V and C(V, G) ≠ (0). Then every G–invariant Lie subalgebra M ⊂ gl(V ) satisfying [[M, M], M] = (0) is abelian.

Proof. (a) The associative algebra A ⊂ End V generated by M and Id_V is G–invariant, hence so is its center C := C(A). By Corollary 5.24 C is G-simple. Let m denote the maximal ideal of C. Recall that m is nilpotent (Corollary 5.17(1)).

Since C is commutative and [C, M] = (0), we may replace M by C + CM, and so assume C ⊂ M and that M is a module over C.

Suppose M^{(1)} ≠ (0). Note that M^{(1)} ⊂ C. Clearly, the Lie multiplication on M is C–linear and therefore defines a skewsymmetric C–bilinear mapping

μ : M/C × M/C → C.

If q + C is in the radical of this bilinear mapping then [q, M] = (0). Since M + F Id_V generates A, q ∈ C. Therefore this mapping is nondegenerate. Note that the image under this mapping in C is G-invariant. As C is G-simple, M^{(1)} = C.

(b) Let π : C → End (M/C) denote the canonical homomorphism induced by the C-module structure of M. Clearly this is a G-module homomorphism (with the natural G-module structure of M/C), π([b, D]) = [π(b), D] for b ∈ C, D ∈ G. Since C is G-simple, so is π(C). By Corollary 5.27 M/C is a free C–module of finite rank, M/C = ⊕^m_{i=1}Cx̄_i. Let x_1, . . . , x_m be preimages of x̄_1, . . . , x̄_m in M. If there is y ∈

∑_m i=1 F x_i such that [y, x_j ] ∈ m for all 1 ≤ j ≤ m then [m^ry, M] = m^r[y, M] = (0) (where r is choosen such that m^{r+1} = 0, m^r ≠ (0)). This contradicts the fact that the multiplication M/C × M/C → C is nondegenerate. Thus μ induces a symplectic bilinear mapping (^m∑ i=1 F x_i ) × (^m∑ i=1 F x_i ) → C/m ∼= F.

Therefore m = 2n is even. Set σ(i) = ±1, i^′ = i ± n as in [St 97/1, p.73]. There is λ ∈ End_F

( ∑_m

i=1 F x_i ) such that

[λ(x_i), λ(x_j )] ≡ δ_{j,i}′ σ(i)Id (mod m).

Changing notation we suppress the notion of λ. Now suppose inductively, that for t ≥ 1 [x_i, x_j ] ≡ δ_{j,i}′ σ(i)Id (mod m^t) ∀ i, j, and for some s

[x_i, x_j ] ≡ δ_{j,i}′ σ(i)Id (mod m^{t+1}) ∀ i < s, ∀ j.

Set [x_s, x_j ] = δ_{j,s}′ σ(s)Id + d_j , d_j ∈ m^t, and

x^′_s := x_s − 2n∑ j=1 σ(j^′)d_j x_j′ .

Then [x^′_s, x_j ] = δ_{j,s}′ σ(s)Id (mod m^{t+1}). As x_s′ − x_s ∈ m^tM ⊂ M and m acts nilpotently on M/C, (x̄_1, . . . , x̄^′_s, . . . , x̄_{2n}) is still a C-basis of M/C. We now may choose x_1, . . . , x_{2n} ∈ M such that

M/C = ⊕^{2n}_{i=1}Cx̄_i, [x_i, x_j ] = δ_{j,i}′ σ(i)Id ∀ i, j.

We mention that M =

∑_{2n} i=1 Cx_i + CId_V .

(c) Next we observe that the family

(^{2n}∏ i=1 x^{ai}_i | 0 ≤ a_i ≤ p − 1 )

is C–linear independent. Indeed, let ∑ d_bx^b = 0, d_b ∈ C be a nontrivial relation.

Commuting this with x_i gives a relation ∑ d_bb_i′ σ(i)x^{b−ϵi′} = 0 of lower degree.

Thus if a is such that d_a ≠ 0 of maximal degree |a|, we eventually arrive at a relation

d_a 2n∏ i=1 (a_i!)σ(i)^{ai′} = 0,

which is impossible as a_i < p for all i.

(d) Now choose ψ ∈ C(V, G) and f ∈ M arbitrary, and let B denote the commutative subalgebra of End V generated by C and f. Recall from the definition (see Lemma 5.45) that for v ∈ V

ξ_ψ∗_{,f} (v) = [ψ^∗(f(v)), f] − f ∘ [ψ^∗(v), f] ∈ [G, M] + f ∘ [G, M] ⊂ M + f ∘ M.

Thus [ξ_ψ∗_{,f} (v), f] ∈ [M, f] + f ∘ [M, f] ⊂ C + f ∘ C ⊂ B,

hence [ξ_ψ∗_{,f} (V ), B] ⊂ B. We now take in Lemma 5.46 φ = ξ_{ψ,f} , and observe that (ξ_{ψ,f} )^∗ = ξ_ψ∗_{,f} has the required property. Therefore Lemma 5.46 yields ξ_{ψ,f} (f^2(v)) − 2f ∘ ξ_{ψ,f} (f(v)) + f^2 ∘ ξ_{ψ,f} (v) = 0, i.e.,

[ψ(f^3(v)), f]−3f ∘[ψ(f^2(v)), f]+3f^2 ∘[ψ(f(v)), f]−f^3 ∘[ψ(v), f] = 0 ∀ v ∈ V.

Specialize f = x_i and express [ψ(x^r_i (v)), x_i] ∈ [G, M] ⊂ M as a C–linear combination in Id_V , x_1, . . . , x_{2n},

[ψ(x^r_i (v)), x_i] = d_{0,r}Id_V + 2n∑ j=1 d_{j,r}x_j with d_{j,r} ∈ C.

Suppose [ψ(v), x_i] ∉ C. Then in the above equation there do occur monomials of degree 4, but only in the last summand x^3_i [ψ(v), x_i]. This contradicts the independence of the monomials proved in (c). Therefore

[ψ(v), x_i] ∈ C ∀ v ∈ V.

Put c_l := [ψ(x^{3−l}_i (v)), x_i] ∈ C, l = 0, 1, 2. The above equation reads as c_0 − 3x_ic_1 + 3x^2_i c_2 − x^3_i c_3 = 0.

Again by (c) this is possible only if c_0 = · · · = c_3 = 0. Hence [ψ(v), x_i] = 0 for all i. Since x_1, . . . , x_{2n} and C generate M, [ψ(v), f] = 0 ∀ ψ ∈ C(V, G), v ∈ V, f ∈ M.

Now take f = x_1, g = x_{1+n} in Lemma 5.45(1). It follows that ψ(u)(v) = 0 ∀ ψ ∈ C(V, G), u, v ∈ V.

Then C(V, G) = (0). □ Corollary 5.48 [Sk 97] Let G ⊂ gl(V ) be an irreducible Lie algebra of linear transformations of a finite dimensional vector space V and C(V, G) ≠ (0). Then G has a unique maximal abelian ideal ab(G), which is the sum of all abelian ideals. If rad G ≠ ab(G) then [rad G, ab(G)] ≠ (0).

Proof. Let I, J be abelian ideals. Set in Proposition 5.47 M := I + J and conclude that M is abelian. Thus the sum of all abelian ideals is abelian. Now suppose that rad G is not abelian. Then there exists an ideal J such that ab(G) ⊊ J ⊂ rad G, J^{(1)} ⊂ ab(G).

Since J is not abelian, Proposition 5.47 shows that (0) ≠ [[J, J], J] ⊂ [ab(G), rad G]. □ We are particularly interested in the case that V = U ⊗ F [m; n], G ⊂ gl(U) ⊗ F [m; n] + Id_U ⊗ W (m; n), m ≠ 0.

Recall that π_2 : gl(U) ⊗ F [m; n] + Id_U ⊗ W (m; n) → W (m; n) is the projection onto the second summand. Every φ ∈ C(V, G) decomposes φ = F_φ + Id_U ⊗ D_φ where F_φ, D_φ are linear mappings F_φ : U ⊗ F [m; n] → gl(U) ⊗ F [m; n], D_φ : U ⊗ F [m; n] → W (m; n).

Lemma 5.49 The following equations are true for φ ∈ C(U ⊗ F [m; n], G).

φ(u ⊗ f)(u^′ ⊗ g) = fgF_φ(u ⊗ 1)(u^′ ⊗ 1) + u ⊗ gD_φ∗ (u^′ ⊗ 1)(f) (5.15) +u^′ ⊗ D_φ(u ⊗ f)(g),

u^′ ⊗ ( D_φ(u ⊗ f) − fD_φ(u ⊗ 1) ) (g) = u ⊗ ( D_φ∗ (u^′ ⊗ g) − gD_φ∗ (u^′ ⊗ 1) ) (f) (5.16)

D_{γ·φ}(u ⊗ f) = [π_2(γ), D_φ(u ⊗ f)] − D_φ(γ(u ⊗ f)) ∀ γ ∈ G. (5.17)

Proof. We prove successively

F_φ∗ (u^′ ⊗ 1)(u ⊗ f) = fF_φ∗ (u^′ ⊗ 1)(u ⊗ 1) = fφ^∗(u^′ ⊗ 1)(u ⊗ 1) = fφ(u ⊗ 1)(u^′ ⊗ 1) = fF_φ(u^′ ⊗ 1)(u ⊗ 1),

F_φ(u ⊗ f)(u^′ ⊗ g) = gF_φ(u ⊗ f)(u^′ ⊗ 1) = gφ(u ⊗ f)(u^′ ⊗ 1) = gφ^∗(u^′ ⊗ 1)(u ⊗ f) = gF_φ∗ (u^′ ⊗ 1)(u ⊗ f) + u ⊗ gD_φ∗ (u^′ ⊗ 1)(f) = fgF_φ(u ⊗ 1)(u^′ ⊗ 1) + u ⊗ gD_φ∗ (u^′ ⊗ 1)(f).

This shows the first equation. Apply this equation to both sides of φ(u⊗f)(u^′ ⊗ g) = φ^∗(u^′ ⊗ g)(u ⊗ f) and obtain the second equation. Since D_φ(v) = π_2(φ(v)) for all v ∈ U ⊗ F [m; n] one obtains by ()

D_{γ·φ}(v) = π_2((γ · φ)(v)) = π_2([γ, φ(v)]) − π_2(φ(γ(v))) = [π_2(γ), π_2(φ(v))] − π_2(φ(γ(v))) = [π_2(γ), D_φ(v)] − D_φ(γ(v)). □ Theorem 5.50 Let G ⊂ ( gl(U) ⊗ F [m; n] ) ⊕ ( Id_U ⊗ W (m; n) ) , m ≠ 0, and suppose that dim U > 1. Then

D_φ(u ⊗ f) = fD_φ(u ⊗ 1)

for all φ ∈ C(U ⊗ F [m; n], G), u ∈ U, f ∈ F [m; n] holds. If π_2(G) is a transitive subalgebra of W (m; n) and π_2(C(U ⊗F [m; n], G)) ≠ (0) then π_2(G) is semisimple and has the unique minimal ideal

span {D_φ(u ⊗ f) | φ ∈ C(U ⊗ F [m; n], G), u ∈ U, f ∈ F [m; n]}.

Proof. Choose in equation (5.16) u, u^′ linearly independent to obtain D_φ(u ⊗ f) = fD_φ(u ⊗ 1) for all u ∈ U, f ∈ F [m; n]. The first result follows. If π_2(G) is a transitive subalgebra of W (m; n) then F [m; n] is π_2(G)-simple. By (5.17) one has [π_2(γ), D_φ(v)] = D_{γ·φ}(v) + D_φ(γ(v)), hence the exposed set is an ideal of π_2(G). Therefore if π_2(C(U ⊗ F [m; n], G)) ≠ (0), then Corollary 5.17(2) shows that the second statement is true. □

Next consider the case that dim U = 1. Thus we identify V = U ⊗ F [m; n] with F [m; n], and also gl(U) ⊗ F [m; n] with the multiplication of F [m; n] on F [m; n]. Therefore one has to distinguish the module F [m; n] and the abelian ideal F [m; n] in the Lie algebra F [m; n] ⊕ W (m; n). We consider G as a subalgebra of this latter Lie algebra.

Theorem 5.51 Let G ⊂ F [m; n] ⊕ W (m; n), m ≠ 0. For φ ∈ C(F [m; n], G) define φ_0 := φ(1)(1), φ_{i,j} := D_φ(x_i)(x_j ) − x_iD_φ(1)(x_j ).

Then

φ_{i,j} = φ^∗_{j,i},

D_φ(f) = fD_φ(1) + m∑ i,j=1

φ_{i,j} D_i(f)D_j ,

φ(f)(g) = fgφ_0 + gD_φ∗ (1)(f) + fD_φ(1)(g) + m∑ i,j=1

φ_{i,j} D_i(f)D_j (g)

are true.

Proof. Set D̃_φ(f) := D_φ(f) − fD_φ(1) ∈ W (m; n). In the present case U ∼= F equation (5.16) implies D̃_φ(f)(g) = D̃_{φ∗} (g)(f) ∀ f, g ∈ F [m; n].

Therefore φ_{i,j} = D̃_φ(x_i)(x_j ) = D̃_φ∗ (x_j )(x_i) = arphi^∗_{j,i}. Write D̃_φ(f) =

∑_m j=1 h_j (f)D_j , D̃_{φ∗} (f) = ∑^m_{j=1} h∗_j (f)D_j . Then

h_j (f) = D̃_φ(f)(x_j ) = D̃_φ∗ (x_j )(f) = m∑ i=1 h^∗_i (x_j )D_i(f) = m∑ i=1 D̃_{φ∗} (x_j )(x_i)D_i(f)

= m∑ i=1 (~ D_φ(x_i)(x_j ) ) D_i(f) = m∑ i=1 φ_{i,j} D_i(f).

This proves the second equation. Since φ_0 = F_φ(1)(1) the last equation follows from equation (5.15). □

Lemma 5.52 Let G be a Lie subalgebra of F [m; n] ⊕ W (m; n) such that π_2(G) is a transitive subalgebra of W (m; n). Set C := {D_φ(f) | φ ∈ C(F [m; n], G), f ∈ F [m; n]} and assume that C ≠ (0). Then for every nonzero ideal J of π_2(G) one has

C ⊂ C ∩ J + W (m; n)_{(p−3)}.

Proof. Since π_2(G) is a transitive subalgebra one has J ⊄ W (m; n)_{(0)}. Let D ∈ J \ W (m; n)_{(0)} and γ ∈ G with π_2(γ) = D. Choose a basis y_1, . . . , y_m of the vector space

∑_m i=1 F x_i such that D(y_i) ≡ δ_{1,i} (mod F [m; n]_{(1)}). Then for y^b =

∏_m i=1 y^{bi}_i equation (5.17) yields

(∗) C ∩ J ∋ [D, D_φ(y^b)] = D_{γ·φ}(y^b) + D_φ(γ(y^b)) ≡ b_1D_φ(y^{b−ϵ1} )

( mod span {D_ψ(f) | ψ ∈ C(F [m; n], G), f ∈ F [m; n]_{(|b|)}}). Note that span{x^{(a)} | |a| ≤ p − 2} = span{y^{b−ϵ1} | |b| ≤ p − 1}. Thus inductively (∗) proves that span {D_φ(x^{(a)}) | φ ∈ C(F [m; n], G), |a| ≤ p − 2} ⊂ C ∩ J + span {D_φ(f) | φ ∈ C(F [m; n], G), f ∈ F [m; n]_{(p−1)}}. Since D_φ(f) ∈ W (m; n)_{(k−2)} for all φ ∈ C(F [m; n], G), f ∈ F [m; n]_{(k)}, this gives C ⊂ C ∩ J + W (m; n)_{(p−3)}, which is the claim. □

Every φ ∈ C(F [m; n], G) gives rise to a bilinear mapping

F [m; n]_{(1)} × F [m; n]_{(1)} → F [m; n], (u, v) → D̃_φ(u)(v),

and this induces a bilinear form

α^φ : ( F [m; n]_{(1)}/F [m; n]_{(2)} ) × ( F [m; n]_{(1)}/F [m; n]_{(2)} ) → F by setting D̃_φ(u)(v) ≡ α^φ(ū, v̄) (mod F [m; n]_{(1)}). Theorem 5.51 shows that, if φ = φ^∗ or φ = −φ^∗, then α^φ is symmetric or skew symmetric in the respective cases.

Note that for any u ∈ F [m; n]_{(1)}

D_φ(u^k) = u^kD_φ(1) + D̃_φ(u^k)

≡ ku^{k−1}D̃_φ(u) ≡ ku^{k−1}D_φ(u) (mod W (m; n)_{(k−1)}).

Theorem 5.53 Let G be a Lie subalgebra of F [m; n]⊕W (m; n) such that π_2(G) is a transitive subalgebra of W (m; n). If π_2(C(F [m; n], G)) ≠ (0) then π_2(G) is semisimple and has the unique minimal ideal ⋂ n≥1 ( span {D_φ(f) | φ ∈ C(F [m; n], G), f ∈ F [m; n]}

)_{(n)} .

Proof. (a) Suppose there is φ ∈ C(F [m; n], G) with α^φ ≠ 0. Then there is φ which in addition satisfies φ^∗ = φ or φ^∗ = −φ.

Assume φ^∗ = φ: Then α^φ is a symmetric bilinear form. Choose u ∈

∑_m i=1 F x_i such that α^φ(ū, ū) = 1. Then D̃_φ(u)(u) ≡ 1 (mod F [m; n]_{(1)}), and for 1 ≤ k, l ≤ p − 1 the following congruences (mod W (m; n)_{(k+l−3)}) are true.

[D_φ(u^k), D_φ(u^l)] ≡ [ku^{k−1}D̃_φ(u), lu^{l−1}D̃_φ(u)] = kl(l − 1)u^{k+l−3}(D̃_φ(u)(u))D̃_φ(u) − kl(k − 1)u^{k+l−3}(D̃_φ(u)(u))D̃_φ(u) ≡ kl(l − k)u^{k+l−3}D_φ(u) ≡ kl(l − k) k + l − 2

D_φ(u^{k+l−2}).

Let J be a nonzero ideal of π_2(G). By Lemma 5.52 there are E_i ∈ J, Ẽ_i ∈ W (m; n)_{(2)} for i = 1, 2, 3 such that E_i = D_φ(u^i) + Ẽ_i. Then one obtains

[E_1, E_2] ≡ [D_φ(u), D_φ(u^2)] ≡ 2D_φ(u) ≡ 2E_1, (mod W (m; n)_{(0)}) [E_3, E_2] ≡ [D_φ(u^3), D_φ(u^2)] ≡ −2D_φ(u^3) ≡ −2E_3, (mod W (m; n)_{(2)}) [E_1, E_3] ≡ [D_φ(u), D_φ(u^3)] ≡ 3D_φ(u^2) ≡ 3E_2, (mod W (m; n)_{(1)}).

Therefore J is not solvable.

Assume φ^∗ = −φ: Then α^φ is a skew symmetric bilinear form. Choose u_1, u_2 ∈ ∑_m

i=1 F x_i such that α^φ(ū_1, ū_2) = 1. Then for 0 ≤ i, j ≤ p − 1, 1 ≤ i + j

D_φ(u^i_1u^j_2) ≡ D̃_φ(u^i_1u^j_2) ≡ iu^{i−1}_1 u^j_2D_φ(u_1) + ju^i_1u^{j−1}_2 D_φ(u_2) (mod W (m; n)_{(i+j−1)}), D̃_φ(u_1)(u_2) ≡ 1, D̃_φ(u_2)(u_1) ≡ −1, D̃_φ(u_i)(u_i) ≡ 0 (mod F [m; n]_{(1)}),

and for 0 ≤ i, k, j, l ≤ p − 1, 1 ≤ i + j, k + l one obtains a congruence (mod W (m; n)_{(i+j+k+l−3)})

[D_φ(u^i_1u^j_2), D_φ(u^k_1 u^l_2)]

≡ [iu^{i−1}_1 u^j_2D̃_φ(u_1) + ju^i_1u^{j−1}_2 D̃_φ(u_2), ku^{k−1}_1 u^l_2D̃_φ(u_1) + lu^k_1 u^{l−1}_2 D̃_φ(u_2)] ≡ iklu^{i+k−2}_1 u^{j+l−1}_2 D̃_φ(u_1) + il(l − 1)u^{i+k−1}_1 u^{j+l−2}_2 D̃_φ(u_2) − jk(k − 1)u^{i+k−2}_1 u^{j+l−1}_2 D̃_φ(u_1) − jlku^{i+k−1}_1 u^{j+l−2}_2 D̃_φ(u_2) − ikju^{i+k−2}_1 u^{j+l−1}_2 D̃_φ(u_1) − jk(j − 1)u^{i+k−1}_1 u^{j+l−2}_2 D̃_φ(u_2) + il(i − 1)u^{i+k−2}_1 u^{j+l−1}_2 D̃_φ(u_1) + jliu^{i+k−1}_1 u^{j+l−2}_2 D̃_φ(u_2) = (il − jk)(i + k − 1)u^{i+k−2}_1 u^{j+l−1}_2 D̃_φ(u_1)

+ (il − jk)(j + l − 1)u^{i+k−1}_1 u^{j+l−2}_2 D̃_φ(u_2) ≡ (il − jk)D_φ(u^{i+k−1}_1 u^{j+l−1}_2 ).

Find Ẽ_0, Ẽ_1, Ẽ_2 as above with D_φ(u_1)+Ẽ_0, D_φ(u_1u_2)+Ẽ_1, D_φ(u_1u^2)+Ẽ_2 ∈ J, proceed as in the former case. This proves that π_2(G) is semisimple in case that there is φ with α^φ ≠ 0.

(b) According to (a) we now assume that α^φ = 0 for all φ ∈ C(F [m; n], G). Then φ_{i,j} ∈ F [m; n]_{(1)} and

D_φ(g) = gD_φ(1) + m∑ i,j=1

φ_{i,j} D_i(g)D_j ≡ gD_φ(1) (mod W (m; n)_{(0)})

for all φ ∈ C(F [m; n], G). Then D_{γ.φ}(x_i) ∈ W (m; n)_{(0)} for all γ ∈ G. From the above and (5.17) one concludes that the following congruences (mod W (m; n)_{(0)}) are valid

γ(x_i)D_φ(1) ≡ D_φ(γ(x_i)) ≡ [π_2(γ), D_φ(x_i)] = [ π_2(γ), x_iD_φ(1) + m∑ j=1 φ_{i,j} D_j ]

≡ π_2(γ)(x_i)D_φ(1) + m∑ j=1 π_2(γ)(φ_{i,j} )D_j .

Decompose γ = g + π_2(γ) with g ∈ F [m; n]. Then γ(f) = gf + π_2(γ)(f), which in particular implies

γ(x_i)D_φ(1) = gx_iD_φ(1) + π_2(γ)(x_i)D_φ(1) ≡ π_2(γ)(x_i)D_φ(1)

( mod W (m; n)_{(0)}). Consequently, the former congruence yields

∑_m j=1 π_2(γ)(φ_{i,j} )D_j ≡ 0 ( mod W (m; n)_{(0)}), and hence π_2(γ)(φ_{i,j} ) ∈ F [m; n]_{(1)}. Since π_2(G) is a transitive subalgebra of W (m; n) this shows that φ_{i,j} ∈ F [m; n]_{(2)} for all i, j. Then

D_φ(x^{(a)}) ≡ x^{(a)}D_φ(1) (mod W (m; n)_{(|a|)})

for all x^{(a)} ∈ F [m; n].

Observe that C := span{D_φ(f) | φ ∈ C(F [m; n], G), f ∈ F [m; n]} is an ideal of π_2(G) which by assumption is nonzero. Since π_2(G) is a transitive subalgebra of W (m; n), I ⊄ W (m; n)_{(0)}. Consequently there are φ ∈ C(F [m; n], G) and f ∈ F [m; n] such that D_φ(f) ∉ W (m; n)_{(0)}. By the above D_φ(1) ∉ W (m; n)_{(0)} for such φ. Choose y ∈

∑_m i=1 F x_i such that D_φ(1)(y) ≡ 1 (mod F [m; n]_{(1)}).

Let J be a nonzero ideal of π_2(G). By the above and Lemma 5.52 y^iD_φ(1) ≡ D_φ(y^i) ∈ J + W (m; n)_{(p−3)}. Therefore there are E_i ∈ J, Ẽ_i ∈ W (m; n)_{(i)} for i = 0, 1, 2 such that E_i = y^iD_φ(1) + Ẽ_i. One obtains

[E_i, E_j ] ≡ (j − i)E_{i+j−1} (mod W (m; n)_{(i+j−1)}).

Therefore J is not solvable.

(c) Let Q be a minimal ideal of π_2(G) and C the ideal mentioned in (b) (which is the same as in Lemma 5.52). By Lemma 5.52 C/C ∩ Q is nilpotent. Hence (0) ≠ ∩_{n≥1}C^n ⊂ Q. The minimality of Q implies Q = ∩_{n≥1}C^n. □

Corollary 5.54 Let G ⊂ gl(V ) be an irreducible Lie algebra of linear transformations of a finite dimensional vector space V and C(V, rad G) ≠ (0). Then the following holds.

1. For any nonzero G– and^∗–invariant subspace C of C (V, rad G) one has

ab(G) = span {φ(v) | φ ∈ C, v ∈ V }.

2. dim V = dim ab(G).

3. There is a subalgebra G_0 of G, such that G decomposes into the semidirect sum G = ab(G) ⊕ G_0.

Proof. By Corollary 5.48 the sum of all abelian ideals of G is abelian. So the notion of ab(G) is justified. Let V_0 be a maximal ab(G)–submodule of V . Set W = {x(V ) | x ∈ ker (U(ab(G)) → End (V/V_0))}. Note that g ∈ ab(G) acts on V/W as λ(g)Id_{V /W} for some λ ∈ ab(G)^∗. According to Corollary 5.18 there are isomorphisms σ : V ∼= (V/W ) ⊗ F [m; n] and ρ : G ∼= σ ∘ G ∘ σ^{−1} ⊂ ( gl(V/W ) ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ W (m; n) ) , such that π_2(G) is a transitive subalgebra of W (m; n). Moreover, ρ(ab(G)) ⊂ Id_{V /W} ⊗ F [m; n] and ρ(D) ≡ λ(D) ⊗ 1 (mod Id_{V /W} ⊗ F [m; n]_{(1)}) for D ∈ ab(G). We identify V with σ(V ) and G with ρ(G).

(a) Suppose m = 0. Then ab(G) ⊂ F Id_V and Corollary 5.48 shows rad G = ab(G) = F Id_V . Let φ ∈ C(V, F Id_V ) be nonzero, and choose v ∈ V with φ(v) = Id_V . Then

w = φ(v)(w) = φ^∗(w)(v) ∈ F v ∀ w ∈ V.

Then V is 1–dimensional and therefore G is 1–dimensional as well. The assertions are obviously true.

(b) We now may assume m ≠ 0. Let C ⊂ C(V, rad G) be a nonzero G– and ∗–invariant subspace. Put

C = span {φ(v) | φ ∈ C, v ∈ V } ⊂ rad G.

Note that C is a solvable ideal of G by (5.14).

If π_2(C) ≠ (0), then π_2(G) is semisimple (Theorems 5.50 and 5.53). However, π_2(C) is a solvable ideal. Thus π_2(C) = (0).

Let J be an ideal of G in C such that J^{(1)} ⊂ ab(G). Since ab(G) ⊂ Id_{V /W} ⊗ F [m; n], and π_2(J) ⊂ π_2(C) = (0), this choice implies [J, [J, J]] = (0). Proposition 5.47 implies that J ⊂ ab(G). Therefore C ⊂ ab(G) (as C is a solvable ideal of G).

(c) According to (b) C ⊂ Id_{V /W} ⊗ F [m; n] and hence

φ(v) ∈ Id_{V /W} ⊗ F [m; n] ∀ φ ∈ C, ∀ v ∈ V.

In addition, C is π_2(G)-invariant by (5.14), and π_2(G) is a transitive subalgebra of W (m; n). As D_φ = D_φ∗ = 0 for all φ ∈ C by (b), φ = F_φ. Lemma 5.49 shows that φ(u ⊗ f) = fφ(u ⊗ 1). Therefore C is F [m; n]–invariant. We conclude

ab(G) ⊃ C = Id_{V /W} ⊗ F [m; n] ⊃ ab(G).

This proves (1). Also there are φ ∈ C, v_0 ∈ V/W, f ∈ F [m; n] such that

φ(v_0 ⊗ 1) = Id ⊗ f, f ∉ F [m; n]_{(1)}.

Then f is invertible and

u ⊗ g = φ(v_0 ⊗ 1)(u ⊗ gf^{−1}) = φ^∗(u ⊗ gf^{−1})(v_0 ⊗ 1) ∈ F v_0 ⊗ F [m; n]

for all u ∈ V/W, g ∈ F [m; n]. Hence dim V/W = 1. It is now proved that V ∼= F [m; n] and ab(G) = Id_{V /W} ⊗ F [m; n]. (2) follows. Since

Id_{V /W} ⊗ F [m; n] ⊂ G ⊂ ( Id_{V /W} ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ W (m; n) ) , one concludes G = ab(G) ⊕ π_2(G). □

Corollary 5.55 [Sk 97] Let G ⊂ gl(V ) be an irreducible Lie algebra of linear transformations of a finite dimensional vector space V and C(V, G) ≠ (0). Let

C := span {φ(v) | φ ∈ C(V, G), v ∈ V }.

Then the following holds.

1. Either rad G = ab(G) or [ab(G), C] = (0).

2. C ∩ rad G ⊂ ab(G).

Proof. The notion of ab(G) is justified by Corollary 5.48. There is nothing to prove if ab(G) = (0), because in this case rad G = (0). Thus assume that ab(G) ≠ (0). As in the preceding proof we may assume that V = (V/W ) ⊗ F [m; n], G ⊂ ( gl(V/W ) ⊗ F [m; n] ) ⊕ ( Id_{V /W} ⊗ W (m; n) ) , π_2(G) is a transitive subalgebra of W (m; n), ab(G) ⊂ Id_{V /W} ⊗ F [m; n], g ∈ ab(G) acts on V/W as λ(g)Id_{V /W} for some λ ∈ ab(G)^∗ and ab(G) ⊂ Id_{V /W} ⊗ F [m; n]. Suppose m = 0. Then ab(G) = Id_{V /W} ⊂ C(G). In this case (1) is obviously true, due to Corollary 5.48 rad G = ab(G) and therefore (2) holds. Suppose m ≠ 0. Note that ab(G) ⊂ Id_{V /W} ⊗F [m; n]. Therefore [ab(G), gl(V/W )⊗ F [m; n]] = (0), that means [ab(G), ker π_2] = (0).

Suppose [ab(G), C] ≠ (0). By the above π_2(C) ≠ (0). Then Theorems 5.50 and 5.53 show that π_2(G) is semisimple. Hence π_2(rad G) = (0). Consequently, [rad G, ab(G)] = (0), and rad G = ab(G) by Corollary 5.48. This proves (1). The above proves (2) in case that [ab(G), C] ≠ (0). Suppose [ab(G), C] = (0). Let J ⊂ C ∩ rad G be an ideal of G satisfying J^{(1)} ⊂ ab(G). Since [J^{(1)}, J] ⊂

[ab(G), C] = (0), Proposition 5.47 shows that J is abelian, hence J ⊂ ab(G). This proves (2) in the remaining case. □

Let B be a commutative and associative algebra with unit element. For every linear mapping ψ : B → Der B define ψ_0 : B → Der B by

ψ_0(f) = ψ(f) − fψ(1), f ∈ B.

Denote by Sym(B) the vector space of those linear mappings ψ : B → Der B that satisfy ψ_0(f)(g) = ψ_0(g)(f) ∀ f, g ∈ B.

Elements of Sym(B) are called to be of symmetric type. Suppose C ⊂ Der B is a Lie subalgebra. Put

Sym(B, C) := {ψ ∈ Sym(B) | ψ(B) ⊂ C}.

For f, g ∈ B, ψ ∈ Sym(B) set (fψ)(g) := fψ(g) ∈ Der B. Then

(fψ)_0(g) = fψ(g) − gfψ(1) = fψ_0(g).

Hence (fψ)_0 = fψ_0. Therefore Sym(B) is B-invariant. Also for d ∈ Der B, ψ ∈ Sym(B), g, h ∈ B one has (observe (5.14))

(d · ψ)_0(g)(h) = (d · ψ)(g)(h) − g(d · ψ)(1)(h) = d(ψ(g)(h)) − ψ(g)(d(h)) − ψ(d(g))(h)

− gd(ψ(1)(h)) + gψ(1)(d(h)) = d(ψ_0(g)(h)) + d(gψ(1)(h)) − ψ_0(g)(d(h)) − gψ(1)(d(h)) − ψ_0(d(g))(h) − d(g)ψ(1)(h) − gd(ψ(1)(h)) + gψ(1)(d(h)) = d(ψ_0(g)(h)) − ψ_0(g)(d(h)) − ψ_0(d(g))(h).

Hence d · ψ ∈ Sym(B) and (d · ψ)_0 = d · ψ_0.

Lemma 5.56 [Sk 97] Let ψ ∈ Sym(B), f, g ∈ B. Then 3∑ i=0 (−1)^i ( 3 i ) [ψ(f^{3−i}g), ψ(f^i)] = 12g ( ψ_0(f)(f) ) ψ_0(f).

Proof. For any λ ∈ Hom_F ( B, Der B ) set (δ_f λ)(g) := fλ(g) − λ(fg). Then

(δ_f ψ)(g) = fψ_0(g) + fgψ(1) − ψ_0(fg) − fgψ(1) = −gψ_0(f),

and ((δ_f )^2ψ)(g) = f(δ_f ψ)(g) − (δ_f ψ)(fg) = −fgψ_0(f) + fgψ_0(f) = 0. Next define

β : (Der B) ⊗ (Der B) → Der B, β(d ⊗ d^′) = [d, d^′].

For h, h^′ ∈ B identify h ⊗ h^′ with its multiplication to elements of (Der B) ⊗ (Der B) and B ⊗ B, respectively. For i ≥ 2 one obtains β ∘ (f ⊗ 1 − 1 ⊗ f)^i(d ⊗ d^′) = i∑ k=0 (−1)^{i−k} ( i k ) β ∘ (f^k ⊗ f^{i−k})(d ⊗ d^′)

= i∑ k=0 (−1)^{i−k} ( i k ) [f^kd, f^{i−k}d^′]

= i∑ k=0 (−1)^{i−k} ( i k )( (i − k)f^{i−1}d(f)d^′ − kf^{i−1}d^′(f)d + f^i[d, d^′] )

= (^{i−1}∑ k=0 (−1)^{i−k} ( i − 1 k )) if^{i−1}d(f)d^′ −

(^{i−1}∑ k=0 (−1)^{i−1−k} ( i − 1 k )) if^{i−1}d^′(f)d

+ (^i∑ k=0 (−1)^{i−k} ( i k )) f^i[d, d^′] = 0.

Also, for g, g^′ ∈ B, [f ⊗ 1, ψ ⊗ ψ](g ⊗ g^′) = fψ(g) ⊗ ψ(g^′) − ψ(fg) ⊗ ψ(g^′) = −((δ_f ψ) ⊗ ψ)(g ⊗ g^′). One obtains (see Lemma 5.1, observe that δ^2_f ψ = 0)

(ψ ⊗ ψ) ∘ (f ⊗ 1 − 1 ⊗ f)^3 = −3(f ⊗ 1 − 1 ⊗ f)^2 ∘ [f ⊗ 1 − 1 ⊗ f, ψ ⊗ ψ] + 3(f ⊗ 1 − 1 ⊗ f) ∘ [f ⊗ 1 − 1 ⊗ f, [f ⊗ 1 − 1 ⊗ f, ψ ⊗ ψ]] − [f ⊗ 1 − 1 ⊗ f, [f ⊗ 1 − 1 ⊗ f, [f ⊗ 1 − 1 ⊗ f, ψ ⊗ ψ]]] = 3(f ⊗ 1 − 1 ⊗ f)^2 ∘ (δ_f ψ ⊗ ψ + ψ ⊗ δ_f ψ) + 3(f ⊗ 1 − 1 ⊗ f) ∘ [f ⊗ 1 − 1 ⊗ f, −(δ_f ψ) ⊗ ψ + ψ ⊗ (δ_f ψ)] − [f ⊗ 1 − 1 ⊗ f, [f ⊗ 1 − 1 ⊗ f, −(δ_f ψ) ⊗ ψ + ψ ⊗ (δ_f ψ)]] = 0 − 6(f ⊗ 1 − 1 ⊗ f) ∘ ((δ_f ψ) ⊗ (δ_f ψ)).

Applying this to g ⊗ 1 one obtains (using (δ_f ψ)(g) = −gψ_0(f)) 3∑ i=0 (−1)^i ( 3 i ) [ψ(f^{3−i}g), ψ(f^i)]

= β ∘ (ψ ⊗ ψ) ∘ (f ⊗ 1 − 1 ⊗ f)^3(g ⊗ 1) = −6β ∘ (f ⊗ 1 − 1 ⊗ f)(gψ_0(f) ⊗ ψ_0(f)) = −6[fgψ_0(f), ψ_0(f)] + 6[gψ_0(f), fψ_0(f)] = 6(ψ_0(f)(fg))ψ_0(f) + 6g(ψ_0(f)(f))ψ_0(f) − 6f(ψ_0(f)(g))ψ_0(f) = 12g(ψ_0(f)(f))ψ_0(f). □

Lemma 5.57 [Sk 97] Let M ⊂ Der B be a Lie subalgebra such that B is Msimple. Let C ⊂ Sym(B, M) a M-invariant subspace and

C := span {ψ(f) | ψ ∈ C, f ∈ B} ⊂ M.

Then C is a B-invariant ideal of M.

Proof. Equation (5.14) shows that C is an ideal of M. Set K := {d ∈ C | fd ∈ C ∀ f ∈ B}. This definition implies that

BK ⊂ K ⊂ C.

As C is a subalgebra of M, Lemma 5.56 shows g(ψ_0(f)(f))ψ_0(f) ∈ C for all f, g ∈ B, proving

(a) (ψ_0(f)(f))ψ_0(f) ∈ K ∀ f ∈ B, ∀ ψ ∈ C.

Linearizing this in f we get

(b) (ψ_0(f)(f))ψ_0(g) + (ψ_0(f)(g) + ψ_0(g)(f))ψ_0(f) ∈ K.

Multiply (a) by ψ_0(f)(g) + ψ_0(g)(f), (b) by ψ_0(f)(f), and subtract the first from the second. This gives

(c) (ψ_0(f)(f))^2ψ_0(g) ∈ K ∀ f, g ∈ B.

Now linearizing (c) in ψ gives

(d) (ψ_0(f)(f))^2ψ^′_0(g) + 2(ψ^′_0(f)(f))(ψ_0(f)(f))ψ_0(g) ∈ K.

Multiplying (d) by ψ_0(f)(f) and subtracting (c) multiplied by 2ψ^′_0(f)(f) we obtain (ψ_0(f)(f))^3ψ^′_0(g) ∈ K ∀ f, g ∈ B.

Set a := {h ∈ B | hψ_0(g) ∈ K ∀ g ∈ B, ψ ∈ C}. Clearly, a is an ideal of B. If a = B then ψ_0(g) ∈ K for all ψ ∈ C. Now gψ(1) = ψ(g) − ψ_0(g) ∈ C. Therefore ψ(1) ∈ K and ψ(g) = ψ_0(g) + gψ(1) ∈ K. This shows C = K and proves the claim in this case.

Since B is M-simple, B ∼= F [m; n] for some choice of m, n. Thus B has a unique maximal ideal, and this ideal is nilpotent. Let b denote the ideal of B generated by {ψ_0(f)(f) | ψ ∈ C, f ∈ B} and observe that h^3 ∈ a for every h in this generating set. Now, if a ≠ B, then a is nilpotent and hence b is nilpotent as well. Linearizing the generating set gives ψ_0(f)(g) + ψ_0(g)(f) ∈ b for all f, g ∈ B. Observe that for d ∈ M

d(ψ_0(f)(f)) = (d · ψ)_0(f)(f) + ψ_0(d(f))(f) + ψ_0(f)(d(f)) ∈ b.

Therefore b is M-invariant. As B is M-simple, this yields b = (0). As a consequence, ψ_0(f)(g) = 0 for all ψ ∈ C, f, g ∈ B. Then gψ(f) = gfψ(1) = ψ(fg) for all ψ ∈ C, f, g ∈ B. This proves that C is B-invariant. □

Corollary 5.58 Let V = U ⊗F [m; n], G ⊂ ( gl(U)⊗F [m; n] ) ⊕ ( Id_U ⊗W (m; n) ) with m ≠ 0, and suppose that π_2(G) is a transitive subalgebra of W (m; n). Let C be a G- and^∗-invariant subspace of C(V, G) and

C := span {D_φ(v) | φ ∈ C, v ∈ V } ≠ (0).

Suppose dim U > 1, or m = 1, or C ⊂ C(V, G)_+. Then C is a F [m; n]-invariant ideal of π_2(G), π_2(G) is semisimple, and C is the unique minimal ideal of π_2(G).

Proof. If dim U > 1 then Theorem 5.50 shows that C is F [m; n]-invariant. Suppose dim U = 1, m = 1. For φ ∈ C set as in Theorem 5.51 D_φ(f) = fD_φ(1) + φ_{1,1}D_1(f)D_1, D̃_φ(f) = φ_{1,1}D_1(f)D_1 = D_φ(f) − fD_φ(1). Note that D̃_φ(f)(g) = D̃_φ(g)(f) for all f, g ∈ F [1; n]. Hence D_φ : F [1; n] → Der F [1; n] is of symmetric type. Thus C^′ := {D_φ | φ ∈ C} is a G-invariant subspace of Sym(F [1; n], G). Lemma 5.57 proves that C is F [1; n]-invariant. Suppose C ⊂ C(V, G)_+. Earlier remarks stated that D̃_φ(f)(g) = D̃_φ(g)(f) for all φ ∈ C, f, g ∈ F [m; n]. Therefore D_φ is of symmetric type. We conclude as in the former case that C is F [m; n]-invariant.

By equation (5.14) C is an ideal of π_2(G). Apply Corollary 5.17(2) to obtain that π_2(G) is semisimple and C is its unique minimal ideal. □ The following example spots a light on the assumptions of Corollary 5.58.

Let G := F [2; 1] ⊕ H(2; 1) be the extension of the Hamiltonian algebra H(2; 1) by the abelian ideal F [2; 1] and V := F [2; 1] the canonical G-module

(f + D) · (g) := fg + D(g) ∀ f, g ∈ F [2; 1], D ∈ H(2; 1).

Set φ : V → G, φ(f) := D_1(f)D_2 − D_2(f)D_1 = D_H (f). One has φ(f)(g) = −φ(g)(f), hence φ^∗ = −φ and φ ∈ C(V, G). Also D_H = D̃_φ = D_φ. Set C the subspace of C(V, G) generated by φ and G, and C := span {D_ψ(f) | ψ ∈ C, f ∈ F [2; 1]}. We proved earlier that (g · ψ)^∗ = g · ψ^∗ for g ∈ G, ψ ∈ C(V, G). Then ψ^∗ = −ψ for ψ ∈ C (as this is true for φ). Since C is the ideal of π_2(G) = H(2; 1) generated by {D_φ(f) = D_H (f) | f ∈ F [2; 1]} = H(2; 1)^{(1)}, one obtains (using (5.14)) C = H(2; 1)^{(1)}. This set is not F [2; 1]-invariant, and the minimal ideal of π_2(G) is C^2 = H(2; 1)^{(2)}.

98 CHAPTER 5. DERIVATION SIMPLE ALGEBRAS AND MODULES

Chapter 6

Rank 1 Lie algebras

6.1 W(1;n)

After having presented the examples of simple Lie algebras, some recognition theorems, and major techniques in previous chapters, we now approach a first step towards the proof of the Classification.

It will turn out that very detailed structural information on ”small” Lie algebras is needed. To that end, the Lie algebras W (1; 1) and H(2; 1)^{(2)} of absolute toral rank 1 will thoroughly be investigated, and, in the last section of this chapter, the simple Lie algebras L having a CSA H with T R(H, L) = 1 will be determined.

In this section we investigate the Lie algebra W (1; n). Since only one ”indeterminate” occurs, we omit indices. The derivation algebra is given by Der W (1; n) = ∑ 1≤i≤n−1 F D p^i + W (1; n) ([St 97/1, Corollary 3.23]). Since

Der W (1; n) contains a p-envelope of W (1; n) and every p-envelope in Der W (1; n) has to contain ∑ 1≤i≤n−1 F D p^i , Der W (1; n) is the minimal p-envelope of W (1; n).

Recall that T R(W (1; n)) = n (Theorem 5.36).

Lemma 6.1 Let t := D^{pr} + ∑ 0≤i≤r−1 γiD p^i + u, u ∈ W (1; n)

(0), r ≥ 0, be a semisimple element, T the torus generated by t, and W (1; n)_α a root space with respect to T . Then

1. dim T/(T ∩ W (1; n)_{(0)}) ≥ n − r.

2. W (1; n)_α ∩ W (1; n)_{(p}r_{−1)} = (0), dim W (1; n)_α ≤ p^r.

3. If dim W (1; n)_α = p^r, then

W (1; n)_α ⊕ W (1; n)_{(p}r_{−1)} = W (1; n).

Proof. (1) We consider p-th powers of t: t^{pi} = D^{pi+r} + ∑ 0≤j<i+r βi,j D p^j + u i for some β_{i,j} ∈ F , u_i ∈ W (1; n)_{(0)}. For i = 0, . . . , n − r − 1 these are linearly independent (mod W (1; n)_{(0)}).

(2) Let w = ∑ j≥k γ_j x^{(j)}D, γ_k ≠ 0, be an eigenvector with respect to t with eigenvalue α(t). If k > p^r then, as w ∈ W (1; n)_{(k−1)}, α(t)w = [t, w] ≡ D^{pr} (γ_kx^{(k)})D ≡ γ_kx^{(k−pr )}D ≢ 0 (mod W (1; n)_{(k−p}r_)), a contradiction. Hence w ∉ W (1; n)_{(p}r_{−1)} and the mapping W (1; n) → W (1; n)/W (1; n)_{(p}r_{−1)} is injective when restricted to W (1; n)_α. Therefore W (1; n)_α has dimension at most p^r.

(3) If the dimension of W (1; n)_α is exactly p^r, then the mapping W (1; n)_α → W (1; n)/W (1; n)_{(p}r_{−1)} is bijective. □

Observe that we have not assumed in the lemma that α ≠ 0.

Theorem 6.2 Let T be a maximal torus of W (1; n)_p and assume that T contains an element of the form D + u, u ∈ W (1; n)_{(0)}. Then

1. dim T = n; T is generated as a restricted subalgebra by D + u.

2. Every root space of W (1; n) with respect to T is 1-dimensional.

3. W (1; n) has a basis (u_θ)_{θ∈Θ⊂F} of root vectors with multiplication [u_θ, u_ρ] = (ρ − θ)u_{θ+ρ}.

4. Every 1-section is isomorphic to W (1; 1).

Proof. Put t := D + u ∈ T . The lemma applies with r = 0. The torus generated by t has dimension at least n. As T R(W (1; n)) = n, this proves (1). The lemma also implies, that every root space for a root α is 1-dimensional. Write t = D + γx^{(1)}D + u^′, u^′ ∈ W (1; n)_{(1)}. According to the lemma, W (1; n)_α has zero intersection with W (1; n)_{(0)}. Let v := D + θx^{(1)}D + v^′ ∈ W (1; n)_α, v^′ ∈ W (1; n)_{(1)}. The corresponding eigenvalue α(t) is given by

α(t)D ≡ α(t)v = [t, v] = [D + γx^{(1)}D + u^′, D + θx^{(1)}D + v^′] ≡ (θ − γ)D (mod W (1; n)_{(0)}).

Thus α(t) = θ − γ, and W (1; n) has an eigenvector basis (u_ρ) of the form

u_ρ = D + (ρ + γ)x^{(1)}D + u^′_ρ, u^′_ρ ∈ W (1; n)_{(1)}, [t, u_ρ] = ρu_ρ.

Next we determine the product of two of these vectors. Considering the eigenvalues we see that [u_θ, u_ρ] ∈ F u_{θ+ρ}. Moreover,

[u_θ, u_ρ] = [D + (θ + γ)x^{(1)}D + u^′_θ, D + (ρ + γ)x^{(1)}D + u^′_ρ] ≡ (ρ − θ)D ≡ (ρ − θ)u_{θ+ρ} (mod W (1; n)_{(0)}).

Then [u_θ, u_ρ] = (ρ − θ)u_{θ+ρ}. For θ ≠ 0 one has W (1; n)(θ) = ∑ i∈GF (p) F uiθ. The mapping uiθ → (1+x)

i+1∂ establishes an isomorphism of W (1; n)(θ) onto W (1; 1). □

Theorem 6.3 Let T be a maximal torus of W (1; n)_p with dim T < n. Then

1. (0) ≠ T ∩ W (1; n) ⊂ W (1; n)_{(0)};

2. C_{W (1;n)}(T ∩ W (1; n)) =: H is a CSA of W (1; n) which is contained in W (1; n)_{(0)};

3. C_{W (1;n)p} (T ) =: H̃ is a CSA of W (1; n)_p, and H̃^{(1)} acts nonnilpotently on W (1; n).

Proof. (1) Assume that T ∩ W (1; n) = (0). Then there is r ≥ 1 such that T ∩( ∑ 0≤i≤r−1 F D p^i +W (1; n)

(0)) = (0) and T contains an element t_1 := D^{pr} + ∑ 0≤i<r γiD p^i +u, u ∈ W (1; n)

(0). Note that t_1 generates T , and dim T = n−r.

Therefore there are at most p^{n−r} different roots. Adding dimensions, Lemma 6.1 in combination with the equation dim W (1; n) = p^n yields dim W (1; n)_α = p^r for all roots. Applying the lemma for α = 0 we obtain

(H̃ ∩ W (1; n)) ⊕ W (1; n)_{(p}r_{−1)} = W (1; n).

As r ≥ 1 H̃ ∩ W (1; n)_{(0)} ⊄ W (1; n)_{(1)}. Since W (1; n)_{(0)} and H̃ are closed under p-th powers ([St 97/1, Corollary 3.24]), the intersection of these contains a nonzero semisimple element. This element is contained in T ∩ W (1; n)_{(0)}, a contradiction.

Also T ∩ W (1; n) ⊂ W (1; n)_{(0)} is true since dim T < n (apply Theorem 6.2(1)).

(2) Since T ∩ W (1; n)_{(1)} = (0), there is an element t of the form t = x^{(1)}D + u, u ∈ W (1; n)_{(1)}, and T ∩ W (1; n) = F t. Then t acts on the quotient spaces W (1; n)_{(k)}/W (1; n)_{(k+1)} with eigenvalue k. Hence

H = C_{W (1;n)}(T ∩ W (1; n)) = C_{W (1;n)}(F t) = H ∩ W (1; n)_{(1)} + F t.

This shows that H is nilpotent, therefore it is a CSA.

(3) H̃ is a CSA since T is a maximal torus. Since W (1; n)_p^{(1)} ⊂ W (1; n), W (1; n) contains every root space for any nonzero root. Hence we have W (1; n)_p = W (1; n) + H̃ and therefore there is u ∈ W (1; n) such that D^p + u ∈ H̃ (the assumption of this theorem implies n > 1). Note that T acts both on H and on H̃ ∩ W (1; n) ⊂ H. It follows from the preceding proof of (2) that H = ∑ 0≤i≤p^{n−1}−1

F (x^{(ip+1)}D + u_i),

with some u_i ∈ W (1; n)_{(ip+1)}. Thus if T ⊂ W (1; n) then H̃^{(1)} contains [D^p + u, x^{(p+1)}D + u_1], which acts nonnilpotently. So assume T ⊄ W (1; n) and choose r ≤ n − 1 maximal such that T ∩ ( ∑ 0≤i≤r−1 F D p^i + W (1; n)

(0)) ⊂ W (1; n).

Then T contains an element t_1 := D^{pr} + ∑ 0≤i<r γiD p^i + v, v ∈ W (1; n)

(0). Let T^′ be the torus generated by t_1. Then dim T^′ ≥ n − r by Lemma 6.1. Note that T = T^′ + F t, where t = x^{(1)}D + u is as in the proof of (2). Let α^′ be any root with respect to T^′. According to Lemma 6.1 we have

W (1; n)_α′ ∩ W (1; n)_{(p}r_{−1)} = (0),

hence

W (1; n)_α′ ∩ ∑ i≥p^{r−1}

F (x^{(ip+1)}D + u_i)

⊂ W (1; n)_{α′} ∩ H ∩ W (1; n)_{(pr −1)} = (0).

Therefore dim W (1; n)_α′ ∩ H ≤ p^{r−1} for all T^′-roots α^′. Then dim W (1; n)_α ≤ p^{r−1} for all T -roots α with α(t) = 0. There are at most p^{n−r} T -roots vanishing on T ∩ W (1; n)_{(0)} (since dim T/T ∩ W (1; n)_{(0)} = dim T/T ∩ W (1; n) = n − r). Since dim H = p^{n−1} and H = ∑ α(t)=0 W (1; n)α, this dimension argument

yields dim W (1; n)_α = p^{r−1} for all roots α with α(t) = 0. In particular, the case α = 0 gives dim H̃ ∩ H = p^{r−1}. As n > dim T = (n − r) + 1 by assumption, we have r ≥ 2 and dim H̃ ∩ H > 1. Therefore there are i > 0 and v ∈ W (1; n)_{(ip+1)} such that x^{(ip+1)}D + v ∈ H̃ ∩ H. Then (ad (D^p + u))^i(x^{(ip+1)}D + v) ≡ x^{(1)}D ( mod W (1; n)_{(1)}), and this element lies in H̃^{(1)}. Hence H̃^{(1)} contains a nonnilpotent element of the form h = x^{(1)}D + w, w ∈ W (1; n)_{(1)}. □

As L = Der W (1; n) =

∑_{n−1}

i=1 F D^{pi} + W (1; n), L has the unique minimal ideal W (1; n) and therefore is semisimple. Set H̃ := C_L(F x^{(1)}D) =

∑_{n−1} i=1 F D^{pi} + ∑ i≥0 F x^{(ip+1)}D. By Jacobson’s theorem on weakly closed nil sets H̃ is a nilpotent subalgebra of L. It clearly is selfnormalizing, hence is a CSA. One easily proves that C(H̃) = F x^{(1)}D. Therefore F x^{(1)}D is the unique maximal torus of H̃, and therefore T R(H̃, W (1; n)_p) = 1. Consequently, W (1; n)_p is an example of a semisimple Lie algebra having a CSA or toral rank 1 whose first derived algebra acts nonnilpotently.

Theorem 6.4 Let T be a maximal torus of W (1; n)_p. Assume that T is none of the types described in Theorem 6.2 and Theorem 6.3.

1. dim T = n, dim T ∩ W (1; n) = 1, T ∩ W (1; n) = T ∩ W (1; n)_{(0)}.

2. Every root space is 1-dimensional. For every root α there is i = i(α), 0 ≤ i ≤ p−1, and w_{i,α} ∈ W (1; n)_{(i)} such that W (1; n)_α = F (x^{(i)}D+w_{i,α}).

3. If α is a root such that α(T ∩ W (1; n)) ≠ 0 then W (1; n)(α) ∼= W (1; 1).

The isomorphism is given by x^{(i)}D + w_{i,α} → (i!)^{−1}x^i∂.

4. If α is a root such that α(T ∩W (1; n)) = 0, then W (1; n)(α) is abelian and every nonzero root vector of W (1; n)(α) acts nonnilpotently on W (1; n).

Proof. (1) We are not in Theorem 6.3 and therefore dim T = n. Then T ∩ W (1; n) ≠ (0) as dim W (1; n)_p/W (1; n) = n − 1. Since we are not in

Theorem 6.2, T ∩ W (1; n) = T ∩ W (1; n)_{(0)}. As T ∩ W (1; n)_{(1)} = (0), we have dim T ∩ W (1; n) = 1.

(2) There is t = x^{(1)}D + u ∈ T ∩ W (1; n)_{(0)}, u ∈ W (1; n)_{(1)}. In addition, since dim T/T ∩ W (1; n) = n − 1 = dim W (1; n)_p/W (1; n), T contains an element D^p + v with v ∈ W (1; n). Let w ∈ W (1; n) be an eigenvector with respect to T for a root α ∈ T^∗. Write w = ∑ j≥i r_j x^{(j)}D, r_j ∈ F, r_i ≠ 0.

According to Lemma 6.1(2) with r = 1 we have i < p. Also

α(t)w = [x^{(1)}D + u, w] ≡ (i − 1)r_ix^{(i)}D (mod W (1; n)_{(i)}),

hence α(t) + 1 ≡ i (mod (p)) and i ∈ {0, . . . , p − 1}. This shows that if the eigenvalue with respect to t is α(t) then w is of the form

w = rx^{(i)}D + w_i, w_i ∈ W (1; n)_{(i)}, r ∈ F, r ≠ 0,

where 0 ≤ i ≤ p − 1 and i ≡ 1 + α(t) (mod (p)). Then every root space of W (1; n) is 1-dimensional.

By dimension reasons there are p^n T -roots.

(3) Consider a root α with α(t) ≠ 0. By (2) W (1; n)(α) is p-dimensional and (after an adjustment α(t) = 1) it has a basis of the form

(x^{(i)}D + w_{i,(i−1)α}), w_{i,(i−1)α} ∈ W (1; n)_{(i)}, 0 ≤ i ≤ p − 1.

The mapping W (1; n)(α) → W (1; 1) given by x^{(i)}D + w_{i,α} → (i!)^{−1}x^i∂ is an isomorphism from W (1; n)(α) onto W (1; 1).

(4) Consider α with α(t) = 0. By (2) W (1; n)(α) is p-dimensional and it has a basis of root vectors of the form

(x^{(1)}D + w_{1,iα}), w_{1,iα} ∈ W (1; n)_{(1)}, 0 ≤ i ≤ p − 1.

The product of any two of these vectors is an element of W (1; n)_{(1)}. Since every nonzero element has to have a nonvanishing summand rx^{(1)}D, all these products vanish. Every element of type x^{(1)}D + w_{1,iα} acts nonnilpotently on W (1; n). □

We will need in the future a particular result on weights.

Proposition 6.5 Suppose n > 1. Let ρ : W (1; n)_p → gl(V ) be a restricted representation. If H ⊂ W (1; n) denotes a CSA satisfying T R(H, W (1; n)) = 1, then 0 is a H–weight of V .

Proof. Let H be the p–envelope of H in W (1; n)_p. The assumption ”T R(H, W (1; n)) = 1” means that the maximal torus T of H (which is unique as H is nilpotent) is 1–dimensional. Write T = F t with a toral element t. As ρ is a restricted representation, one has ρ(t) = ρ(t^p) = ρ(t)^p. Therefore,

V = ⊕_{i∈GF (p)} V_i(t)

decompes into the direct sum of eigenspaces with respect to ρ(t), and all eigenvalues of ρ(t) are contained in the prime field. Similarly,

W (1; n) = ⊕_{i∈GF (p)} W (1; n)_i

decomposes into the sum of eigenspaces with respect to ad t. If ⊕_{i≠0} W (1; n)_i is contained in W (1; n)_{(0)} then [St 97/1, Proposition 1.12] shows that W (1; n)_{(0)} contains a proper ideal of W (1; n), contradicting the simplicity of W (1; n). Thus there is k ≠ 0 and y ∈ W (1; n)_k such that y ∉ W (1; n)_{(0)}. After an adjustment by a nonzero scalar one may write

y = D + u, u ∈ W (1; n)_{(0)}.

Suppose ρ(y)^p ≠ 0. Then there is a ρ(t)–eigenvector v ∈ V such that ρ(y)^pv ≠ 0. As k ≠ 0, all elements of GF (p) are now ρ(t)–eigenvalues of V . Then 0 is F t– weight of V , hence 0 is a H–weight of V .

Suppose ρ(y)^p = 0. Then ρ(y^p) = ρ(y)^p = 0, whence y^p ∈ ker ρ. Note that W (1; n) is the unique minimal ideal of W (1; n)_p. If ker ρ ≠ (0), then W (1; n) ⊂ ker ρ, and this gives ρ(H) = (0). In this case, 0 is a H–weight of V . If ker ρ = (0), then

0 = y^p = (D + u)^p ≡ D^p (mod W (1; n)).

This is only possible if n = 1. □

Next we look at W (1; 1) in more detail.

Proposition 6.6 For every Z–grading W (1; 1) = ⊕_{n∈Z}W (1; 1)_n there exists τ ∈ Aut W (1; 1) and a ∈ Z such that

W (1; 1)_{ia} = τ(F x^{i+1}∂), −1 ≤ i ≤ p − 2,

and W (1; 1)_n = (0) otherwise.

Proof. Every Z–grading of W (1; 1) defines a toral derivation t ∈ Der W (1; 1) = W (1; 1) by setting t(d) = id ∀ d ∈ W (1; 1)_i.

If t = 0, then W (1; 1) = W (1; 1)_0. This is the case a = 0. Otherwise F t ≠ (0) is a maximal torus of W (1; 1). Up to an automorphism τ^{−1} of W (1; 1), t is conjugate to (1 + x)∂ or αx∂ with α ∈ GF (p)^∗ (Theorem 5.34). Suppose τ^{−1}(t) = (1 + x)∂. Since (1 + x)∂ has p distinct eigenvalues on W (1; 1) all homogeneous spaces W (1; 1)_i are 1-dimensional. Therefore for every i ∈ {−1, . . . , p−2} there is n_i ∈ Z such that τ((1+x)^{i+1}∂) ∈ W (1; 1)_{ni p+i}. Note that in every nontrivially Z–graded Lie algebra there is a homogeneous space either of highest or of lowest degree, and every element u of this space satisfies (ad u)^3 = 0. Hence there is k ∈ {−1, . . . , p − 2} such that τ((1 + x)^{k+1}∂) has this property. However,

[(1 + x)^{k+1}∂, (1 + x)^{jk+1}∂] = (j − 1)k(1 + x)^{(j+1)k+1} ∂ for all j,

hence (ad τ((1 + x)^{k+1}∂))^3 ≠ 0. Therefore this case is impossible. As a consequence, τ^{−1}(t) = αx∂ for some α ∈ GF (p)^∗. Then τ(x^i∂) is homogeneous for all i ∈ GF (p), and, say τ(∂) is of degree −a. It is now easily proved by induction that τ(x^{i+1}∂) has degree ia. □

Lemma 6.7 For every d ∈ W (1; 1) d^p ∈ F d holds. In particular, every nonnilpotent element is semisimple and F d is a maximal torus of W (1; 1) for every such element. Every subalgebra of W (1; 1) is a restricted subalgebra.

Proof. Since W (1; 1) is restricted d = d_s + d_n decomposes into the sum of its semisimple and nilpotent parts.

Suppose d_s = 0. Then d is nilpotent, hence d^{dim W (1;1)} = 0. Suppose d_s ≠ 0. Then F d_s is a maximal torus of W (1; 1). By Theorem 5.34 there is τ ∈ Aut W (1; 1) such that τ(F d_s) = F (1 + x)∂ or τ(F d_s) = F x∂. Since [d_s, d_n] = 0 one immediately concludes that τ(d_n) ∈ F (1 + x)∂ or τ(d_n) ∈ F x∂ in the respective cases. But τ(d_n) is nilpotent, hence τ(d_n) = 0. Then d = d_s and F d is a maximal torus of W (1; 1). □

Proposition 6.8 Every proper subalgebra Q of W (1; 1) satisfies

Q ⊂ W (1; 1)_{(1)},

or there is τ ∈ Aut W (1; 1) such that one of the following cases occurs.

(i) τ(Q) = F (∂ + μx∂), μ ∈ {0, 1};

(ii) τ(Q) = F ∂ ⊕ F x∂;

(iii) τ(Q) = F ∂ ⊕ F x∂ ⊕ F x^2∂;

(iv) F x∂ ⊂ τ(Q) ⊂ W (1; 1)_{(0)}.

In particular, if Q is a transitive and solvable subalgebra, then Q is as in cases (i) or (ii). If Q ∼= sl(2), then it is as in case (iii).

Proof. (a) Suppose Q ⊂ W (1; 1)_{(0)}, Q ⊄ W (1; 1)_{(1)}. Then there is d ∈ Q \ W (1; 1)_{(1)}. By Lemma 6.7 F d is a maximal torus of W (1; 1). By Theorem 5.34 there is τ ∈ Aut W (1; 1) such that τ(F d) = F x∂. As W (1; 1)_{(0)} is invariant under all automorphisms of W (1; 1) ([St 97/1, Theorem 3.20]), one obtains

F x∂ ⊂ τ(Q) ⊂ W (1; 1)_{(0)}.

This is case (iv).

(b) Suppose Q ⊄ W (1; 1)_{(0)}. Note that Q is a restricted subalgebra of W (1; 1) (Lemma 6.7). Set

k := max {i | Q ∩ W (1; 1)_{(i)} ≠ (0)}.

Suppose k = −1. Then Q = F d is 1-dimensional. If Q is p–nilpotent then d acts nilpotently on F [1; 1]/F 1. Hence there is f ∈ F [1; 1]_{(1)} such that d(f) ≡ 0 (mod F 1). Clearly f ∉ F [1; 1]_{(2)}. Setting σ(x) := f defines an automorphism σ of F [1; 1]. Put for E ∈ W (1; 1) τ(E) := σ^{−1} ∘ E ∘ σ. Then τ(Q) = F ∂. If Q is not p–nilpotent, then it is a 1–dimensional torus. By Theorem 5.34 there is τ ∈ Aut W (1; 1) such that τ(F d) = F (1 + x)∂. Suppose k ≥ 0. Then Q contains elements D_{−1}, D_k for which

D_{−1} ≡ ∂ (mod W (1; 1)_{(0)}), D_k ≡ x^{k+1}∂ (mod W (1; 1)_{(k+1)}).

Therefore Q also contains elements

D_i ≡ x^{i+1}∂ (mod W (1; 1)_{(i+1)}), i = −1, . . . , k.

Now (a) applies to Q ∩ W (1; 1)_{(0)}, showing that this algebra is as in case (iv). Therefore there is τ ∈ Aut W (1; 1) such that F x∂ ⊂ τ(Q). Thus τ(Q) = ∑_k

i=−1 F x

i+1∂.

The cases k = 0, 1 relate to the cases (ii), (iii).

If k > 1, an easy calculation shows that τ(Q) = W (1; 1). This is impossible by assumption. □

The central extensions of W (1; 1) have been determined by RE. Block [Blo 68/2].

Proposition 6.9 Let G be a Lie algebra with dim C(G) = 1 and G/C(G) ∼= W (1; 1). Assume that the extension is nonsplit. There is a basis {e_{−1}, . . . , e_{p−2}, z} of G such that the Lie multiplication is given by

[z, G] = (0),

[e_i, e_j ] =

(j − i)e_{i+j} if −1 ≤ i + j ≤ p − 2, (_{j+1} j−2 ) z if i + j = p, 2 ≤ i, j ≤ p − 2

0 otherwise.

Proof. Set C(G) = F z^′, and choose e^′_0 ∈ G such that e^′_0 + F z^′ = x∂. Since all root spaces of W (1; 1) with respect to x∂ are 1–dimensional, all root spaces of G with respect to ad e^′_0 for nonzero roots are 1–dimensional as well. Choose e_{−1}, . . . , e_{p−2} ∈ G such that

e_i + F z^′ = x^{i+1}∂, [e^′_0, e_i] = ie_i (i ≠ 0), and e_0 = 1 2 [e_{−1}, e_1].

Note that e_0 − e^′_0 ∈ F z^′, hence [e_0, e_i] = ie_i for all i. It is clear that

(∗) [e_i, e_j ] = (j − i)e_{i+j} if − 1 ≤ i + j ≤ p − 2, i + j ≢ 0 (mod(p))

since this is true (mod C(G)). If (i, j) = (−1, 1), (1, −1), (0, 0) then (∗) holds as well. Therefore is remains to determine products

[e_{p−j} , e_j ] =: α(j)z^′

for j = 2, . . . , p − 2. One obtains for j = 2, . . . , p − 3

(j + 2)[e_{p−j} , e_j ] = [e_{p−j} , [e_{−1}, e_{j+1}]] = −[[e_{−1}, e_{p−j} ], e_{j+1}] = (j − 1)[e_{p−j−1}, e_{j+1}],

hence (j + 2)α(j) = (j − 1)α(j + 1), j = 2, . . . , p − 3, and, inductively, (^k∏ j=2 (j + 2) ) α(2) =

(^k∏ j=2 (j − 1) ) α(k + 1), k = 2, . . . , p − 3.

This means α(k + 1) = ( k + 2 k − 1 ) α(2), k = 2, . . . , p − 3.

Since the extension is nonsplit, one has α(2) ≠ 0. Set z := α(2)z^′. □

It is not hard to check, that the multiplication table given in the proposition indeed defines a Lie algebra. Hence it is proved that there exists exactly one nonsplit central extension of W (1; 1) with 1–dimensional center. This central extension can be made a restricted Lie algebra by setting

e_i^{[p]} = (0) for i ≠ 0, e_0^{[p]} = e_0, z^{[p]} = z.

The irreducible W (1; 1)-modules have been described by Chang [Cha] (see also [St 97/1]). We are interested in the restricted ones.

Theorem 6.10 Let V be a faithful irreducible restricted W (1; 1)–module. Then V is isomorphic to one of (a) F [1; 1]/F , (b) u(W (1; 1)) ⊗_{u(W (1;1)(0) )} F_λ, with λ ∈ Hom(u(W (1; 1)_{(0)}), F ) given by

λ (^{p−2}∑ i=0 α_ix^{i+1}∂ ) = α_0λ(x∂) and λ(x∂) ∈ GF (p)\{−1}.

If T is a maximal torus of W (1; 1) and 0 is not a T -weight of V then case (a) holds.

Proof. Let ρ : W (1; 1) → gl(V ) denote the representation. Note that u^{[p]} = 0 for all u ∈ W (1; 1)_{(1)} (since (ad u)^p = 0 for such an element). Therefore ρ(u)^p = ρ(u^{[p]}) = 0 for all u ∈ W (1; 1)_{(1)}. Since W (1; 1)_{(0)}^{(1)} ⊂ W (1; 1)_{(1)}, this implies that there is a nonzero vector v ∈ V such that ρ (^{p−2}∑ i=0 α_ix^{i+1}∂ ) (v) = α_0ρ(x∂)(v) ∈ F v ∀ α_0, . . . , α_{p−2} ∈ F.

Set λ

(∑_{p−2} i=0 α_ix^{i+1}∂ ) := α_0λ(x∂) with λ(x∂)v = ρ(x∂)(v). Clearly λ(x∂)^p = λ(x∂). Hence λ(x∂) ∈ GF (p). Since λ(W (1; 1)_{(0)}^{(1)}) = 0 and λ(u^{[p]}) = λ(u)^p for all u ∈ W (1; 1)_{(0)}, λ gives rise to an algebra homomorphism u(W (1; 1)_{(0)}) → F , which we also denote by λ. The universal property of induced modules gives rise to a nontrivial homomorphism of restricted modules Φ : u(W (1; 1)) ⊗_{u(W (1;1)(0) )} F_λ → V, which, due to the irreducibility of V , is surjective. Observe that

u(W (1; 1)) ⊗_{u(W (1;1)(0) )} F_λ = p−1⨁ i=0 ∂^i ⊗ F_λ

is p-dimensional.

Suppose ker Φ ≠ (0). Since ker Φ is invariant under the action of x∂, it decomposes into the direct sum of weight spaces. Therefore ker Φ = ⨁ i∈S ∂^i ⊗ F_λ

with some subset S ⊂ {0, . . . , p − 1}. Set k := min{i ∈ S}. Since ker Φ is a W (1; 1)-module, one has ker Φ = ⨁ i≥k ∂^i ⊗ F_λ,

whence V = k−1∑ i=0 Φ(∂^i ⊗ F_λ).

Observe that for i < p − 2

(x^{p−1}∂) · (∂^i ⊗ 1_λ) ∈ i∑ j=0 F ∂^{i−j} ⊗ λ(x^{p−1−j} ∂)1_λ = (0).

Now, if k ≤ p − 2, then

ρ(x^{p−1}∂)(V ) ⊂ k−1∑ i=0 F Φ((x^{p−1}∂) · (∂^i ⊗ 1_λ)) = (0).

But ρ is faithful, hence k = p − 1 and

ker Φ = F (∂^{p−1} ⊗ 1_λ).

Then ker Φ is 1-dimensional, and therefore is annihilated by W (1; 1). In particular 0 = (x∂) · (∂^{p−1} ⊗ 1_λ) = (1 + λ(x∂))∂^{p−1} ⊗ 1_λ.

As a consequence, if λ(x∂) ≠ −1, then Φ is an isomorphism and V is pdimensional. This is case (b). As a consequence, if dim V ≠ p then λ(x∂) = −1, V ∼= u(W (1; 1)) ⊗_{u(W (1;1)(0) )} F_λ/F (∂^{p−1} ⊗ 1_λ) is (p − 1)-dimensional, and this is the only (p − 1)-dimensional faithful irreducible restricted W (1; 1)-module. On the other hand, F [1; 1]/F is such a module. Then V is as in case (a).

Let V be as in case (b), let T = F t be a torus. By Theorem 5.34 there is τ ∈ Aut W (1; 1) such that T = F τ(x∂) or T = F τ((1 + x)∂). Choose in the first case k ∈ {0, . . . , p − 2} such that k ≡ λ(x∂) (mod (p)). Then τ(∂)^k ⊗ 1_λ is an eigenvector of eigenvalue 0. In the second case τ((1 + x)∂)^{p−1} · (1 ⊗ 1_λ) ≡ τ(∂)^{p−1} ⊗ 1_λ ≢ 0 ( mod ∑ i<p−1 τ(∂)

i ⊗ F_λ). Therefore τ((1 + x)∂)^{p−1} · 1 ⊗ 1_λ − 1 ⊗ 1_λ ≠ 0. This element is mapped onto 0 by an application of τ((1 + x)∂). Hence it is an eigenvector with eigenvalue 0. □

6.2 Orbits of volume forms

In order to determine the isomorphism classes of the family of Hamiltonian algebras of the form H(2; n; Φ)^{(2)} we need the detailed description of certain automorphism groups and orbits of the volume form dx_1 ∧ dx_2. In fact, we will see below that it makes no technical difference to consider volume forms dx_1 ∧ . . . ∧ dx_m for arbitrary m. This will give us the determination of the isomorphism classes of the Special algebras S(m; n; Φ)^{(1)} for m ≥ 3 and the Hamiltonian algebras H(2; n; Φ)^{(2)} for m = 2. The exposition of this section follows [Wil 80]. Let

Aut_c F [[m]] = { φ ∈ Aut F [[m]] | φ ( ∑ a≥0 α_ax^{(a)} ) = ∑ a≥0 α_aφ(x)^{(a)} }

be the group of all continuous divided power automorphisms, and for n ∈ N^m

Aut_c F [m; n] = (Aut_c F [[m]]) ∩ (Aut F [m; n]).

For φ ∈ Aut_c F [[m]] set

J(φ) := det(D_i(φ(x_j ))_{1≤i,j≤m}.

By [St 97/1, Corollary 2.9], J(φ) is invertible,

J(φ) ∈ F [[m]]^∗ = F [[m]] \ F [[m]]_{(1)}.

Note that Aut_c F [[m]] acts on the space of differential forms via

φ(fdx_{i1} ∧ . . . ∧ dx_{ik} ) := φ(f)dφ(x_{i1} ) ∧ . . . ∧ dφ(x_{ik} )

for φ ∈ Aut_c F [[m]], f ∈ F [[m]], i_1, . . . , i_k ∈ {1, . . . , m}. Set

ω_S = dx_1 ∧ . . . ∧ dx_m

(see §3.2 of [St 97/1]). Then

φ(ω_S ) = J(φ)ω_S ,

and therefore

J(ψ ∘ φ)ω_S = (ψ ∘ φ)(ω_S ) = ψ(J(φ)ω_S ) = ψ(J(φ))J(ψ)ω_S ,

this showing that

J(ψ ∘ φ) = ψ(J(φ))J(ψ) ∀ φ, ψ ∈ Aut_c F [[m]].

Lemma 6.11 Let a ∈ N^m and a > 0. Then (x^{(a)})^{(k)} = 0 holds except if k < p or if there are l ≥ 0 and j such that a = p^lϵ_j .

Proof. Suppose k ≥ p, and let k = ∑ s≥0 k_sp^s, 0 ≤ k_s < p be the p–adic expansion. Using (2.13) and (2.11) of [St 97/1] one obtains

(x^{(a)})^{(k)} = ( ∏ s 1 k_s! ) ∏ s (( x^{(a)}

)_{(p}s_))_{ks} . There is an index s_0 ≥ 1 such that k_{s0} ≠ 0 (since k ≥ p). If there are different indices i, j with a_i, a_j > 0, then (2.8) of [St 97/1] yields ( x^{(a)}

)_{(p}s0_) = ( x^{(ai )}_i

)_{(p}s0_) ∏

l≠i ( x^{(al)}_l

)_ps0

= 0.

Here we used the fact that f^p = 0 for all f ∈ F [[m]]_{(1)}. So assume a = mϵ_j . Set m = ∑ t≥0 m_tp^t, 0 ≤ m_t < p, the p–adic expansion of m. As above one obtains

(x^{(a)})^{(ps0 )} =

(( ∏ t≥0 1 m_t! ) ∏ t≥0 (x^{(pt )}_j )^{mt}

)_{(p}s0_) .

If there are different indices t_1, t_2 with m_{t1} , m_{t2} > 0, then (2.8) of [St 97/1] yields ( ∏ t≥0 (x^{(pt )}_j )^{mt}

)_{(p}s0_) = (( x^{(pt1 )}_j

)_{mt1} )(p^{s0} ) ∏

t≠t_1 (( x^{(pt )}_j

)_{mt} )p^{s0} = 0.

So assume m = m_lp^l. If m_l > 1, then one can argue analogously, (( x^{(pl )}_j

)_{ml} )(p^{s0} ) = (x^{(pl )}_j )^{(ps0 )} (( x^{(pl )}_j )^{ml−1}

)_ps0 = 0.

We assumed a > 0, i.e., m_l ≠ 0. Then m_l = 1 and a = p^lϵ_j . □

Recall that for n ∈ N^m

τ(n) = (p^{n1} − 1, . . . , p^{nm} − 1).

Set G(m; n) the set of all m–tuples (y_1, . . . , y_m) for which

y_i = ∑ 0<a≤τ (n)

α_i(a)x^{(a)} with

det (D_i(y_j ))_{1≤i,j≤m} ∈ F [[m]]^∗, α_i(p^lϵ_j ) = 0 if n_i + l > n_j .

Theorem 6.12 The mapping

φ → (φ(x_1), . . . , φ(x_m))

establishes a bijection of Aut_c F [m; n] onto G(m; n).

Proof. (a) Put y_i := ∑ 0<a≤τ (n) αi(a)x

(a) ∈ F [[m]]_{(1)}. We intend to show that y^{(k)}_i ∈ F [m; n] for all k < p^{ni} if and only if α_i(p^lϵ_j ) = 0 whenever n_i + l > n_j . If n_i = 1 then y^{(k)}_i ∈ F [m; n] for all k < p ([St 97/1, (2.11)]), and α_i(p^lϵ_j ) = 0 if l > n_j − 1 by definition of y_i. Thus assume n_i > 1. Let A_t denote the associative algebra generated by {α_i(a)^k (x^{(a)})^{(k)} | 0 < a ≤ τ(n), 0 ≤ k < t}. Then A_1 = F ⊂ F [m; n]. Suppose A_t ⊂ F [m; n]. Equation [St 97/1, (2.7)] shows that y^{(t)}_i ≡ ∑ 0<a≤τ (n)

α_i(a)^t(x^{(a)})^{(t)} (mod A_t).

Thus y^{(t)}_i ∈ F [m; n] if and only if α_i(a)^t(x^{(a)})^{(t)} ∈ F [m; n] for all 0 < a ≤ τ(n), i.e., A_{t+1} ⊂ F [m; n]. By induction on t one obtains the equivalence

y^{(k)}_i ∈ F [m; n] ∀ k < p^{ni} ⇔ α_i(a)^k(x^{(a)})^{(k)} ∈ F [m; n], 0 < a ≤ τ(n), ∀ k < p^{ni} .

Set k = ∑ s≥0 k_sp^s, 0 ≤ k_s ≤ p − 1, the p–adic expansion of k. By [St 97/1, (2.13),(2.11)] (x^{(a)})^{(k)} = ( ∏ s 1 k_s! ) ∏ s ( (x^{(a)})^{(ps)}

)_{ks} . Therefore α_i(a)^k(x^{(a)})^{(k)} ∈ F [m; n] for all k < p^{ni} if and only if α_i(a) = 0 or (x^{(a)})^{(ps )} ∈ F [m; n] for 0 ≤ s ≤ n_i − 1. For s = 0 this condition is satisfied. Recall that 1 ≤ n_i − 1 by assumption. For 1 ≤ s ≤ n_i − 1 Lemma 6.11 shows that (x^{(a)})^{(ps)} = 0 except a = p^lϵ_j for suitable l, j. In this case (see [St 97/1, (2.12)]) (x^{(a)})^{(ps)} = x^{(pl+s)}_j .

We obtain for n_i > 1 that y^{(k)}_i ∈ F [m; n] for all k < p^{ni} if and only if for every 0 < a ≤ τ(n) one has α_i(a) = 0 or a ∉ {p^lϵ_j | l ≥ 0, j = 1, . . . , m} or a = p^lϵ_j and l+(n_i−1) ≤ n_j −1. This proves the claim.

(b) For φ ∈ Aut_c F [m; n] set y_i := φ(x_i), i = 1, . . . , m. Write y_i = ∑ a α_i(a)x^{(a)}.

As φ(x_i) ∈ F [m; n]_{(1)}, one has α_i(0) = 0 and α_i(a) = 0 if a ≰ τ(n). Therefore the sum is taken only over 0 < a ≤ τ(n).

As y^{(k)}_i = φ(x^{(k)}_i ) ∈ F [m; n] for all k < p^{ni} , one obtains from (a) that α_i(p^lϵ_j ) = 0 whenever n_i + l > n_j .

Since φ is an automorphism, one has det (D_i(y_j ))_{1≤i,j≤m} ∈ F [[m]]^∗ ([St 97/1, Corollary 2.9]). Hence (y_1, . . . , y_m) ∈ G(m; n).

(c) Let conversely (y_1, . . . , y_m) ∈ G(m; n). By [St 97/1, Corollary 2.9] this m–tuple defines φ ∈ Aut_c F [[m]] by φ( ∑ a β(a)x^{(a)}) := ∑ a β(a)

∏_m

i=1 y^{(ai)}_i .

According to (a) one has y^{(k)}_i ∈ F [m; n] for all k < p^{ni} . Then φ(x^{(a)}) = ∏_m

i=1 y^{(ai)}_i ∈ F [m; n] for a ≤ τ(n). Hence φ maps F [m; n] into F [m; n], i.e., φ ∈ Aut_c F [m; n]. □

Set for n ∈ N^m

B(m; n) = {h ∈ F [[m]]^∗ | h^{−1}D_i(h) ∈ F [m; n] ∀ i = 1, . . . , m}. We are interested in the orbits of Aut_c F [m; n] in B(m; n)dx_1 ∧ . . . ∧ dx_m. Set for u ∈ F [[m]]_{(1)}

exp(u) = ∞∑ i=0 u^{(i)}.

It is obvious that exp(u)^{−1} = exp(−u), D_i(exp(u)) = exp(u)D_i(u) for i = 1, . . . , m.

Lemma 6.13

1. F [m; n]^∗ ⊂ B(m; n),

exp(tx^{(pni )}_i ) ∈ B(m; n) ∀ t ∈ F, i = 1, . . . , m.

2. h, h^′ ∈ B(m; n), φ ∈ Aut_c F [m; n] ⇒ hh^′, φ(h), J(φ) ∈ B(m; n). 3. The relation

h ∼ h^′ :⇔ ∃φ ∈ Aut_c F [m; n], ∃γ ∈ F^∗ : γφ(h)J(φ) = h^′ defines an equivalence relation on B(m; n).

Proof. (1) Clearly, if f ∈ F [m; n]^∗, then f^{−1}, D_i(f) ∈ F [m; n], and hence f^{−1}D_i(f) ∈ F [m; n] for all i. Thus F [m; n]^∗ ⊂ B(m; n). Note that D_j ( ∑ k≥0 (tx^{(pni )}_i )^{(k)} ) = ∑ k≥1 t^k(x^{(pni )}_i )^{(k−1)}D_j (x^{(pni )}_i ) = δ_{i,j} tx^{(pni −1)} i ∑ k≥0 t^k(x^{(pni )}_i )^{(k)} = δ_{i,j} tx^{(pni −1)} i exp(tx^{(pni )}_i ).

Therefore

exp(tx^{(pni )}_i )^{−1}D_j (exp(tx^{(pni )}_i )) = δ_{i,j} tx^{(pni −1)}_i ∈ F [m; n].

(2) Let h ∈ F [[m]]^∗, f ∈ F [m; n]. As h^{−1}(fD_i)(h) = f(h^{−1}D_i(h)) for all i, one obtains h^{−1}W (m; n)(h) ⊂ F [m; n] if and only if h^{−1}D_i(h) ∈ F [m; n] for all i. This shows B(m; n) = {h ∈ F [[m]]^∗ | h^{−1}W (m; n)(h) ⊂ F [m; n]}.

For h, h^′ ∈ B(m; n), f ∈ F [m; n] one has

(hh^′)^{−1}fD_i(hh^′) = fh^{′−1}(h^{−1}D_i(h))h^′ + fh^{−1}(h^{′−1}D_i(h^′)h = fh^{−1}D_i(h) + fh^{′−1}D_i(h^′) ∈ F [m; n].

Therefore hh^′ ∈ B(m; n).

Also, for φ ∈ Aut_c F [m; n], one has φ^{−1} ∘ W (m; n) ∘ φ = W (m; n). Therefore φ(h)^{−1}fD_i(φ(h)) = φ ( h^{−1}(φ^{−1} ∘ (fD_i) ∘ φ)(h) ) ∈ φ(F [m; n]) = F [m; n].

Hence φ(h) ∈ B(m; n).

Observe that D_i(φ(x_j )) ∈ F [m; n], whence J(φ) ∈ F [m; n]^∗ ⊂ B(m; n). (3) Observe that 1 = J(φ^{−1} ∘ φ) = φ^{−1}(J(φ))J(φ^{−1} ). Therefore the relation in question is symmetric.

Suppose h^′ = γφ(h)J(φ), h^{′′} = γ^′φ^′(h^′)J(φ^′). Then h^{′′} = γ^′γφ^′(φ(h)J(φ))J(φ^′ ) = γ^′γ(φ^′φ)(h)φ^′(J(φ))J(φ^′) = γ^′γ(φ^′φ)(h)J(φ^′φ). Hence ”∼” is a transitive relation. □ Proposition 6.14 Every h ∈ B(m; n) is equivalent to one of 1, 1 + x^{τ (n)}, or exp(x^{(pni )}_i ) i = 1, . . . , m. Proof. Set

S := N^m \ {a ∈ N^m | a ≤ τ(n)},

F [[S]] := { ∑ c∈S γ(c)x^{(c)}, γ(c) ∈ F } , S^′ := N^m \ {a ∈ N^m | a ≤ τ(n) ∨ a = p^{nl} ϵ_l, l = 1, . . . , m},

F [[S^′]] := { ∑ c∈S^′

γ(c)x^{(c)}, γ(c) ∈ F } . F [[S]] and F [[S^′]] are ideals of F [[m]]. Note that x^{(c)} ∈ F [[S^′]] if and only if there is r with c_r > p^{nr} or there are r ≠ s with c_r = p^{nr} , c_s ≠ 0}.

Let h ∈ B(m; n) be arbitrary, h = ∑ a≥0 α(a)x^{(a)}, h̃ := ∑ 0≤a≤τ (n)

α(a)x^{(a)}.

Note that α(0) ≠ 0, h ≡ h̃ (mod F [[S^′]]).

(i) Suppose h ≡ α(0) =: α (mod F [[S^′]]).

Write h = α+ ∑ a∈S^′ α(a)x

(a). If h ∉ F , then α(a) ≠ 0 for some a ∈ S^′. Choose k > 0 minimal such that α(ã) ≠ 0 for some ã ≠ 0 with |ã| = k. Then

h^{−1}D_l(h) ≡ α^{−1}D_l(h) ≡ α^{−1} ∑ |a|=k

α(a)x^{(a−ϵl )} (mod F [[m]]_{(k)}).

As h^{−1}D_l(h) ∈ F [m; n] for all l, one obtains x^{(ã−ϵl)} ∈ F [m; n] whenever ã_l ≠ 0. Recall that ã ∈ S^′. Therefore there is r, such that ã_r > p^{nr} or there are r, s, such that r ≠ s, ã_r = p^{nr} , ã_s ≠ 0. In the first case ã − ϵ_r ≰ τ(n), while in the second ã − ϵ_s ≰ τ(n), a contradiction. Hence h = α and h ∼ 1 in this case.

(ii) Suppose there are indices i ≠ j such that α(p^{ni} ϵ_i) ≠ 0, α(p^{nj} ϵ_j ) ≠ 0. Let n_i ≤ n_j , set ξ := (α(p^{nj} ϵ_j )α(p^{ni} ϵ_i)^{−1})^{p−ni} , and

y_i := x_i − ξx^{(pnj −ni )} j , y_l := x_l for l ≠ i.

As det (D_i(y_j ))_{1≤i,j≤m} = 1, it is clear that (y_1, . . . , y_m) ∈ G(m; n). Let φ denote the corresponding automorphism (Theorem 6.12). Then J(φ) = 1 and h is equivalent to φ(h). Using (2.7) of [St 97/1] one obtains

φ(x^{(ai )}_i ) = (φ(x_i))^{(ai )} = ( x_i − ξx^{(pnj −ni )} j )_{(ai)}

= a_i∑

l=0 (−1)^lξ^lx^{(ai −l)}_i ( x^{(pnj −ni )} j )_{(l)}

≡ (−1)^{ai} ξ^{ai} ( x^{(pnj −ni )} j )_{(ai )} ( mod ∑ r>0,s≥0

F x^{(r)}_i x^{(s)}_j ) . Therefore

φ(x^{(a)}) = m∏ l=1 φ(x_l)^{(al)} ≡ (−1)^{ai} ξ^{ai} ( x^{(pnj −ni )} j )_{(ai )} ∏

l≠i

x^{(al )}_l ( mod ∑ c_i>0

F x^{(c)} ) , φ(h) ≡ ∑ a α(a)(−1)^{ai} ξ^{ai} ( x^{(pnj −ni )} j )_{(ai)} ∏

l≠i

x^{(al )}_l

modulo a power series of the form ∑ c_i>0 γ(c)x

(c). Write

φ(h) = ∑ b β(b)x^{(b)}.

We are interested in the coefficients β(p^{nk} ϵ_k). Note that ( x^{(pnj −ni )} j )_{(ai)} ∏

l≠i x

(a_l ) l ∈ F x^{(aj +aipnj −ni )} j ∏ l≠i,j x

(a_l)

l (cf. (2.9) of [St 97/1]). If k ≠ i, j, one has to consider only summands x^{(a)} for which a_l = 0 if l ≠ k, i, j and a_j + a_ip^{nj −ni} = 0, i.e., a = p^{nk} ϵ_k. Therefore β(p^{nk} ϵ_k) = α(p^{nk} ϵ_k) in this case. In order to determine β(p^{nj} ϵ_j ) one has to consider the sum over all a of the form a = a_iϵ_i + a_j ϵ_j , a_j + a_ip^{nj −ni} = p^{nj} . If a_i, a_j ≠ 0, then 0 < a_i, a_j < p^{nj} and hence

(_pn_j

a_j ) = 0.

In this case ( x^{(pnj −ni )} j )_{(ai)} x^{(aj )}_j = 0 holds. If a_i = 0, then a_j = p^{nj} . This term

gives rise to a summand α(p^j ϵ_j )x^{(pnj )}_j . If a_j = 0, then a_i = p^{ni} . This term yields a summand

α(p^{ni} ϵ_i)(−1)ξ^{pni} ( x^{(pnj −ni )} j )_{(p}ni_)

= −α(p^{nj} ϵ_j )x^{(pnj )}_j .

As a consequence, β(p^{nj} ϵ_j ) = 0.

This construction reduces the number of nonzero summands α(p^{nl} ϵ_l)x^{(pnl )}_l . Inductively, we may assume that at most one of these summands occur, i.e., after a reindexing we assume α(p^{nl} ϵ_l) = 0 if l ≠ 1. It is possible that α(p^{n1} ϵ_1) vanishes or not.

(iii) We are going to reduce the number of summands of h̃ = ∑ 0≤a≤τ (n) α(a)x

(a).

Replacing h by the equivalent element α(0)^{−1}h we may assume that α(0) = 1. Suppose α(a) ≠ 0 for some 0 < a < τ(n). Choose k maximal subject to the condition α(a) = 0 for all 0 < |a| < k. Let h_l := − ∑ α(a)x^{(a+ϵl )}, where the sum is taken over all a ≤ τ(n), a ≠ 0, with |a| = k, a_r = p^{nr} − 1 for r < l and a_l < p^{nl} − 1. Note that h_l ∈ F [m; n] and

∑_m

l=1 −D_l(h_l) = ∑ |a|=k, 0<a≤τ (n) α(a)x

(a).

Let d = ∑ α(a)x^{(a+ϵ1 )} and e = ∑ α(a)x^{(a+ϵ2 )} where both sums are over all a = (p^l − 1)ϵ_1, 1 ≤ l < n_1 with |a| = k. Define

y_1 := x_1 + h_1 + d, y_2 = x_2 + h_2 − e, y_l = x_l + h_l (l > 2).

Every summand of y_i is of the form γ(a)x^{(a)} with a_i ≠ 0, and if a summand is of the form γx^{(pt)}_i then t = 0 (the latter is obvious for i > 1 and for i = 1 due to the extra summand d) . Thus (y_1, . . . , y_m) ∈ G(m; n). Let φ ∈ Aut_c F [m; n] denote the corresponding automorphism.

Note that for all i ∈ {1, . . . , m} according to [St 97/1, (2.7),(2.9)]

φ(x^{(s)}_i ) = (x_i + h_i + δ_{i,1}d − δ_{i,2}e)^{(s)} ≡ x^{(s)}_i (mod ∑ c_i≥s,|c|>s

F x^{(c)}).

If a ∈ S, then there is i such that a_i ≥ p^{ni} , and hence φ(x^{(a)}) ∈ ∑ c_i≥p^ni F x

(c) ⊂ F [[S]]. As a consequence φ(F [[S]]) ⊂ F [[S]]. Moreover, the above also shows φ(F [[S^′]]) ⊂ F [[S^′]] and

φ(x^{(pni )}_i ) ≡ x^{(pni )}_i (mod F [[S^′]]).

A direct computation yields

J(φ) = det

1 + D_1(h_1) + D_1(d), 1 + D_2(h_2) − D_2(e), ∗ .. .^∗ 1 + D_m(h_m)

≡ 1 + m∑ l=1 D_l(h_l) ≡ 1 − ∑ |a| = k 0 < a ≤ τ(n) α(a)x^{(a)} ( mod ∑ |c|>k

F x^{(c)} ) .

Clearly, φ(h̃) ≡ 1 + ∑ |a| = k 0 < a ≤ τ(n) α(a)x^{(a)} ( mod ∑ |c|>k F x (c) ) . Conse-

quently, as h ≡ h̃ (mod F [[S]]),

φ(h)J(φ) ≡ φ(h̃)J(φ) ≡ 1 ( mod F [[S]] + ∑ |c|>k

F x^{(c)} ) . Induktion on k now yields the existence of ψ ∈ Aut_c F [m; n] such that

ψ(F [[S]]) ⊂ F [[S]], ψ(F [[S^′]]) ⊂ F [[S^′]], ψ(x^{(pni )}_i ) ≡ x^{(pni )}_i (mod F [[S^′]]) i = 1, . . . , m, ψ(h)J(ψ) ≡ 1 + β(τ(n))x^{(τ (n))} (mod F [[S]])

for some β(τ(n)) ∈ F . Write

h^′ := ψ(h)J(ψ) = 1 + β(τ(n))x^{(τ (n))} + ∑ b∈S β(b)x^{(b)}.

As ψ(h̃), J(ψ) ∈ F [m; n], ψ(h)J(ψ) ≡ ψ(h−h̃)J(ψ) ≡ ∑ a≰τ (n) α(a)ψ(x

(a))J(ψ) (mod F [m; n]). The above shows ∑ a≰τ (n)

α(a)ψ(x^{(a)})J(ψ) ≡ m∑ i=1 α(p^{ni} ϵ_i)ψ(x^{(pni )}_i )J(ψ)

≡ m∑ i=1 α(p^{ni} ϵ_i)x^{(pni )}_i (mod F [[S^′]]).

Therefore β(p^{ni} ϵ_i) = 0 for i ≠ 1, β(p^{n1} ϵ_1) = α(p^{n1} ϵ_1). Hence

h ∼ h^′ ≡ 1 + β(τ(n))x^{(τ (n))} + β(p^{n1} ϵ_1)x^{(pn1 )}_1 (mod F [[S^′]]).

(iv) Suppose β(p^{n1} ϵ_1) = 0, β(τ(n)) ≠ 0. Note that

(1 − β(τ(n))x^{(τ (n))})^{−1}D_i(1 − β(τ(n))x^{(τ (n))}) = (1 + β(τ(n))x^{(τ (n))})(−β(τ(n))x^{(τ (n)−ϵi)} = −β(τ(n))x^{(τ (n)−ϵi)} ∈ F [m; n].

Therefore 1−β(τ(n))x^{(τ (n))} ∈ B(m; n). As h ∈ B(m; n) and h^′ ∼ h, Lemma 6.13 yields h^′ ∈ B(m; n). Again Lemma 6.13 shows that h^{′′} := ( 1−β(τ(n))x^{(τ (n))} ) h^′ ∈ B(m; n). In the present case

h^{′′} = ( 1 − β(τ(n))x^{(τ (n))} ) h^′ ≡ ( 1 − β(τ(n))x^{(τ (n))} )( 1 + β(τ(n))x^{(τ (n))} ) ≡ 1 (mod F [[S^′]]). According to (i), h^{′′} = 1. Then h^′ = 1 + β(τ(n))x^{(τ (n))}. Put φ(x_1) = ηx_1, φ(x_i) = x_i for i ≥ 2 with η^{pn1 −1}β(τ(n)) = 1. Then J(φ) = η ≠ 0 and φ(h^′)J(φ) = η(1 + x^{(τ (n))}). Hence h ∼ 1 + x^{(τ (n))}.

(v) Suppose β(p^{n1} ϵ_1) ≠ 0. Set η = −β(τ(n))β(p^{n1} ϵ_1)^{−1} and

y_1 := x_1 + η ∏ l≠1

x^{(pnl −1)} l , y_i := x_i for i ≥ 2.

Clearly, (y_1, . . . , y_m) ∈ G(m; n), and J(φ) = 1 where φ is the automorphism associated with to (y_1, . . . , y_m).

Note that according to (2.7) and (2.8) of [St 97/1]

φ(x_1)^{(k)} = y^{(k)}_1 = k∑ i=0 η^{k−i}x^{(i)}_1 ( ∏ l≠1

x^{(pnl −1)} l )_{(k−i)} = x^{(k)}_1 + ηx^{(k−1)}_1 ∏ l≠1

x^{(pnl −1)} l .

Consider b ∈ S^′. If b_r > p^{nr} for some r, then φ(x^{(b)}) ∈ F [[S^′]]. If b_r = p^{nr} and b_s ≠ 0 for some s ≠ r, then in case r ≠ 1 again φ(x^{(b)}) ∈ F [[S^′]]. Finally suppose b_1 = p^{n1} , b_s ≠ 0 for some s ≠ 1, b_i < p^{ni} for all i ≠ 1. Then x^{(pns −1)}s x^{(bs)}s = 0, hence

φ(x^{(b)}) = x^{(b)} + ηx^{(b1 −1)}_1 ( ∏ l≠1

x^{(pnl −1)} l )( ∏

l≠1

x^{(bl)}_l ) = x^{(b)}.

Thus φ(F [[S^′]]) ⊂ F [[S^′]] and

φ(h^′) ≡ 1 + β(τ(n))x^{(τ (n))} + β(p^{n1} ϵ_1)(x^{(pn1 )}_1 + ηx^{(τ (n))})

≡ 1 + β(p^{n1} ϵ_1)x^{(pn1 )}_1 (mod F [[S^′]]).

Next set ξ := β(p^{n1} ϵ_1)^{−pn1} and

y_1 := ξx_1, y_i := x_i for i ≥ 2,

and φ_1 the associated automorphism. Then J(φ_1) = ξ and

h^{′′} := φ_1(φ(h^′))J(φ_1) ≡ ξ(1 + β(p^{n1} ϵ_1)ξ^{pn1} x^{(pn1 )}_1 )

≡ ξ(1 + x^{(pn1 )}_1 ) (mod F [[S^′]]).

Recall that exp(−x^{(pn1 )}_1 ) ∈ B(m; n). As h^{′′} ∼ h and h ∈ B(m; n), one has (by Lemma 6.13) h^{′′} ∈ B(m; n). Then exp(−x^{(pn1 )}_1 )h^{′′} ∈ B(m; n), and as exp(−x^{(pn1 )}_1 )h^{′′} ≡ ξ (mod F [[S^′]]), we conclude from (i) that exp(−x^{(pn1 )}_1 )h^{′′} = ξ, hence h^{′′} = ξ exp(x^{(pn1 )}_1 ). Consequently h ∼ h^′ ∼ exp(x^{(pn1 )}_1 ). This concludes the proof. □

Proposition 6.14 allows to determine the isomorphism classes of the family of Special algebras. Let φ ∈ Aut_c F [[m]]. Then

S((m))^φ = φ ∘ S((m)) ∘ φ^{−1} = {φ ∘ D ∘ φ^{−1} ∈ W ((m)) | D(ω_S ) = 0} = {E ∈ W ((m)) | (φ^{−1} ∘ E ∘ φ)(ω_S ) = 0} = {E ∈ W ((m)) | E(J(φ)ω_S ) = 0}.

Write E =

∑_m

i=1 f_iD_i. Then E(ω_S ) =

∑_m i=1 D_i(f_i)ω_S , hence

E(J(φ)ω_S ) =

(^m∑ i=1 f_iD_i(J(φ)) + D_i(f_i)J(φ) ) ω_S

= (^m∑ i=1 D_i(f_iJ(φ)) ) ω_S = (J(φ)E)ω_S .

Consequently,

S((m))^φ = {E ∈ W ((m)) | J(φ)E ∈ S((m))} = J(φ)^{−1}S((m)).

The definition (3.26) of [St 97/1] now says S(m; n; φ) = S((m))^φ ∩ W (m; n) = (J(φ)^{−1}S((m))) ∩ W (m; n). Recall that at the moment we allow m = 2 to cover the case of Lie algebras of type H(2; n; φ).

Lemma 6.15

1. Suppose φ ∈ Aut_c F [[m]] and S(m; n; φ)^{(∞)} is a Cartan type Lie algebra in minimal realisation. Then

S(m; n; φ) = ( J(φ)^{−1}S((m)) ) ∩ W (m; n) and J(φ) ∈ B(m; n).

2. If S(m; n; φ)^{(∞)} and S(m; n; φ^′)^{(∞)} are Cartan type Lie algebras in minimal realisation, and J(φ) ∼ J(φ^′), then these algebras are isomorphic.

Proof. (1) As the first equation of (1) has already been shown, it remains to prove J(φ) ∈ B(m; n).

Since φ is invertible, one has J(φ) ∈ F [[m]]^∗. According to (3.28) of [St 97/1]

S(m; n; φ) ≡ J(φ)^{−1}S((m)) ≡ S((m)) (mod W ((m))_{(0)}), there are f_{i,j} ∈ F [m; n] (1 ≤ i, j ≤ m) such that

E_i := m∑ j=1 f_{i,j} D_j ∈ S(m; n; φ) for i = 1, . . . , m,

f_{i,i} ≡ 1, f_{i,j} ≡ 0 for i ≠ j (mod F [m; n]_{(1)}).

Set h := J(φ). The above deliberations show that E_i ∈ S((m))^φ has the property that hE_i ∈ S((m)),i.e.,

∑_m

j=1 D_j (hf_{i,j} ) = 0 for i = 1, . . . , m. Then m∑ j=1 f_{i,j} D_j (h) = −h m∑ j=1 D_j (f_{i,j} ) (i = 1, . . . , m),

and this gives a system of linear equations m∑ j=1 f_{i,j} T_j = − m∑ j=1 D_j (f_{i,j} ) (i = 1, . . . , m),

where T_j = h^{−1}D_j (h), and f_{i,j} ∈ F [m; n]. Moreover, det (f_{i,j} ) ≡ 1 (mod F [m; n]_{(1)}). Therefore the matrix (f_{i,j} )_{1≤i,j≤m} is invertible. Hence this system has a solution T_1, . . . , T_m ∈ F [m; n] (and it has only one solution). Then h^{−1}D_i(h) ∈ F [m; n] for i = 1, . . . , m, and this shows that h ∈ B(m; n).

(2) Set h := J(φ), h^′ := J(φ^′). We have shown in (1) that h, h^′ ∈ B(m; n). By definition there are ψ ∈ Aut_c F [m; n] and α ∈ F^∗ such that αh^′ = ψ(h)J(ψ). Since

ψ ∘ S(m; n; φ) ∘ ψ^{−1} = ψ ∘ ( (φ ∘ S((m)) ∘ φ^{−1}) ∩ W (m; n) ) ∘ ψ^{−1} = ( (ψ ∘ φ) ∘ S((m)) ∘ (ψ ∘ φ)^{−1} ) ∩ W (m; n)

= S(m; n; ψ ∘ φ),

one has ψ ∘ S(m; n; φ)^{(∞)} ∘ ψ^{−1} = S(m; n; ψ ∘ φ)^{(∞)}.

By [St 97/1, Theorem 3.20] ψ stabilizes the canonical maximal subalgebra W (m; n)_{(0)}, hence respects the canonical filtration, ( ψ ∘ S(m; n; φ) ∘ ψ^{−1} ) ∩ W (m; n)_{(i)} = ψ ∘ ( S(m; n; φ) ∩ W (m; n)_{(i)} ) ∘ ψ^{−1}

for all i ≥ −1. Therefore ψ induces an isomorphism of the associated graded algebras gr S(m; n; φ) ∼= gr S(m; n; ψ ∘ φ).

This proves that S(m; n; ψ∘φ) satisfies (3.25)–(3.28) of [St 97/1], and S(m; n; ψ∘ φ)^{(∞)} is now a Special algebra or a Hamiltonian algebra in minimal realization. Recall that J(ψ ∘ φ) = ψ(J(φ))J(ψ) = ψ(h)J(ψ) = αh^′.

Therefore

S(m; n; ψ ∘ φ) = ( (αh^′)^{−1}S((m)) ) ∩ W (m; n) = ( h^{′−1}S((m)) ) ∩ W (m; n) = S(m; n; φ^′).

We have now obtained that

S(m; n; φ)^{(∞)} ∼= S(m; n; ψ ∘ φ)^{(∞)} = S(m; n; φ^′)^{(∞)}. □ Define for fixed n ∈ N^m ϕ(τ), Δ(i) ∈ Aut_c F [[m]] by

ϕ(τ(n))(x_j ) = ϕ(τ)(x_j ) := { x_1 + x^{(τ (n)+ϵ1)} j = 1, x_j j ≠ 1,

Δ(i, n)(x_j ) = Δ(i)(x_j ) := x_j + δ_{i,j} (x_j exp(x^{(pni )}_i ) − x_j ), i, j = 1, . . . , m.

Theorem 6.12 shows that the restrictions of ϕ(τ), Δ(i) are contained in Aut_c F [m; n]. Moreover,

J(ϕ(τ)) = det (D_iϕ(τ)(x_j ))_{1≤i,j≤m} = 1 + x^{τ (n)},

J(Δ(i)) = det 1 . . . exp(x^{(pni )}_i ) .. . 1 = exp(x^{(p}

ni )

i ).

The main conclusion of this section, which just collects all the previous results, is now the following

Theorem 6.16

1. A Special algebra S(m; n; φ)^{(∞)} in minimal realization is isomorphic to one of

S(m; n)^{(1)}, S(m; n; ϕ(τ))^{(1)}, S(m; n; Δ(i))^{(1)}, m ≥ 3, 1 ≤ i ≤ m.

2. A Hamiltonian algebra H(2; n; φ)^{(∞)} in minimal realization is isomorphic to one of

H(2; n)^{(2)}, H(2; n; ϕ(τ))^{(2)}, H(2; n; Δ(i))^{(2)}, i = 1, 2. □

6.3 Hamiltonian algebras

In this section we investigate the Hamiltonian algebras in 2 generators. Due to Theorem 6.16 there are 3 classes of such algebras

H(2; n)^{(2)}, H(2; n; Φ(τ))^{(2)}, H(2; n; Δ(i))^{(2)} (i = 1, 2).

The algebras H(2; n)^{(2)} are described in [St-F]. Accordingly the following holds. Set D_H (f) = D_1(f)D_2 − D_2(f)D_1, f ∈ F [[m]] (see eqn. (3.9) of [St 97/1]). Then [D_H (f), D_H (g)] = D_H (D_H (f)(g)) (see [St-F, (4.4.3)]) and D_H (fg) = gD_H (f) + fD_H (g) for all f, g ∈ F [[m]]. Recall that

H(2; n) = {f_1D_1 + f_2D_2 | f_1, f_2 ∈ F [m; n], D_1(f_1) + D_2(f_2) = 0}, = ∑ 0<a≤τ (n)

F D_H (x^{(a)}) + F D_H (x^{(pn1 )}_1 ) + F D_H (x^{(pn2 )}_2 ),

H(2; n)^{(1)} = ∑ 0<a≤τ (n)

F D_H (x^{(a)}),

H(2; n)^{(2)} = ∑ 0<a<τ (n)

F D_H (x^{(a)}).

H(2; n)^{(2)} is a simple Lie algebra of dimension p^{|n|} − 2 [St-F, (4.4.5)]. Since H(2; n)^{(2)} = F D_1 + F D_2 + H(2; n)^{(2)} ∩ W (2; n)_{(0)} and H(2; n)^{(2)} ∩ W (2; n)_{(0)} is a restricted subalgebra of Der H(2; n)^{(2)} [St 97/1, Corollary 3.24], the algebra

H(2; n)^{(2)}_p :=

n_1−1∑

i=1 F D^{pi}_1 +

n_2−1∑

i=1 F D^{pi}_2 + H(2; n)^{(2)}

is the restricted subalgebra of Der H(2; n)^{(2)} generated by H(2; n)^{(2)}, and therefore it is the minimal p–envelope of H(2; n)^{(2)}. By [St 97/1, Corollary 3.23] (we identify D ∈ W (2; n) with ad D)

Der H(2; n)^{(2)} =

n_1 −1∑

i=1 F D^{pi}_1 +

n_2−1∑

i=1 F D^{pi}_2 + F (x_1D_1 + x_2D_2) + H(2; n).

In § 6.2 we showed that for φ ∈ Aut_c F [m; n]

H(2; n; φ) = ( J(φ)^{−1}H((2)) ) ∩ W (2; n).

Note that J(Φ(τ(n)))^{−1} = (1 + x^{(τ (n))})^{−1} = 1 − x^{τ (n)}.

For fixed n set

D_Φ : F [[2]] → H((2))^{Φ(τ (n))}, D_Φ(f) = (1 − x^{(τ (n))})D_H (f). (6.1)

Note that D_Φ(f) ∈ W (2; n) if and only if (1 + x^{τ (n)})D_Φ(f) ∈ W (2; n), i.e., D_H (f) ∈ H(2; n). Thus the restriction

D_Φ : F [2; n] + F x^{(pn1 )}_1 + F x^{(pn2 )}_2 → H(2; n; Φ(τ(n)))

is a surjective linear mapping with ker D_Φ = F 1. We mention that this notation differs from that given in [B-W 88]. In view of the realization [Sch] this seems quite reasonable.

For a, f, g ∈ F [2; n] one easily computes

[aD_H (f), aD_H (g)]

= [aD_1(f)D_2 − aD_2(f)D_1, aD_1(g)D_2 − aD_2(g)D_1] = aD_1(f)D_2(a)D_1(g)D_2 − aD_1(g)D_2(a)D_1(f)D_2 + a^2[D_1(f)D_2, D_1(g)D_2] − aD_1(f)D_2(a)D_2(g)D_1 + aD_2(g)D_1(a)D_1(f)D_2 − a^2[D_1(f)D_2, D_2(g)D_1] − aD_2(f)D_1(a)D_1(g)D_2 + aD_1(g)D_2(a)D_2(f)D_1 − a^2[D_2(f)D_1, D_1(g)D_2] + aD_2(f)D_1(a)D_2(g)D_1 − aD_2(g)D_1(a)D_2(f)D_1 + a^2[D_2(f)D_1, D_2(g)D_1] = a^2[D_H (f), D_H (g)] − aD_2(a)D_H (f)(g)D_1 + aD_1(a)D_H (f)(g)D_2 = a^2[D_H (f), D_H (g)] + aD_H (f)(g)D_H (a) = aD_H (aD_H (f)(g)).

In particular this gives

[D_Φ(f), D_Φ(g)] = D_Φ(D_Φ(f)(g)).

We now have

H(2; n; Φ(τ)) = (1 − x^{(τ (n))})H(2; n) = F (1 − x^{(τ (n))})D_1 + F (1 − x^{(τ (n))})D_2 + ∑ a≤τ (n),1<|a|

F D_H (x^{(a)}) + F D_H (x^{pn1 )}_1 ) + F D_H (x^{(pn2 )}_2 ),

H(2; n; Φ(τ))^{(1)} = F (1 − x^{(τ (n))})D_1 + F (1 − x^{(τ (n))})D_2 + ∑ a≤τ (n),1<|a|

F D_H (x^{(a)}).

Note that the standard filtration of W (2; n) induces a filtration of H(2; n; Φ(τ)), and the compatibility condition ([St 97/1, Definition 3.3])

H(2; n)^{(2)} ⊂ gr H(2; n; Φ(τ)) ⊂ H(2; n)

is satisfied. Then H(2; n; Φ(τ))^{(∞)} is a simple Lie algebra ([St 97/1, Theorem 3.17]), and H(2; n; Φ(τ))^{(∞)} = H(2; n; Φ(τ))^{(2)}. Since H(2; n)^{(1)} = H(2; n)^{(2)} +

F D_H (x^{(τ (n))}), the compatability condition implies that H(2; n; Φ(τ))^{(1)} = H(2; n; Φ(τ))^{(2)}+ F D_Φ(x^{(τ (n))}). Moreover,

[(1 − x^{(τ (n))})D_1, (1 − x^{(τ (n))})D_2] = −D_1(x^{(τ (n))})D_2 + D_2(x^{(τ (n))})D_1 = −D_Φ(x^{(τ (n))}).

Thus H(2; n; Φ(τ))^{(1)} is a simple Lie algebra of dimension p^{|n|} − 1.

Note that H(2; (n_1, n_2); Δ(1)) ∼= H(2; (n_2, n_1); Δ(2)). Therefore we restrict ourself to the case Δ := Δ(1). Then J(Δ) = exp(x^{(pn1 )}_1 ). Set D_Δ : F [[2]] → W ((2)), D_Δ(f) := (D_1(f) + x^{(pn1 −1)}_1 f)D_2 − D_2(f)D_1.

Note that J(Δ)^{−1}D_1(J(Δ)) = x^{(pn1 −1)}_1 . Then one computes

J(Δ)D_Δ(f) = (J(Δ)D_1(f) + J(Δ)x^{(pn1 −1)}_1 D_2 − J(Δ)D_2(f)D_1 = D_1(J(Δ)f)D_2 − D_2(J(Δ)f)D_1 = D_H (J(Δ)f).

Consequently, D_Δ(f) = 0 if and only if D_H (J(Δ)f) = 0. The latter is true if and only if J(Δ)f ∈ F , hence f ∈ F J(Δ)^{−1}. Thus D_Δ is a linear mapping with kernel F J(Δ)^{−1}. The above also shows that D_Δ(F [[2]]) = J(Δ)^{−1}H((2)) = H((2))^Δ.

Since H(2; n; Δ) = H((2))^Δ ∩ W (2; n), we are now interested in D^{−1}_Δ (W (2; n)). Let f = ∑ i≥0 f_ix^{(i)}_2 , D_2(f_i) = 0, such that D_Δ(f) ∈ W (2; n). Then D_2(f) ∈ F [2; n], hence f_i = 0 for i > p^{n2} , and f_i ∈ F [2; n] for 1 ≤ i ≤ p^{n2} . Since D_Δ(F [2; n]) ⊂ W (2; n) we may assume that f = f_0 + f_pn2 x^{(pn2 )}_2 . As D_1(f_pn2 ) + x^{(pn1 −1)}

1 f_pn2 = 0 and f_pn2 =

∑_pn1_{−1} i=0 γ_ix^{(i)}_1 necessarily follows from the conditions imposed on f, this immediately yields f_pn2 = 0. Then f = f_0 and D_1(f_0) + x^{(pn1 −1)}

1 f_0 = 0. But this implies D_Δ(f_0) = 0, whence f = f_0 ∈ F J(Δ)^{−1}. As a consequence, D^{−1}_Δ (W (2; n)) = F [2; n] + F J(Δ)^{−1} and H(2; n; Δ) = D_Δ(F [2; n]).

Since (ker D_Δ) ∩ F [2; n] = (0) this gives dim H(2; n; Δ) = p^{|n|}.

Note that [D_Δ(x_2), D_Δ(x^{(pn2 −1)}_2 )] = [x^{(pn1 −1)}_1 x_2D_2 − D_1, x^{(pn1 −1)}_1 x^{(pn2 −1)}_2 D_2 − x^{(pn2 −2)}_2 D_1] = −2D_1(x^{(τ (n))})D_2 + 2D_2(x^{(τ (n))})D_1 = −2D_H (x^{(τ (n))}) = −2D_Δ(x^{(τ (n))}).

As in the preceeding case we conclude that H(2; n; Δ)^{(1)} = H(2; n; Δ), and H(2; n; Δ) is simple. We summarize

Theorem 6.17

1. H(2; n)^{(2)} is a simple Lie algebra of dimension p^{|n|} − 2. 2. H(2; n; Φ(τ))^{(1)} = (1 − x^{(τ (n))})H(2; n)^{(1)} is a simple Lie algebra of dimension p^{|n|} − 1.

3. H(2; n; Δ) = D_Δ(F [2; n]) is a simple Lie algebra of dimension p^{|n|}. Next we are interested in Lie algebras of small absolute toral rank.

Theorem 6.18 Let G = X(m; n; ψ)^{(∞)} (X = W, S, H, K) be a Cartan type Lie algebra in minimal realization and M a Lie algebra satisfying G ⊂ M ⊂ Der G, and T R(M) = 1. Then M = W (1; 1) or G = H(2; 1)^{(2)} and H(2; 1)^{(2)} ⊂ M ⊂ H(2; 1).

Proof. (a) Note that 0 ≠ T R(G) ≤ T R(M) = 1. Since G = X(m; n; ψ)^{(∞)} is given in minimal realization, the graded algebra associated with the standard filtration satisfies the compatibility condition ([St 97/1, Definition 3.3]) X(m; n)^{(∞)} ⊂ gr G ⊂ X(m; n).

By [St 97/1, Theorem 1.22] this gives 0 ≠ T R(X(m; n)^{(∞)}) ≤ T R(gr G) ≤ T R(G) = 1.

If X = W , then only m = 1, n = 1 is possible (Theorem 5.36). Then G = W (1; 1) and M = W (1; 1), as Der W (1; 1) ∼= W (1; 1).

If X = S, then m ≥ 3 by definition. As x_1D_1 −x_2D_2, x_2D_2 −x_3D_3 ∈ S(m; n)^{(∞)} one has T R(S(m; n)^{(∞)}) ≥ 2. So this case is impossible.

Suppose X = H, m = 2r. If r > 1, then F D_H (x_1x_{r+1}) + F D_H (x_2x_{r+2}) is a 2–dimensional torus in H(2r; n)^{(∞)}. So this is impossible, whence r = 1. Note that H(2; n)^{(2)} contains subalgebras

∑_pn1_{−1} i=0 F D_H (x^{(i)}_1 x_2) ∼= W (1; n_1) and ∑_pn2_{−1}

i=0 F D_H (x_1x^{(i)}_2 ) ∼= W (1; n_2). Then 1 = T R(W (1; n_i)) = n_i i = 1, 2 (Theorem 5.36).

If X = K, then m = 2r + 1 and F D_K (x_1x_{r+1}) + F D_K (x_m) is a 2–dimensional torus of K(m; n)^{(1)}. So this case is impossible.

(b) We now have shown that M ∼= W (1; 1) or G = H(2; 1; ψ)^{(∞)}. The classification in § 6.2 shows that in the latter case we may assume ψ = Δ(1) = Δ, or ψ = Φ(τ(1)), or ψ = Id.

If ψ = Δ then G contains D_Δ(x_1x_2) = x_2D_2−x_1D_1 and D_Δ(x_2) = x^{(p−1)}_1 x_2D_2− D_1. As by Jacobson’s formula (see [St-F, p.63]) D_Δ(x_2)^p = (−ad D_1)^{p−1}(x^{(p−1)}_1 x_2D_2) = x_2D_2, the p–envelope of G in W (2; 1) contains F (x_2D_2 − x_1D_1) + F x_2D_2. But then T R(G) ≥ 2.

Suppose ψ = Φ(τ(1)). We will now give a realization of H(2; 1; Φ(τ))^{(1)} different from the customary one. Let a := (1 + x_1)(1 + x_2) and

D_a : F [[2]] → W ((2)), D_a(f) := aD_H (f).

We proved above that

[D_a(f), D_a(g)] = D_a(D_a(f)(g)].

Thus Q := D_a(F [2; 1]) = aH(2; 1)^{(1)}

is a Lie algebra of dimension p^2 − 1. Since

dim span{aD_H (f)(g) | f, g ∈ F [2; 1]} = dim span{D_H (f)(g) | f, g ∈ F [2; 1]} = dim H(2; 1)^{(2)} + dim ker D_H = p^2 − 1, and (ker D_a) ∩ span{aD_H (f)(g) | f, g ∈ F [2; 1]} = (0),

the above shows that dim Q^{(1)} = p^2 − 1. Then Q^{(1)} = Q. It is clear from the construction that H(2; 1)^{(2)} ⊂ gr Q ⊂ H(2; 1).

The new version of [St 97/1, Theorem 4.6] shows that Q is a simple Lie algebra of Hamiltonian type, more explicitely

Q ∼= H(2; 1; ψ)^{(∞)} for some ψ.

Since dim Q = p^2 − 1, only Q ∼= H(2; 1; Φ(τ))^{(1)} is possible (Theorem 6.17). Note that Q contains D_a(x_1) = (1 + x_1)(1 + x_2)D_2. Since D_a(x_1)^p(x_j ) = δ_{j,2}(1+x_1)^p(1+x_2) = δ_{j,2}(1+x_2), the p–th power of D_a(x_1) in W (2; 1) coincides with (1 + x_2)D_2. Similarly, D_a(x_2)^p = −(1 + x_1)D_1. Thus the p–envelope of Q in W (2; 1) contains the 2–dimensional torus F (1 + x_1)D_1 + F (1 + x_2)D_2. Therefore T R(H(2; 1; Φ(τ))^{(1)}) = T R(Q) ≥ 2. So this case is impossible. It remains to consider the case ψ = Id. Suppose H(2; 1)^{(2)} ⊂ M ⊄ H(2; 1). Since Der H(2; 1)^{(2)} = H(2; 1) + F (x_1D_1 + x_2D_2) and H(2; 1) = H(2; 1)^{(2)} + F x^{(p−1)}_1 D_2 + F x^{(p−1)}_2 D_1, then M contains an element t = (x_1D_1 + x_2D_2) + αx^{(p−1)}_1 D_2 + βx^{(p−1)}_2 D_1. Note that t^p = t and [t, D_H (x_1x_2)] = 0. Then M contains the 2–dimensional torus F t ⊕ F D_H (x_1x_2), which is impossible. □

In the following we need another subsidiary result.

Theorem 6.19 Let M be one of

H(2; n)^{(2)}, H(2; n; Φ(τ))^{(1)}, H(2; n; Δ)

and M the p–envelope of M in Der M. Suppose ρ : M → gl(V ) is a restricted representation. Then det ρ(t) = 0 for every toral element t ∈ M.

Proof. (a) Obviously, it is sufficient to prove the result for any minimal M– submodule of V , so we may assume that V is irreducible. Let M_{(i)} := M ∩ W (2; n)_{(i)} denote the i–th part of the canonical filtration. Since M_{(1)} acts nilpotently on M and hence on M, and ρ is a restricted representation, ρ(M_{(1)}) consists of nilpotent transformations. Set V_0 a minimal M_{(0)}–submodule of V . Since M_{(1)} acts nilpotently on V_0, and M_{(1)} is an ideal of M_{(0)}, one has ρ(M_{(1)})(V_0) = (0). In particular, V_0 is an irreducible module for M_{(0)}/M_{(1)} ∼= sl(2).

(b) Note that, as t is toral, M = C_M (t) + [t, M]. Also, as C(M) = (0), one has [t, M] ≠ (0). Thus, if [t, M] ⊂ M_{(0)}, then [t, M] would generate a proper nonzero ideal of M ([St 97/1, (1.3.4)]), which is impossible. Hence there is z ∈ M \ M_{(0)} such that

[t, z] = αz, α ∈ GF (p) \ {0}. Set z ≡ γ_1D_1 + γ_2D_2 ≢ 0 (mod W (2; n)_{(0)}) and y_1 := { x_1 if γ_1 ≠ 0 x_2 if γ_1 = 0, y_2 := γ_2x_1 − γ_1x_2.

Note that in either case F y_1 + F y_2 = F x_1 + F x_2. One has

(γ_1D_1 + γ_2D_2)(y_1) =: γ ≠ 0 with γ = γ_1 or γ = γ_2 and (γ_1D_1 + γ_2D_2)(y_2) = 0.

Suppose there is v ∈ V with ρ(z)^{p−1}(v) ≠ 0. Decompose v = ∑ i∈GF (p) vi into

the sum of eigenvector with respect to t (we observe that ρ(t)^p = ρ(t^p) = ρ(t) and hence all ρ(t)–eigenvalues are contained in GF (p)). There is i_0 such that ρ(z)^{p−1}(v_{i0} ) ≠ 0. But then all i_0 + kα (k ∈ GF (p)) are t–eigenvalues and as α ∈ GF (p) \ {0}, 0 is a t–eigenvalue. This would be the claim. So we may assume that ρ(z)^{p−1}(V ) = (0).

(c) Set D = D_H , D_Φ, D_Δ in the respective cases. Note that D(y^i_1y^j_2) ≡ D_H (y^i_1y^j_2) (mod W (2; n)_{(i+j−1)}) and D(y^i_1y^j_2) ∈ M_{(i+j−2)} for all 0 ≤ i, j ≤ p − 1, i + j ≥ 1. Therefore

ρ((ad z)^k(D(y^i_1y^j_2)))(V_0) = 0 if i + j − 2 − k ≥ 1.

We conclude (see Lemma 5.1)

0 = ρ(D(y^{p−1}_1 y^2 ))ρ(z)^{p−1}(V_0) = ρ ( (ad z)^{p−1}(D(y^{p−1}_1 y^2 )) ) (V_0).

Next, as (γ_1D_1 + γ_2D_2)(y_1) = γ ≠ 0 and (γ_1D_1 + γ_2D_2)(y_2) = 0,

(ad z)^{p−1}(D(y^{p−1}_1 y^2 )) ≡ (ad (γ_1D_1 + γ_2D_2))^{p−1} ( D_1(y^{p−1}_1 y^2 )D_2 − D_2(y^{p−1}_1 y^2 )D_1 ) ≡ (p − 1)!γ^{p−1}(D_1(y^2 )D_2 − D_2(y^2 )D_1) ≡ −γ^{p−1}D(y^2 ) (modW (2; n)_{(1)}).

Therefore (ad z)^{p−1}(D(y^{p−1}_1 y^2)) + γ^{p−1}D(y^2 ) ∈ M_{(1)},

hence by the former results ρ(D(y^2 ))(V_0) = 0. Since V_0 is an irreducible module for M_{(0)}/M_{(1)} ∼= sl(2) and D(y^{(2)}_2 ) ∉ M_{(1)}, this gives ρ(M_{(0)})(V_0) = (0). Playing the same game once more gives

0 = ρ(D(y^{p−1}_1 y_2))ρ(z)^{p−1}(V_0) = ρ ( (ad z)^{p−1}(D(y^{p−1}_1 y_2)) ) (V_0) = −γ^{p−1}D(y_2)(V_0).

But then M_{(0)} + F D(y_2) ⊂ {u ∈ M | ρ(u)(V_0) ⊂ V_0} =: N.

As N is a subalgebra containing M_{(0)} properly, and M_{(0)} is a maximal subalgebra of M, we obtain N = M. The irreducibility of V yields V = V_0. But then M_{(1)} ⊂ ann (V ), which implies M = ann (V ) as M is simple. Since ρ is a restricted representation, this gives ρ(M) = (0). Hence ρ(t) = 0. □

6.4 Solvable maximal subalgebras

Let Q be a subalgebra of a finite dimensional Lie algebra G. In §2.1 of [St 97/1] the notation O(Q) = alg (C(Q̂)) has been introduced, which describes the associative subalgebra with unit element of U(Q) = u(Q̂), generated by C(Q̂). The Lie algebra homomorphism ad_G : Q → gl(G) has an extension to a unitary represention ρ : U(Q) → End (G) of the associative algebra U(Q). The restriction of ρ to O(Q) is uniquely determined by ρ|C(Q̂) = ad_G|C(Q̂), since C(Q̂) generates O(Q). Since C(Q̂) is abelian, G decomposes into weight spaces G = ⨁ λ∈C(Q̂)^∗

G_λ(Q),

G_λ(Q) := {x ∈ G | (ad u − λ(u)Id)^{dim G}(x) = 0 ∀ u ∈ C(Q̂)}

with respect to C(Q̂). Following [We 84] Q is called a bad subalgebra of G, if G ≠ G_0(Q). It is clear that Q is a bad subalgebra of G if and only if C(Q̂) does not act nilpotently on G.

Lemma 6.20 Let G be a finite dimensional Lie algebra, L a subalgebra of G, Q a subalgebra of L and Q the p–envelope of ad_G Q in Der G.

1. If Q is bad in L then Q is bad in G.

If Q is bad in G and Q is an ideal of L then L is bad in G. If Q is bad in G and L is an ideal in G then Q is bad in L.

2. Q is a bad subalgebra of G if and only if C(Q) contains a nonzero torus.

3. If rad Q ≠ (0) and rad_pQ = (0), then Q and every solvable ideal of Q is a bad subalgebra of G.

Proof. (1) Suppose Q is bad in L. Then there is t ∈ C(Q̂) which acts nonnilpotently on L. Then t acts nonnilpotently on G.

Suppose Q is bad in G. Then there is t ∈ C(Q̂) which acts nonnilpotently on G. If Q is an ideal in L then

[t^p, L] = [t, [. . . , [t, Q] . . .] ⊂ [t, Q] = (0).

Thus t^p ∈ C(L̂) and clearly t^p acts nonnilpotently on G as t does so. If L is an ideal in G then [t, G] ⊂ L. Observe that t acts nonnilpotently on [t, G].

(2) Suppose Q is a bad subalgebra of G. Then there is t ∈ C(Q̂) which acts nonnilpotently on G. Thus ad_G t ∈ C(Q), and ad_G t is not p–nilpotent. The semisimple part of ad_G t generates a nonzero torus in C(Q). Suppose C(Q) contains a toral element t ≠ 0. Denote by (Q̂, p, ι) the universal p–envelope of Q. The universal property of (Q̂, p, ι) gives rise to a surjective restricted homomorphism λ : Q̂ → Q. Clearly, ker λ = {x ∈ Q̂ | [x, G] = 0}. In particular, ker λ ⊂ C(Q̂). Let h ∈ Q̂ be such that λ(h) = t. Then λ([h, Q̂]) = [λ(h), λ(Q̂)] = [t, Q] = (0), hence [h^p, Q̂] ⊂ [h, . . . [h, Q̂]] ⊂ [h, ker λ] ⊂ [h, C(Q̂)] = (0). As λ(h^p) = λ(h)^p = t^p = t ≠ 0, h^p ∈ C(Q̂) acts nonnilpotently on G. Therefore Q is a bad subalgebra of G.

(3) Let J ≠ (0) be a solvable ideal of Q, and I ⊂ J a nonzero abelian ideal of Q. As I is abelian, ι(I)^p is contained both in C(Q̂) and C(Ĵ). If Q or J is not a bad subalgebra of G, then by definition ι(I)^p acts nilpotently on G. In this case ad_G I consists of nilpotent transformations. Therefore ∑ i≥0(ad_G I)^{pi} is a p–nilpotent ideal of Q ⊂ Der G. Hence

(0) ≠ ∑ i≥0 (ad_G I)^{pi} ⊂ rad_pQ. □ Let G be a simple Lie algebra, Q a maximal subalgebra of G and Q the p-envelope of Q in Der G (we identify G and ad G). Define a standard filtration G = G_{(−r)} ⊃ . . . ⊃ G_{(0)} = Q ⊃ · · · by use of Q and a suitable subspace G_{(−1)} ⊃ Q. Consider also L := G + Q with L_{(i)} := G_{(i)} + Q for i ≤ 0 and the standard filtration

L = L_{(−r)} ⊃ · · · ⊃ Q ⊃ L_{(1)} ⊃ · · · .

Observe that rad_pQ is the unique maximal ideal of Q acting nilpotently on L. Therefore L_{(1)} = rad_pQ. If L_{(1)} ≠ (0), the results of §5.5 apply to the associated graded Lie algebra gr L. In the Classification Theory we always intend to set us into this case. In a later section a method will be introduced to do so, based on the construction of sandwich elements. Sandwich elements allow to construct maximal subalgebras (often with nice additional properties) which give rise to graded algebras of nondegenerate type.

Lemma 6.20 now indicates that, if a maximal subalgebra Q is not semisimple, and does not behave ”well” in this sense, then Q is a bad subalgebra. In this section we will investigate solvable maximal subalgebras Q, so that rad Q ≠ (0) always is satisfied.

Lemma 6.21 Let G be a finite dimensional Lie algebra, Q a bad maximal subalgebra, and Q the p–envelope of ad_G Q in Der G.

1. The maximal torus of C(Q) is 1–dimensional.

2. Let F t denote the maximal torus of C(Q). Every F t–weight space G_μ, (μ ≠ 0) is Q–irreducible.

3. G_{iμ} = (G_μ)^i for all μ ∈ Γ(G, F t) \ (0) and i ≢ 0 (mod (p)).

Proof. (1) Let T denote the maximal torus of C(Q). According to Lemma 6.20, T ≠ (0). Decompose G = ⊕G_μ into the direct sum of T –weight spaces, and fix α ∈ Γ(G, T ) \ (0). The maximality of Q implies G_0 = Q. Since ∑ i≠0 Giα + Q

is a subalgebra containing Q, the maximality of Q implies G = ∑ i≠0 Giα + Q.

Therefore T ∩ ker α annihilates G. As T ⊂ Der G, this means T ∩ ker α = (0). Therefore T is 1–dimensional.

(2),(3) Let μ be any nonzero T –weight, and V ⊂ G_μ a Q–submodule. Then Q + ∑ i≢0 (p) V

i is a subalgebra of G (as V^p ⊂ G_0 = Q). Again the maximality of Q yields G = Q + ∑ i≢0 (p) V

i. Then G_{iμ} = V^i for all i ≢ 0 (mod (p)), in particular G_μ = V . Thus G_μ is Q–irreducible and G_{iμ} = (G_μ)^i. □

Theorem 6.22 Let L denote a finite dimensional Lie algebra, T ⊂ Der L a torus and L_{(0)} ⊂ L^{(1)} a maximal T –invariant subalgebra of L. If L_{(0)} is a solvable and a bad subalgebra of L, then L_{(0)}^{(1)} ⊂ C(L) and L_{(0)} is a CSA of L satisfying T R(L_{(0)}, L) = 1.

Proof. Set G := L ⊕ T and Q := L_{(0)} ⊕ T . Then Q is a maximal subalgebra of G as L_{(0)} is a maximal T -invariant subalgebra, and Q is solvable as L_{(0)} is so. Set Q the p–envelope of ad_G Q in Der G. Note that G^{(1)} ⊂ L and Q^{(1)} ⊂ L_{(0)}. Since L_{(0)} is bad in L, Lemma 6.20(1) shows that L_{(0)} is bad in G and L_{(0)} + T is bad in G.

Let according to Lemma 6.21 F t denote the maximal torus of C(Q), and α ≠ 0 any F t–weight of G. If iα ≠ 0 then clearly G_{iα} = L_{iα}. In addition, the maximality of Q yields G_0 = Q = L_{(0)} ⊕ T . Then G_0 ∩ L = L_{(0)} and L =

∑ i≢0 (p) Liα + L(0). Lemma 6.21 implies that every Liα is Q–irreducible and

L_{iα} = (L_α)^i for i ≢ 0 (mod (p)). Since L_{(0)} ⊂ L^{(1)}, one obtains from the above

L_{(0)} = L^{(1)} ∩ L_{(0)} = ∑ i≢0 (p)

[L_{iα}, L_{−iα}] + L_{(0)}^{(1)} = [L_α, L_{−α}] + L_{(0)}^{(1)}.

Note that [L_α, L_{−α}] is an ideal of L_{(0)}. The above equality gives L_{(0)} ≡ L_{(0)}^{(1)} (mod [L_α, L_{−α}]), from which we deduce (using the solvability of L_{(0)}) that L_{(0)} = [L_α, L_{−α}].

Suppose L_{(0)}^{(1)} acts nilpotently on L_α. Since L_{(0)}^{(1)} is an ideal of Q and L_α is Q-irreducible, then L_{(0)}^{(1)} annihilates L_α. By the above, L_{(0)}^{(1)} ⊂ C(L). Therefore L_{(0)} is nilpotent. Let T_0 denote the maximal torus of the p-envelope of L_{(0)} in Der G. As T_0 centralizes L_{(0)} it is clear that T_0 ⊂ C(Q). Therefore T_0 ⊂ F t and L_{(0)} is selfnormalizing. Then L_{(0)} is a CSA with T R(L_{(0)}, L) = dim T_0 = 1. In this case the theorem is proved.

Suppose L_{(0)}^{(1)} acts nonnilpotently on L_α. Set in Theorem 5.44 V^+ = L_α, V^− = L_{−α}, W^+ = (0). All assumptions (a) - (d), (e(ii)) are satisfied. The last part of this theorem applies and shows that case (A) happens to hold. This case yields dim L_{2α} > dim L_α. As this is true for every α ≠ 0, we arrive at a contradiction. □

Corollary 6.23 A simple Lie algebra L has no bad solvable maximal subalgebras.

Proof. Suppose L_{(0)} is a bad solvable maximal subalgebra of L. By Theorem 6.22, L_{(0)}^{(1)} ⊂ C(L) = (0).

Let Q denote the p–envelope of ad_L L_{(0)} in Der L and F t the maximal torus of C(Q) (Lemma 6.21(1)). Every weight space L_μ, (μ ≠ 0) is L_{(0)}–irreducible (Lemma 6.21(2)). As L_{(0)}^{(1)} = (0), necessarily dim L_μ = 1 holds. Then L_{iμ} = (L_μ)^i = (0) for all i > 1 and hence L = L_{(0)} + L_μ. This shows that L_μ is an ideal of L. This contradiction proves the corollary. □

For p > 5 this corollary is already stated in [We 84]. However, the technical implementation of the proof there is not very convincing, while the basic idea of it (which might even go back to [Wil 77]) is employed in our proof of Theorem 5.44. The following is an interesting example, which elucidates Theorem 6.22

and Corollary 6.23. Let

L = H(2; 1)^{(2)} ⊂ W (2, 1), T = F (1 + x_1)∂_1 + F (1 + x_2)∂_2.

Write z_i := 1 + x_i for i = 1, 2 and define

ε_i(z_j ∂_j ) = δ_{i,j} , i, j = 1, 2.

Then L = ∑ 0≤i,j≤p−1, 0<i+j<2p−2

F D_H (z^i_1z^j_2), T ⊂ Der L.

Since

[z_i∂_i, D_H (z^k_1 z^l_2)] = [z_i∂_i, kz^{k−1}_1 z^l_2∂_2 − lz^k_1 z^{l−1}_2 ∂_1] = (δ_{i,1}(k − 1) + δ_{i,2}(l − 1))D_H (z^k_1 z^l_2)

one has F D_H (z^k_1 z^l_2) = L_{(k−1)ε1 +(l−1)ε2} .

Set L_{(0)} =

∑_{p−2} i=1 F D_H (z^2_1 z^i_2), which is an abelian and T -invariant subalgebra of L. Suppose L^′_{(0)} is a T -invariant subalgebra of L containing L_{(0)} properly. Since T -root spaces of L are 1-dimensional, there is D_H (z^k_1 z^l_2) ∈ L^′_{(0)}, with k ≠ l. Applying D_H (z^i_2z^2 ) several times gives D_H (z^{k−l}_1 ), D_H (z^{l−k}_2 ) ∈ L^′_{(0)}. Applying these elements several times to D_H (z^i_1z^i_2) one creates elements D_H (z^{i(k−l)}_1 ), D_H (z^{i(l−k)}_2 ) ∈ L^′_{(0)}, (i = 1, . . . , p − 2). From this it is not hard to conclude that L^′_{(0)} = L. Thus L_{(0)} is a maximal T -invariant subalgebra of L. Set G = L ⊕ T , Q = L_{(0)} + T . Note that G is restricted and Q is a restricted subalgebra. Since no element D_H (z^i_1z^i_2), (i = 1, . . . , p−2) is p-nilpotent, one has rad_p Q = (0). Lemma 6.20(3) proves that L_{(0)} is bad in G, while Lemma 6.20(1) then shows that L_{(0)} is bad in L. Thus, although H(2; 1)^{(2)} cannot contain a bad solvable maximal subalgebra by Corollary 6.23, it well has a bad solvable maximal T -invariant subalgebra.

Next we consider graded Lie algebras with solvable 0–component. The following result has (for p > 5) a counterpart in [We 84]. Here we follow the exposition of [Sk 97] in which the result is proved for p ≥ 5.

Theorem 6.24 [Sk 97] Let G = G_{−r} ⊕ · · · ⊕ G_s be a Z–graded Lie algebra satisfying (g1) − (g4). If G_1 ≠ (0) and G_0 is solvable, then r = 1.

The Proof is done in several steps. Let G be a counterexample for which the space G/G_0 has minimal dimension.

Claim 1 :

(a) Let I ≠ (0) be an abelian ideal of G_0. Then there is α ∈ I^∗, α ≠ 0, such that every G_i is a I–eigenvalue module with eigenvalue function iα.

(b) Suppose i ≢ 0 (p), and U ⊊ V ⊂ G_i are G_0–invariant subspaces. Then the ad–representation induces a faithful representation of G_0 on V/U.

(c) Suppose i ≡ 0 (p). Then every abelian ideal I of G_0 annihilates every composition factor of the G_0–module G_i.

Proof. (a) follows from Lemma 5.43(3).

(b) Suppose ann_{G0} (V/U) ≠ (0) and let I ≠ (0) be a minimal G_0–ideal in ann_{G0} (V/U). The solvability of G_0 implies I^{(1)} = (0). According to (a), G_i and hence V/U is a I–eigenvalue module with eigenvalue function iα. As I annihilates V/U ≠ (0), we conclude iα = 0. The present assumption i ≢ 0 (p) gives α = 0, contradicting (a).

(c) According to (a), G_i is a I–eigenvalue module with eigenvalue function iα = 0. Therefore I acts nilpotently on G_i, and hence annihilates every composition factor of the G_0–module G_i. □

Step 2 :

As G_1 ≠ (0), we are in the situation of Theorem 5.31. Then G has a unique minimal ideal A(G), which naturally carries the grading of G. Let I be a minimal G_0–ideal in A(G)_0. Then I^{(1)} = (0) (as G_0 is solvable) and, due to Claim 1, G_1 is a I–eigenvalue module with eigenvalue function α ≠ 0. Therefore A(G)_1 ⊃ [I, G_1] ≠ (0) and hence A(G)^+ ≠ (0). Now Theorem 5.32 applies and shows that A(G) ∼= S ⊗ F [m; n],

where S is a graded simple Lie algebra. Suppose m ≠ 0. Set K := {x ∈ Ĝ_0 | [x, S ⊗ F [m; n]_{(1)}] ⊂ S ⊗ F [m; n]_{(1)}}, K_1 := {x ∈ Ĝ_0 | [x, S ⊗ F [m; n]] ⊂ S ⊗ F [m; n]_{(1)}} and K̄ := K/K_1. Note that K̄ acts on S ⊗ F [m; n]/S ⊗ F [m; n]_{(1)} ∼= S, and S_{−1} is an irreducible K̄–module (Theorem 5.32(4)). The definition (S + K̄)_0 := S_0 + K̄ and (S + K̄)_i := S_i for i ≠ 0 makes (S + K̄) Z-graded. Note that dim (S + K̄)/(S + K̄)_0 = dim S/S_0 < dim G/G_0. Since G is supposed to be a counterexample having minimal dimension dim G/G_0, one concludes S_{−2} = (0). But then G_{−2} = (0) and G is not a counterexample. Therefore m = 0, and A(G) = S is simple, S = S_{−r} ⊕ · · · ⊕ S_s′ with s^′ ∈ {s, s − 1}, and G_i = S_i for i < 0.

Claim 3 : S_0 is not abelian.

Proof. Suppose S_0 is abelian. Since S is simple, S_{−r} is an irreducible S_0– module ([St-F, (3.3.5)]). Then S_{−r} is 1–dimensional. On the other hand, S_{−r} = G_{−r} is G_0–invariant. Hence G_0^{(1)} acts trivially on G_{−r}.

If r ≢ 0 (p) then Claim 1(b) shows that G_0^{(1)} = (0). In this case (as G_{−1} is G_0–irreducible) G_{−1} is 1–dimensional and G_{−2} = (0). This contradicts the choice of G.

If r ≡ 0 (p) then Claim 1 shows that [S_0, S_{−r}] = [S_0, G_{−r}] = (0). But then S is not simple ([St-F, (3.3.5)]). □

Claim 4 :

(a) S_{−1} and S_1 generate S^− and S^+, respectively; G_i = S_i for i ≠ 0.

(b) ann_S− (S_1) = (0)

(c) r ≡ 0 ≡ s (p).

Proof. (a) Let S̃^± denote the Lie algebras generated by S_1 and S_{−1}, respectively. It is easy to see that S̃ := S̃^− + S_0 + S̃^+ is a Lie subalgebra of S. As S_{−1}, S_0 and S_1 are invariant under G_0, one has [G_0, S̃] ⊂ S̃, and S̃ + G_0 is a graded Lie subalgebra of G.

Let M(S̃ + G_0) be the maximal ideal of S̃ + G_0 in (S̃ + G_0)^− and put Ḡ := (S̃ + G_0)/M(S̃ + G_0). Then Ḡ satisfies (g1) − (g4) (cf. §5.5). Also Ḡ_1 ≠ (0) as S̃_1 = S_1 ≠ (0). If dim Ḡ = dim G, then M(S̃ + G_0) = (0) and S̃ + G_0 = G. This is the claim. Suppose dim Ḡ < dim G. As Ḡ_0 = G_0, one has dim Ḡ/Ḡ_0 < dim G/G_0. Now Ḡ satisfies all the assumptions of the theorem. The minimality of G shows that the theorem applies to Ḡ, proving Ḡ_{−2} = (0). Consequently S_{−2} ⊂ M(S̃+G_0). We now observe that S_{−1} is G_0–irreducible. If [S_{−2}, S_1] ≠ (0) then we therefore have S_{−1} ⊂ M(S̃ + G_0). Hence (0) ≠ [S_{−1}, S_1] ⊂ M(S̃ + G_0), contradicting the fact that M(S̃ + G_0) ⊂ (S̃ + G_0)^−. Thus [S_{−2}, S_1] = (0).

Next recall the results of §5.8 on prolongations. Every x ∈ S_1 gives rise to a mapping ad x : S_{−1} → G_0 satisfying

((ad x)(y))(y^′) − ((ad x)(y^′))(y) = [x, [y, y^′]] ∈ [S_1, S_{−2}] = (0).

Therefore ad x ∈ C(S_{−1}, G_0)_+ for all x ∈ S_1. Due to Corollary 5.54 S_0 = [S_{−1}, S_1] ⊂ ab(G_0). This contradicts Claim 3.

(b) Let, for i < 0, x ∈ S_i and [x, S_1] = (0). Due to (a), one has [x, S^+] = (0). But then U(S^− +S_0)·x is an ideal of S which is contained in S^−. The simplicity of S gives x = 0.

(c) According to (b) (ad S_1)^{r−1}(S_{−r}) is a nonzero G_0–invariant subspace of S_{−1}. Since S_{−1} = G_{−1} is G_0–irreducible, we obtain (ad S_1)^{r−1}(S_{−r}) = S_{−1}, hence

(ad S_1)^r(S_{−r}) = [S_1, S_{−1}] = S_0.

Suppose r ≢ 0 (p). Claim 1 shows that S_0 acts faithfully on S_{−r}. Set as in §5.8 λ : ⊗^rS_1 → Hom (S_{−r}, S_0), λ(x_1 ⊗ · · · ⊗ x_r ) :=

∏_r i=1(ad x_i)|S_{−r}. As [S_{−r}, S_{−1}] = (0), one has

λ(x_1 ⊗ · · · ⊗ x_r )(y)(y^′) = (−1)^rλ(x_r ⊗ · · · ⊗ x_1)(y^′)(y) ∀ y, y^′ ∈ L_{−r}.

Hence λ(⊗^rS_1) is a nonzero subspace of C(S_{−r}, S_0) which is invariant under^∗ and G_0. Corollary 5.54 proves that S_0 ⊂ ab(G_0), which contradicts Claim 3. Thus r ≡ 0 (p).

The simplicity of S yields (ad S_{−1})^s(S_s) = S_0. One can now argue as above (replacing S_1 by S_{−1} and S_{−r} by S_s) to obtain s ≡ 0 (p). □

Claim 5 :

(a) If S_r ≠ (0), then [S_{−r}, S_r] ≠ (0) and [S_{1−r}, S_{r−1}] ≠ (0).

(b) If S_{−s−1} ≠ (0), then

[S_1, S_{−i}] = S_{−i+1}, −r ≤ −i ≤ s − 1, [S_s, S_{−i}] = S_{s−i}, 0 < i ≤ s, [S_{1−s}, S_{s−1}] ≠ (0).

(c) [S_0, S_1] = S_1.

Proof. (a) Since [S_{−r}, S_0] ≠ (0) by the simplicity of S ([St-F, (3.3.5)]), and [S_{−1}, S_i] = S_{i−1} whenever S_i ≠ (0) (Theorem 5.31), one concludes inductively [S_{−r}, S_i] ≠ (0) if i ≥ 0 and S_i ≠ (0). If S_r ≠ (0) then [S_{−r}, S_r] ≠ (0), and [S_{−r}, S_{r−1}] is a nonzero G_0–invariant subspace of S_{−1}, hence [S_{−r}, S_{r−1}] = S_{−1}. Recall that r ≥ p by Claim 4(c). Thus [S_{−r}, [S_{1−r}, S_{r−1}]] = [S_{1−r}, [S_{−r}, S_{r−1}]] = [S_{1−r}, S_{−1}] = S_{−r} ≠ (0). Consequently [S_{1−r}, S_{r−1}] ≠ (0).

(b) Note that ∑ i≥0(ad S_1)^i(S_{−r}) is an ideal of G (cf. Claim 4(a)). The simplicity of S entails [S_1, S_{−i}] = S_{−i+1} whenever −r ≤ −i ≤ s−1. Since [S_s, S_0] = S_s, one concludes inductively by use of Claim 4(b) [S_s, S_{−i}] ≠ (0) for −r ≤ −i ≤ 0. The present assumption S_{−s−1} ≠ (0) implies −r ≤ −s − 1. Then [S_s, S_{−1−s}] ≠ (0), hence [S_s, S_{−1−s}] = S_{−1}. If 0 < i ≤ s, we obtain

S_{s−i} = [S_{−1}, S_{s−i+1}] = [[S_s, S_{−1−s}], S_{s−i+1}]

= [S_s, [S_{−1−s}, S_{s−i+1}]] ⊂ [S_s, S_{−i}],

hence S_{s−i} = [S_s, S_{−i}] for 0 < i ≤ s. In particular, since s−1 > 0 by Claim 4(c), [S_s, [S_{s−1}, S_{1−s}]] = [S_{s−1}, [S_s, S_{1−s}]] = [S_{s−1}, S_1] = S_s. Then [S_{s−1}, S_{1−s}] ≠ (0).

Let I be a nonzero abelian ideal of G_0 in S_0. By Claim 1 there is x ∈ I with α(x) ≠ 0. Then ad_{S1} x is invertible. Therefore [S_0, S_1] = [x, S_1] = S_1. □

Step 6 :

Suppose r ≤ s. Set U := {x ∈ S_{1−r} | [x, S_{r−1}] = 0} which is a G_0-submodule of S_{1−r}. We proved in Claim 5 U ≠ S_{1−r}. Let V ⊋ U a minimal G_0–module containing U properly. As 1 − r ≡ 1 (p) by Claim 4, G_0 acts faithfully on V/U (cf. Claim 1). Note that [V, V ] ⊂ S_{2−2r} = (0). Therefore every x ∈ S_{r−1} gives rise to a mapping φ_x : V/U → S_0, v + U → [x, v], and φ_x(v̄)(w̄) = φ_x(w̄)(v̄) for all v̄, w̄ ∈ V/U. This shows that {φ_x | x ∈ S_{r−1}} is a G_0–invariant subspace of C(V/U, S_0)_+. Corollary 5.54 proves that I := [V, S_{r−1}] = ab(G_0) ≠ (0). Applying Claim 1 (note that r ≡ 0 (p) and S_{−r} is G_0-irreducible), one obtains using Claim 5

(0) = [I, S_{−r}] = [[V, S_{r−1}], S_{−r}] = [V, [S_{r−1}, S_{−r}]] = [V, [[S_r, S_{−1}], S_{−r}]] = [V, [[S_r, S_{−r}], S_{−1}]] = [V, S_{−1}].

But then U(S^+) · V is a proper ideal of S, which is impossible. Suppose s < r. Set U := {x ∈ S_{s−1} | [x, S_{1−s}] = (0)}. Proceed as in the former case to obtain that I := [V, S_{1−s}] = ab(G_0) ≠ (0) for some G_0–invariant subspace V ⊋ U. [St-F, (3.3.5)] shows that S_s is S_0-irreducible, hence is G_0- irreducible. As above,

(0) = [I, S_s] = [V, [[S_s, S_{−s}], S_1]] = [V, [S_0, S_1]] = [V, S_1].

But then U(S^−) · V is a proper ideal of S. This final contradiction proves the theorem.

Corollary 6.25 [Sk 97] Let G = G_{−r} ⊕ · · · ⊕ G_s a Z–graded Lie algebra satisfying (g1) − (g4). If G_0 is solvable, then [G_{−1}, G_1] is abelian.

Proof. Clearly we may assume G_1 ≠ (0). Theorem 6.24 proves r = 1. Let A(G) be the minimal ideal of G. As G_0 is solvable, A(G)_0 contain a nonzero abelian ideal I of G_0. There is α ∈ I^∗, α ≠ 0, such that G_i is a I–eigenvalue module with eigenvalue function iα. In particular, G_1 = [I, G_1] ⊂ A(G). We are now in the nondegenerate case of §5.5. Hence there is a graded simple algebra S and m ≥ 0 such that A(G) ∼= S ⊗ F [m; n]. Observe that S_{−2} = (0) (as r = 1). The simplicity of S implies that S_{−1} is an irreducible S_0–module. Put in Theorem 5.44 V^+ = S_{−1}, V^− = S_1, Q = S_0, W^+ = (0). If [S_{−1}, S_1] = S_0 acts nontriangulably on S_{−1}, then this theorem gives [S_{−1}, S_{−1}] ≠ (0) which is not true. Therefore S_0^{(1)} acts nilpotently on S_{−1}. The irreducibility of S_{−1} in combination with (g1) entails S_0^{(1)} = (0). As a consequence

[G_{−1}, G_1] = [S_{−1} ⊗ F [m; n], S_1 ⊗ F [m; n]] = [S_{−1}, S_1] ⊗ F [m; n] = S_0 ⊗ F [m; n]

is abelian. □

Corollary 6.26 Let L be a finite dimensional Lie algebra satisfying L^{(1)} = L, T ⊂ Der L a torus and L_{(0)} a solvable maximal T –invariant subalgebra of L. Then L_{(0)} acts triangulably on L. If L_{(0)} is not bad in L then L/L_{(0)} is an irreducible (L_{(0)} + T )-module.

Proof. Theorem 6.22 yields the result in the case that L_{(0)} is a bad subalgebra of L. So assume that L_{(0)} is not bad. Fix a finite dimensional p–envelope L of L ⊕ T and let Q be the p–envelope of L_{(0)} ⊕ T in L. Note that ad_L Q is the p–envelope of ad_L (L_{(0)} ⊕ T ) in Der L. Also Q^{(2)} ⊂ (L_{(0)} ⊕ T )^{(1)} ⊂ L_{(0)}. Therefore Q is solvable. Moreover, L_{(0)} is a solvable ideal of L_{(0)} ⊕T hence of Q. Since L is an ideal of L, the badness of L_{(0)} in L would imply the badness in L (Lemma 6.20(1)) which is not true. Thus Lemma 6.20(3) shows that ad_L Q has nonzero p–radical. Therefore Q has a nonzero ideal N which acts nilpotently on L.

Set L^′ := L + Q, L^′_{(0)} := Q. Observe that Q is a solvable maximal subalgebra of L^′. Choose a Q–invariant subspace L^′_{(−1)} ⊃ Q such that L^′_{(−1)}/Q is Q– irreducible. Let L^′ = L^′_{(−r)} ⊃ · · · ⊃ L^′_{(0)} ⊃ · · · ⊃ L^′_{(s)} be the associated standard filtration and

G = gr L^′ = s⨁ i=−r

L^′_{(i)}/L^′_{(i+1)}

the associated graded algebra. Let M(G) be the maximal ideal of G in G^− and Ḡ = G/M(G). By construction Ḡ satisfies (g1) − (g4) (see §5.5). Moreover, the ideal N is contained in L^′_{(1)}, and therefore Ḡ_1 ≠ (0). Theorem 6.24 gives us Ḡ_{−2} = (0). As a consequence, [G_{−2}, G_1] = (0), and [G_{−2}, G_2] = (0). Therefore

[L^′_{(−2)}, L^′_{(1)}] ⊂ L^′_{(0)}, [L^′_{(−2)}, L^′_{(2)}] ⊂ L^′_{(1)}.

Recall that G satisfies (g1)-(g3). Let I be an abelian ideal of G_0. Lemma 5.41 shows that there is α ∈ I^∗, α ≠ 0, such that every G_i is a I–eigenvalue module with eigenvalue function iα. Set I^′ := {x ∈ L^′_{(0)} | x + L^′_{(1)} ∈ I}. Then I^{′(1)} ⊂ L^′_{(1)} and, setting

α^′(x) := α(x + L^′_{(1)}) ∀ x ∈ I^′,

L^′_{iα} := {u ∈ L^′ | (ad x − iα^′(x)Id)^{dim L′} (u) = 0 ∀ x ∈ I^′} one obtains that

L^′_{(i)} = ⊕_j L^′_{(i)} ∩ L_{jα}′ ∀ i, L^′_{(i)} = L^′_{(i+1)} + L^′_{(i)} ∩ L_{iα}′ ∀ i. Then [L^′_{(−2)}∩L^′_{−2α}′ , L^′_{(1)}] = [L^′_{(−2)}∩L^′_{−2α}′ , L^′_{(1)}∩L^′_α′ +L^′_{(2)}] ⊂ L^′_{(0)}∩L^′_{−α}′ +L^′_{(1)} = L^′_{(1)}, and therefore L^′_{(−2)} ∩ L^′_{−2α}′ + L^′_{(0)} ⊂ Nor_L′ L^′_{(1)} ≠ L^′.

Since L^′_{(0)} is a maximal subalgebra of L^′, we conclude L^′_{(−2)} = L^′_{(−2)} ∩ L^′_{−2α}′ + L^′_{(−1)} ⊂ L^′_{(0)} + L^′_{(−1)} = L^′_{(−1)}, i.e., L^′ = L^′_{(−1)}. Next observe that, as L^′_{(−2)} = L^′_{(−1)}, one has G =

⨁_s

i=−1 Gi.

By definition, G now satisfies (g1) − (g4) (as r = 1). Corollary 6.25 implies that ([G_{−1}, G_1])^{(1)} acts nilpotently on G. This in turn means that ([L^′, L^′_{(1)}])^{(1)} acts nilpotently on L^′.

Since L is an ideal of L^′, all L_{(i)} are I^′-invariant (−1 ≤ i ≤ s). Then L decomposes L = L_{−α}′ + L_{0·α}′ + L_{(1)} and L = L^{(1)} = L_{−2α}′ + L_{−α}′ + (L_{0·α}′ )^{(1)} + [L, L_{(1)}], and from this we deduce L_{(0)} = L_{0·α}′ + L_{(1)} ⊂ (L_{0·α}′ )^{(1)} + [L, L_{(1)}] + L_{(1)} ⊂ L_{(0)}^{(1)} + [L, L_{(1)}] + L_{(1)}.

Since [L, L_{(1)}] + L_{(1)} is an ideal of L_{(0)} and L_{(0)} is solvable, the above inclusion gives L_{(0)} ⊂ [L, L_{(1)}] + L_{(1)}. As [L, L_{(1)}] acts triangulably so does L_{(0)}. Since L^′ = L^′_{(−1)}, L^′/L^′_{(0)} is an irreducible L^′_{(0)}-module. This means that L/L_{(0)} is (L_{(0)} + T )-irreducible. □

Corollary 6.27 Let L be a simple Lie algebra having a solvable maximal subalgebra. Then L ∼= sl(2) or L ∼= W (1; n).

Proof. By Corollary 6.26 the solvable maximal subalgebra L_{(0)} acts triangulably on L. Then there is x ∉ L_{(0)} such that (F x + L_{(0)})/L_{(0)} is a L_{(0)}–module. But then F x + L_{(0)} is a subalgebra of L, and the maximality of L_{(0)} forces L = F x ⊕ L_{(0)}. Apply [St 97/1, Theorem 4.16]. This theorem states that L is either classical or of Cartan type with standard filtration. We observe that dim L_{(0)}/L_{(1)} = 1. In the first case this shows that L has a 1-dimensional CSA and therefore is isomorphic to sl(2). In the second case, dim gr_0 L = 1 and therefore L is of type W (1; n). □

This corollary is originally proved in [Ku 76], however, under the additional assumption that L/L_{(0)} is an irreducible L_{(0)}–module. In other words, this assumption means, that L_{(0)} defines a filtration of L of depth 1.

6.5 Cartan subalgebras of toral rank 1

In contrast to the classical theory of simple Lie algebras over C Cartan subalgebras in simple modular Lie algebras need not be abelian nor of a dimension determined by the Lie algebra only. R. E. Block [Blo 58] was the first, who gave for every natural number q an example of a simple Lie algebra L_q having q Cartan subalgebras of pairwise different dimensions. Similarly, Cartan subalgebras are not necessarily abelian. Namely, in [St 77/2] we constructed for every prime p > 2 and every field K of characteristic p and all natural numbers n ≥ 2 a simple Lie algebra over K which has n Cartan subalgebras of pairwise different dimensions and pairwise different degrees of nilpotency. The following simple examples show that abelian Cartan subalgebras occur almost randomly.

Let n_1, n_2 > 1 and L = H(2; (n_1, n_2))^{(2)}. Set

H := C_L(D_H (x_1x_2))

= span { D_H ( x^{(i)}_1 x^{(j)}_2 ) | i ≡ j (p), (i, j) < (p^{n1} − 1, p^{n2} − 1) } . Clearly, H = F D_H (x_1x_2) + C_{H(2;(n1 ,n2))}(2)_{(1)} (D_H (x_1x_2)), from which one con-

cludes that H is a CSA with T R(H, L) = 1. As D_H (x^{(p)}_1 ), D_H (x^{(p)}_2 ) ∈ H, and [ D_H (x^{(p)}_1 ), D_H (x^{(p)}_2 ) ] = D_H ( x^{(p−1)}

1 x^{(p−1)}_2 ) ≠ 0,

H is not abelian. However, H^{(1)} ⊂ H(2; (n_1, n_2))^{(2)}_{(1)} and hence H acts triangulably on H(2; (n_1, n_2))^{(2)}.

Even worse, it has been shown in §6.1 that F x^{(1)}D is a maximal torus of the semisimple Lie algebra W (1; n)_p, and for n > 1 the centralizer of F x^{(1)}D is a nontriangulable CSA of toral rank 1 in W (1; n)_p.

In order to present another feature on the triangularity of CSAs we remind the reader to the Melikian algebra introduced in [St 97/1, §3.6]

G(n_1, n_2) := F [2; n] ⊕ W (2; n) ⊕ ~W (2; n).

This algebra carries a Z/3Z-grading, namely

G(n_1, n_2)_{−2} := F [2; n], G(n_1, n_2)_0 := W (2; n), G(n_1, n_2)_2 := ~W (2; n).

We have proved in [St 97/1, §3.6] that G(1, 1) is a simple and restricted Lie algebra. Let T := F (1+x_1)∂_1 ⊕F (1+x_2)∂_2. It is easy to compute that C_{G(1,1)}(T ) is a CSA of G(1, 1) which contains the elements (1 + x_1)^2(1 + x_2)^2 ∈ G(1, 1)_{−2} and ~ (1 + x_1)^4(1 + x_2)^3∂_1 ∈ G(1, 1)_2. As [(1 + x_1)^2(1 + x_2)^2, ~(1 + x_1)^4(1 + x_2)^3∂_1] = (1+x_1)∂_1, this CSA acts nontriangulably. It has absolute toral rank 2 in G(1, 1).

A main result of this section will show that, if L is a simple Lie algebra and H is a CSA with T R(H, L) = 1, then H acts triangulably on L (but by no means need to be abelian). The following rather restrictive condition allows to recognize the Witt algebra (see [Kap 58, Wil 78]).

Lemma 6.28 Let L be a simple Lie algebra and H a CSA of L with T R(H, L) = 1. If every proper subalgebra Q of L containing H is at most 3–dimensional, then L ∈ {sl(2), W (1; 1)}.

Proof. (a) Choose a maximal subalgebra L_{(0)} ⊊ L containing H. If L_{(0)} is solvable, then Corollary 6.26 shows that L_{(0)}^{(1)} acts nilpotently on L. The maximality of L_{(0)} now implies that dim L = dim L_{(0)} + 1 ≤ 4. Also, Corollary 6.27 shows that L ∼= sl(2) or L ∼= W (1; n) for some n. This is only possible if L ∼= sl(2). We therefore may assume that no maximal subalgebra L_{(0)} containing H is solvable. As dim L_{(0)} ≤ 3, the classification of Lie algebras of dimension ≤ 3 ([St-F]) implies L_{(0)} ∼= sl(2) and dim H = 1. Since T R(H, L) = 1, there is α ∈ H^∗ such that Γ(L, H) ⊂ GF (p)α. Choose a L_{(0)}–invariant subspace L_{(−1)} ⊃ L_{(0)}, such that L_{(−1)}/L_{(0)} is L_{(0)}–irreducible. The Lie multiplication of L induces a sl(2)–module homomorphism

Λ : (L_{(−1)}/L_{(0)}) ⊗ (L_{(−1)}/L_{(0)}) → L/L_{(−1)}.

Since H is a CSA of L, L_{(−1)}/L_{(0)} and L/L_{(−1)} have not H–weight 0. Therefore L_{(−1)}/L_{(0)} = ∑ i∈GF (p)^∗ (L(−1)/L(0))iα and hence L(−1)/L(0) is a restricted

sl(2)–module. [St 97/1, Proposition 3.29] shows that Λ = 0. This means that [L_{(−1)}, L_{(−1)}] ⊂ L_{(−1)}, i.e., L_{(−1)} is a subalgebra of L. The maximality of L_{(0)} implies L = L_{(−1)}.

(b) Set H =: F h and let (e, h, f) be a sl(2)–triple of L_{(0)}. Suppose there is w ∈ L such that [h, w] ∈ F w, [e, w] ∈ F e, and w ∉ F h + F e. Then Q := F e ⊕ F h ⊕ F w is a 3–dimensional subalgebra of L which contains H. Due to our assumption, Q is a maximal subalgebra. As F e is an ideal of Q, it is solvable. This case has been treated in (a).

Since (f, −h, e) is also a sl(2)–triple, we may assume that the following implications hold

[h, w] ∈ F w, [e, w] ∈ F e =⇒ w ∈ F e + F h, [h, w] ∈ F w, [f, w] ∈ F f =⇒ w ∈ F f + F h.

(c) In the following we will apply [St 97/1, Theorem 3.26] several times. Since 0 is not a weight, e and f act nilpotently on L/L_{(0)}, and dim L/L_{(0)} < p. If dim L/L_{(0)} ≠ p − 3, then [St 97/1, Theorem 3.27(3)] shows that L = L_{(0)} ⊕ W splits as a sl(2)–module. Let w ∈ W be a highest weight vector. The splitting of L implies that [e, w] = 0. As this is impossible by (b), dim L/L_{(0)} = p − 3 and dim L = p. The highest weight of the irreducible (p−3)–dimensional sl(2)– module is p − 4, and ±2, 0 are not weights. Since ±2, 0 are the only weights of L_{(0)}, all with multiplicity 1, it follows that all root spaces of L are 1–dimensional. In particular all root spaces are eigenspaces. Note that ker (ad e) is h–invariant. By the above it is the sum of certain eigenspaces. According to (b),

ker (ad e) = F e.

Similarly, ker (ad f) = F f.

Let w ∈ L be a highest weight vector, i.e., a h–eigenvector of h–eigenvalue (p − 4). By the above, w ∉ ker (ad e). Hence [e, w] ≠ 0 is an eigenvector of eigenvalue −2, and this shows

[e, w] = μ_1f, μ_1 ∈ F^∗.

Since (inductively) for i = 0, . . . , p − 2 (ad f)^i(w) is an eigenvector of eigenvalue −4 − 2i ≠ −2, the above yields (ad f)^i(w) ∉ ker (ad f) for i = 0, . . . , p − 2. Hence L = p−1⨁ i=0 F (ad f)^i(w), (ad f)^{p−1}(w) = μ_2f, μ_2 ∈ F^∗.

We are now going to adjust μ_1, μ_2. Choose γ, δ ∈ F^∗ such that

γ^p = μ^{−1}_1 μ_2, δ = γ^{−2}μ^{−1}_1 . Set e^′ := γe, f^′ := γ^{−1}f, w^′ := δw.

Then (e^′, h, f^′) is a sl(2)–triple of L_{(0)} and w^′ is a h–eigenvector of eigenvalue (p − 4). Moreover,

[e^′, w^′] = γδ[e, w] = γ^2δμ_1f^′ = f^′, (ad f^′)^{p−1}(w^′) = γ^{−(p−1)}δ(ad f)^{p−1}(w) = γ^{2−p}δμ_2f^′ = f^′.

In order to simplify notation suppress the dash. Then L = p−1⨁ i=0 F (ad f)^i(w), [e, w] = f, (ad f)^{p−1}(w) = f.

We next show that all products of these basis vectors are completely determined by this adjustment. Using Lemma 5.1 it is easy to compute for s ≥ 1

[e, (ad f)^s(w)] = ((ad e) ∘ (ad f)^s)(w) = ∑ 0≤t≤s

(−1)^t ( s t ) (ad f)^{s−t}([(ad f)^t(e), w])

= (ad f)^s([e, w]) + s(ad f)^{s−1}([h, w]) − s(s − 1)(ad f)^{s−2}([f, w]) = −s(s + 3)(ad f)^{s−1}(w).

For s ≥ 1 this gives (∗) [e, [(ad f)^s(w), w]] = [[e, (ad f)^s(w)], w] + [(ad f)^s(w), [e, w]] = −s(s + 3)[(ad f)^{s−1}(w), w] − (ad f)^{s+1}(w).

For s = p − 1, p − 2 (∗) yields

[(ad f)^{p−2}(w), w] = 1 2 [e, [f, w]] = −2w,

[(ad f)^{p−3}(w), w] = 1 2 ( [e, −2w] + (ad f)^{p−1}(w) ) = 1 2 f. Considering eigenvalues of ad h one obtains

[(ad f)^s(w), w] = α_s(ad f)^{s+2}(w), 0 ≤ s ≤ p − 4

for suitable α_s ∈ F. The equation preceding (∗) in combination with (∗) yields

−(s + 2)(s + 5)α_s(ad f)^{s+1}(w) = α_s[e, (ad f)^{s+2}(w)] = [e, [(ad f)^s(w), w]] = −s(s + 3)α_{s−1}(ad f)^{s+1}(w) − (ad f)^{s+1}(w).

As α_0 = 0, this determines α_1, . . . , α_{p−6} completely. One also obtains 2α_{p−4} = −4α_{p−5} − 1. If p = 5, this determines α_0, α_1 = α_{p−4}. If p > 5, then set s :=^{p−5}_2 > 0 in Lemma 5.1 to obtain

0 = [(ad f)^s(w), (ad f)^s(w)] = ((ad f)^s(w) ∘ (ad f)^s)(w) = ∑ 0≤t≤s

(−1)^t ( s t ) (ad f)^{s−t}([ad f)^{s+t}(w), w])

= ∑ 0≤t≤s

(−1)^t ( s t ) α_{s+t}(ad f)^{2s+2}(w).

Therefore α_{p−5} = ∑ 0≤t<s (−1)

t+1(_s t ) α_{s+t}, whence α_0, . . . , α_{p−4} are determined for p > 5. As a consequence, all products [(ad f)^s(w), w] (0 ≤ s ≤ p − 1) are determined by the above choice of e, f, w, and from this one determines all products [(ad f)^s(w), (ad f)^t(w)], (0 ≤ s, t ≤ p − 1) by the Jacobi identity. Thus there is at most one isomorphism class of algebras besides sl(2) satisfying the hypothesis of the lemma.

(d) To complete the proof of the lemma we show that W (1; 1) satisfies the hypothesis of the lemma. Namely, set H := F (1 + x)∂, which is a CSA of toral rank 1. According to Proposition 6.8 every proper subalgebra Q containing H (which implies that Q ⊄ W (1; 1)_{(0)}) is at most 3–dimensional. □

Lemma 6.29 Let K be a Lie algebra, I an ideal of K, and H a CSA of K with T R(H, K) = 1. If H ∩ I acts nilpotently on K then I is solvable. If H ∩ I acts nonnilpotently on K, then K = H + I^{(1)}, and H ∩ I is a CSA of I.

Proof. Denote by H the p–envelope of ad_K H in Der K and let T be a maximal torus of H. By assumption T = F t is 1–dimensional. Choose t toral, t^p = t. Clearly I is t–invariant and I = ⨁ i∈GF (p) Ii, where Ii = {x ∈ I | t(x) = ix}.

Note that I_0 = H ∩ I. If I_0 acts nilpotently on I, then [St 97/1, Proposition 1.14] yields that I is solvable. If I_0 acts nonnilpotently on K, there is h ∈ I_0 such that the semisimple part h_s of h is nonzero. Now T + F (ad h_s) is a torus of H, by the maximality of T follows that T = F (ad h_s). But then H ∩ I is a CSA of I and

K = C_K (T ) + [T, K] = H + [h, . . . , [h, K] . . .] = H + I^{(1)}. □ The following important classification result is proved in [Wil 78] for p > 7 and in [P 94] for p ≥ 5. In the case of 1–dimensional CSAs it is due to Kaplansky [Kap 58].

Theorem 6.30 Let L be a simple Lie algebra and H a CSA of L with T R(H, L) = 1. Then H acts triangulably on L, and L is one of

sl(2), W (1; n), H(2; n; Φ)^{(2)} for some n and Φ.

The Proof is done in several steps. Let L and H be as in the theorem. Assume that, if L^′ is a simple Lie algebra with dim L^′ < dim L which contains a CSA H^′ with T R(H^′, L^′) = 1, then H^′ acts triangulably on L^′ and L^′ is of type sl(2), W (1; n), H(2; n, Φ)^{(2)}.

Choose a maximal subalgebra L_{(0)} of L which contains H. If L_{(0)} is solvable then Corollaries 6.26 and 6.27 show that H ⊂ L_{(0)} acts triangulably and L is of type sl(2), W (1; n). Therefore we may assume that L_{(0)} is nonsolvable.

Choose a L_{(0)}–invariant subspace L_{(−1)} ⊃ L_{(0)} such that L_{(−1)}/L_{(0)} is L_{(0)}– irreducible. Consider the standard filtration defined by L_{(0)}, L_{(−1)}, and the associated graded Lie algebra G = s⨁ i=−r

G_i, G_i := gr_i L = L_{(i)}/L_{(i+1)}.

Note that G satisfies (g1) − (g3). Let H̄ = H + L_{(1)}/L_{(1)} ⊂ G_0 be the homomorphic image of H. As 0 is not a H–weight of L/L_{(0)}, 0 is not a H̄–weight of G^−. Therefore C(G) ⊂ G_0 + G^+, and (g1) now yields C(G) = (0). Identify G and ad G ⊂ Der G. Let H denote the p–envelope of H̄ in Der G. As H̄ is nilpotent, H is nilpotent as well. Then H contains a unique maximal torus T . Note that 0 is not a T –weight of G^−. Let H_p be the p-envelope of H in Der L. Clearly, there exists a restricted surjective homomorphism H_p → H. Therefore one has 0 ≠ dim T = T R(H̄, G) ≤ T R(H, L) = 1. Consequently, dim T = 1. Set T = F t with toral element t, define α ∈ T^∗ by α(t) = 1. Then Γ(G, T ) ⊂ GF (p)α. Since C_G(T ) ⊂ H̄ + G^+, C_G(T ) is a CSA of G of toral rank 1. Let G_0 denote the p–envelope of G_0 in Der G, and G := G + G_0. Then G = ( ⊕_{i≠0}G_i ) ⊕G_0 is Z–graded. Suppose x ∈ G_0 has the property that [x, G_{−1}] = (0).

Then using (g1), (g2) for G one obtains [x, G] = (0). By definition this means x = 0. Hence G satisfies (g1) − (g3). Since 0 is not a T –weight of G^−, one has G^− = ⊕_{i∈GF (p)}∗ G^−_{iα}. Therefore every x ∈ ⋃ i∈GF (p)^∗ G0,iα, has the property

that [x^p, G_{−1}] = (0). Due to (g1),

x^p = 0 ∀ x ∈ ⋃ i∈GF (p)^∗

G_{0,iα}.

Therefore G_0 + H is closed under p–th powers, hence

G_0 = G_0 + H.

In particular, H is a CSA of G_0.

Claim 1 :

1. rad G_0 = (0).

2. G_0 has a unique minimal ideal I ≠ (0).

3. There exist S ∈ {sl(2), W (1; 1)} and m ≥ 0 such that I ∼= S ⊗ F [m; 1].

4. There is an isomorphism of restricted Lie algebras

φ_0 : G_0^∼→ (S ⊗ F [m; 1]) ⊕ (Id_S ⊗ D),

where D ⊂ W (m; 1) is a transitive restricted p–nilpotent subalgebra of W (m; 1). Furthermore,

φ_0(T ) = F h_0 ⊗ 1, where F h_0 is a maximal torus of S, and φ_0(H) = F h_0 ⊗ F [m; 1] + Id ⊗ D.

5. There are an irreducible restricted representation ρ̄ : S → gl(U) and a vector space isomorphism φ_{−1} : G_{−1} → U ⊗ F [m; 1], such that (a) 0 is not a F h_0-weight of U, (b) U = F [1; 1]/F if S = W (1; 1), (c) φ_{−1}([φ^{−1}_0 (y ⊗ f), φ^{−1}_{−1}(u ⊗ g)] = ρ̄(y) ⊗ fg ∀ y ∈ S, u ∈ U, f, g ∈ F [m; 1].

6. G_{−2} = (0).

Proof. (1) Let I ≠ (0) be any ideal of G_0. If every element of I ∩ H is p–nilpotent, then by a previous remark, ⋃ i∈GF (p) Iiα consists of p–nilpotent

elements. By Jacobson’s theorem on nil Lie sets I acts nilpotently on G. But then, as G_{−1} is G_0–irreducible, one has [I, G_{−1}] = (0). This forces I = (0) (by (g1)), a contradiction. Hence there is h ∈ I ∩ H which acts nonnilpotently. Then the semisimple part h^{pr} of h is contained in T , and as T is 1–dimensional, T = F h^{pr} . Therefore

G_0 = H + ∑ i≠0

G_{0,iα}

= H + [F h^{pr} , G_0] = H + [h, . . . , [h, G_0] . . .] = H + I^{(1)}.

If rad G_0 ≠ (0), then G_0 has an abelian ideal I ≠ (0). In this case G_0 = H. But then L_{(0)} is solvable, contradicting the assumption on L_{(0)}. Next let I be any minimal ideal of G_0. Then I^{(1)} = I, and the above proves G_0 = H + I. As a consequence, I = G^{(∞)}_0 is characterized by G_0 only. This proves (1) and (2). (2) Next we are going to normalize G_0, G_{−1}, T . Since G_0 is semisimple and has the unique minimal ideal I, it follows that ann_{G0} I = (0). In particular, C(G_0) = (0). Note that the multiplication of G induces a restricted representation ρ : G_0 → gl(G_{−1}). Corollary 5.22 in combination with Theorem 5.21 yields the following. There are a simple Lie algebra S, m ≥ 0, an algebra isomorphism ψ_1 : I^∼→ S ⊗ F [m; 1], a S–module U with representation ρ̄ : S → gl(U) and a vector space isomorphism ψ_2 : G_{−1}^∼→ U ⊗ F [m; 1] such that ψ_2([ψ^{−1}_1 (y ⊗ f), ψ^{−1}_2 (u ⊗ g)]) = ρ̄(y)(u) ⊗ fg for all y ∈ S, u ∈ U, f, g ∈ F [m; 1]. Moreover the isomorphism ψ := ψ_1 ⊕ ψ_2 induces a restricted Lie algebra endomorphism (via G_0 → ad_{I⊕G−1} G_0)

ψ̃ : G_0 → (Der_0 (S ⊕ U) ⊗ F [m; 1]) ⊕ (Id_{S⊕U} ⊗ W (m; 1)).

Der_0 (S ⊕ U) is the set of derivations of the graded Lie algebra S ⊕ U, which are homogeneous of degree 0. In particular, when restricted to S, every such element becomes a derivation of S. In addition, Corollary 5.38 proves that ψ_1, ψ_2 can be chosen such that

ψ̃(T ) ⊂ (Der_0(S ⊕ U) ⊗ F ) ⊕ (Id_{S⊕U} ⊗ W (m; 1)).

Recall that there is h ∈ I ∩ H such that F h^{pr} = T . Then ψ̃(T ) = F ψ̃(h)^{pr} ⊂ ( Der_0 (S ⊕ U) ) ⊗ F [m; 1]. This in combination with the preceding inclusion yields ψ̃(T ) ⊂ Der_0 (S ⊕ U) ⊗ F.

Set ψ̃(T ) = F D ⊗ 1 with D ∈ Der_0 (S ⊕ U). Note that ψ_1(I ∩ H) = C_S (D) ⊗ F [m; 1]. As I ∩ H is a nilpotent Lie algebra, so is C_S (D). Write

ψ_1(h) = ∑ a h_a ⊗ x^{(a)}, h_a ∈ C_S (D).

The above in combination with Jacobson’s formula on p–th powers shows, as C_S (D) is nilpotent and C_S (D) ⊗ F [m; 1]_{(1)} is a p-nilpotent ideal of C_S (D) ⊗ F [m; 1] , ψ̃(h)^{pr} = (ad_{S⊕U} h_0)^{pr} ⊗ 1 for sufficiently big r. Hence ψ̃(T ) = F (ad_{S⊕U} h_0)^{pr} ⊗ 1 with h_0 ∈ C_S (D). We have now obtained the normalization of G_0, G_{−1}, T , we were heading for.

(3) One usually identifies S ⊗ F [m; 1] and (ad_{S⊕U} S) ⊗ F [m; 1], so that S ⊗ F [m; 1] = ψ̃(I) ⊂ ψ̃(G_0). Since

h_0 ⊗ 1 ∈ C_S (h^{pr}_0 ) ⊗ F ⊂ ψ̃(C_{G0} (T )) = ψ̃(H̄),

C_S (h^{pr}_0 ) is selfnormalizing, hence a CSA of S for which

0 ≠ T R(C_S(h^{pr}_0 ), S) ≤ T R(H̄, G_0) = 1

(see [St 97/1, Theorem 1.7]). As dim S < dim L, the induction hypothesis of this proof implies that

S ∈ {sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

Let S denote the p–envelope of ψ̃^{−1}(S ⊗ F ) ∼= S in G_0. By the above, T ⊂ S. By definition of G_0, S acts restrictedly on G_{−1}. Since 0 is not a T –weight of G_{−1} Proposition 6.5 and Proposition 6.19 show that S ∈ {sl(2), W (1; 1)}. This proves (3).

(4) Observe that in the present case Der S = ad S ∼= S. Let λ : ( Der_0 (S ⊕ U) ⊗ F [m; 1] ) ⊕ ( Id_{S⊕U} ⊗ W (m; 1) ) → ( S ⊗ F [m; 1] ) ⊕ ( Id_S ⊗ W (m; 1) ) be the restricted Lie algebra homomorphism induced by the mapping D → D|_{S⊗F [m;1]}. Set

φ_0 := λ ∘ ψ̃ : G_0 → ( S ⊗ F [m; 1] ) ⊕ ( Id_S ⊗ W (m; 1) ) . Since ker φ_0 ⊂ ann_{G0} I = (0), φ_0 is an injective Lie algebra homomorphism. Clearly, S ⊗ F [m; 1] ⊂ φ_0(G_0) and therefore there is a subalgebra D ⊂ W (m; 1) such that φ_0(G_0) = (S ⊗ F [m; 1]) ⊕ (Id_S ⊗ D).

Theorem 5.21 shows that the projection π_2ψ̃(G_0) is a transitive subalgebra of W (m; 1). Hence D has this property.

In the present case S is a restricted Lie algebra. Its p–mapping [p] turns S ⊗ F [m; 1] into a restricted Lie algebra,

(y ⊗ f)^{[p]} := y^{[p]} ⊗ f^p y ∈ S, f ∈ F [m; 1].

Then φ^{−1}_0 ( y^{[p]} ⊗ f^p ) − ( φ^{−1}_0 (y ⊗ f)

)_p ∈ ann_{G0} I = (0),

hence φ_0|I is a restricted homomorphism. Similarly, let D ∈ D. Then, denoting by p both the p–power mapping on G_0 and the associative p–power mapping on W (m; 1), one obtains that

φ_0 ( (φ^{−1}_0 (Id ⊗ D))^p ) − Id_S ⊗ D^p ∈ ( S ⊗ F [m; 1] ) ⊕ ( Id ⊗ W (m; 1) ) centralizes S ⊗ F [m; 1]. But then this element is 0. Consequently, D is closed under p–th powers, and φ_0 is a restricted homomorphism when imposing these p–mappings on S ⊗ F [m; 1] and Id ⊗ D.

We have now proved that I is a restricted subalgebra of G_0 and D is a restricted subalgebra of W (m; 1). Recall that G_0 = I + H, and H = C_{G0} (T ). Previous deliberations show that φ_0(T ) = F h_0 ⊗ 1 with F h_0 a maximal torus of S. Then

φ_0(H) = φ_0(C_{G0} (T )) = C_{φ0(G0)}(φ_0(T )) = F h_0 ⊗ F [m; 1] + Id ⊗ D.

Let T^′ ⊂ D be a maximal torus of D. Then F h_0 ⊗1+Id ⊗T^′ is a torus of φ_0(H). As T is a maximal torus of H, this is only possible if T^′ = (0). Therefore D is p–nilpotent. This completes the proof of (4).

(5) Set ~D = φ^{−1}_0 (Id ⊗ D). Then G_0 = I + ~D, [φ^{−1}_0 (S ⊗ F ), ~D] = (0), and ~D is p-nilpotent. Part (4) of Theorem 5.21 yields that U is S–irreducible. Remark 5.3.2 (following Theorem 5.21) states that U is a restricted S–module. For S ∼= sl(2) this is statement (5) with φ_{−1} := ψ_2.

Suppose S = W (1; 1). Recall that 0 is not a T –weight of G_{−1}. Then 0 is not a F h_0–weight of U. Theorem 6.10 implies that U ∼= F [1; 1]/F . This proves (5) with φ_{−1} := ψ_2.

(6) Consider the case S = W (1; 1). By Theorem 5.34 we may assume that F h_0 = F x∂ or = F (1 + x)∂. Set S^′ = F ∂ ⊕ F x∂ ⊕ F x^2∂. Then S^′ ∼= sl(2) and F h_0 ⊂ S^′. Observe that U = F [1; 1]/F is irreducible even as a S^′–module. Hence in both cases S = sl(2) and S = W (1; 1) U is a restricted irreducible sl(2)–module. Therefore G_{−1} ∼= U ⊗ F [m; 1] is the direct sum of p^m copies of restricted irreducible φ^{−1}_0 (S ⊗ F )–modules (respectively φ^{−1}_0 (S^′ ⊗ F )–modules), all isomorphic to U. Since these algebras are isomorphic to sl(2) and contain T , [St 97/1, Proposition 3.29] shows that G_{−2} is generated as a sl(2)–module by the weight space of T –weight 0. But 0 is not a T –weight of G_{−2}. Hence G_{−2} = (0). □

Due to Claim 1 there are a surjective vector space homomorphism

σ_{−1} : L → U ⊗ F [m; 1], σ_{−1}(y) := φ_{−1}(y + L_{(0)}),

with ker σ_{−1} = L_{(0)} and a Lie algebra homomorphism

σ_0 : L_{(0)} → ( S ⊗ F [m; 1] ) ⊕ ( Id ⊗ D ) , σ_0(y) := φ_0(y + L_{(1)})

with ker σ_0 = L_{(1)}. We identify roots of H, σ_0(H), F h_0. It is clear from the constructions that

[σ_0(y_0), σ_{−1}(y_{−1})] = σ_{−1}([y_0, y_{−1}]) ∀ y_0 ∈ L_{(0)}, y_{−1} ∈ L.

Therefore σ_{−1}(L_{jα}) = U_{jα} ⊗ F [m; 1] ∀ j ∈ GF (p). Set Ĩ := σ^{−1}_0 (S ⊗ F [m; 1]) = {y ∈ L_{(0)} | y + L_{(1)} ∈ I}.

Then L_{(0),jα} ⊂ Ĩ for all j ≠ 0. Since U is an irreducible S–module, one has

dim U_{jα} ≤ 1 ∀ j ∈ GF (p).

Similarly, S_{jα} is at most 1–dimensional. Therefore

dim L_{jα}/L_{(0),jα} ≤ p^m, dim L_{(0),jα}/L_{(1),jα} ≤ p^m ∀ j ∈ GF (p)^∗.

Claim 2 :

1. Let J be an ideal of H. J acts triangulably on L if and only if J ⊂ Ĩ.

2. H acts triangulably on L if and only if m = 0.

3. Suppose H acts nontriangulably on L. Then the following implication holds.

L_{iα} ⊄ L_{(0)} ⇒ L_{2iα} ⊄ L_{(0)}, [L_{(0),2iα}, L_{−iα}] ⊄ L_{(0)}, i ∈ GF (p)^∗.

Proof. (1) Since J is an ideal of H, σ_0(J) is an ideal of φ_0(H) = F h_0 ⊗ F [m; 1] + Id_S ⊗ D. Also, J ⊂ Ĩ if and only if σ_0(J) ⊂ F h_0 ⊗ F [m; 1]. If σ_0(J) ⊂ F h_0 ⊗ F [m; 1], then σ_0(J) is abelian. Hence J^{(1)} ⊂ L_{(0)} ∩ ker σ_0 = L_{(1)}, and J^{(1)} acts nilpotently on L.

Suppose σ_0(J) ⊄ F h_0 ⊗ F [m; 1], let π_2 denote the projection onto D. Then π_2 ∘ σ_0(J) =: D_1 ≠ (0). Note that [D, D_1] ⊂ D_1 (as σ_0(J) is an ideal of φ_0(H)). Since D is a transitive subalgebra, one has D_1 ⊄ W (m; 1)_{(0)}. Choose

h_0 ⊗ f + Id ⊗ D ∈ σ_0(J), D ∉ W (m; 1)_{(0)},

and g ∈ F [m; 1] with D^2(g) ∉ F [m; 1]_{(1)}. Then [h_0 ⊗ f + Id ⊗ D, h_0 ⊗ g] = h_0 ⊗ D(g) is contained in σ_0(J), and

h_0 ⊗ D^2(g) = [h_0 ⊗ f + Id ⊗ D, h_0 ⊗ D(g)] ∈ σ_0(J)^{(1)}.

This shows that σ_0(J)^{(1)} acts nonnilpotently on S ⊗ F [m; 1]. Therefore J^{(1)} acts nonnilpotently on L_{(0)}.

(2) Set J := H. It follows from (1) that H acts triangulably on L if and only if φ_0(H) ⊂ F h_0 ⊗F [m; 1]. The latter is true if and only if φ_0(H) ⊂ F h_0 ⊗F [m; 1], i.e., if and only if D = (0), hence m = 0.

(3) (a) Suppose there is k ∈ GF (p)^∗ such that [L_{kα}, L_{(0),−kα}] ⊄ Ĩ. Set in Theorem 5.44

Q := H, V^+ := L_{kα}, W^+ := L_{(0),kα}, V^− := L_{(0),−kα}.

Clearly, as H ⊂ L_{(0)}, V^+, W^+, V^− are Q–invariant and [V^+, V^−] ⊂ Q. Since [W^+, V^−] = [L_{(0),kα}, L_{(0),−kα}] ⊂ Ĩ but [V^+, V^−] ⊄ Ĩ by assumption, one has V^+ ≠ W^+. Let W^+ ⊂ N ⊊ V^+ be a Q–submodule. Then σ_{−1}(N) is a proper σ_0(Q)–submodule of σ_{−1}(V^+). But σ_0(Q) generates φ_0(H) = F h_0 ⊗F [m; 1]+Id_S ⊗D as a restricted Lie algebra. As φ_0(H) acts restrictedly on σ_{−1}(V^+), D is a transitive subalgebra of W (m; 1) and σ_{−1}(V^+) = U_{kα} ⊗F [m; 1] with dim U_{kα} = 1, σ_{−1}(V^+) is an irreducible σ_0(Q)–module. Hence σ_{−1}(N) = (0) whence N ⊂ L_{(0),kα}. Thus N = W^+. Therefore W^+ is a maximal Q– module of V^+.

By (1), [W^+, V^−] ⊂ Ĩ acts triangulably, and [V^+, V^−] ⊄ Ĩ acts nontriangulably on V^+/W^+. Since Q is nilpotent, (e)(i) of Theorem 5.44 is fulfilled and case (B)(ii) cannot be true. Hence case (A) happens to hold. Note that [L_{(0),2kα}, L_{(0),−kα}] ⊂ L_{(0),kα}, i.e., L_{(0),2kα} ⊂ W_2. The theorem yields the contradiction

p^m ≥ dim L_{2kα}/L_{(0),2kα} ≥ dim [V^+, V^+]/W_2 > dim V^+/W^+ = dim L_{kα}/L_{(0),kα} = p^m.

Consequently, [L_{kα}, L_{(0),−kα}] ⊂ Ĩ for all k ∈ GF (p)^∗.

(b) Suppose there is k ∈ GF (p)^∗ such that L_{kα} ⊄ L_{(0)}, [L_{kα}, L_{−kα}] ⊂ Ĩ. Let j ∈ GF (p)^∗ be arbitrary. Since σ_{−1}(L_{kα}) = U_{kα} ⊗ F [m; 1] ≠ (0), and U is an irreducible S–module, σ_{−1}(L_{jα}) is contained in the S ⊗ 1-module generated by σ_{−1}(L_{kα}). Therefore one has L_{jα} ⊂ U(Ĩ) · L_{kα} + L_{(0),jα} for all j ∈ GF (p)^∗. Then the Jacobi identity and (a) imply

[L_{jα}, L_{−jα}] ⊂ H ∩ ( ∑ l∈GF (p)

[L_{kα}, L_{lα}] )

+ H ∩ ( ∑ i,l∈GF (p)

[Ĩ_{iα}, L_{lα}] ) + [L_{(0),jα}, L_{−jα}]

⊂ [L_{kα}, L_{−kα}] + [H ∩ Ĩ, H] + ∑ i∈GF (p)^∗

[L_{(0),iα}, L_{−iα}] ⊂ Ĩ,

and the simplicity of L yields H ⊂ ∑ j≠0

[L_{jα}, L_{−jα}] ⊂ Ĩ.

Then H is triangulable, a contradiction. Hence

[L_{kα}, L_{−kα}] ⊄ Ĩ if L_{kα} ⊄ L_{(0)}.

(c) Let i ∈ GF (p)^∗ be such that L_{iα} ⊄ L_{(0)}. Set in Theorem 5.44

Q := H, V^+ := L_{iα}, W^+ := L_{(0),iα}, V^− := L_{−iα}.

As in (a), V^+, W^+, V^− are Q–invariant, [V^+, V^−] ⊂ Q and W^+ a maximal Q–submodule of V^+. According to (a) [W^+, V^−] ⊂ Ĩ, hence [W^+, V^−] acts triangulably. By (b), [V^+, V^−] ⊄ Ĩ acts nontriangulably. Since Q is nilpotent, (e)(i) of Theorem 5.44 is fulfilled and case (B)(ii) cannot be true. Hence case (A) happens to hold.

As L_{(1),2iα} ⊂ W_2 the theorem yields the estimate

dim L_{2iα}/L_{(1),2iα} > p^m.

Since dim L_{(0),2iα}/L_{(1),2iα} ≤ p^m, this proves L_{2iα} ⊄ L_{(0)}.

Now suppose that [L_{(0),2iα}, L_{−iα}] ⊂ L_{(0)}. Then L_{(0),2iα} ⊂ W_2 and Theorem 5.44 yields the contradiction dim L_{2iα}/L_{(0),2iα} > p^m. □

Now assume that (L, H) is a counterexample to the theorem, i.e., that H acts nontriangulably on L or L ∉ {sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

Claim 3 : S = W (1; 1).

Proof. Suppose S = sl(2). Then there is j ∈ GF (p)^∗ such that L_{(0)} = L_{(0),2jα} + H + L_{(0),−2jα} + L_{(1)}.

(a) Since 0 is not a H-weight of L/L_{(0)}, L_{jα} ⊄ L_{(0)} (since every restricted irreducible sl(2)-module has weight 0 or 1). If H acts nontriangulably, we conclude L_{2jα} ⊄ L_{(0)} by Claim 2. Since 4jα ∉ {±2jα} one has L_{(0),4jα} ⊂ L_{(1)}, hence [L_{(0),4jα}, L_{−2jα}] ⊂ L_{(0)}. Set in Claim 2(3) i = 2j to obtain a contradiction. As a consequence, H acts triangulably, and Claim 2 shows that m = 0. In this case one has D = (0) and G_0 ∼= sl(2), hence G_0 = G^{(1)}_0 ∼= sl(2). If L_{(1)} ≠ 0, then [St 97/1, Recognition Theorem 4.16] describes L: If L is classical, then since it has a CSA of toral rank 1, it necessarily is isomorphic to sl(2), which is not true as L_{(0)} ≠ L. If L is of Cartan type, then since L_{(0)}/L_{(1)} ∼= sl(2), L ∼= H(2; n, Φ)^{(2)}. But then L is not a counterexample to the theorem. L cannot be a Melikian algebra with depth 3 grading since G_{−2} = (0). Consequently, L_{(1)} = (0) and dim L = dim L/L_{(0)} + dim L_{(0)}/L_{(1)} ≤ (p − 1) + 3 = p + 2.

(b) So far all results are true for an arbitrary maximal subalgebra L_{(0)} containing H. We now apply these results to a subalgebra L^′_{(0)} containing H of maximal dimension. If L^′_{(0)} is solvable, then the theorem holds for L and H (see the begin of the proof), but (L, H) is a counterexample. Hence L^′_{(0)} is not solvable, let m^′, S^′ denote the respective pieces mentioned in Claim 1. If S^′ ∼= W (1; 1) then dim L ≥ dim L/L^′_{(0)} + dim L^′_{(0)}/L^′_{(1)} = (p − 1)p^{m′} + p^{m′+1} > p + 2, which is not true. Thus S^′ = sl(2). Then part (a) applied to L^′_{(0)} shows that m^′ = 0, L^′_{(0)} ∼= sl(2). Hence every maximal subalgebra containing H has dimension at most dim L^′_{(0)} = 3. Lemma 6.28 now gives L ∈ {sl(2), W (1; 1)} contrary to the choice of L. This proves the claim. □

Conclusion:

Let t_1 ∈ Ĩ be such that σ_0(t_1) = x∂ ⊗ 1 spans the torus of S = W (1; 1) which normalizes the maximal subalgebra W (1; 1)_{(0)}, and t_2 = t^{pr}_1 the semisimple part of t_1 in Der L (recall that we have identified L and ad L). Set H^′ := C_L(t_2). Since σ_0(t_1) acts invertibly on (F [1; 1]/F ) ⊗ F [m; 1] ∼= G_{−1}, H^′ ⊂ L_{(0)}. As

F x∂ ⊗ F [m; 1] ⊂ σ_0(H^′) ⊂ F x∂ ⊗ F [m; 1] + Id ⊗ D,

there is a Lie subalgebra D_0 of D with

σ_0(H^′) = F x∂ ⊗ F [m; 1] + Id ⊗ D_0.

Recall that D = π_2σ_0(H), D_0 = π_2σ_0(H^′). Since D is p–nilpotent, σ^{−1}_0 (Id ⊗ D_0) is a subalgebra of L_{(0)} which acts nilpotently on L. Similarly F x∂ ⊗ F [m; 1]_{(1)} is p–nilpotent, and hence σ^{−1}_0 (F x∂ ⊗ F [m; 1]_{(1)}) acts nilpotently on L. As F t_1 acts nilpotently on H^′, ( H^′ ∩ σ^{−1}_0 (F x∂ ⊗ F [m; 1]) ) ∪ ( H^′ ∩ σ^{−1}_0 (Id ⊗ D_0) ) is a Lie set, which acts nilpotently on H^′. By Jacobson’s theorem on nil Lie sets H^′ is nilpotent, hence a CSA of L. Let T^′ denote the unique maximal torus of the p-envelope of H^′ in Der L. Since H^′ ∩ σ^{−1}_0 (F x∂ ⊗ F [m; 1]) is an ideal of H^′ and the quotient is p-nilpotent, T^′ is contained in the p-envelope of H^′ ∩σ^{−1}_0 (F x∂ ⊗F [m; 1]). As H^′ ∩σ^{−1}_0 (F x∂ ⊗F [m; 1]_{(1)}) is an ideal of the latter of codimension 1, which acts nilpotently on L, one has T R(H^′, L) = 1. Observe that Claims 1,2 hold for H^′ instead of H, while m and S only depend on the choice of L_{(0)}. Define β ∈ (F x∂)^∗ by β(x∂) = 1. Then

S_{2β} = F x^3∂, U_{−β} = F (x^{p−1} + F )

and hence [S_{2β} ⊗F [m; 1], U_{−β} ⊗F [m; 1]] = (0). This means [L_{(0),2β} , L_{−β}] ⊂ L_{(0)}. As U_β = F (x + F ) ≠ (0), Claim 2 now shows that H^′ acts triangulably, hence m = 0. Therefore H acts triangulably. As (L, H) is a counterexample, one obtains L ∉ {sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

We have so far shown that every CSA H with T R(H, L) = 1 acts triangulably on L and that every maximal subalgebra L_{(0)} containing any such CSA H has codimension p − 1 in L and is nonsolvable. In order complete the proof of the theorem we construct a CSA H^′ and a maximal subalgebra L^′_{(0)} for which this is not true.

Start with an arbitrary pair H ⊂ L_{(0)} where H is a CSA with T R(H, L) = 1 and L_{(0)} is a maximal subalgebra. According to the preceding claims

L/L_{(0)} ∼= F [1; 1]/F, L_{(0)}/L_{(1)} ∼= W (1; 1) = p−1∑ i=0 F x^i∂.

It has been shown above that there is a CSA H^′ ⊂ L_{(0)} such that

T R(H^′, L) = 1, H^′ + L_{(1)}/L_{(1)} = F x∂.

Choose preimages u_{−1}, . . . , u_{p−2} ∈ L_{(0)} with u_i + L_{(1)} = x^{i+1}∂ and preimages w_1, . . . , w_{p−1} ∈ L with w_i + L_{(0)} = x^i + F . Then

[u_i, L_{(1)}] ⊂ L_{(1)}, [w_i, L_{(1)}] ⊂ L_{(0)}

[u_i, u_j ] ≡ (j − i)u_{i+j} (mod L_{(1)}) if − 1 ≤ i + j ≤ p − 2, ∈ L_{(1)} otherwise,

[u_i, w_j ] ≡ jw_{i+j} (mod L_{(0)}) if 1 ≤ i + j ≤ p − 1 ∈ L_{(0)} otherwise.

Note that

[[L_{(1)}, w_{p−1}], w_j ] ⊂ [L_{(1)}, L_{(−1)}] + [[L_{(1)}, w_j ], w_{p−1}] ⊂ L_{(0)} + [L_{(0)}, w_{p−1}] ⊂ L_{(0)} + F w_{p−1} + F w_{p−2}.

Using this with j = 1, 2 gives

[L_{(1)}, w_{p−1}] ⊂ L_{(1)} + F u_{p−2} + F u_{p−3}.

Considering eigenvalues with respect to x∂ one obtains for i > 0 [u_i, w_{p−1}] ∈ F u_{i−1} + L_{(1)}. Set [u_1, w_{p−1}] ≡ βu_0 (mod L_{(1)}). Then [u_1, w_{p−1} +^β_2 u_{−1}] ≡ 0

(mod L_{(1)}). Replacing w_{p−1} by w_{p−1} +^β_2 u_{−1} we may assume that [u_1, w_{p−1}] ∈ L_{(1)}.

Set [u_0, w_{p−1}] ≡ −w_{p−1} +

∑_{p−2}

j=−1 γj uj (mod L(1)). Then

−2γ_{−1}u_0 ≡ [u_1, γ_{−1}u_{−1}] ≡ [u_1, [u_0, w_{p−1}] − p−2∑ j=0 γ_j u_j ]

≡ [−u_1, w_{p−1}] + [u_0, [u_1, w_{p−1}]]

≡ 0 (mod L_{(1)} + [L_{(1)}, w_{p−1}] + p−2∑ j=1 F u_j ).

Consequently, γ_{−1}u_0 ∈

∑_{p−2}

j=1 F u_j + L_{(1)}. Then γ_{−1} = 0 and

[u_0, w_{p−1}] ∈ F w_{p−1} + p−2∑ j=0 F u_j + L_{(1)}.

We have now shown that

K := F w_{p−1} + p−2∑ j=0 F u_j + L_{(1)}

is a subalgebra of L which contains H^′. Note that dim L/K = p − 1. Moreover, K_1 :=

∑_{p−2} j=1 F u_j + L_{(1)} is an ideal of K of codimension 2. Clearly K_1 is solvable. But then K is solvable. The present assumption implies that K is not maximal. Therefore there is a maximal subalgebra L^′_{(0)} ⊃ K ⊃ H^′ for which dim L/K^′ < dim L/K = p − 1. This final contradiction proves the theorem.□

Corollary 6.31 Let L be a Lie algebra satisfying L^{(1)} = L and H a CSA with T R(H, L) = 1. Then H acts triangulably on L.

Proof. Let I be a maximal ideal of L, set

L̄ := L/I, H̄ := H + I/I.

Then L̄ is simple and H̄ is a CSA of L̄ with 0 ≠ T R(H̄, L̄) ≤ T R(H, L) = 1 ([St 97/1, Theorem 1.7(3)]. By Theorem 6.30 H̄^{(1)} acts nilpotently on L̄. Let K be the p–envelope of ad_L H^{(1)} in Der L, and T the maximal torus of K. By the above, [T, L] ⊂ I. If T = (0), then H^{(1)} acts nilpotently on L. If T ≠ (0) then T is contained in the maximal torus of the p–envelope of ad_L H in Der L. As the latter has dimension T R(H, L) = 1, it coincides with T . But then L = C_L(T ) + [T, L] = H + I, contradicting the perfectness of L̄. □

Corollary 6.32 Let L be a nonsolvable Lie algebra and H a CSA with T R(H, L) = 1. The following holds.

1. L/L^{(∞)} is nilpotent,

2. L^{(∞)}/rad L^{(∞)} ∈ {sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

Proof. If H ∩ L^{(∞)} acts nilpotently on L then L^{(∞)} is solvable, (Lemma 6.29), contradicting the nonsolvability of L. Hence by Lemma 6.29 L = H + L^{(∞)}. Then L/L^{(∞)} is nilpotent. In addition Lemma 6.29 states that H ∩ L^{(∞)} is a CSA of L^{(∞)}, necessarily with T R(H ∩ L^{(∞)}, L^{(∞)}) = 1.

Replacing L by L^{(∞)} we next assume that L^{(1)} = L. Let I ≠ L be any ideal of L. If H ∩ I acts nonnilpotently on L then by Lemma 6.29 L = H + I, contradicting the perfectness of L. Therefore H ∩ I acts nilpotently on L, and Lemma 6.29 now states that I is solvable. As a consequence, L/rad L is simple. Since H + rad L/rad L is a CSA of L/rad L of toral rank 1 Theorem 6.30 yields the second assertion of this corollary. □

We will eventually apply these results in the Classification theory in the following way. Let L be a finite dimensional Lie algebra and H a CSA of L. Take any nonzero H–root α. Then H is a CSA of the 1–section L(α), necessarily with T R(H, L(α)) = 1 ([St 97/1, Theorem 1.9]). Thus

L(α)^{(∞)}/rad L(α)^{(∞)} ∈ {(0), sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

For a second application, let T be a torus of maximal dimension in the p– envelope L_p of L in Der L, and α ∈ T^∗ a nonzero T –root. Then C_{Lp} (T ) is a CSA of L_p and L_p(α) is a 1–section both with respect to T and C_{Lp} (T ). Hence

L_p(α)^{(∞)}/rad L_p(α)^{(∞)} ∈ {(0), sl(2), W (1; n), H(2; n; Φ)^{(2)}}.

On the other hand, L_p(α)^{(1)} ⊂ L(α) hence L(α)^{(∞)} = L_p(α)^{(∞)}. We obtain a description of L(α)^{(∞)}/rad L(α)^{(∞)} as well.

The following corollary applies in particular to such 1–sections.

Corollary 6.33 Let M be Lie algebra with T R(M) ≤ 1 and T a torus of maximal dimension in a finite dimensional p–envelope M_p of M. The following is true.

1. M is solvable or M/M^{(∞)} is nilpotent;

2. rad M and rad M^{(∞)} are T –invariant;

3. M/rad M has a unique minimal ideal, which is isomorphic to S ⊗ F [m; n] with S ∈ {(0), sl(2), W (1; 1), H(2; 1)^{(2)}}.

4. M^{(∞)}/rad M^{(∞)} ∼= S.

If, moreover, C_M (T ) acts triangulably on M then one of the following cases occurs.

(a) M^{(1)} is nilpotent;

(b) M/rad M ∼= sl(2),

(c) M/rad M ∼= W (1; 1);

(d) H(2; 1)^{(2)} ⊂ M/rad M ⊂ H(2; 1).

In cases (b) – (d) rad M is nilpotent.

Proof. If T R(M) = 0 then M is nilpotent and T ⊂ C(M_p). The result follows. So assume that T R(M) = 1. Then dim T/T ∩ C(M_p) = 1. M decomposes with respect to T M = ⊕_{i∈GF (p)} M_{iα}

into root spaces for a single root α ∈ T^∗. Set H = C_M (T ). We have seen in [St 97/1, chapter 1] that M_p = span {x^{[p]r} | x ∈ ⋃ i∈GF (p) Miα, r ≥ 0}.

Therefore

T ⊂ C_{Mp} (T ) = span { x^{[p]r} | x ∈ ⋃ i≠0

M_{iα}, r ≥ 1 }

+ span { x^{[p]r} | x ∈ H, r ≥ 0 } . If x ∈ M_{iα}, i ≠ 0, then α(x^{[p]r} ) = 0 (we regard α as an extended root on C_{Mp} (T )). Thus every such x is ad–nilpotent. Let I be an ideal of M. If H ∩ I consists of ad–nilpotent elements, then by Jacobsons theorem on nil Lie sets I is nilpotent. In particular, for I = M this observation shows that H contains an element h for which α(h) ≠ 0. Then H is a CSA of M, necessarily of toral rank 1 in M.

(a) Suppose M is solvable. Assertions (1)–(4) are trivially true. Assume that H acts triangulably on M. If there is h ∈ ⋃ i≠0[Miα, M−iα] which is not ad–

nilpotent, then α(h) ≠ 0. Then the subalgebra ∑ i≠0 Miα + ∑ i≠0 [Miα, M−iα]

is not solvable. Thus all elements of ⋃ i≠0[Miα, M−iα] are ad–nilpotent. Since

H^{(1)} acts nilpotently on M, H^{(1)} ∪ ⋃ i≠0[Miα, M−iα] consists of ad–nilpotent

elements. By Jacobson’s theorem on weakly closed nil sets H ∩ M^{(1)} = H^{(1)} + ∑ i≠0 [Miα, M−iα] acts nilpotently on M. The introductory remark proves that

M^{(1)} is nilpotent.

(b) For the following assume that M is not solvable. Set I = M^{(∞)}. If H ∩I acts nilpotently, then M^{(∞)} is nilpotent. But then M is solvable. Hence H ∩ I acts nonnilpotently and there is h ∈ H ∩ I with α(h) ≠ 0. In this case ∑ i≠0 Miα = ∑ i≠0 [h, Miα] ⊂ I, hence M = H + M

(∞). Therefore M/M^{(∞)} is nilpotent.

Note that, for sufficiently large r, T = F h^{[p]r} + C_T (M). Thus rad M and rad M^{(∞)} are T –invariant.

Let I ⊃ rad M be an ideal of M minimal subject to the condition I ≠ rad M. As I is not nilpotent, there is h ∈ H ∩ I with α(h) ≠ 0. Then M = I + H. Set Ī := I/rad M. We have shown that Ī is the unique minimal ideal of M/rad M.

By Corollary 5.13 there are a simple Lie algebra S and m ≥ 0 such that Ī ∼= S ⊗ F [m; n]. Observe that, as S is not nilpotent,

0 ≠ T R(S) ≤ T R(I) ≤ T R(M) = 1.

Therefore every CSA of S has toral rank 1. Corollary 6.32 shows that S is one of the algebras sl(2), W (1; n), H(2; n; Φ)^{(2)}, but only one of absolute toral rank 1. Theorems 5.36 and 6.19 show that only those algebras mentioned in (3) can occur.

Recall that M = I + H. Hence I^{(∞)} = M^{(∞)}. Therefore M^{(∞)}/rad M^{(∞)} ∼= Ī/rad Ī ∼= S.

(c) Suppose that M is nonsolvable and H acts triangulably. We stated in (b) that M = H + M^{(∞)}. Set

J := ∑ n≥0 (ad H)^n(rad M^{(∞)}).

Note that J is an ideal of M contained in M^{(∞)}. As rad M^{(∞)} is T –invariant, J = ∑ i∈GF (p) Jiα decomposes into the direct sum of root spaces with respect to

T . Clearly J ∩ H = ∑ n≥0 (ad H)^n(H ∩ rad M^{(∞)}) ⊂ H ∩ rad M^{(∞)} + H^{(1)}. The introductory remark applied to M^{(∞)} instead of M shows that H ∩ rad M^{(∞)} acts nilpotently on M^{(∞)}. Since by assumption H^{(1)} acts nilpotently, Jacobson’s theorem on nil Lie sets implies that J ∩ H acts nilpotently on M^{(∞)}. But then J is a nilpotent ideal of M^{(∞)}, hence J = rad M^{(∞)}. This in turn means that rad M^{(∞)} is an ideal of M. Hence rad M^{(∞)} = (rad M) ∩ M^{(∞)}. Set π : M → M/rad M the canonical homomorphism. Then π(M^{(∞)}) ∼= M^{(∞)}/rad M^{(∞)} is an ideal of π(M). If M^{(∞)}/rad M^{(∞)} ∼= sl(2) or ∼= W (1; 1) all derivations of this algebra are inner. Therefore π(M) ∼= sl(2), W (1; 1) in the respective cases. Suppose π(M^{(∞)}) ∼= H(2; 1)^{(2)}. Then π(M) ⊂ Der π(M^{(∞)}). Since T R(π(M)) ≤ 1 Theorem 6.18 proves that π(M) ⊂ H(2; 1).

In cases (b) – (d) one has T R(rad M) ≤ 1 − T R(M/rad M) = 0 ([St 97/1, Theorem 1.7(5)]). Therefore rad M is nilpotent. □

Theorem 6.30 allows to generalize Corollary 6.27.

Corollary 6.34 Let L be a simple Lie algebra, T ⊂ Der L a torus. Suppose L has a solvable maximal T –invariant subalgebra of L. Then L is one of

sl(2), W (1; n), H(2; n; Φ)^{(2)} for some n and Φ.

Proof. Let L_{(0)} be a solvable maximal T -invariant subalgebra of L. If L_{(0)} is bad in L then L_{(0)} is a CSA of L satisfying T R(L_{(0)}, L) = 1 (Theorem 6.22). Theorem 6.30 proves the claim for this case.

Suppose L_{(0)} is not bad. By Corollary 6.26 L_{(0)} acts triangulably on L and L/L_{(0)} is (L_{(0)} + T )-irreducible. Set L^′ := L + T , L^′_{(0)} := L_{(0)} + T . Let

L^′ = L^′_{(−1)} ⊃ L^′_{(0)} ⊃ · · · ⊃ L^′_{(s)} be the associated standard filtration and

G = gr L^′ = s⨁ i=−1

L^′_{(i)}/L^′_{(i+1)}

the associated graded algebra. Note that G satisfies (g1)-(g4). The ideal I := L_{(0)} + L^′_{(1)}/L^′_{(1)} of G_0 is abelian, choose α ∈ I^∗, α ≠ 0, such that every G_i is a I–eigenvalue module of eigenvalue function iα. Setting

α^′(x) := α(x + L^′_{(1)}) ∀ x ∈ L_{(0)}, L^′_{iα} := {u ∈ L^′ | (ad x − iα^′(x)Id)^{dim L′} (u) = 0 ∀ x ∈ L_{(0)}}

one obtains that

L^′_{(i)} = ⊕_j L^′_{(i)} ∩ L_{jα}′ ∀ i, L^′_{(i)} = L^′_{(i+1)} + L^′_{(i)} ∩ L_{iα}′ ∀ i.

Then

L = L^{(1)} = [L_{−α}′ , L_{−α}′ ] + [L_{0·α}′ , L_{−α}′ ] + [L_{(1)}, L] + L_{(0)}^{(1)} ⊂ L_{−α}′ + [L_{(1)}, L] + L_{(1)}.

Therefore L_{(0)} = [L_{(1)}, L] + L_{(1)} and [G_1, G_{−1}] = I. Let A(G) be the minimal ideal of G (see Theorem 5.31). As G_{−1} ⊂ A(G) one obtains I ⊂ A(G) and from this one concludes G_1 = [I, G_1] ⊂ A(G). Thus we are in the nondegenerate case and Theorem 5.32 shows that A(G) = S ⊗ F [m; n] with some simple graded Lie algebra S. By the above A(G)_0 = I is abelian. Then S_0 is abelian. As S carries the grading induced by that of G one has S_{−2} = (0). The simplicity of S yields that S_{−1} is S_0-irreducible ([St-F, (3.3.5)]). Consequently, dim S_{−1} = 1. Set U := {u ∈ L_{−α}′ | u + L^′_{(0)} ∈ S_{−1} ⊗ F [m; n]_{(1)}}.

Observe that, as I = S_0 ⊗ F [m; n],

[U, L_{(0)}] ⊂ U + L_{(0)} + [L, L_{(1)}] ⊂ U + L_{(0)}.

Then Q := U + L_{(0)} is a subalgebra of L of codimension dim S_{−1} = 1. [St 97/1, Recognition Theorem 4.16] shows that L is isomorphic to sl(2) or W (1; n). □

156 CHAPTER 6. RANK 1 LIE ALGEBRAS

Bibliography

[B-G] G.M. Benkart and T. Gregory, Graded Lie algebras with classical reductive null component, Math. Ann. 285 (1989), 85 - 98

[B-G-P] G.M. Benkart, T. Gregory and A.A. Premet, On the Recognition Theorem, oral message

[B-O] G.M. Benkart and J.M. Osborn, Rank one Lie algebras, Ann. of Math.

119 (1984), 437 - 463

[B-O-St] G.M. Benkart, J.M. Osborn and H. Strade, Contributions to the classification of simple modular Lie algebras, Trans. Amer. Math. Soc. 341 (1994), 227 - 252

[Blo 58] R.E. Block, New simple Lie algebras of prime characteristic, Trans.

Amer. Math. Soc. 89 (1958), 421 - 449

[Blo 68/1] — , Differentiably simple algebras, Bull. Amer. Math. Soc. 74 (1968), 1086 - 1090

[Blo 68/2] — , On the extensions of Lie algebras, Canad. J. Math. 20 (1968), 1439 - 1450

[Blo 69] — , Determination of the differentiably simple rings with a minimal ideal, Ann. of Math. 90 (1969), 433 - 459

[Blo 70] — , Modules sur les anneaux de polynômes differentiels, Université de Paris, Faculté des Sciences d’Orsay, Séminaire d’Algèbre Non Commutative 1970-71, 3.1-3.10

[Blo 73] — , Modules over differential polynomial rings, Bull. Amer. Math. Soc.

79 (1973), 729 - 733

[Blo 74] — , Irreducible representations of Lie algebra extensions, Bull. Amer.

Math. Soc. 80 (1974), 868 - 872

[B-W 75] R.E. Block and R.L. Wilson, On filtered Lie algebras and divided power algebras, Comm. Algebra 3 (1975), 571 - 589

[B-W 88] — , Classification of the restricted simple Lie algebras, J. Algebra 114 (1988), 115 - 259

[Cel] M.J. Celousov, Derivations of Lie algebras of Cartan type, Izv. Vysš.

Učebn. Zaved. Matematika 98 (1970), 126 - 134 [Russian]

[Cha] H.J. Chang, Über Wittsche Lie-Ringe, Abh. Math. Sem. Universität Hamburg 14 (1941), 151 - 184

[Che] C. Chevalley, Sur certains groupes simple, Tôhoku Math. J. (2) 7 (1956), 14 - 66

[Dem 70] S.P. Demuškin, Cartan subalgebras of the simple Lie p-algebras W_n and S_n, Sibirsk. Mat.Zk. 11 (1970), 310 - 325 [Russian]; Sibirian Math. J. 11 (1970), 233 - 245

[Dem 72] — , Cartan subalgebras o simple nonclassical Lie p-algebras, Izv.

Akad. Nauk SSSR Ser. Mat. 36 (1972), 915 - 932 [Russian]; Math. USSR-Izv. 6 (1972), 905 - 924

[G-S] V.W. Guillemin and S. Sternberg, An algebraic model of transitive differential geometry, Bull. Amer. Math. Soc. 70 1964, 16-47

[Hu] J.E. Humphreys, Introduction to Lie Algebras and Representation Theory, Graduate Texts in Mathematics 9, Springer-Verlag, New York/Heidelberg/Berlin (1972)

[H-P] W.V.D. Hodge and D. Pedoe, Methods of Algebraic Geometry, Vol. I, Cambridge Univ. Press, New York (1947)

[Jac 37] N. Jacobson, Abstract derivation and Lie algebras, Trans. Amer. Math.

Soc. 42 (1937), 206 - 224

[Jac 41] — , Classes of restricted Lie algebras of characteristic p part I, American J. Math. 63 (1941), 481 - 515

[Jac 43] — Classes of restricted Lie algebras of characteristic p part II, Duke Math. J. 10 (1943), 107 - 121

[Jac 58] — , A note on three-dimensional simple Lie Algebras, J. Math. Mech.

7 (1958), 823 - 831

[Jac 62] — , Lie Algebras, Interscience, New York (1962)

[Kac 68] V.G. Kac, Simple irreducible graded Lie algebras of finite growth, Izv.

Akad.Nauk SSSR Ser. Mat. 32 (1968),1323 - 1367[Russian]; Math USSR-Izv. 2 (1968), 1271 - 1312 [English transl.]

[Kac 70] — , On the classification of the simple Lie algebras over a field with nonzero characteristic, Izv. Akad. Nauk SSSR Ser. Mat. 34 (1970), 385 - 408 [Russian]; Math. USSR-Izv. 4 (1970), 391 - 413 [English transl.]

[Kac 74] — , Description of filtered Lie algebras with which graded Lie algebras of Cartan type are associated, Izv. Akad. Nauk SSSR Ser. Mat. 38 (1974), 800 - 834; Errata, 40 (1976), 1415 [Russian]; Math USSR-Izv. 8 (1974), 801 - 835; Errata, 10 (1976), 1339 [English transl.]

[Kap 58] I. Kaplansky, Lie algebras of characteristic p, Trans. Amer. Math. Soc.

89 (1958), 149 - 183

[Ko 63] A.I. Kostrikin, Strong degeneracy of simple Lie p-algebras, Soviet Math.

Dokl. 4 (1963), 434 - 640

[Ko 67/1] — , Theorem on semisimple Lie p-algebras, Mat. Zametki 2 (1967), 465 - 474

[Ko 67/2] — , Squares of adjoint endomorphisms in simple Lie p-algebras, Izv.

Akad. Nauk SSSR Ser. Mat. 31 (1967), 445 - 487 = Math. USSR Izv. 1 (1967),435 -473 [English transl.]

[Ko 69] —, Sandwiches in Lie algebras, Mat. Sb. (N.S.) 110 (152) (1979), 3 - 12 [Russian]; Math. USSR Sbornik 38 (1981), 1 - 9 [English transl.]

[Ko-S 66] A.I. Kostrikin and I.R. Šafarevič, Cartan pseudogroups and Lie palgebras, Dokl. Akad. Nauk SSSR 168 (1966), 740 - 742 [Russian]; Soviet Math. Dokl. 7 (1966), 715 - 718 [English transl.]

[Ko-S 69] — , Graded Lie algebras of finite characteristic, Izv. Akad. Nauk SSSR Ser. Mat. 33 (1969), 251 - 322 [Russian]; Math. USSR-Izv. 3 (1969), 237 - 304 [English transl.]

[Ku 76] M. Kuznecov, Simple modular Lie algebras with a solvable maximal subalgebra, Mat Sb. 101 (1976), 77 - 86 [Russian]; Math. USSR-Sb. 30 (1976), 68 - 76 [English transl.]

[Ku 89] — , Truncated induced modules over transitive Lie algebras of characteristic p, Izv. Akad. Nauk SSSR 53 (1989), [Russian]; Math. USSR-Izv 34 (1990), 575 - 608 [English transl.]

[Ku 90] — , On Lie algebras of Contact type, Comm. Algebra 18 (1990), 2943 - 3013

[Ku 91] — , The Melikjan algebras as Lie algebras of the type G_2, Comm.

Algebra 19 (1991), 1281 - 1312

[Kr] V.A. Kreknin, The existence of maximal invariant subalgebras in simple Cartan-type Lie algebras, Mat. Zametki 9 (1971), 211 - 222 [Russian]; Math. Notes 9 (1971), 124 - 130 [English transl.]

[M-Se] W.H. Mills and G.B. Seligman, Lie algebras of classical type, J. Math.

Mech. 6 (1957), 519 - 548

[N-T] T. Nakayama and T. Tsuzuku, On Frobenius extensions I., Nagoya Math.

J. 17 (1960), 89 - 110

[Mil] A.A. Mil’ner, The irreducible representations of modular Lie algebras, Math. USSR-Izv. 9 (1975), 1169 - 1187

[P 89] A.A. Premet, Regular Cartan subalgebras and nilpotent elements in restricted Lie algebras, Mat. Sb. 180 (1989), 542 – 557 [Russian]; Math. USSR- Sb. 66 (1990) [English transl.]

[P 94] — , A Generalization of Wilson‘s Theorem on Cartan Subalgebras of Simple Lie Algebras, Journal of Algebra 167 (1994), 641 – 703

[P-St 97] A.A. Premet and H. Strade, Simple Lie Algebras of Small Characteristic: I. Sandwich Elements, Journal of Algebra 189 (1979), 419 – 480

[P-St 98] A.A. Premet and H. Strade, Simple Lie Algebras of Small Characteristic: II. Exceptionell roots, manuscript

[R] D.S. Rim, Deformations of transitive Lie algebras, Ann. of Math. (2) 83 (1966), 339-357

[Sch] R.D. Schafer, Nodal noncommutative Jordan algebras and simple Lie algebras of characteristic p, Trans. Amer. Math. Soc. 94 (1960), 310-326

[Se] G.B. Seligman, Modular Lie Algebras, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 40, Springer Verlag Berlin - New York (1967)

[Sk 91] S.M. Skryabin, Modular Lie Algebras of Cartan Type over Algebraically Non-closed Fields. I, Comm. Algebra 19 (1991), 1629 - 1741

[Sk 95] —, Modular Lie Algebras of Cartan Type over Algebraically Non-closed Fields. II, Comm. Algebra 23 (1995), 1403 - 1453

[Sk 97] —, On the Structure of the Graded Lie Algebra Associated with a Noncontractible Filtration, J. Algebra 197 (1997), 178 - 230

[Sk] — , Toral Rank One Simple Lie Algebras of Low Characteristics, manuscript

[St 77/1] H. Strade, Representations of the Witt algebra, J. Algebra 49 (1977), 595 - 605

[St 77/2] — , Cartanalgebren in modularen Lie-Algebren, Comm. Algebra 5 (1977), 1335 - 1359

[St 89/1] — , The absolute toral rank of a Lie algebra, in Lie Algebras, Madison 1987 , ed. by G.M. Benkart and J.M. Osborn, Springer Lecture Notes in Math. 1373 (1989), Springer Verlag Berlin - New York, 1 - 28

[St 89/2] — , The classification of the simple modular Lie algebras: I. Determination of the two-sections, Ann. of Math. 130 (1989), 643 - 677

[St 90/1] — , Lie algebra representations of dimension < p^2, Trans. Amer.

Math. Soc. 319 (1990), 689 - 709

[St 90/2] —, The role of p-envelopes in the theory of modular Lie algebras, Contemporary Mathematics 110 (1990), 265 - 287

[St 91/1] — , The classification of the simple modular Lie algebras: III. Solution of the classical case, Ann. of Math. 133 (1991), 577 - 604

[St 91/2] — , Representations of the (p^2 − 1)-dimensional Lie algebras of R.E.

Block, Canadian J. Math. 43 (1991), 580 - 616

[St 92] — , The classification of the simple modular Lie algebras: II. The toral structure, J. Algebra 151 (1992), 425 - 475

[St 93] — , The classification of the simple modular Lie algebras: IV. Determining the associated graded algebra, Ann. of Math. 138 (1993), 1 - 59

[St 94] — , The classification of the simple modular Lie algebras: V. Algebras with Hamiltonian Two-sections, Abh. Math. Sem. Univ. Hamburg 64 (1994), 167 - 202

[St 97/1] — , The Classification of the Simple Lie Algebras over Fields with Positive Chracteristic, Hamburger Beiträge zur Mathematik aus dem Mathematischen Seminar, Heft 31 (1997),

[St 97/2] —, Representations of Derivation Simple Algebras, AMS/IP Studies in Advanced Mathematics 4 (1997), 127 - 142

[St 98] — , The classification of the simple modular Lie algebras: VI. Solving the final case, Trans. Amer. Math. Soc. 350 (1998), 2553 - 2628

[St-F] H. Strade and R. Farnsteiner, Modular Lie Algebras And Their Representations, Marcel Dekker Textbooks and Monographs, Vol. 116 (1988)

[St-W 91] H. Strade and R.L. Wilson, Classification of simple Lie algebras over algebraically closed fields of prime characteristic, Bull. Amer. Math. Soc. 24 (1991), 357 - 362

[St-W] — , The classification of the simple modular Lie algebras: VI. Solution of the final case, manuscript

[We 78] B. Yu. Weisfeiler, On the Structure of the Minimal Ideal of Some Graded Lie Algebras of Characteristic p > 0, J. Algebra 53 (1978), 344 - 361

[We 84] — , On subalgebras of simple Lie algebras of characteristic p > 0, Trans. Amer. Math. Soc. 286 (1984), 471 - 503

[Wil 69] R.L. Wilson, Nonclassical simple Lie algebras, Bull. Amer. Math. Soc.

75 (1969), 987 - 991

[Wil 71] —, Irreducible Lie algebras of infinite type, Proc. Amer. Math. Soc.

29 (1971), 243 - 249

[Wil 76] — , A structural characterization of the simple Lie algebras of generalized Cartan type over fields of prime characteristic, J. Algebra 40 (1976), 418 - 465

[Wil 77] — , Cartan subalgebras of simple Lie algebras, Trans. Amer. Math.

Soc. 234 (1977), 435 - 446; Correction Trans. Amer. Math. Soc. 305 (1977), 851 - 855

[Wil 78] — , Simple Lie algebras of toral rank one, Trans. Amer. Math. Soc.

236 (1978), 287 -295

[Wil 80] — , Simple Lie algebras of type S, J. Algebra 62 (1980), 292 - 298

[Win 69] D.J. Winter, On the toral structure of Lie p-algebras, Acta Math. 123 (1969), 69-81

[Win 80] — , Cartan decomposition and Engel subalgebra triangulability, J.

Algebra 62 (1980), 400 - 417

[Zas 39] H. Zassenhaus, Über Liesche Ringe mit Primzahlcharakteristik, Abh.

Math. Sem. Universität Hamburg 13 (1939), 1 - 100

[Zas 54] — , The representations of Lie algebras of prime characteristic, Proc.

Glasgow Math. Assoc. 2 (1954), 1 - 36