HAMBURGER BEITRÄGE ZUR MATHEMATIK

Heft 186 Marsden-Weinstein Reduction and Representations of the Jacobi Group Rolf Berndt, Hamburg

Dezember 2003

Marsden-Weinstein Reduction and Representations of the Jacobi Group

Rolf Berndt

Here we follow ideas of Kirillov, Kostant, Duflo, Guillemin, Sternberg, Vogan and others ([Ki], [Du], [GS], [Vo])to look for geometric constructions of unitary representations of the Jacobi group and to try to give a first still very rough outline of geometric interpretations of their structure. 1. Let G be a Lie group and g = Lie G identified with its dual g^∗ via

g^∗ ∋ η −→ X_η ∈ g, defined by η(Y ) = tr X_ηY =:< X_η, Y > for all Y ∈ g.

Moreover let O = G · η be the coadjoint orbit through η ∈ g^∗ , i.e. O = {gX_ηg^{−1}, g ∈ G} ≃ G/G_η ⊂ R^n, if G has a realization as a subgroup of GL(n, R) and G_η is the stabilizing group of η in G. O is a symplectic manifold with Kirillov–Kostant form ω given by ω(X, Y ) = η([X, Y ]), for X, Y ∈ g. If O is prequantizable, i.e. [ω] ∈ H^2(O, Z), one has a metrized hermitian line bundle L −→ O with connection ω and the space of sections Γ(L) is the space of a unitary representation of G which in general is not irreducible. If moreover one has an appropriate polarization P, the space Γ_P (L) = H_π of polarized sections is the space of an irreducible unitary representation π of G.

Example 1: G = G_1 := SL(2, R) We have g_1 := sl_2 =< X, Y, Z >, [X, Y ] = 2Y, [X, Z] = −2Z, [Y, Z] = X, where X = ( 1 −1 ), Y = ( 1 ), Z = ( 1 ), and g_1^∗ :=< X_∗, Y_∗, Z_∗ >, X_∗ = ( 1 −1 ), Y^∗ = ( 1 ), Z^∗ = ( 1 ), such that < X_∗, X >= 2, < Y_∗, Y >= 1, < Z_∗, Z >= 1, and all other brackets are zero.

Then the orbit belonging to η with X_η = k^′(Y_∗ − Z_∗), k^′ ≠ 0, is given by M = G_1 · X_η = {(x, y̌, ž) ∈ R^3; x^2 + y̌^2 − ž^2 + k^{′2} = 0, z > 0 }.

Here we use the coordinates xX_∗ + yY_∗ + zZ_∗ ∈ sl_2, y := y̌ + ž, z := y̌ − ž. The stabilizing group G_η of X_η is K_1 = SO(2) and by the general procedure sketched above the orbit M = G_1/K_1, K_1 = SO(2) is integral iff ik^′ < Y_∗ − Z_∗, ϑ(Y − Z) >= 2ik^′ϑ integrates to a character ρ of G_η = SO(2). The characters ρ of SO(2) are given by ρ_k(r(ϑ)) = e^{ikϑ}, r(ϑ) = ( α β −β α ), α = cos (ϑ), β = sin(ϑ), i.e. M is integral iff 2k^′ = k ∈ Z.

Then for k ∈ N M carries the discrete series representation π^+_k of G_1. This representation is also a representation of K_1 and we have

mult(ρ~_k, π^+_k ) = 1 for k̃ = k + 2l, l ∈ N_0 and = 0 else. Example 2: The Jacobi group G = G^J := G_1 × H, G_1 = SL(2, R), H = Heis(R) is coordinatized in the following ways. As in [BeS] we write G^J ∋ g = (M, v, κ) with M = ( a b c d ) ∈ SL(2, R), v = (λ, μ) ∈ R^2, κ ∈ R, and the multiplication law gg^′ = (MM^′, vM^′ +v^′, κ+κ^′ +ω(vM^′, v^′)), ω(w, v) = wJ^tv, J = ( 1 −1 ) or, as in [EZ] and [Ya1] for its realization as a subgroup of the symplectic group G_2 = Sp(2, R)

g^{−1} = a 0 b aμ − bλ λ 1 μ κ c 0 d cμ − dλ 0 0 0 1 .

As in [BeS] or [Ya1,2], we describe the Lie algebra g^J as a subalgebra of g_2 = sp(2, R) by

G(x, y, z, p, q, r) = x 0 y q p 0 q r z 0 −x −p 0 0 0 0

and denote X = G(1, 0, . . . , 0), . . . , R = G(0, . . . , 0, 1). We get the commutators [X, Y ] = 2Y, [X, Z] = −2Z, [Y, Z] = X, [X, P ] = −P, [X, Q] = Q, [P, Q] = 2R, [ Y, P ] = −Q, [ Z, Q] = −P, all others are zero. As usual, we identify the dual sp^∗ of sp by the Sp(2, R) invariant isomorphism η → X_η given by

η(Y̌ ) = tr(X_μY̌ ) =:< X_μ, Y̌ > for all Y̌ ∈ sp

η_1, . . . , μ_6 denotes a basis of (g^J )^∗ dual to (X_1, . . . , X_6) := (X, . . . , R). Following closely Yang, we realize (g^J )^∗ as a subspace of sp by the matrices

M(x, y, z, p, q, r) = x p z 0 0 0 0 0 y q −x 0 q r −p 0 , x, . . . , r ∈ R,

and put X_∗ = M(1, 0, . . . , 0), . . . , R_∗ = M(0, . . . , 0, 1).

Then X_{η1} = X_∗, . . . , X_{η6} = R_∗ is a basis of (g^J )^∗ with < X_∗, X >= 2, < Y_∗, Y >= 1, < Z_∗, Z >= 1 < P_∗, P >= 2, < Q_∗, Q >= 2, < R_∗, R >= 1 If g^{−1} is denoted as above, the coadjoint action of g on M(x, . . . , r) is given by Ad^∗(g)M(x, . . . , r) = M(x̃, . . . , r̃) with

(*) x̃ = (ad + bc)x + bdy − acz + (2acμ − (ad + bc)λ)p + ((ad + bc)μ − 2bdλ)q + r(aμ − bλ)(cμ − dλ), ỹ = 2dcx + d^2y − c^2z + 2(cμ − dλ)(cp + dq) + r(cμ − dλ)^2, z̃ = −2abx − b^2y + a^2z − 2(aμ − bλ)(ap + bq) − r(aμ − bλ)^2, p̃ = ap + bq + r(aμ − bλ), q̃ = cp + dq + r(cμ − dλ), r̃ = r. resp. x̃ = (ad + bc)x + (bd − ac)y̌ + (bd + ac)ž + (2acμ − (ad + bc)λ)p + ((ad + bc)μ − 2bdλ)q + r(aμ − bλ)(cμ − dλ), ˇ̃y = (cd − ab)x + (1/2)(a^2 − b^2 − c^2 + d^2)y̌ + (1/2)(c^2 + d^2 − a^2 − b^2)ž + ... , ˇ̃z = (ab + cd)x + (1/2)(b^2 + d^2 − a^2 − c^2)y̌ + (1/2)(c^2 + d^2 + a^2 + b^2)ž + ... .

Here we look at the elliptic coadjoint orbit M^J = G^J · η = G^J /K^J with η = k^′(Y_∗ − Z_∗) + mR_∗ and its stabilizing group G_η = K_1 × C =: K^J , C the center of G^J . It is the four-dimensional manifold given by (x, y̌, ž, p, q, r) ∈ R^6 with x^2 + y̌^2 − ž^2 + k^{′2} = (1/m)(2pqx − (p^2 − q^2)y̌ + (p^2 + q^2)ž), r = m.

This orbit carries the (lowest weight) discrete series representation π^+_{m,k} of G^J which is characterized by its K^J -types

mult (ρ_{m,}~_k, π^+_{m,k}) = 1 for k̃ = k, = 1 + l for k̃ = k + 2l or = k + 2l + 1, l ∈ N_0 = 0 for k̃ < k, . Here the representation ρ_{m,}~_k of K^J is given by ρ_{m,}~_k(r(ϑ), (0, 0, κ)) = e^{(ik̃ϑ)+2πimκ}, ϑ ∈ [0, 2π], κ ∈ R. It belongs to the coadjoint orbit of K^J consisting of the point O = K^J · η = {(0, 0, k^′, 0, 0, m)}.

2. Following an idea of Heckman, Guillemin and Sternberg propose in [GS2] a geometric interpretation of the formulae for the multiplicities and more generally of the spaces Hom_G(ρ, π) of intertwining operators between different representations ρ and π of a group G using the Marsden-Weinstein reduction in the following way.

Given a prequantized symplectic manifold (M, ω) with an Hamiltonian Goperation and a moment map Φ → g^∗ under nice conditions the Marsden- Weinstein reduction M_{red} = Φ^{−1}(0)/ G

is again a symplectic manifold (or at least an orbifold). If Q denotes an appropriate quantization procedure associating a representation π to the given situation (like the one sketched above in 1. or as in more recent publications (see for instance Vergne [Ve1]) using an equivariant Dirac operator), we have the Guillemin-Sternberg Conjecture stating that quantization commutes with reduction Q(M_{red}) = Q(M)^G.

If O is a coadjoint G-orbit belonging to the irreducible unitary representation ρ of G the space M × O is symplectic with moment map Ψ : M × O −→ g^∗ , (m, η) → Φ(m) − η.

If everything is nice, we then have the Marsden-Weinstein reduction of M with respect to O M_O = Ψ^{−1}(0)/G ≃ Φ^{−1}(η)/G_η and Q(M_O) is the geometric analogue of Hom_G(ρ, π) (see Theorem 6.2 in [GS2]). There is already a lot of work precising this (see for instance section 3 in [GLS]). In particular, the multiplicity of ρ in π is zero if is M_O empty and the multiplicity is one if M_O is just a point. And in certain compact cases the multiplicity is related to the Riemann-Roch number respective the symplectic volume of M_O. We will now look at what comes out in the two examples given above.

In Example 1 we take

G = K_1, M = G_1 · η, and O = K_1 · η̃

for η corresponding to k^′(Y − Z) resp. η̃ corresponding to k̃^′(Y − Z) with stabilizing group G_{η̃} = SO(2) . Then we have

M_O = {(x, y̌) ∈ R^2; x^2 + y̌^2 − k̃^{′2} + k^{′2} = 0 }/ SO(2), = ∅ for k̃^′ < k^′, = {point} for k̃^′ ≥ k^′.

This reflects exactly the multiplicity formula given above.

In Example 2 we take

G = K^J , M = G^J · η, and O = K^J · η̃

for η = k^′(Y_∗ − Z_∗) + mR_∗ resp. η̃ = k̃^′(Y_∗ − Z_∗) + mR_∗ with stabilizing group G_{η̃} = SO(2) × C = K^J . Then the reduced space is here M_O = Φ^{−1}(η̃)/K^J where Φ^{−1}(η̃) is given by

{(x, y̌, p, q) ∈ R^4; x^2 +y̌^2 −k̃^{′2} +k^{′2} = (1/m)(2pqx−(p^2 −q^2)y̌ +(p^2 +q^2)k̃^′)}.

The group K^J acts here by ( x y̌ ) −→ r(2ϑ) ( x y̌ ) , ( p q ) −→ r(ϑ) ( p q )

for r(ϑ) ∈ SO(2). So, the reduced space M_O is in bijection to (for instance)

{(x, y̌, q) ∈ R^3; x^2 + y̌^2 − k̃^{′2} + k^{′2} = (1/m)q^2(y̌ + k̃^′)}.

Things look a bit nicer if we introduce the complex variables τ = x + iy̌, w = p + iq. Then we have

Φ^{−1}(η̃) = {(τ, w) ; |τ|^2 − k̃^{′2} + k^{′2} = (1/m)(Re(iw̄^2τ) + |w|^2k̃^′)}

and the action of SO(2) is given by w −→ e^{iϑ}w, τ −→ e^{i2ϑ}τ. It would be nice to find a geometric prescription deducing the multiplicity formula given above from this situation.

Similar questions arise if one reduces the coadjoint G^J -orbit from example 2 as well as the other G^J -orbits with respect to the orbits of K^J and other subgroups of G^J , in particular SL(2, R) and Heis(R). This can easily be done starting from the descriptions of the coadjoint G^J -orbits in [Be]. For instance, we have the following situation. In Example 3 we take

G = G_1, M = G^J · η, and O = G_1 · η̃,

where η is as above and η̃ = k̃^′(Y_∗ − Z_∗) . Then the reduced space is here M_O = Φ^{−1}(η̃)/K_1 where Φ^{−1}(η̃) is given by

{(p, q) ∈ R^2; −k̃^{′2} + k^{′2} = (1/m)(p^2 + q^2)k̃^′},

i. e. the reduced space is a point for k̃^′ ≥ k^′ and empty otherwise. This is in relation to the fact that a discrete series representation of G^J is the tensor product of the corresponding discrete sreies representation of the metaplectic group with the Schrödinger Weil representation.

References

[Be] Berndt, R. : Coadjoint Orbits and Representations of the Jacobi Group. IHES/M/03/37 (2003).

[BeS] Berndt, R. Schmidt, R.: Elements of the Representation Theory of the Jacobi Group. PM 163, Birkhäuser, Basel 1998

[Du] Duflo, M.:Thorie de Mackey pour les groupes de Lie algbriques. Acta Math.149 (1982) 153–213.

[EZ] Eichler, M., Zagier, D.:The Theory of Jacobi Forms. Birkhäuser Boston 1985.

[GLS] Guillemin, V., Lerman, E., Sternberg, S.: Symplectic Fibrations and Multiplicity Diagrams. Cambridge University Press 1996.

[GS] Guillemin, V., Sternberg, S.: Symplectic Techniques in Physics.

Cambridge University Press 1984.

[GS1] Guillemin, V., Sternberg, S.: Geometric Asymptotics. Math. Surv.

and Monographs 14, AMS 1990.

[GS2] Guillemin, V., Sternberg, S.: Geometric Quantization and Multiplicities of Group representations Invent. math. 67 (1982) 515 - 538.

[Ki] Kirillov, A.A.: Elements of the Theory of Representations. Springer Berlin 1976.

[Ki1] Kirillov, A.A.: Merits and Demerits of the Orbit Method. Bull. of the AMS 36 (1999) 433 – 488.

[Ve] Vergne, M.: Geometric Quantization and Equivariant Cohomology.

First European Congress of Mathematics, Vol I, 249 –298. PM 119 Birkhäuser Basel 1994.

[Ve1] Vergne, M.: Quantification géométrique et réduction symplectique.

Sminaire Bourbaki 888 (2001).

[Vo] Vogan, D.A.: The Method of Coadjoint Orbits for Real Reductive Groups. P. 179 – 238 in: Representation Theory of Lie Groups (Adams, J., Vogan, D., eds.), IAS/Park City Math. Series 8 AMS 2000. Pure Math. Vol 61, 219–243 (1997).

[Ya1] Yang, Y.- H.:Orbit Method for the Jacobi Group. Preprint 2002.

[Ya2] Yang, Y.- H.:The Method of Orbits for Real Lie Groups. Kyungpook Math. J. 42 (2002) 199–272.

Rolf Berndt Mathematisches Seminar der Universität Hamburg Bundesstr. 55 D-20146 Hamburg, Germany berndt@math.uni-hamburg.de