HAMBURGER BEITRÄGE ZUR MATHEMATIK

Heft 190 Reconstructing the Number of Blocks of an Infinite Graph Thomas Andreae, Hamburg

Februar 2004

Reconstructing the Number of Blocks of an Infinite Graph

THOMAS ANDREAE Mathematisches Seminar Universitt Hamburg Bundesstrae 55 D–20146 Hamburg Germany October 20, 2003

Abstract It is shown that two hypomorphic infinite graphs always have the same number of blocks. This settles a problem of Nash–Williams (Reconstruction of infinite graphs, Discrete Mathematics 95 (1991) 221–229).

Keywords: Reconstruction; Infinite Graphs; Number of Blocks; Number of 2–connected components

1 Introduction

The graphs considered in this paper do not have loops or multiple edges and the letters G, H always denote graphs. Two graphs G and H are hypomorphic if there exists a bijection σ : V (G) → V (H) such that G − v ≃ H − σ(v) for each v ∈ V (G). We write G .= H to indicate that G and H are hypomorphic. A graph G is reconstructible if G .= H always implies G ≃ H. The well– known ‘Reconstruction Conjecture’ asserts that every finite graph with at least 3 vertices is reconstructible. For a survey on results concerning this conjecture and its variants, the reader may consult [5,6,12–14].

There are several partial results on the Reconstruction Conjecture asserting that hypomorphic finite graphs with at least 3 vertices must share a certain property; for example, the following two results are of this kind. (For proofs and for related results, see e.g. [3,5].)

Proposition 1. Hypomorphic finite graphs with at least 3 vertices have the same number of components.

Proposition 2. Hypomorphic finite graphs with at least 3 vertices have the same number of blocks.

The analogue for infinite graphs of the Reconstruction Conjecture is not in general true: simple counterexamples can be obtained as follows. Let T_α be a tree in which every vertex has degree α for some infinite cardinal α and let βT_α be a forest consisting of β components each isomorphic to T_α, where β is a cardinal with 2 ≤ β ≤ α. Then T_α and βT_α are hypomorphic but not isomorphic. (Examples of this kind were first presented in [9] and [16]. For a survey on the reconstruction of infinite graphs, see [14], and [2,7,10,15] for more recent results.)

By c(G) we denote the number of components of G and, for each x ∈ V (G), we denote by G_x the component of G containing x. The above examples also show that, for hypomorphic graphs G and H, the values of c(G) and c(H) may be quite different and thus, in particular, the analogue for infinite graphs of Proposition 1 is not in general true. Nevertheless, the following results of [1] show that, subject to an additional hypothesis, Proposition 1 can be extended to infinite graphs.

Theorem A. Let G be an infinite graph such that c(G_x − x) is finite for at least one x ∈ V (G). Then G .= H implies c(G) = c(H). As an immediate consequence of Theorem A one obtains Theorem B. Let G be an infinite graph with at least one vertex of finite degree. Then G .= H implies c(G) = c(H).

With the above Propositions 1 and 2, the described examples, and Theorem B in mind, it is natural to pose the following problem which is one of the unsolved problems presented by Nash–Williams in [14].

Problem (Nash–Williams [14]). Must two hypomorphic infinite graphs have the same number of blocks? If not, can this conclusion be drawn subject to some additional hypothesis like that of Theorem B?

It is the purpose of the present paper to solve this problem by showing that two hypomorphic infinite graphs always have the same number of blocks.

Our terminology is standard and essentially in accordance with most of the text–books in graph theory. For notions used but not defined here, we refer to Diestel [8]. By V (G) and E(G), we denote the set of vertices and edges of a graph G, respectively. We write G ≃ H to indicate that G and H are isomorphic graphs. For A ⊆ V (G), G − A denotes the graph that results from G by deletion of A together with all edges which are incident with some vertex of A. For v ∈ V (G), we write G − v instead of G − {v} and call G − v a vertex–deleted subgraph of G; similarly, for a subgraph F of G, we write G−F instead of G−V (F ). By G+H, we denote the disjoint union of G and H. For a cardinal α, we write αG for the union of α disjoint copies of G. A 2–way infinite path P consists of distinct vertices a_i(i ∈ Z) with a_ia_j ∈ E(P ) if and only if |i − j| = 1. A block of G is a connected subgraph of G having no cutvertices and being maximal with these properties. By bl(G) we denote the number of blocks of G. A graph is trivial if it consists of just one vertex.

Given hypomorphic graphs G, H, we always assume without further mention that we have arbitrarily picked some bijection σ : V (G) → V (H) such that G − x ≃ H − σ(x) for all x ∈ V (G) and, for simplicity, we always write x^′ instead of σ(x).

2 Proof of the main result

By c^∗(G), we denote the number of 2–connected components of G. We start with two lemmas the first of which being of some interest in its own right. It states that, for hypomorphic graphs G and H, c^∗(G) and c^∗(H) may differ by at most 1. At the end of this paper we show that this is best possible in the following sense. For each nonnegative integer n, we give examples of infinite graphs G, H with G .= H and c^∗(G) = n = c^∗(H) − 1.

Lemma 1. If G .= H, then either c^∗(G) = c^∗(H) or c^∗(G), c^∗(H) < ℵ_0 and |c^∗(G) − c^∗(H)| = 1.

Proof. Suppose the contrary. Then c^∗(G) + 1 < c^∗(H) or c^∗(H) + 1 < c^∗(G) and we may assume that the former holds. Clearly, for each x ∈ V (G), we have c^∗(H) ≤ c^∗(H − x^′) + 1 = c^∗(G − x) + 1

which, when taken together with c^∗(G)+1 < c^∗(H), yields c^∗(G) < c^∗(G−x) for each x ∈ V (G). Consequently, no component of G can be 2–connected and, for each x ∈ V (G), there exists a 2–connected component of G_x − x. For each x ∈ V (G), let C(x) denote some 2–connected component of G_x − x and let v ∈ V (G) be arbitrary. Then, clearly, we can find a vertex w ∈ C(v) such that G_w − w is connected. Hence C(w) = G_w − w and thus G_w − w is 2–connected. Since w is a vertex of the 2–connected graph C(v), we conclude that w has at least two neighbors in G_w − w and thus the 2–connectedness of G_w − w implies that G_w is 2–connected. This contradicts the above stated fact that G has no 2–connected components.

Lemma 2. If G is a graph with bl(G) ≥ ℵ_0, then bl(G − x) ≥ bl(G) for all x ∈ V (G). Proof. Let x ∈ V (G). If x is isolated, then obviously bl(G − x) = bl(G) since bl(G) is infinite. Hence assume that x is nonisolated. Let B be the set of bridges of G which are incident with x. One easily finds that

(1) bl(G − x) + |B| ≥ bl(G).

Moreover (2) |B| ≤ bl(G − x) since, obviously, there exists an injective mapping from B into the set of blocks of G − x. From (1), together with bl(G) ≥ ℵ_0, one obtains bl(G − x) + |B| ≥ ℵ_0 and thus, by (2), bl(G − x) + |B| = bl(G − x). Hence bl(G − x) ≥ bl(G) by (1).

By F(G) we denote the block–cutvertex graph of G which is defined in the usual manner: if C and B are the sets of cutvertices and blocks of G, respectively, then F(G) is the bipartite graph with vertex set C ∪ B and edge set E(F(G)) = {cB : c ∈ C, B ∈ B, c ∈ V (B)}. Then, clearly, F(G) is a forest and the trivial components of F(G) (isolated vertices of F(G)) are precisely those blocks of G which are either isolated vertices, or isolated edges (with ends), or 2–connected components of G. The following facts will frequently be used without further mention. Let x ∈ V (G). Then

– x is an isolated vertex of G if and only if c(G_x − x) = 0

– if x is not an isolated vertex of G, then c(G_x −x) is equal to the number of blocks of G containing x

– x is a cutvertex of G if and only if c(G_x − x) ≥ 2

– for a cutvertex x of G, c(G_x − x) is the degree of x in F(G).

Theorem. If G, H are hypomorphic infinite graphs, then bl(G) = bl(H).

Proof. Let G, H be infinite with G .= H. For each nontrivial component T of F(G), pick r ∈ V (T ) such that r is a cutvertex of G and call r the root of T . For each cutvertex x of G, let A(x) be the set of blocks of G which are direct successors of x in the rooted tree (T, r), where T is the component of F(G) to which x belongs. Further, let A_0 be the set of blocks of G corresponding to the trivial components of F(G). This way, we obtain a partition of the set of blocks of G into classes, where – contrary to the usual terminology – the class A_0 may be empty. In a similar manner, we define a partition of the set of blocks of H into classes B(y) and B_0 with y running over all cutvertices of H and B_0 possibly being empty.

Put a := bl(G), b := bl(H) and suppose a < b, Then (clearly) |V (G)| = |V (H)| ≥ b and, because |A(x)| ≥ 1 for all cutvertices x of G,

(3) G has at most a cutvertices.

Hence there exist vertices of G which are no cutvertices of G and thus we conclude from Theorem A that

(4) c(G) = c(H).

In the following, we seperately discuss the cases c(G) < ℵ_0 and c(G) ≥ ℵ_0.

(I) Let c(G) < ℵ_0. Then (4) implies

(5) c(G_x − x) = c(H_x′ − x^′) for all x ∈ V (G).

In particular, one obtains from (5) that x is a cutvertex of G if and only if x^′ is a cutvertex of H. Hence, writing X for the set of cutvertices of G, we have

(6) a = |A_0| + ∑ x∈X |A(x)|, b = |B_0| + ∑ x∈X |B(x^′)|. By a result of Bondy and Hemminger [4], the number of components which are isomorphic to some given finite graph is the same for G and H , and thus G and H must have the same number of isolated vertices and the same number of isolated edges. From this, together with Lemma 1, one obtains that

(7) either |A_0| = |B_0| or |A_0|, |B_0| < ℵ_0 and ||A_0| − |B_0|| = 1.

Further, one easily concludes from (5) that

(8) for each x ∈ X, either |A(x)| = |B(x^′)| or |A(x)|, |B(x^′)| < ℵ_0 and ||A(x)| − |B(x^′)|| = 1. ¿From (6–8) one obtains a + |X| + 1 ≥ b and thus (9) a < b ≤ a + |X| + 1. We claim that

(10) a ≥ |X| + 1.

For a proof suppose a < |X| + 1. By the first equality of (6), this can only happen if |A_0| = 0 and |A(x)| = 1 for all x ∈ X. But then there is no nontrivial component of F(G) because |A(x)| ≥ 2 if x is the root of such a component. Consequently, F(G) must have a trivial component, in contradiction to |A_0| = 0. Hence (10).

If |X| ≥ ℵ_0, then (10) implies a + |X| + 1 = a which, together with (9), yields a contradiction. Hence |X| < ℵ_0 and thus a, b < ℵ_0 by (9). Further, c(F(G)) = c(F(H)) by (4). Hence F(G) and F(H) are finite forests having the same number of components. Moreover, one easily obtains from (5) that F(G) and F(H) have the same number of edges. Hence a = |V (F(G))| − |X| = |E(F(G))| + c(F(G)) − |X| = |E(F(H))| + c(F(H)) − |X| = |V (F(H))| − |X| = b, in contradiction to a < b. This settles the case c(G) < ℵ_0.

(II) Let c(G) ≥ ℵ_0. Then, by (4), c(H) ≥ ℵ_0 and (of course) a, b ≥ ℵ_0. In the sequel, the fact that c(G), c(H), a, b are infinite cardinals will several times be used without further mention. As an immediate consequence of (3), one obtains the following.

(11) There are at most a vertices x of G such that G − x has two or more components C with bl(C) > a.

We claim that

(12) H has exactly one component with b blocks while all other components of H have at most a blocks.

For the proof of (12), we first show that H has at least one component with more than a blocks. Suppose the contrary. Then, because bl(H) > a, we must have c(H) > a and thus, by (4), bl(G) ≥ c(G) = c(H) > a, in contradiction to the definition of a.

Next we show that H has at most one component with more than a blocks. For a contradiction, suppose that H has distinct components C_1, C_2 with bl(C_i) > a(i = 1, 2). One concludes from (11) that |V (H − (C_1 ∪ C_2))| ≤ a and, consequently, |V (C_1 ∪ C_2)| ≥ b. Further, again by (11), there are at most a vertices x^′ ∈ C_1 ∪ C_2 such that bl(C) > a for some component C of H_x′ − x^′. Hence, we can pick x^′ ∈ V (C_1 ∪ C_2) such that bl(C) ≤ a for each component C of H_x′ − x^′. Then, by Lemma 2 and because H_x′ = C_i for i = 1 or 2, we have bl(H_x′ − x^′) ≥ bl(H_x′ ) > a which is compatible with the choice of x^′ only if c(H_x′ − x^′) > a. Hence, for the corresponding x ∈ V (G), we have c(G − x) > a and thus bl(G) > a, which is a contradiction.

So far, we have shown that there exists a uniquely determined component C of H with bl(C) > a. Hence, for the proof of (12), it remains to show that bl(C) = b. Suppose bl(C) < b. Then, because bl(H) = b and since bl(C^′) ≤ a for all components C^′ of H with C^′ ≠ C, we must have c(H) = b. Hence, by (4), c(G) = b, in contradiction to bl(G) < b. This proves (12).

Denote by C the uniquely determined component of H with bl(C) = b. We show that

(13) there are at most a vertices x^′ ∈ H −C such that bl(H_x′ −x^′) > a.

For a proof, let x^′ ∈ V (H − C) with bl(H_x′ − x^′) > a. By (12), we have bl(H_x′ ) ≤ a and, consequently, c(H_x′ −x^′) ≤ a. Hence, because bl(H_x′ −x^′) > a, there must be a component of H_x′ − x^′ with more than a blocks and thus there are two components of H −x^′ with more than a blocks. Hence assertion (13) follows from (11).

(14) For all x ∈ V (G) there exists a component C(x) of G_x − x such that bl(C(x)) > a.

For a proof , let x ∈ V (G). By Lemma 2, bl(G − x) =bl(H − x^′) ≥bl(H) = b >bl(G) and thus bl(G_x − x) ≥ b > a. Further, since bl(G) = a, we have c(G_x − x) ≤ a which, together with bl(G_x − x) > a, implies (14).

Now we obtain a contradiction as follows. Let x ∈ V (G) such that x^′ ∈ V (C) and such that x is not a cutvertex of G. (This choice of x is possible by (3) and because |V (C)| ≥bl(C) = b.) Let ϕ : G − x → H − x^′ be an isomorphism and let C(x) be as in (14). By (12) and because bl(C(x)) > a, ϕ(C(x)) is a component of C − x^′. Since x is not a cutvertex, we have C(x) = G_x − x and thus each component of H − C is mapped by ϕ^{−1} onto a component of G. Consequently, one obtains from (14) that for each y^′ ∈ V (H − C) there exists a component C(y^′) of H_y′ − y^′ such that bl(C(y^′)) > a. Hence, by (13), we have |V (H − C)| ≤ a. On the other hand, note that V (H − C) ≠ ∅ since c(H) ≥ ℵ_0 and thus , picking an arbitrary y^′ ∈ V (H − C), one obtains |V (H − C)| ≥ |C(y^′)| ≥bl(C(y^′)) > a, which is a contradiction.

3 Examples

As announced we present examples showing that the statement of Lemma 1 is, in a sense, best possible. Essential parts of the following constructions are based on ideas of Harary, Schwenk and Scott [11].

Example. For each n = 0, 1, . . . , we intend to construct infinite graphs G_n, H_n such that G_n .= H_n and c^∗(G_n) = n = c^∗(H_n) − 1. For this purpose, let P be a 2–way infinite path and let S be a graph resulting from P by adding a new vertex which is adjacent to each vertex of P . Then, clearly, S is 2–connected and

(15) for each finite nonempty subset F of V (S), there is no 2–connected component of S − F .

For each positive integer k, let R_k be a graph consisting of k disjoint copies of S together with one additional vertex of degree k which is adjacent to the k vertices of infinite degree occuring in the copies of S. We assume that the so–defined graphs R_1, R_2 . . . are disjoint.

Let A be the set of graphs A such that A ≄ S and such that, for some positive integer k and some finite (possibly empty) F ⊆ V (R_k), A is a component of R_k − F . Note that it follows from the definitions that each A ∈ A occurs in A with multiplicity ℵ_0 (i.e., there are exactly ℵ_0 members of A which are isomorphic to A). Further, one easily obtains from (15) that no A ∈ A is 2–connected.

Let B be the disjoint union of the members of A and put A_n := B + nS (n = 0, 1, . . . ). Note that, as a consequence of the constructions, the following holds.

(16) For both A_0 and A_1, the vertex–deleted subgraphs are exactly the graphs A_j(j = 0, 1, . . . ) each occuring with multiplicity ℵ_0.

Hence A_0 .= A_1 and, by construction, c^∗(A_0) = 0, c^∗(A_1) = 1. Denoting by K the complete graph with ℵ_0 vertices, we put

G_n := A_0 + nK, H_n := A_1 + nK (n = 0, 1, . . . ).

Then, by construction and in particular by (16), we have G_n .= H_n and c^∗(G_n) = n = c^∗(H_n) − 1.

References

[1] T. Andreae, Reconstructing the degree sequence and the number of components of an infinite graph, Discrete Math. 39 (1982) 1–7.

[2] T. Andreae, On reconstructing rooted trees, J. Combin. Theory Ser. B 62 (1994) 183–198.

[3] J. A. Bondy, On Ulam’s conjecture for seperable graphs, Pacific J. Math.

31 (1969) 281–288.

[4] J. A. Bondy and R. L. Hemminger, Reconstructing infinite graphs, Pacific J. Math. 52 (1974) 331–340.

[5] J. A. Bondy and R. L. Hemminger, Graph reconstruction – a survey, J. Graph Theory 1 (1977) 227–268.

[6] J. A. Bondy, A graph reconstructor’s manual, Surveys in Combinatorics, Proc. 13th Br. Comb. Conf., Guildford/UK 1991, London Math. Soc. Lect. Note Ser. 166 (1991) 221–252.

[7] M. Chastand and N. Polat, Reconstruction of infinite locally finite connected graphs, Discrete Math. 270 (2003)

[8] R. Diestel, Graph Theory, Springer, New York, 2000.

[9] J. Fisher, R. L. Graham, and F. Harary, A simpler counterexample to the reconstruction conjecture for denumerable graphs, J. Combin. Theory Ser. B 12 (1972) 203–204.

[10] A. J. H. King and C. St. J. A. Nash Williams, Reconstructing the number of copies of a valency–labeled finite graph in an infinite graph, J. Graph Theory 18 (1994) 109–117.

[11] F. Harary, A. J. Schwenk, and R. L. Scott, On the reconstruction of countable forests, Publ. Inst. Math. (Beograd) 13 (1972) 39–42.

[12] C. St. J. A. Nash–Williams, The reconstruction problem, in: L. W.

Beineke, and R. J. Wilson, eds., Selected Topics in Graph Theory (Academic Press, London, 1978) 205–236.

[13] C. St. J. A. Nash–Williams, A glance at graph theory – Part II, Bull.

London Math. Soc. 14 (1982) 294–328.

[14] C. St. J. A. Nash–Williams, Reconstruction of infinite graphs, Discrete Math. 95 (1991) 221–229.

[15] C. St. J. A. Nash–Williams, Infinite digraphs with nonreconstructible outvalency sequences, J. Graph Theory 18 (1994) 535–537.

[16] J. Nešetřil, On reconstructing infinite forests, Comment. Math. Univ.

Carolinae 13 (1972) 503–510.