HAMBURGER BEITRÄGE ZUR MATHEMATIK

Heft 198 Arboricity and tree-packing in locally finite graphs Maya Stein, Hamburg

September 2004

Arboricity and tree-packing in locally finite graphs

Maya Stein

Abstract

Nash-Williams’ arboricity theorem states that a finite graph is the edge-disjoint union of at most k forests if no set of ℓ vertices induces more than k(ℓ − 1) edges. We prove a natural topological extension of this for locally finite infinite graphs, in which the partitioning forests are acyclic in the stronger sense that their Freudenthal compactification—the space obtained by adding their ends—contains no homeomorphic image of S^1. The strengthening we prove, which requires an upper bound on the end degrees of the graph, confirms a conjecture of Diestel [2]. We further prove for locally finite graphs a topological version of the tree-packing theorem of Nash-Williams and Tutte.

1 Introduction

A criterion for the smallest number of acyclic subgraphs of a finite graph whose union contains the entire graph is given by Nash-Williams’ arboricity theorem:

Theorem 1 (Nash-Williams [11]). Let k ∈ N, and let G be a finite multigraph in which no set of ℓ vertices induces more than k(ℓ − 1) edges. Then G is the edge-disjoint union of at most k forests.

Theorem 1 easily extends to locally finite graphs by compactness, if a forest is defineded as a graph that contains no finite cycles. However, recent studies of the cycle space of infinite graphs—see [2]—suggest that in an appropriate infinite analogue of Nash-Williams’ theorem the forests should not be allowed to contain ‘infinite cycles’ either. These are infinite subgraphs of G whose closure in |G|, the compactification of G by its ends (see Section 2), is homeomorphic to the unit circle.

An infinite version of Theorem 1 based on such topological forests would be much stronger. So much so, in fact, that without additional constraints it is false. Indeed, consider the infinite ladder in which each rung except the first has been subdivided and all other edges duplicated (see Figure 1). This multigraph satisfies the condition of Theorem 1 for k = 2, because it is an edge-disjoint union of two (ordinary) forests, but clearly, every two such forests must each contain a double ray. That double ray forms an infinite cycle as its closure contains the graph’s single end, to which the double ray’s subrays converge.

We can easily generalise this counterexample to arbitrary k ∈ N and simple graphs. Simply replace each of the subgraphs of the form ({v, w}, {vw, vw}) with a simple finite graph H that is the union of k edge-disjoint spanning trees (for example H = K^{2k}), identifying v, w with distinct vertices of H. Then,

Figure 1: Every two forests partitioning the multigraph contain infinite cycles

as before, G is an edge-disjoint union of k ordinary forests, and hence satisfies Nash-Williams’ condition that no set of ℓ vertices spans more than k(ℓ − 1) edges. But any partition of G into k forests induces such a partition in each copy of H, ie. into spanning trees of H. Each of these contains a v–w path, so each of our k forests contains a double ray and thus an infinite cycle. These counterexamples are due to Bruhn and Diestel (personal communication).

In order to generalise Theorem 1 to topological forests, we thus need to impose some further conditions. One natural way to do this is to require local sparseness not only for all finite subgraphs (as in Nash-Williams’ condition) but also around ends, eg. by placing an upper bound on their ‘degrees’. The degree of an end ω is defined in [1] to be the supremum of the cardinalities of sets of edge-disjoint rays in ω (for details, see Section 2). So, the counterexamples above each have an end of degree ≥ 2k. It is not difficult to construct others whose end has degree exactly 2k. Just choose H such that it contains a vertex of degree k and identify this vertex with v.

The following conjecture of Diestel [2], whose proof is the main result of this paper, is therefore best possible in this sense:

Theorem 2. Let k ∈ N, and let G be a locally finite graph in which no set of ℓ vertices induces more than k(ℓ − 1) edges. Further, let every end of G have degree < 2k. Then |G| is the edge-disjoint union of at most k topological forests in |G|. Although, as we have seen, the bound of 2k in Theorem 2 cannot be reduced, the theorem has no direct converse: a partition into k topological forests does not force all end degrees to be small. The N × N grid, for example, is an edgedisjoint union of two topological forests (its horizontal vs. its vertical edges), but its unique end has infinite degree.

Our second topic in this paper, to be treated in Section 5, is how to extend the well-known tree-packing theorem of Nash-Williams and Tutte. For this we need a standard definition: an edge is said to cross a given vertex-partition of a graph G if it has its endvertices in distinct partition sets.

Theorem 3 (Nash-Williams [10], Tutte [14]). For a finite multigraph G the following statements are equivalent:

(i) G contains k edge-disjoint spanning trees;

(ii) every partition of V (G), into r ∈ N sets say, is crossed by at least k(r − 1) edges of G.

Nash-Williams [12, Conj.A] conjectured that the theorem above should extend to countable graphs. This was disproved by Oxley [13], who constructed a locally finite graph that satisfies (ii) for k = 2 but has no two edge-disjoint spanning trees. Tutte pursued a different approach: he proved that in a locally finite graph every vertex partition into r parts is crossed by at least k(r − 1) edges if and only if the graph has k edge-disjoint ‘semi-connected’ spanning subgraphs. These ‘semi-connected’ subgraphs are defined by what appears to be an ad-hoc and technical condition designed to make his compactness proof work. In our topological context, however, the condition acquires an unexpected natural interpretation: it turns out that the ‘semi-connected’ spanning subgraphs of a graph G are precisely those whose closure in the compactification of G is topologically connected. Furthermore, the closure of every such subgraph contains a topological spanning tree. This then leads to a near-verbatim generalisation of the tree-packing theorem:

Theorem 4. For a locally finite multigraph G the following statements are equivalent:

(i) |G| contains k edge-disjoint topological spanning trees;

(ii) every partition of V (G), into r ∈ N sets say, is crossed by at least k(r − 1) edges of G.

2 The topological space |G|

The basic terminology we use can be found in [3]. A 1-way infinite path is called a ray, a 2-way infinite path is a double ray, and the subrays of a ray are its tails. Two rays in a graph G are equivalent if no finite set of vertices separates them; the corresponding equivalence classes of rays are the ends of G. We denote the set of ends of G by Ω(G) .

Let us define a topology on G together with its ends. This topology was first introduced by Freudenthal [8] and Jung [9]; if G is locally finite, it is known as its Freudenthal compactification. We begin by endowing G itself with the usual topology of a 1-complex. (Thus, every edge is homeomorphic to the real interval [0, 1], and the basic open neighbourhoods of a vertex v are the unions of half-open intervals [v, z), one for every edge e at v with z an inner point of e.) In order to extend this topology to Ω(G), we take as a basis of open neighbourhoods of a given end ω ∈ Ω(G) the sets of the form C(S, ω) ∪ Ω(S, ω) ∪ E^′(S, ω) where S ⊆ V is a finite set of vertices, C(S, ω) is the connected component of G − S in which every ray from ω has a tail, Ω(S, ω) is the set of all ends ω^′ ∈ Ω(G) whose rays have a tail in C(S, ω), and E^′(S, ω) is any union of half-edges (z, y], one for every S–C(S, ω) edge e = xy of G, with z an inner point of e. Let |G| denote the topological space thus defined. We shall freely view G and its subgraphs either as abstract graphs or as subspaces of |G|. For details on |G|, see [4].

A cut of G separates a set S ⊆ V (G) from an end ω ∈ Ω(G) if it meets every ray of ω that starts in S. For a subgraph H ⊆ G, the boundary ∂H of H is the cut E(H, G − H); in particular, ∂G = ∅ = ∂∅. A region of G is an induced subgraph which is connected and whose boundary contains only finitely many edges. Note that given a subgraph H ⊆ G and an end ω ∈ Ω(G) with ω /∈ H its boundary ∂H separates ω from V (H).

An arc is a set A ⊆ |G| homeomorphic to the unit interval; a circle is a set C ⊆ |G| homeomorphic to the unit circle. The subset C ∩ G may be viewed as a subgraph of G, and will then be called a cycle of G. Clearly, this definition includes traditional finite cycles but also allows for infinite cycles, which are disjoint unions of certain sets of double rays. It has been shown in [7] that for a circle C the closure of C ∩ G coincides with C, we may thus speak of the unique defining circle of a cycle. We need the following theorem.

Theorem 5. [6] Let G be a locally finite graph, and let Z ⊆ E(G). Then Z ∈ C(G) if and only if |F ∩ Z| is even for every finite cut F of G.

Having adapted the notion of a cycle to our topological viewpoint, we must do the same for forests and, in particular, spanning trees. The closure H in |G| of a subgraph H of G is a topological forest if it contains no circles. A topological spanning tree is a path-connected topological forest in |G| that contains all vertices of G (it then also contains all ends and all edges of which it contains inner points). See [4] for more information on topological spanning trees.

A fundamental property of a tree is that it contains a path between any two of its vertices. That is the reason why topological spanning trees are required to be path-connected rather than only topologically connected. The next theorem shows that this makes no difference in our case.

Theorem 6. [4] If G is locally finite, then every closed connected subset of |G| is path-connected.

It is an open problem whether Theorem 6 extends to arbitrary subsets of |G|. Finally, let us see how the vertex degree notion can be extended to the ends of a locally finite graph G. We define the degree d(ω) ∈ N ∪ {∞} of an end ω ∈ Ω(G) as the supremum of the cardinalities of sets of edge-disjoint rays in ω. This concept (and a generalisation to end degrees in subgraphs) was introduced in [1], where also the following Mengerian criterion for measuring end degrees can be found.

Lemma 7. [1] Let G be a locally finite graph, and let ω ∈ Ω(G). Then d(ω) = k ∈ N if and only if k is the smallest integer such that every finite set S ⊆ V (G) can be separated from ω with a finite cut F of cardinality k.

3 Finitely many small cuts cut off all ends

Given a locally finite graph G, a finite set S ⊆ V (G) and an end ω ∈ Ω(G) of finite degree < k, Lemma 7 yields a cut of cardinality < k that separates S from ω, and therefore induces a region K_ω ⊆ G − S whose closure contains ω. Now, if instead of ω we consider finitely many ends, each of degree < k, we can easily choose the K_ω disjoint (because there is a finite set S^′ ⊇ S which separates our ends pairwisely).

Cleary, there is also a (possibly infinite) set of regions K ⊆ G − S with |∂K| < k such that every end of degree < k lies in the closure of one of them. But are we still able to choose these regions disjoint? The next lemma gives a positive answer to this question.

Lemma 8. Let k ∈ N, let G be a locally finite graph and let S ⊆ V (G) be finite. Then there is a set K of disjoint regions K ⊆ G − S of G with |∂K| < k, such that for every ω ∈ Ω(G) with d(ω) < k there is a K ∈ K with ω ∈ K.

Proof. If S is empty, then K := {G} is as desired, so assume S ≠ ∅. We use induction on k to prove the existence of a set K^k of disjoint regions of G such that for all K ∈ K^k : (i) K ⊆ G − S and |∂K| < k; (ii) there is no finite set H such that V (K) = ⋃ H∈H V (H) and |∂H| < |∂K| for all H ∈ H.

In addition, we require for all regions K^′ ⊆ G − S:

(iii) if |∂K^′| < k then E(K^′) − ⋃ K∈K^k E(K) is finite.

Then K^k is the desired set K of the lemma. Indeed, consider an end ω ∈ Ω(G) with d(ω) < k, and let R ∈ ω. By Lemma 7, there is a region K^′ ⊆ G − S of G with ω ∈ K^′ such that |∂K^′| < k. By (iii), E(K^′) − ⋃ K∈K^k E(K) is finite.

Hence, R has only finitely many of its edges outside ⋃ K∈K^k E(K). Thus, since

the K ∈ K are pairwise disjoint, there is a K ∈ K such that R has a tail in K, implying ω ∈ K, as desired.

Put K^1 := ∅, a choice which trivially satisfies (i) and (ii), and also (iii) because S ≠ ∅ and we may suppose G to be connected (thus, the only K^′ ⊆ G−S with |∂K^′| < 1 is K^′ = ∅). So assume we already found a set K^{k−1} satisfying (i)–(iii); we show the existence of the set K^k.

Let H_1, H_2, . . . be an enumeration of all regions H ⊆ G − S of G with |∂H| < k and E(H) − ⋃ K∈K^{k−1} E(K) infinite (there are only countably many

such regions as E(G) is countable). From the H_i and K^{k−1} we construct a sequence of subgraphs L_i ⊆ G − S as follows. Put L_0 := ⋃ K∈K^{k−1} K, and let for i ∈ N L_i := L_{i−1} ∪ H_i if ∂H_i ∩ E(L_{i−1}) = ∅

and L_i := L_{i−1} otherwise. It is easily shown by induction that for all i ∈ N each component of L_i is a region that sends less than k edges to the rest of G. Now, put L := ⋃_∞ i=1 L_i and let K^k be the set of the components of L. Note that ⋃ K∈K^k K = L ⊆ G − S and that the K ∈ K

k are induced subgraphs of G.

Furthermore, |∂K| < k for each K ∈ K^k , as otherwise there would already have been a component K^′ of L_i with |∂K^′| ≥ k for some i ∈ N (just choose i such that L_i contains at least k vertices which are incident with edges in ∂K plus finite paths that connect these vertices pairwisely). Thus, K^k is a set of disjoint regions for which (i) holds.

Let us show (ii). Suppose there are a K ∈ K^k and a finite set H such that V (K) = ⋃ H∈H V (H) and |∂H| < |∂K| for all H ∈ H. By (i), |∂K| < k, thus, |∂H| < k − 1 for all H ∈ H. Then (iii) for k − 1 yields that E(H) − ⋃ K^′ ∈K^{k−1} E(K ′) is finite for all H ∈ H. As |H| < ∞ and ∂H is bounded for all H ∈ H, also E(K) − ⋃ H∈H E(H) is finite, implying that E(K) − ⋃ K^′ ∈K^{k−1} E(K ′) is finite. Hence K contains none of the H_i used in the construction of K^k, and thus K = K^′ for some K^′ ∈ K^{k−1}, contradicting (ii) for k − 1. Finally, we prove (iii). Suppose there is a region K^′ ⊆ G − S of G with |∂K^′| < k such that E(K^′) − ⋃ K∈K^k E(K) = E(K ′) − E(L) is infinite. Assume

K^′ is chosen with |∂K^′ ∩ E(L)| minimal. Because K^′ = H_j for some j ∈ N, there is a K ∈ K^k that contains edges of ∂K^′, as otherwise ∂K^′ ∩ E(L_{j−1}) = ∅, resulting in K^′ ⊆ L_j ⊆ L, which contradicts our assumption that E(K^′) − E(L) is infinite.

Hence ∂K^′ ∩ E(K) ≠ ∅, but ∂K ∩ E(L) = ∅, implying that |∂(K ∪ K^′) ∩ E(L)|, |∂(K^′ − K) ∩ E(L)| < |∂K^′ ∩ E(L)|. As G is connected, K^′ − K has only finitely many components, one of which is a region K^{′′} ⊆ G − S such that E(K^{′′}) − E(L) is infinite and |∂K^{′′} ∩ E(L)| < |∂K^′ ∩ E(L)|. Also K ∪ K^′ is such a region, thus, the choice of K^′ ensures that |∂(K ∪ K^′)|, |∂(K^′ − K)| ≥ k. Then |∂(K ∩ K^′)| + k ≤ |∂(K ∩ K^′)| + |∂(K ∪ K^′)| = |E(K ∩ K^′, K − K^′)| + |E(K ∩ K^′, K^′ − K)| + |E(K − K^′, G − (K ∪ K^′))| + |E(K^′ − K, G − (K ∪ K^′))| + 2|E(K ∩ K^′, G − (K ∪ K^′))| = |∂K| + |∂K^′| − 2|E(K − K^′, K^′ − K)| ≤ |∂K| + |∂K^′| < |∂K| + k, and similarly |∂(K − K^′)| + k ≤ |∂(K − K^′)| + |∂(K^′ − K)| ≤ |∂K| + |∂K^′| < |∂K| + k. Thus, |∂(K ∩ K^′)|, |∂(K − K^′)| < |∂K|. But then each of the finitely many components of K ∩ K^′ and of K − K^′ sends < |∂K| edges to the rest of G, while V (K) = V (K ∩ K^′) ∪ V (K − K^′), a contradiction to (ii).

If, as is the case in Theorem 2, d(ω) is bounded for all ω ∈ Ω(G), the set K from Lemma 8 has to be finite:

Lemma 9. Let k ∈ N, let G be a locally finite graph, and let S ⊆ V (G) be finite. Suppose that every ω ∈ Ω(G) has degree < k. Then there is a finite number of disjoint regions K_1, K_2, . . . , K_n ⊆ G − S with |∂K_i| < k for all i = 1, . . . , n such that for every ω ∈ Ω(G) there is an i ≤ n with ω ∈ K_i.

For the proof, we need a standard lemma:

Lemma 10. [5] A locally finite connected graph G contains for every infinite set U ⊆ V (G) a ray R together with infinitely many disjoint U–V (R) paths.

Proof of Lemma 9. Lemma 8 supplies us with a set K of disjoint regions K of G that have the desired properties. If we can show that K is finite, we are done. So suppose otherwise, and let U ⊆ V (G) contain exactly one vertex of each K ∈ K. Then, as we may assume G is connected, Lemma 10 yields a ray R together with infinitely many disjoint U–V (R) paths. As the end ω that contains R lies in the closure of one of the K ∈ K, a tail of R is contained in the region K, which contradicts the existence of infinitely many disjoint U–V (R) paths.

4 Arboricity

In our proof of Theorem 2 we successively define certain finite sets S_1 ⊆ S_2 ⊆ . . . of vertices, together with partitions of E(G[S_i]). In order to extend the partition of E(G[S_i]) to a partition of E(G[S_{i+1}]), we want to use Theorem 1 on the graph G̃ obtained from G[S_{i+1}] by contracting S_i to a vertex, which we can do if the arboricity condition holds for G̃. The following lemma ensures that there is a way to choose the S_i so that it does:

Lemma 11. Let k ∈ N, and let G be a locally finite graph in which no set of ℓ vertices induces more than k(ℓ − 1) edges. Then for every finite S ⊆ V (G) there is a finite S^′ ⊆ V (G) with S^′ ⊇ S such that ||G[X]|| + |E(X, S^′)| ≤ k|X| for each X ⊆ V (G − S^′).

Proof. Put S_0 := S, and for i ≥ 1 successively define S_i as S_{i−1} ∪ X_i if there is an X_i ⊆ V (G − S_{i−1}) such that ||G[X_i]|| + |E(X_i, S_{i−1})| > k|X_i|. Observe that then X_i is finite. Either the process stops at some I ∈ N in which case we put S^′ := S_I and are done, or we obtain an infinite sequence S_0 ⊆ S_1 ⊆ . . . together with the corresponding X_i. In the latter case, consider for n := k|S| the set S_n. By choice of the X_i, ||G[S_n]|| ≥ n∑ i=1 (k|X_i| + 1) = k( n∑ i=1 |X_i| + |S|) = k|S_n| > k(|S_n| − 1), contradicting our assumption that the arboricity condition holds for G.

We define for a vertex v ∈ V (G) and for i ∈ N the set N_i(v) to be the set of all vertices with distance i to v (thus, in particular, N_1(v) = N(v)). For the set {N_i(x) : x ∈ X}, where X ⊆ V (G) and i ∈ N, we write N_i(X).

Proof of Theorem 2. We successively define for all i ∈ N finite sets S_i ⊆ V (G), together with k edge-disjoint forests F^i_1, . . . , F^i_k, such that

(i) S_{i−1} ∪ N(S_{i−1}) ⊆ S_i, for i ≥ 2;

(ii) F^{i−1}_j ⊆ F^i_j , for j = 1, . . . , k and i ≥ 2;

(iii) ⋃_k j=1 E(F^i_j ) = E(G[S_i]); and

(iv) If C ⊆ G is a cycle so that C ∩ G[S_i] ⊆ F^i_{i mod k}, then V (C) ∩ S_{i−1} = ∅, for i ≥ 2.

We claim that the (by (ii) well-defined) unions ⋃_∞ i=1 F^i_1, . . . , ⋃_∞ i=1 F^i_k are the desired topological forests. Indeed, (i) and (iii) ensure that their edge sets partition E(G). Suppose that there is a j ∈ {1, . . . , k} so that ⋃_∞ i=1 F^i_j contains an infinite cycle C of G. Let v be a vertex in V (C). By (i), we can choose i ≥ 2 so that v ∈ S_{i−1} and j = i mod k. This contradicts (iv).

A further condition is needed to make the successive choice of the forests F^i_j possible. We require that for i ∈ N (v) ||G[X]|| + |E(X, S_i)| ≤ k|X| for every X ⊆ V (G − S_i).

Let S_1 be any one-elemented subset of V (G) and put F^1_1 , . . . , F^1_k := ∅; this choice obviously satisfies (iii) and (v), which is all we required for i = 1. So suppose i ≥ 2, and that S_ℓ, F^ℓ_1 , . . . , F^ℓ_k are already defined for ℓ < i and satisfy (i)–(v). Since S_{i−1} is finite, Lemma 9 yields a finite number of regions K_1, . . . , K_n ⊆ G − S_{i−1} of G such that |∂K_m| < 2k for all m = 1, . . . , n and such that every end of G lies in the closure of one of the K_m. Then T := V (G − ⋃_n m=1 K_m) has only finitely many components, none of which may contain a ray. Thus T is finite, hence, as | ⋃_n m=1 ∂K_m| < ∞, also S := T ∪ ⋃_n m=1 N(G − K_m) is finite.

So Lemma 11 yields a finite S^′ ⊇ S. Put S_i := S^′ and observe that conditions (i) and (v) are satisfied.

In order to define the forests F^i_1, . . . , F^i_k, we consider the multigraph G̃ obtained from G[S_i] by contracting S_{i−1} to the vertex s_{i−1}, keeping multiple edges but deleting loops (if necessary, we first make S_{i−1} connected by adding some extra edges). Note that K_m ∩ G[S_i] = K_m ∩ G̃ ⊆ G̃ and furthermore, as ∂K_m ⊆ E(G[S_i]), also ∂K_m ⊆ E(G̃). Condition (v) for i − 1 (together with the arboricity condition for G) implies that in the finite multigraph G̃, no set of ℓ vertices induces more than k(ℓ − 1) edges. Hence, by Theorem 1 there is a partition of E(G̃) into the edge sets of k forests F̃_1, . . . , F̃_k ⊆ G̃. Let I := i mod k and assume the F̃_j are chosen so that |E(F̃_I ) ∩ ⋃_n m=1 ∂K_m| is minimal.

We claim that for m = 1, . . . , n:

all edges in E(F̃_I ) ∩ ∂K_m are incident with the same component of F̃_I ∩ K_m. (1)

Then the partition of E(G̃) into E(F̃_1), . . . , E(F̃_k ) corresponds to a partition of E(G[S_i]) − E(G[S_{i−1}]) into the edge sets of k forests F_1, . . . , F_k ⊆ G[S_i]. Put F^i_j := F^{i−1}_j ∪ F_j for j = 1, . . . , k, and observe that F^i_j is a forest since F^{i−1}_j as well as F_j is acyclic, and any cycle meeting both contains a subgraph that corresponds to a cycle of F̃_j . This choice satisfies (ii) and (iii). In order to see (iv), let C ⊆ G be a cycle with C ∩G[S_i ] ⊆ F^i_I , and suppose V (C)∩S_{i−1} ≠ ∅. By Theorem 5, C meets each ∂K_m in an even number of edges. For every two edges in E(C) ∩ ∂K_m there is a path in F^i_I ∩ K_m that connects their endvertices in K_m, because of (1). So, if E(C) ∩ ∂K_m ≠ ∅, we can substitute C ∩ K_m with the union of these paths. Doing so successively for all m, we obtain a finite subgraph of the forest F^i_I , that has only vertices of degree ≥ 2, and thus contains a cycle, which is impossible. This establishes (iv).

So, let us prove (1). Consider an m ∈ {1, . . . , n}. As otherwise (1) is clearly satisfied for m, suppose that |E(F̃_I ) ∩ ∂K_m| ≥ 2. Because |∂K_m| < 2k, there is then a j ∈ {1, . . . , k} such that |E(F̃_j ) ∩ ∂K_m| ≤ 1. We may assume that there indeed is an edge e ∈ E(F̃_j ) ∩ ∂K_m, as otherwise taking any edge from E(F̃_I ) ∩ ∂K_m and adding it to F̃_j clearly yields a better choice of the forests F̃_1, . . . , F̃_k. Let e = vw with v ∈ V (K_m) and w ∈ V (G̃ − K_m).

Now, consider the graph F̃ obtained from F̃_I by contracting the components of F̃_I ∩ K_m and of F̃_I − K_m, deleting loops. Then E(F̃ ) = E(F̃_I ) ∩ ∂K_m; furthermore, F̃ is a forest, as F̃_I is one. Let ṽ ∈ V (F̃ ) be the vertex whose branch-set in F̃_I contains v. Choose X ⊆ V (F̃ ) with ṽ ∈ X such that the branch-set of each x ∈ X lies in K_m and that every non-trivial component of F̃ has exactly one vertex in X. Now, put E_1 := E(X, N_1(X))∪E(N_2(X), N_3(X))∪ . . . and E_2 := E(N_1(X), N_2(X))∪E(N_3(X), N_4(X))∪. . . ; these two sets clearly partition E(F̃ ). Observe that in G̃

each component of F̃_I − K_m is adjacent to at most one edge of E_1, (2) and each component of F̃_I ∩ K_m is adjacent to at most one edge of E_2 ∪ e. (3)

Put H_ℓ := F̃_ℓ for ℓ ∈ {1, . . . , k} \ {I, j} and let H_I , H_j be subgraphs of G̃ with E(H_I ) := E(F̃_I − K_m) ∪ E_1 ∪ E(F̃_j ∩ K_m),

E(H_j ) := E(F̃_j − K_m) ∪ E_2 ∪ e ∪ E(F̃_I ∩ K_m).

We claim that H_I and H_j are forests. Indeed, any cycle in H_I contains edges of E_1, and thus a path in F̃_I − K_m that connects two edges of E_1, which is impossible, by (2). On the other hand, any cycle in H_j must contain edges of E_2 ∪ e, and thus a path in F̃_I ∩ K_m that connects two edges of E_2 ∪ e, a contradiction to (3).

Hence, as E(H_1), . . . , E(H_k) clearly partition E(G̃), and E(F̃_I ∩ ⋃_n m=1 ∂K_m) = E(H_I ∩ ⋃_n m=1 ∂K_m)∪E_2, the choice of F̃_1, . . . , F̃_k implies that E_2 = ∅. Suppose there is an edge e^′ ∈ E_1 = E_1 ∪E_2 = E(F̃_I )∩∂K_m, with endvertex x in K_m, such that there is no v–x path in F̃_I ∩ K_m. Then put H^′_I := (V (H_I ), E(H_I ) − {e^′}) and H^′_j := (V (H_j ), E(H_j ) + {e^′}). Observe that H^′_j is a forest, as any cycle in H^′_j contains both e and e^′, and thus a v–x path in F̃_I ∩ K_m, which is impossible. But since H^′_I has less edges in ⋃_n m=1 ∂K_m than F̃_I , this contradicts the choice of F̃_1, . . . , F̃_k.

So every edge in E(F̃_I ) ∩ ∂K_m is incident with the component of F̃_I − K_m that contains v, establishing (1).

5 Tree-packing

Clearly, (i) of Theorem 3 is equivalent to G being the edge-disjoint union of k spanning connected subgraphs. Tutte [14] weakens this version of condition (i) in order to extend the theorem to locally finite graphs. He replaces ‘connected’ with ‘semi-connected’, defined as follows: A subgraph H of a multigraph G is semi-connected in G if every bipartition of V (G) is crossed either by an edge of H or by infinitely many edges of G.

Theorem 12 (Tutte [14]). For a locally finite multigraph G the following statements are equivalent:

(i) G is the edge-disjoint union of k spanning semi-connected subgraphs;

(ii) every partition of V (G), into r ∈ N sets say, is crossed by at least k(r − 1) edges of G.

Considering Oxley’s [13] counterexample, Tutte’s infinite version of his theorem is in a sense best possible, but it certainly lacks the intuitive appeal of Theorem 3, as the notion of ‘semi-connected’ might appear contrived. However, in our topological setting it suddenly becomes quite natural: semi-connectedness of a spanning subgraph H ⊆ G is the same as topological connectedness of its closure in |G|.

Lemma 13. A spanning subgraph H of a locally finite multigraph G is semiconnected in G if and only if its closure H in |G| is topologically connected.

Proof. If H is not semi-connected, then V (G) can be partitioned into two nonempty sets U, W with no H-edge and only finitely many G-edges going from U to W . Then the closures of H[U] and of H[W ] are disjoint open subsets of H (in the subspace topology of H ⊆ |G|), hence H is not topologically connected.

To prove the forward implication, suppose H is semi-connected in G but H is not topologically connected. Then H is a disjoint union of two open non-empty subsets. Let U and W be the intersections of those two subsets with V (G); then H contains no U–W edge, we have U ∪ W = V (H) = V (G), and U ∩ W = ∅ (closures taken in H, but that is the same as in |G| since H contains all ends). Since H is semi-connected, there is an infinite set F of U–W edges in G; let U_F be the set of vertices in U incident with an edge of F . By Lemma 10, G contains a ray R together with an infinite set of disjoint U_F –V (R) paths. As F is infinite but G is locally finite, there is also an infinite set of disjoint W –V (R) paths. Hence every neighbourhood of the end ω that contains R meets both U and W , ie. ω ∈ U ∩ W ≠ ∅, a contradiction.

So the semi-connected subgraphs of Theorem 12 have closures that are topologically connected subsets of |G|. We now show that each of these contains a topological spanning tree:

Lemma 14. Let G be a locally finite multigraph, and let H be a spanning subgraph of G such that H ⊆ |G| is topologically connected. Then H contains a topological spanning tree of |G|.

Proof. Since H spans G and H is topologically connected, G is connected and therefore countable. Let e_1, e_2, . . . be an enumeration of E(H). Put H_0 := H, and for i ≥ 1 let H_i := H_{i−1} − e_i if H_{i−1} − e_i is topologically connected, and H_i := H_{i−1} otherwise. Obviously, all H_i are topologically connected.

So T := ⋂_∞ i=1 H_i spans G, and its closure T does not contain any circles.

Indeed, suppose there is a circle C ⊆ T , which then contains an edge, e_i say. Hence H_i = H_{i−1}, ie. H_{i−1} − e_i is not topologically connected, and thus allows a partition into two disjoint open sets U, V . As H_{i−1} is topologically connected, U and V each contain an endpoint of e_i. These are the endpoints of an arc A ⊆ C that avoids all inner points of e_i. As U and V are open and disjoint, A \ (U ∪ V ) ≠ ∅. On the other hand, A ⊆ T − e_i ⊆ H_{i−1} − e_i ⊆ U ∪ V , yielding the desired contradiction.

Hence, if T is semi-connected, then by Lemma 13 (and Theorem 6), T is a topological spanning tree of G. If T is not semi-connected, then G has a finite cut F that contains no edges of T . Thus there is an i ∈ N such that F ∩ E(H_i) = ∅. This yields a partition of H_i into two disjoint open sets, contradicting our assumption that H_i is topologically connected.

We finally prove our generalisation of the tree-packing theorem to locally finite graphs:

Proof of Theorem 4. From Lemma 14 follows that (i) holds if and only if G is the edge-disjoint union of k spanning subgraphs with topologically connected closure in |G|. The latter in turn is equivalent to (ii), by Theorem 12 and Lemma 13.

The tree-packing theorem can also be generalised to some graphs that are not locally finite: those in which no two vertices are linked by infinitely many independent paths. Since no two vertices in such a graph dominate the same end (send infinite fans to its rays), we can indentify every dominated end with the unique vertex that dominates it, without changing the topology on G itself. The resulting topology on |G|, IToP, was introduced and studied in [4]. The proof of Thm 4 generalises to such graphs with IToP (but not with ToP) in a straightforward way, which appears to be the most general natural form that the infinite tree packing theorem can take.

Acknowledgment

I would like to thank H. Bruhn and R. Diestel for donating Section 5 to this paper, so that our results on the related topics of arboricity and tree-packing may appear in the same place.

References

[1] H. Bruhn and M. Stein. On end degrees and infinite circuits in locally finite graphs. In preparation.

[2] R. Diestel. The cycle space of an infinite graph. To appear in Comb., Probab. Comput.

[3] R. Diestel. Graph Theory (2nd edition). Springer-Verlag, 2000.

[4] R. Diestel and D. Kühn. Topological paths, cycles and spanning trees in infinite graphs. To appear in Europ. J. Combinatorics.

[5] R. Diestel and D. Kühn. Graph-theoretical versus topological ends of graphs. J. Combin. Theory (Series B), 87:197–206, 2003.

[6] R. Diestel and D. Kühn. On infinite cycles I. Combinatorica, 24:69–89, 2004.

[7] R. Diestel and D. Kühn. On infinite cycles II. Combinatorica, 24:91–116, 2004.

[8] H. Freudenthal. Über die Enden topologischer Räume und Gruppen. Math.

Zeitschr., 33:692–713, 1931.

[9] H.A. Jung. Connectivity in infinite graphs. In L. Mirsky, editor, Studies in Pure Mathematics. Academic Press, 1971.

[10] C.St.J.A. Nash-Williams. Edge-disjoint spanning trees of finite graphs. J.

London Math. Soc., 36:445–450, 1961.

[11] C.St.J.A. Nash-Williams. Decomposition of finite graphs into forests. J.

London Math. Soc., 39:12, 1964.

[12] C.St.J.A. Nash-Williams. Infinite graphs—a survey. J. Combin. Theory, 3:286–301, 1967.

[13] J.G. Oxley. On a packing problem for infinite graphs and independence.

J. Combin. Theory (Series B), 26:123–130, 1979.

[14] W.T. Tutte. On the problem of decomposing a graph into n connected factors. J. London Math. Soc., 36:221–230, 1961.

Maya Stein <fm7y052@public.uni-hamburg.de> Mathematisches Seminar Universität Hamburg Bundesstraße 55 20146 Hamburg Germany