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A MESH-INDEPENDENCE RESULT FOR SEMISMOOTH NEWTON METHODS

MICHAEL HINTERMULLER* AND MICHAEL ULBRICH'

Abstract. For a class of semismooth operator equations a mesh independence result for generalized Newton
methods is established. The main result states that the continuous and the discrete Newton process, when initialized
properly, converge g-linearly with the same rate. The problem class considered in the paper includes MCP-function
based reformulations of first order conditions of a class of control constrained optimal control problems for partial
differential equations for which a numerical validation of the theoretical results is given.
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1. Introduction. This paper is devoted to the study of (local) convergence properties of
Newton type methods applied to discretizations of a class of nonsmooth operator equations

(1.1) Gly) =0, G:L*Q)— L*Q),

where the operator G is related to an MCP-function based reformulation of the infinite-
dimensional box-constrained variational inequality problem (BVIP)

(12) Yy e }/;dv (F(y)vv - y)L2 > 0 Vove Kldu

where the feasible set is given by Y,q = {y € L*(Q):a<y<Bae. on Q} with o, § € R,
a < 3. Here Q C R™ is measurable with finite Lebesgue measure Q2] > 0, L2(1) is the
Hilbert space of square integrable functions, and F' : L?(Q)) — L?() is a linear or nonlinear
operator.

It is well known that if G : Y — Z (Y, Z Banach spaces) is Fréchet differentiable, G’ is
locally Lipschitz and invertible at a solution ¥ of (1.1), then the Newton method

(1.3) Yt =yF — G ()G

is locally quadratically convergent to ¥; see, e.g., [16]. Moreover, for appropriate discretiza-
tions G, (yp) = 0, with Gy, : Y}, — Zj, and Y}, Z), suitable finite dimensional spaces, a local
solution ¥, exists and, when initialized properly, the discrete Newton process

(1.4) yr =y — GL(yr) T Galyr)

enjoys the property of mesh independence; see [1]. In [8] the Lipschitz uniformity property
of the discretization required in [1] is weakened resulting in an asymptotic version of the
mesh independence result. In [2] the concepts of [1] are carried over to the case of general-
ized equations G(y) € T'(y) with T : Y — Z a multi-valued mapping. Further, the abstract
results are applied to control constrained optimal control problems for ordinary differential
equations. In [24] the results of [1] are extended to an augmented Lagrangian-SQP method
for solving optimal control problems involving a possibly nonlinear partial differential state
equation. In contrast to [2] no constraints are considered. By utilizing Lipschitzian local-
izations, recently in [9] the mesh independence property of Newton’s method, when applied
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2 M. HINTERMULLER AND M. ULBRICH

to discretized variational inequalities or generalized equations, was established under weaker
conditions then those in [2]. In [4, 5] asymptotic mesh independence is proved under reduced
requirements on the (Fréchet) derivative of the operator GG. But still, like in all of the afore-
mentioned results, the operator G is assumed to be Fréchet differentiable with sufficiently
smooth derivative.

In many cases the requirement of GG being Fréchet differentiable is not adequate. In
fact, returning to the BVIP (1.2), it is well known [20] that (1.2) is equivalent to the mixed
complementarity problem (MCP)

(1.5) a<y<pg, (y—a)F(y)<0, (y—pB)F(y) <0 ae.in.
Using the equivalence
a<a<fB (a—a)b<0, (a—pB)b<0 <= a— Pg,pgla—ob)=0,
where o > 0 is arbitrary and
Pog iR —= [, 8], Pag(t) = max{a,min{t, 5}}
denotes the projection onto [«, 3], we can rewrite (1.5) (and thus (1.2)) in the form
(1.6) Gy)=y— Paply—0cF(y)) =0 ae. infd

Here, the projection is applied pointwise on {2. The operator equation (1.6) is a special case
of (1.1) and obviously G is not Fréchet differentiable. By utilizing weaker types of deriva-
tives and approximations of classes of nondifferentiable operators, in, e.g., [6, 7, 12, 14, 15,
17, 18, 19, 20, 22] local convergence properties of the resulting nonsmooth version of New-
ton’s method are proved. Under a semismoothness assumption on G, the rate of convergence
is typically g-superlinear. Compared to finite dimensions, in infinite dimensions the gener-
alization of the derivative is a more delicate issue [7, 12, 20, 22]. In finite dimensions the
generalized differentiability concepts rely on Rademacher’s theorem, which has no analogue
in infinite dimensions. While the max- and min-operator, and thus also the projection P, g
are strongly semismooth in finite dimensions [10], these operators are not semismooth as a
mapping LP(Q) — LP(2),1 < p < +oc. In[12,22] it is shown that a two norm discrepancy,
ie, max : LP(Q) — L1(Q2) with 1 < g < p < +o0, is required for max to be semismooth,
and the same holds true for min and P, g). In general, this fact necessitates a smoothing step
in the corresponding semismooth Newton method [22] in order to achieve locally superlinear
convergence. In [12] it was observed that for particular classes of constrained optimal control
problems smoothing steps can be skipped due to the properties of the resulting operator F
in (1.5). In this paper we exploit the latter fact in order to avoid the necessity of smoothing
steps. As a consequence we henceforth assume that F' has the following particular form:

(1.7) F(y) = A(y) + My,

with A > 0 and a continuously Fréchet differentiable operator A : L?(Q2) — L?(Q). Fur-
thermore, we assume that A maps L?(12) locally Lipschitz continuously to LP () for some
p € (2,00). Thus, (1.6) becomes

(1.8) Y— Pogly—o(Aly)+y)) =0 ae. inQ.

For the rest of the paper, we choose o = 1/\ and multiply by A to obtain the following
equivalent reformulation of (1.5)

(1.9) G(y) == Ay — Piapg (—A(y)) =0 ae. in (.
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Clarke’s generalized differential of ¢(t) = Pjxq, g (%) is given by

0 ift ¢ [Aa, A5,
6(t) = { [0,1] ift € A, A8},
1 ift € (A\a, AB).
Following [22], we define the generalized differential

(1.10) 0G : L*(Q) = L*(Q), 0G(y) = {\ + D(y) - A'(y) : D(y) satisfies (1.1},

=0 if —Ay)(x) ¢ [\, AS),
(1.11) D :L2(Q) — L=(Q), D(y)(x){e[0,1] if — A(y)(z) € {ha, A3},
=1 if —A(y)(x) € (A, AB).

It has been shown in [20, 22], see also [12], that the operator G is semismooth in the following

sense:

(1.12) sup |Gy + ) = G(y) = Ms|l . = olllsll =) as|lsll. — 0.
MeoG(y+s)

This result can be used to prove the local g-superlinear convergence of the following nons-

mooth Newton’s method:

ALGORITHM 1.1.
0. Choose y° € L%(Q).

Fork=0,1,2,...:

1. If G(y*) = 0, STOP with result y*.

2. Choose M, € dG(y").

3. Compute the Newton step s* € L?(2) by solving
Mys® = —G(y¥)

and set y* 1 = ¢F + sF.

The local convergence analysis requires a regularity assumption, e.g., the uniformly
bounded invertibility of the operators My, € L(L?, L?).

One way to derive an MCP is related to MCP-function based reformulations of first order
optimality conditions of box constrained optimal control problems. In [13] certain mesh in-
dependence results for the gradient projection method applied to the latter problem class are
proved. From the numerical point of view, the gradient projection method has some draw-
backs like rather slow convergence compared to Newton-type methods and possible chatter-
ing of active resp. inactive sets close to the solution. Also, the results provided in [13] are
different from our mesh independence assertions.

The aim of this paper is to prove a mesh independence result for the discrete analogue of
Algorithm 1.1. Our main result states that for any given g-linear rate of convergence 6 there
exists a sufficiently small mesh size h’ > 0 of discretization and a radius 6 > 0 such that, for
all h < R/, the continuous and the discrete Newton processes converge at least at the g-linear
rate  when initialized by y°,v? satisfying max{||y? — on ||z, [|v° — ¥llr=} < 9.

In section 2 we introduce appropriate discretizations of problem (1.8) and the discrete
version of Algorithm 1.1. The mesh independence result is presented in section 3. Sufficient
conditions ensuring regularity are in the focus of section 4. These conditions are motivated
by a class of control constrained optimal control problems for semilinear elliptic differential
equations. The latter problem class is addressed in section 5. It is shown that the assumptions
for the mesh independence result are satisfied. Finally, in section 6 numerical results are
presented.
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2. Discretization. We now approximate functions in L?({2) by a finite element dis-
cretization. To this end, let be given a (sufficiently regular) subdivision of 2 (e.g., a regular
triangulation) into subdomains 1" € 7j,:

Q= T, NLeT, Tv#To= TinT, C T NI
TeT)

Usually, in 2D, 7;, will consist of triangles in the interior and of deformed, boundary-fitted
triangles on the boundary. The subscript h is a measure for the maximum diameter of all
elements in 7;,. Now, we define

Yy ={yn: Q+— R :yplinr = constant VT € 7p,}.
The space Y}, is equipped with the L?-norm, i.e., [|-ly. = ||-[ 2. The value of y; on 9T,

T € T}, is not important. Appropriate numerical discretization of (1.5) now yields the discrete
mixed complementarity problem

(2.1) (6% S Yh S 5, (yh — a)Fh(yh) S 0, (yh — B)Fh(yh) S 0 a.e.in Q

with Fj, © Yy — Y, Fr(yn) = An(yn) + Ayn, and continuously differentiable operator
Ah . Yh — Yh.
We reformulate (2.1) as in the infinite-dimensional case in the form

(2.2) Gr(yn) = Myn — Poarg (—An(yn)) =0

with an operator G, : Y, — Y},. Note that GG, is piecewise constant on the elements 7" € 7},
and thus (2.2) is a finite-dimensional system of equations. Then we define the following
generalized differential of G,

(2.3) 0GH :Yn = Ya, OGn(yn) = {N + Di(yn) - A}, (yn) : Dn(yn) satisfies (2.4)},

=0 if — Ap(yn)(z) & [, ABJ,
(24) Du(yn) € Yn, Dulyn)(x) 4 €[0,1] if — An(yn)(z) € {A, \G},
=1 it — An(yn)(z) € (Aa, AB).

Again, Dy, (yp) € Y}, is constant on each T' € 7},. Furthermore, in analogy to the continuous

setting, a nonsmooth Newton’s method for the solution of (2.2) can be formulated:
ALGORITHM 2.1.

0. Choose yg € Y.

Fork=0,1,2,...:
1. If Gi(yF) = 0, STOP with result y}.
2. Choose My, € OG(yF).

3. Compute the Newton step s € Y}, by solving

Mpgsy, = —Gu(yy)

and set yﬁ“ = yﬁ + Sﬁ.
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3. Mesh-Independence. We prove that Algorithm 2.1 is mesh independent in the sense
that, for any linear rate of convergence 0, there exists a radius p > 0 such that, for all h
sufficiently small, the regions on which Algorithm 1.1 and Algorithm 2.1 converge with at
least linear g-rate # contain the p-balls about the respective solutions.

For the proof we need a preparatory result on the mesh independence of

sup |G (Yn + sn) — Gr(Fn) — Masnlly, ,
My €dG L (Gn+sn)

which requires several assumptions.
Let i € L?(€2) be a solution of (1.5) and assume that strict complementarity holds:
ASSUMPTION 3.1 (Strict complementarity).

3.1 {min{y —a, 8 -y} + [F(y)| = 0} = 0.
Since |€2| < oo and

{min{y —a,8 — g} + |[F(y)| < e} | {min{y —a, B — g} + [F(y)| =0} ase—0F

we conclude that
62 Tim[{min{g - a,8 — 7} + [F(@)] < =} =0.

Furthermore, for any h, let be given a solution §;, € Y}, of (2.1). We work under the following
ASSUMPTION 3.2.

L.
(3.3) Jim |5, =gl . =0,
34 lim [ An(Gn) — Al = 0.
(3.4 am, [ A (Gn) — A@)l Lo

2. The discretization family is locally Lipschitz uniform, i.e., there exist hg > 0, dg > 0, and
L > 0 such that

AW =AY, <L|v* =", Yy e L),
|An(wi) = Ani)||,, < Lllvi —will,. Vi € Ya,

‘yl - QHL2 < 507
‘y}ll - thYh S 507 h S hO'

3. The discretization family has the uniform linear approximation property, i.e., A and Ay,
h < hg, are Fréchet differentiable in a neighborhood of 4 and ¥y, respectively, and there
exists a function p : [0, dp) — [0, c0) such that

. t
(3.6) 1A(y) — A(@) — A" (W) (y = D> < p(ly = 3ll =)
vy € L2(Q), |y —ll,= < do,
(3.7) [ AR (yn) — An(Gn) — AL (yn) (yn = Gn)lly, < plyn — Tnlly, )

Yyn € Yo, llyn — Unlly, <o, h < ho.
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Now let v € (0,1) be given. Then, due to the semismoothness of G, there exists &' €
(0, dp] such that

sup  [|G(G+s) —G(H) — Ms| <vllsll. Vs eL(Q), [s]. <4
MEDG (G+s)

Our aim is to prove the following uniform semismoothness result, which will enable us to
show the mesh independence of the semismooth Newton’s method 2.1.

THEOREM 3.3. Under the Assumptions 3.1 and 3.2, for all v € (0,1), there exist
8" € (0,00) and h' € (0, ho| such that the following holds true:

sup 1Gr(On + sn) — Gu(n) — Masnlly, < lsnly,
(3.8) Mn€OGh(Un+tsn)
Vs, €Yy, HShHYh < (5,, h < h.
(39) s G +s) ~G@) - Msllp2 <vlsll Vs e LAQ), sl <0
MedG (F+s)

REMARK 3.4. The existence of a radius ¢’ > 0 such that (3.9) holds follows from
the semismoothness (1.12) of GG. Nevertheless, we enclose the proof of (3.9), without any
additional work, by defining Yy = L?(Q2), Go = G, Gy = G, and ¢y = . Then for h = 0
the Assumption 3.2 obviously holds. Therefore, we can use these assumptions for all A > 0,
and thus can concentrate on proving (3.8) forall 0 < h < h/.

3.1. Proof of Theorem 3.3. We define
c(y) = min{y — o, 8 — g} + |[F(y)| > 0,
ch(yn) = min{yp, — o, B — gn} + |Fu(yn)| > 0,
Q) ={c(y) <e}, Qule)={cn(yn) <e}.

The strict complementarity assumption implies (3.2), and thus, for any x> 0, there exists
e = e(p) > 0 such that

€2(2¢)] <

RS

We now use that for all s, ¢ € [, (] the following holds:
(3.10) |min{t —«, 8 —t} —min{s —a, 5 — s}| < |t —s| Vs,t€ ]
To prove this, we can, without restriction, assume that

my :=min{t — a, —t} > min{s — o, — s} =: ms,

otherwise we simply would exchange the roles of my and m;. If my = s — a, we use
m; <t — « to obtain

me —mg|l=my —ms < (t—a)—(s—a)=t—s<|t—s|
Similarly, if mg = 8 — s, we can use m; < 3 — t to derive

lme —mgs|=my —ms < (B—t)— (B—5)=s—t < |t—s|
Hence, by (3.10) and Assumption 3.2.1, we have

(@) — cn(@n)ll > < [min{g — o, 8 — §} — min{gn — a,  — Gn}l| .2 + [|F(7) — Fn(Gn) |l 2
<A+ XN7—=nllp2 + 1A®@) — An(Gn)ll 2 — 0 ash — 0.
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Next, observe that

()] < [92(2e)[ + [{e(9) — cn(gn) > €}l

In the sequel, we will repeatedly use the following estimate: For allp > 0, all ¢ € [1, c0) and
allv e L9

1 1
(3.11) (ol > 7} = — / e ()| dir <
Nt J{vi=n} N J{v=n} Uk

Applying this inequality, we obtain
[e(w) = enn) > <H < 5 o) — en(m)lEs =0 ash—0,
and from this we see that we can find h; = hq(g) € (0, ho] such that
(3.12) Qn(e) <p VR < h
Next, we show that for n = 7(¢) := min{1, A}e and
(3.13) () == {|An(yn) — An(Gn)| < 0} \ Qn(e)
we have the inclusion
G.14) () C{lAnlyn) — An(@n)| <0, |An(@n) + Aal =0, [An(Gn) + A8l > n}-
Since g, solves (2.1), for a.a. z ¢ €, () one of the following cases occurs

(3.15) Un(z) = o, Fu(yn)(x) = An(gn)(z) + Ao > ¢,
(3.16) Un(z) =B, Fn(yn)(z) = An(gn)(x) + A8 < —¢,
(3.17) Un(z) € la+e,B—¢l, Fr(yn)(z) = An(Un)(x) + Ayn(z) = 0.

We have the implications

(3.15) = An(yn)(z) + AB > An(gn)(z) + A > ¢,

(3.16) - Ah(yh)(x) + da < Ah(gh)({l?) + A3 < —¢,
AnG)(#) + Ao = Ao — Agi(x) < e,

(317 = {Ah(gh)(x) + A8 = A8 — A\gn(z) > Ae.

Taking all three cases together, we have shown that

v ¢ We) = o€ {[An(Yn) +Aa| > n, [An(Gn) + 28| = n}.

This implies (3.14).
For the estimation of the remainder term

Ru(yn) = Grn(yn) — Gr(Un) — Mu(yn — 9n)

occurring in (3.8) with M), € G}, (yp,) we use the splitting (see (3.14)) Q = Q; () U Q3 ()
with Q} (¢) defined in (3.13) and

Qi (e) = Qn(e) U{|An(yn) — An(Gn)| = n}-
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: 1 .
1. Estimate on €, (¢):

Let 2 € Q (¢) be arbitrary. Then we have | Ay, (y5)(x) — An(yn)(z)| < n.

Case I: —Ap(gn)(x) < Aa—n.
We then obtain — Ay, (yr)(x) < Aa and thus

R (yn)(w) = (Ayn — Ao — Agp + Ao — AM(yn — 9n))(z) =0

Case 2: —Ap(gn)(x) > NG+ .
We then obtain — Ay, (y)(x) > AQ and thus

Ru(yn)(x) = Ay — A8 = Agn + A8 — AMyn — 4n))(x) =0

Case 3: w € Q}'(e) = {|An(yn) — An(Gn)| <71 — An(Gn) € P+, A8 —nl}.
Then Ay, (yp)(z) € (Aa, AB) and thus

Ri(yn)(x) = Nyn + An(yn) — ANgn — An(Gn) — (AL + A (yn)) (Y — Gn)) (2)
= An(yn) — An(yn) — A% (yn) (yn — 9n)) ().

This implies for all h < hg and all y;, € Ya, ||yn — Gnl| < do:

HRh(yh)HLz(Q}L’(e)) = | An(yn) — An(Gn) — A% (yn) (yn — ?jh)HLz(Q}L’(e))
< 1 An(yn) — An(@n) — AL (wn)(yn = gn)lly, < pUlyn = Fnlly, )

where we have used (3.7). Now let d5 = d5(y) > 0 be so small that

pt) < Lt

RO [

for all ¢ < d2, which is possible by (3.5). Then

_ Y _
1B )l L2y o9y = 1BR R L2y o) = PR = Fnllz2) < 5 lyn = Gnll e

for all y, € Yy,

Yo — Unll < 0.
2. Estimate on Q2 (¢):

We already have shown the estimate (3.12) for the measure of €2 (¢). To estimate the
measure of the second set, we use (3.11) and obtain that, for all A < hg and all y, € Yy,

lyn = nllp2 < do,
{1 An(yn) — An(@n)] = 0} <077 | An(yn) — An(@)llpe <0 P L lyn — Gnll7e -
Thus, choosing
03 = 03(p,€) = min{éo, %Hl/p},
we obtain

H{IAn(yn) — An(gn)| = n}H < p
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forall y, € Yy, ||yn — Unl| 2 < 03 and all b < hy. Therefore, we arrive at the estimate
2
|25 (e)| < 20

for all y, € Yy,
From

Yn — Unll 2 < 03 and all b < hy.

Ri(yn) = —Poxarg) (—An(Wn)) + Piraxg (—An(@n)) — Dn(yn) AL (yn) (v — Un)

and | Pya g (t) — Piaa,ag ()] < [t — s| it follows that

1Rn ()l e < [1AR(yn) = An(@n)ll Lo + 1AL (W) Wn = In)ll o < 2L llyn = Gl 2 -

Here, we have used that, for all ¢ > 0,

an() = 5 (Anlun + ton — 51)) — An ()

converges to A} (yn)(yn — ) as t — 0 and is uniformly bounded in L?; in fact,

1 _ _
ldn )l = 5 1A (yn + tyun = 9n)) = An(yn)ll e < Lllyn = Gnll 2 -

Therefore,

A7 () (Wn = )l o < Lllyn = Gnll 12 -
We now can estimate (see [23, Lemma 2.1])
1_
2

1
P

HRhHm(Qi(a)) < ‘Q%(EM HR’LHLI’(QZ(E))
—2
< (2u) % 2L ||y — Gnll s -

Now we can proceed as follows:
Choose (in this order)

1

v\ 722
p=s <E> , e=¢(p), hi=hi(e), 62=202(y), J3=703(u,¢)

and set
— min{52,63}, h = hl.

Then we obtain for all A < hy and all yj, € Y3, |lyn — Gnll ;2 <0

[Rully, < I1BnllL201 o)) + 1 BallL2 @2 o
i _ Y _ _
< 5 lyn = Gnllzz + 5 lyn = Gl =7 llyn = Bnlly, -

g

The mesh independence result is established next. For its formulation we introduce arbi-

trary, nonempty sets S(y + s) C 0G(y + s) and Sy, (yn + sn) C OGh(yn + sp) for s and sy,
with [|s]|z2 < o and ||sp|| L2 < 65, respectively. Furthermore, we use the notation

Bs(y) ={y € L*() : ly — gl - <0}, é>0.
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In the proof of Theorem 3.6 we utilize the following attraction theorem for Newton’s method.
THEOREM 3.5. Assume that there exists §j € L*(Q) with G(j) = 0 and 63 > 0 such
that

Sup{HM_IHL27L2 M S S(g—i-S), HS”LQ S 52} S K

for some constant k > 0. Let § € (0,1) be given, and let v € (0, 1) satisfy vk < 6. Further
let G satisfy

sup |GG +5) —G(H) — Msll 2 <vllsll. Vse L), sl <
MeS(g+s)

for some 0 < 61 < 63. Then, for any Yy € Bs, (), the generalized Newton’s method
converges in Bs, (§), and the iterates satisfy

(3.18) ly* = glle <Oly" =gl fork=0,1,....

Proof. Fory € B;s,(3) and N(y) =y — M~'G(y), M € S(y), we obtain

IV(y) = Fll2 = 1M~ G (y) = G(H) = My — 7)) 2
< k|GY) = G(y) — M(y —y)lL2 < Olly — 7l 2

Since y**1 = N (y*) and @ < 1, this proves the g-linear convergence with rate 6 toward 7. 0
Note that Theorem 3.5 has an immediate analogue in the discretized setting of Algo-
rithm 2.1.
THEOREM 3.6. Let G : L*(Q) — L?(Q)) be semismooth, and assume that there exist
y € L?(Q) with G(j) = 0 and i, € Yy, with G, (yr) = 0 which satisfy Assumptions 3.1-3.2.
Further suppose that there exist §5,05 > 0, k, k' > 0 and hly < hq such that

sup{HM_lHLzJﬂ M = S(g—i- S), ”SHLQ S (52} S K,
sup {[| M, 2,02 : My € Su(n + su)s Isnllpe < 65} < w

for all 0 < h < hy. Then, for arbitrarily fixed 6 € (0,1), there exist 8 > 0and h > 0 such
that forall 0 < h < h

(3.19) 1y = gllL2 < Olly" — |2,
(3.20) lyrt = gnllre < 0llyr — gnllee
whenever max{||y°® — || 2, ||y2 —Ynllr2} < J.

Proof. Let 0 € (0, 1) be given. For vy € (0,1) with yx < 0 < 1 there exists 6; € (0, 2]
such that

sup (|G +5) = G(@) = M|l <vlsll Vs € LX), sl <6
MeS(g+s)

by the semismoothness of G. Theorem 3.5 then yields that {y*}, the sequence of iterates
of Algorithm 1.1 initialized by y° € Bs, (), converges to ¢ q-linearly with rate 6. Now, if

necessary, reduce ~y (and, thus, 1) such that

ymax(k, k') <60 < 1.
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From (3.8) we obtain that there exists ] € (0, d5] and h} € (0, k] such that

sup IGr(Un + s1) — Gr(n) — Musnll 2 < vllsnllpe
My, €Sh(Gn+sn)

Vsp € Yn, |lsnllp2 <01, h <hi.

Like before, Theorem 3.5 yields that {y,’j}, the sequence of iterates of Algorithm 2.1 initial-
ized by y) € Bs: (4n), converges to g, g-linearly with rate 6.
Now define § = min(6y,d7) and h = h/. Then the assertion follows. U

4. Sufficient Conditions for Regularity. An important class of complementarity prob-
lems results from reformulations of control constrained optimal control problems of tracking
type for elliptic partial differential equations; see [12, 20, 21]. This problem class satisfies the
structural assumption on F'. Frequently, in practice when computing the generalized deriva-
tive of GG, a particular choice of D (see (1.11)) is used. The following result utilizes these two
properties to establish the regularity requirement for Theorem 3.6.

THEOREM 4.1. Assume that the Fréchet derivative F' of F : L*(Q) — L?(Q), F =
A+ M1, is continuous at j € L*(QQ) and satisfies

(0, F'(@)v)ez > v |oll7: Vo e LA(9Q).
for some v > 0. Further, let S(y) C 0G(y) satisfy
S(y) ={M + D(y) - A'(y) : D(y) satisfies (1.11) with D(y)(z) € {0,1} if A(y)(x) € {Aa, AB}}.
Then there exist § > 0 and k > 0 such that

M is invertible and || M~ <k forall M € S(y), y€ L*(Q), |ly—gll.. <6.

Iz

Proof. In the sequel, for all measurable sets 7 C {2 let E ;7 denote the extension-by-zero
operator from J to (2. Its adjoint E7; is a corresponding restriction operator. By z7 we
denote the restriction of z to 7. Now let § > 0 be so small that
@) i i= sup { | (@) g2y = 3,2 <0
is finite and, in addition,

i _
(0, F'(y)o) = = 5 lolz2 Yo,y € LX(Q), lly = gll. < 6.
For any measurable set J C (2, define F'(y) 77 = E% F'(y) E7 and observe that
i 2
(v ' (y)ggv7) 12 = (Egv, F'(y) Egv)12 2 5 [vgllL2

forall v,y € L*(Q), ||y — 9|/ ;2 < 6. Hence,
_ 2 _
(4.2) 1F' () 75| 2 < S Vue LX), ly =3l <9,

holds for all measurable sets 7 C 2 with || > 0.
Now let w € L?(Q) be arbitrary and consider the linear equation

(4.3) Mv=w <= XM+D(yAyv=uw.
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Introducing the sets A = {z : D(y)(z) =0} and Z = {z : D(y)(x) = 1}, we have
(4.4) NEzvz + Eava) + D(y)A'(y)(Ezvz + Eava) = Ezwz + Eqwa.

Note that A U Z is a disjoint partition of 2. Applying E% and considering (E% Ez)vr = 0
and (B E4)va = v4 in (4.4) yields

1

VA = XU)_A.

Here we also utilized the fact £ D(y)v = 0. Applying E7 to (4.4) gives
4.5) vz + E}A/(y)EIUI + E}A’(y)EAvA = wrz.
Define the operators

F'(y)11 := NE3Ezr + E7A'(y)Er = M+ E7 A'(y) Ex,
A'(y)za == E7A (y)Ea.

Then equation (4.5) can be rewritten as

F'(y)zzvr + A'(y) 7404 = W1,
If |Z| = 0, we have

and thus | M|, < 1/A
Now consider the case |Z| > 0. Then,

1
lvallpe = llwallz2

IN

_ 2
vzl e < [|[F' ()72l 2 lwz — A (y)zavall - < ;(HwIHLz + 1A W) 2 [vallz2)-
This shows

1 2 1
o2 < Hoallzs +llvzllzs < S llwallze + = lozlle + 2 ka3 lwall 2

2 1 2ku
gmax{;,x—i— %) }(||1UI||L2+||UJA||L2)

21 2ra
< Vamx{ 2,5+ 25 s =l

g

In the same way, regularity of the discrete generalized differential OGj, can be proved.
Furthermore, if we can find v > 0, h > 0, and 6 > 0 such that conditions of the form (4.1)
and (4.2) can be ensured for F', A’ and F},, A;L, 0 < h < h with constants independent of h,
then the bound « for the norm of the inverses can be chosen independently of h.

Theorem 4.1 covers a wide range of practically relevant control constrained optimal con-
trol problems for partial differential equations; for more details we refer to section 5. In this
case the semismooth operator equation corresponding to an MCP-function based reformula-
tion of the first order optimality system involves a nonlinear, Fréchet differentiable operator
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A. However, in many applications A is a linear operator, which maps L?(2) to L?(2) for
some p > 2, and which frequently is related to (inverses of) linear elliptic differential opera-
tors. Then the regularity result of Theorem 4.1 can be made more concrete. As an example
consider the simple control constrained optimal control problem

minimize J(u = Ll — w12 + 2yI2
werinimize - J(wy) = sl = wallzs + 3yl

(4.6) subject to —Au=y in{Q,

a<y<pf ae.in,

where ug € L*(2), o, 3 € R, a < 3. This problem admits a unique solution. It is easy to
verify that F'(y) for this model problem becomes

F(y) =B 'j*(jB™ 'y — ua) + Ay,

where B € L(H{(2), H=1(Q)) represents —A with homogeneous Dirichlet boundary con-
ditions and j : HZ(Q) — L2(Q) is the linear embedding operator. Thus, we have A(y) =
B~1j*(j B~ 'y—uq), which, by the Sobolev embedding theorem, for n = 1,2, 3 maps L?((2)
to LP(Q2) for appropriate p € (2, 00).

More general, we relate B € L(H}(Q), H71(Q)) to a linear elliptic second order dif-
ferential operator which is invertible. Moreover we assume that B is selfadjoint. Then F is
continuous at arbitrary y € L?(2). Further, for v € L?(Q) we have

(v, F'(y)v) 12 = (v, B~ B~ 0) 2 + Avllf2 = (B™'v, B~ v) 12 + Aljvl|72 > 7llvllZ

for some v > A\ > 0. As a consequence we obtain the following corollary to Theorem 4.1.

COROLLARY 4.2. Assume that F : L*(Q) — L*(Q), F = A+ M, with A =
B7Y5*iB~1, where B € L(H (), H~Y(Q)) is a linear elliptic second order differential
operator. Further, assume that D(y)(x) € {0,1} whenever (Ay)(z) € {Aa,A\B}. Then
there exists k > 0 such that

M is invertible and || M~ <k forall M € 0G(y), y € L*(Q).

.

In the discrete setting we obtain for vy, € Y3,

(o, Fy (yn)vn) £z > Allon |75

Thus, for v = A, which is independent of h, the L2-ellipticity of the bilinear forms associated
with F} and F’, respectively, follows. As a consequence (4.2) and its discrete analogue
are satisfied with v = X\ uniformly in h. The boundedness of A" in (4.1) follows from the
boundedness of B~!. Note that these results are independent of & since A does not depend
on y. Depending on the norms of appropriate injection operators (for details we refer to
Remark 5.6 below) essentially the same bound applies to the discrete operator Aj. This
proves that (4.1) and its discrete analogue are satisfied with a common uniform bound 4.
Consequently, from the definition of x in the proof of Theorem 4.1 we infer that x can be
chosen independently of h and Corollary 4.2 also applies when L?(Q2), F, G, and M are
replaced by their discrete counterparts Yy, Fp,, G, and M.

In the following Theorem 4.3 we restate the mesh independence result of Theorem 3.6
under the requirements of Theorem 4.1. This is interesting since it covers the semismooth
Newton methods in [12, 22] which utilize the particular choice of D(y). In section 6 the
mesh independent behavior of these algorithms is demonstrated.
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THEOREM 4.3. Let G : L?(Q) — L*(Q) be semismooth, and assume that there exist
y € L?(Q) with G(j) = 0 and iy, € Yy, with G, (yp) = 0 which satisfy Assumptions 3.1-3.2.
Further suppose that the assumptions of Theorem 4.1 are satisfied and there exist 6, > 0,
k' > 0and hly < hq such that

sup {[|M;, |22 02+ Ma € Su(Gn +sn), llsnllre < 83} <& ¥ h < hy.
Then, for arbitrarily fixed § € (0, 1), there exist § > 0 and h > 0 such that for all0 < h < h

4.7) ly* = Gllz < 0lly* — gl Le,
(4.8) lyn ™ = Gnllz2 < Ollyh — Gnllze
with max{[|y” — gl 2, Iy, — Fnllz2} < 0.
Proof. The proof essentially follows the lines of the proof of Theorem 3.6 with possibly
smaller §; due to the result of Theorem 4.1. O
Note that in the case of the linear-quadratic control problem (4.6) the boundedness as-
sumption on {|| M, ||z, 12 : My € Sh(Gn + sn), ||snllre < 85} follows from Corollary 4.2
and the discussion thereafter.

5. Application to constrained optimal control problems. In this section we apply the
mesh independence result of Theorem 4.3 to control constrained semilinear elliptic optimal
control problems; see, e.g., [3]. We consider the following problem:

minimize J(u,y) = $llu — uql|72 + 3 |yl7-

subjectto  (u,y) € H*(Q) x L*(Q),
Cu+ f(u)=yinQ, w=0onT =09Q,
ye€Yu={yecL*Q)|a<y(zx)<Bforaa zinQ},

5.1

where u4 € L4(Q), A >0, a € R, and C denotes a second-order elliptic operator of the form

n

Cu(x) = — Z (azg(x)uxz(x))%

i,j=1
The coefficients are supposed to be Lipschitz continuous functions in ) satisfying the ellip-
ticity condition

D aij(@)6i&; > allg]® forall (€,2) €R" x 2, 70> 0.

1,j=2

It is assumed throughout that 2 C R”, with n = 2, 3, is convex and bounded with sufficiently
smooth boundary I". We point out that with respect to the objective functional more general
cases can be considered; see [3]. However, in order to avoid additional technicalities we
restrict ourselves to the class of tracking-type objective functionals as stated in problem (5.1).
The function f : R — R is assumed to be of class C?, and f’ is nonnegative. This implies
the assumptions posed in [3]: For all k > 0 there exists 7y, > 0 such that

[F )]+ 1 @) + [ ()] < 7,
|7 (u?) = £ (uh)] < yelu? —

for all (u,u!,u?) € [k, x]>. In addition, we require that there exist constants ¢y, cy such
that

1" (uw)] < e +02\u!¥ VueR.
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Here, we fix p € [6,00) forn = 2 and p = 6 for n = 3. Then we have the continuous
embedding

Hy(Q) C LP(Q).

REMARK 5.1. The function f could also be a Carathéodory function that depends on
and u.

REMARK 5.2. Iterated application of Lemma A.1 shows that all the growth conditions
stated in Theorem A.2 are satisfied for ¢ = 2. Therefore, we have all assertions of Theorem
A.2 available. In particular, the superposition operator u € H}(Q) C LP(Q) — f(u) €
L?(Q) is twice continuously Fréchet differentiable.

It is known (see below) that under the above assumptions the semilinear elliptic PDE

(5.2) Cu+ f(uy=y inQ, u=0 onT

admits a unique solution u(y) € HE(Q) for every y € L?(Q) and that u(y) enjoys the
additional regularity u(y) € H?(2); see the appendix in [3]. Further, by classical arguments,
one can show that (5.1) admits at least one solution.

To obtain a finite-dimensional approximation of (5.1), the discrete control space Y; C
L2(Q) is chosen as described in section 2. Y}, is equipped with the inner product (-, )y, =
(-,+)r2 and it is identified with its dual, i.e., Y;* = Y},. The discrete state space U, C Hj ()
consists of piecewise linear finite elements and is equipped with the same norm as H{ (€2),
namely ||-|| 1, see [3] for details. Using these spaces, we formulate the discrete control
problem

minimize J(up,yp)

subject to  (up,yp) € Yy X Uy,

(Cun + f(un), dn) -1 52 = Wn, n)rz ¥V on € Up,
Yn € Yaa N Y.

(5.3)

For any y, € Y}, the discrete state equation possesses a unique solution up(yn) € Up.
Furthermore, the problem (5.3) possesses at least one solution, see [3].
We now analyze the differential operator

(5.4) E:H}(Q) — HYQ), E(u)=Cu+ f(u)
and its discretization
(5.5 Ep:Uy— Uy, (En(u"),én)u; 0, = (Cu" + f(un), ¢n) -1z ¥ ¢n € Un.

Defining the natural injection jj, : up € Uy, — uy, € HE (), which is linear and continuous
with ||jnlly, gy = 1, we can write

Ep = jp o Eo jp.

Since the injection jj, acts like the identity, we will omit it in the sequel. The adjoint operator
47, which is the projection from the space H~!(Q) of bounded linear forms on H{ (£2) onto
the space U} of bounded linear forms on Uj,, however, is important.

By the Sobolev embedding theorem, there exists a constant &, > 0 such that

Fllze < s ol < gz Iz < Fp ll-lle -
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We proceed by defining the linear injection operator i;, € £(Y},, L?(€2)). The adjoint of iy, is
the averaging operator i} : L?(Q) — Y}, given by the explicit formula ;v = II,v with

(5.6) (M) = i/ o(z)dz VT €T
T| Jr

Furthermore, since |[i5[y, ;2> = 1, we also have [|i}[| . y, = 1. For the purpose of abbrevi-
ation, let us finally define ey, € L(Up, Yy), e, = i3 jjn. Then [len]ly, y, = He;‘LHYh’U; <1
The state equation and the discrete state equation, respectively, can be written in the form

(5.7) E(u) =y,
(5.8) Ey(un) = epyn-

THEOREM 5.3. The operators E and Ey, h > 0, defined in (5.4) and (5.5), respectively
have the following properties:
a) Fand Ey, h > 0, are twice continuously Fréchet differentiable with

E'(u)v=Cv+ f'(u)v, E"(u)(v",v?) = f"(u)v'o?,
By (un)o, = ji(Con + f'(un)vn), By (un)(vp, vi) = g (f" (un)vyvp)-

b) E and Ej, h > 0, are strongly monotone. More precisely, there exists v > 0 such that
(B(u?) — B(u),u? —ul) g1 gy 2 v|ju® — |}, Vu',u® € HY(Q),
(Bn(u}) — B(u}),u} —ul)vz v, > v|fu} —uby,  Vub,ud €U

¢) E and Ey, h > 0, are invertible and their inverses are Lipschitz continuous, i.e., with v
as in b),

[E7 (v%)
1B, (vR)

oD S v =0t Vol e HTH(Q),

— F~
=By i)l < v {lon il

1,2 *
YV vy, v, € Up.

U

d) Forallu € L*(Q) and all uy, € Uy, h > 0, the linear operators E' (u) € L(H(Q), H~1(Q))
and Ej (up) € L(Uy, U;) are continuously invertible with

| E' (u <v™', ||En(un) 7Y <v 1l

Uy, Un —

) s sy

Proof.
a)

By Lemma A.1 and Theorem A.2, under the stated assumptions on f the superposition
operator

Sy iu€ LP(Q) — f(u) € L*(Q)
is twice continuously differentiable with derivatives
Si(wv = f'(w,  Sf(u)(v',v?) = f"(u)v'v®.
Now the assertions on E follow from the continuous embedding H{ (2) € L?(2). Further-
more, by the continuity and linearity of j,, E} is twice continuously differentiable as well
with
Ej (un)on = ji (B (jnun) (jnon)) = Ji(E' (un)vn) = ji(Con + f'(un)on),

By (up) vy, v3) = jr(E" (Gaun) (Gnv, dnvi)) = di (" (un)vpop).
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b)
For all u!, u? € L?(Q2) we obtain with du = u? — u!

[ () = st @psuteydo = [ / £l (2) + tou(2))du(z) dt du(x) do

1

= / / f'(ut(2) + tou(z)) dt du(z)? dz > 0.
aJo

Hence, by the ellipticity of C, there exists v > 0 with

(B(u?) — E(u'),8u) g1 g > (COu,0u) g1 ga > v|oul .

Furthermore, with du;, = u,2l — u}L,

(En(u)—Bn(u}), Sup)vs v, = (B(ui)—E(uh), 0up) -1 gy = v||6unllpn = v||dunllf, -

c)
From the Browder-Minty theorem on monotone operators we obtain that £ and E, are
surjective. Now let E(u') = v! and E(u?) = v2. Then by b)

v|u? — ulHip <(B(u*) — E(u'),u* — u1>H*1,Hé = (v? — vl u? — u1>H717Hé

< [lo* = oMl lw® = g -

This proves the injectivity of E, thus its invertibility, and the Lipschitz continuity of E~!.
The assertion on E, can be proved in exactly the same way.

d)

For all v € H}(Q), there holds

<El(u)vav>H*1,Hé = <CUvU>H1,H§+/Q f'(u(x))o(x)? de > <C'U7U>H*1,Hé 2v H””i{l :

Therefore, the linear operator E’(u) is strongly monotone and thus, as in c¢), we obtain the
invertibility of E’(u) and the bound on its inverse. In the same way we obtain the assertion
on F;,, since

(Eq(un)on, vn)ur v, = (B (un)vn, vn) -1 gy > v |lonllfn = v l|vall, -

In the following we consider the reduced version of problem (5.1) given by

59 minimize J(y) = §[lu(y) — uall72 + 3 yll7-
' subjectto Y € Y,

where u(y) € HZ(2) denotes the unique solution of (5.2) for given y € L%(£2). Doing the
same with the discrete problem (5.3), we obtain the discrete reduced problem

minimize  Jy(yn) = 3 |lun(yn) — uall32 + 3 lynl3e

(5.10) ]
subjectto yp € Yaa NY3

with uy (yp,) € Uy, denoting the unique solution of the discrete state equation.
To avoid redundant argumentations, we introduce Uy = H} (), Yo = L?(Q), 140 : y €
L2(Q) —y € L*(Q), jo:u € HJ(Q) —ue H}(Q),and ey : u € HL(Q) — u € L2(Q).



18 M. HINTERMULLER AND M. ULBRICH

Then the continuous control problem (5.1) equals the problem (5.3) with h = 0 and the state
equation (5.7) coincides with (5.8), h = 0. Furthermore, the reduced control problem (5.9) is
identical to (5.10) with h = 0.

THEOREM 5.4. The operators

Yy E LQ(Q) — u(y) € H&(Q) and yp € Yy — up(yn) € Up

as well as the reduced objective functions J and Jy, are twice continuously Fréchet differen-
tiable.

Proof. Let h > 0 (this includes the continuous case h = 0). Then we have up(yn) =
E; *(enyn) and, by Theorem 5.3, the inverse function theorem can be applied to Ej, and
yields that F; 1'is twice continuously Fréchet differentiable. Since the quadratic functional

J is smooth, the function .J (i) = J(up,(ys), ys) is twice continuously differentiable, too.
O

The first order optimality conditions for (5.9) are given by
(5.11) 7 € Yaq, (Vj(yj),y—gj)Lz >0 forally € Yyq.

This is a problem of the form (1.2). Let us characterize V.J (7). In fact, we have

(5.12) (VJI(@),v)r2 = (@(y) — ua, v’ (§)v) 2 + ANF,v) 2,

where u’ denotes the derivative of u(y) with respect to y. In order to derive a computable
expression for v/ () we use the adjoint method. For this purpose we define the adjoint state
w = w(y) € H(Q) as the solution of the adjoint equation

E'(u(y)) w = VuJ (u(y),y),
which in detail reads
(5.13) C*w+ f(u(y))w=u(y) —ug in, w=0 onTl.

By Theorem 5.3, (5.13) admits a unique solution w(y) € H;(€2) and elliptic regularity results
imply w(y) € H*(Q2) N C%1(Q). The adjoint gradient representation is then given by

(5.14) VJ(y) = w(y) + .
Alternatively, we may write
Vi(y) = Aly) + Ay,

where A : L2(Q) — w(y) € LP(Q) (note the embedding H} C LP) is realized for given y
by first solving (5.2) for  and then solving (5.13) for w. Therefore, F(y) := V.J(y) meets
the structural requirement (1.7).

The same adjoint calculus can be carried out for the discrete problem and results in the
discrete adjoint equation

Ey, (up(yn))*wr, = 35 Vud (un(yn), yn),

which uniquely specifies the adjoint state wy, = wp, (up) € Uy. In detail, the adjoint equation
reads

(C™wp + f'(un(yn))wn, &n) - 1y = (un(yn) — ua, dn)rz YV ¢n € Up.
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We obtain the discrete adjoint gradient representation
VJ(yn) = enwn + Ayn = ij,wn + Ayn.

Setting Fy, (yn) = Vj(yh) = Ap(yn) + Ayp with Ay (yn) = epwp (yn), the discrete control
problem is equivalent to (2.1) and F}, has the required structure.
Next, we state error estimates. For the proofs we refer to the recent paper [3].
THEOREM 5.5. Denote by (yn)n>o a sequence of solutions to (5.3) that converges to a
solution i of (5.1). Then, for sufficiently small h > 0, we have

(515 u(®) = un(Gr)llm + [[w(@) = wn(Gn)lar < c(h+ 15 = gnll2),
(516)  [lu(@) — un(Gn) L2 + [w(@) — wa(@n)llz2 < e(h® + 17 — Fallz2),
517) Ju(@) = wn(@n) = + w@) = wa(Gn) e < e(B*™% + |17 = gl o),
(5.18) |y = Fnllz> < ch.

Now we can verify Assumption 3.2.1: The first requirement (3.3) follows immediately from
(5.18). For the second requirement we need the inequality

(5.19) Ipvllpe < follpa Vo€ LK), g€ (2,00,

where 11}, is defined by (5.6). For ¢ = oo this is obvious. To establish (5.19) for 2 < ¢ < oo,
let v € L9(£2) be arbitrary. Then
/ v(z) dz
T

q 1 q

Mpol|7, =

—
TET, H’ Lq(T) TET, T

Now, by Holder’s inequality,

D] < [ Jota |dx<(/ ) (/ v(a |qu> = |71 okl o
Hence,
q 1 / 1 q—1 q q
Mol = 3 s | [o@ o] < 3 i 0 ol = i
TET;L TGTh

Furthermore, for the regular triangulations under consideration, it can be shown that (see

(11])
(5.20) [w(g) = Hpw (@) 2 < chlw@)] g -

Now we can prove (3.4) by invoking (5.15), (5.17), (5.18), (5.19), and (5.20):

1A®@) = An (@)l e < w(@) = enwn(Gn)ll e = llw(@) —ixwn(Gn)ll e
< Ma(w (@) = wa(gn))ll Lo + lw(@) — Tnw (@)l

< lw(@) = wa(@n)ll Lo + lw(@) - th(ﬁ)\\?s lw(g) - th@)H%z

< kpeh + (2 [w(@)ll ) 7 (ch[[w(@)]g2)7 — 0 ash— 0.

It remains to prove the Assumptions 3.2.2 and 3. The nonlinearity of the state equation makes
this task lengthy. For the reader who wants to see an immediate result, we first consider the
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linear quadratic case in the next remark, for which the remaining assumptions can be verified
very quickly.

REMARK 5.6. Consider the special case (4.6), i.e., f = 0 and C = —A. Then with the
notation introduced in the discussion of problem (4.6), we have E(u) = Bu and E},(up) =
Byuy, with By, = j; B jj. Furthermore,

A(y) = B * (B 'y —ua),  Anlyn) = enBy, ' Gi*(Gin By, ehyn — jiua)-
We obtain

IA®Y) = A@)l e < &y | BBy — ) ;0 < ko | B~y = 9)|| ;-
S kpy_l HB_I(y - g)HHl S kpU_Q Hy - gHLz )
1A (yn) = An(Gn)ll o < kp |len By, 35" 5in By, er (yn — z?h)HUh < kv lyn — nlly, -

This implies Assumption 3.2.2 with L = k,v 2.
The Assumption 3.2.3 is trivial, since

Aly) —A@) —A'(y)(y—9) =0, An(yn) — An(Gn) — A} (yn)(yn — ) = 0.

We now return to the control problem with semilinear state equation.
THEOREM 5.7.
a) The operators u(-) : L*(Q) — H(Q) and up(-) : Yy, — U, h > 0, are Lipschitz
continuous with modulus v—" and there holds

lu@llgr < v lyllpe s Nun(yn)lly, <v™" lynlly, -

b) For any bounded set V- C L*(N2), there exists Ly > 0 such that the Fréchet derivatives
u'(-) and u),(-), h > 0, are Lipschitz continuous on V and V N'Y},, respectively, with
modulus Ly . Furthermore, for all y € L?(Q) and yy, € Y3, we have the bounds

1

o' W)l < v70 ubi)lly, o, < v

Proof. Throughout the proof, let & > 0 and y}, € Y}, be arbitrary and set

up, =up(yp), i=1,2, Oy, =yp —yp, Oup=up—uj.

H‘SuhHUh = HEEI(QZZJI%) - Eﬁl(eiyl)HUh <v! llerndys| Uy <v! HéthYh .

The growth estimate follows from «(0) = 0 and uy (0) = 0.

b)
Let r > 0 be such that ||y||;» < r forally € V and consider y* € V, yi, € VNY}.
Then, since u(0) = 0 and u;,(0) = 0, we have by a) that

lellg < v lublly, < v

1

Since wuy,(+) is Lipschitz continuous with modulus v, we conclude

 NlunCyn + ton) — un(ys)|| _
s (yn)onlly, = lim " 2 <v onlly, Y ynovn € Y
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Differentiation of the (discrete) state equation (5.8) yields

E, (ub )up (yh)vn = jin(Cup, (yi)vn + f (uh)us, (yh)vn) = e,

By (up) (un (yh) = uh (yn))on =
= By, (uj)uy, (yi)on — Ej, (up)u (yn ) + (B (wy) — By, (up) g, (y)on
g (CF (un) = f'(u)) (wh (g )vn)) -
We use Holder’s inequality to estimate
175 (CF (un) = £/ (ui)) (i (g )vn))
<[ un) = £ i) Wi (wn)on) | 2 < [ F/ (i) = @) 2o, ([uh (wa)onll

< k| ah) = @R, Tonll, < V‘le/(Uk)—f’(ui)H ol

According to Theorem 5.7 a) with f, p and ¢ replaced by ', p and respectively,

2’
we have that the operator v € LP(Q) — f'(u) € Lv* (Q) is Llpschltz continuous on
{llull,» < v~'r} with a constant L,.. Hence,
[(uh i) = wh wi))onll, < [1BR ) e o, v ™ L 100l o T0nlly,,
< kv~ 2Ly 0unlly, lonlly, = Lv [8unlly, llvally, -

The uniform Lipschitz continuity of u} (-), h > 0, on V is proved. |
THEOREM 5.8. For any bounded set V. C L*(Q), the following holds:
a) The operators w(-) : L*(Q) — HZ(Q) and wy () : Y, — U, h > 0, are Lipschitz
continuous and bounded on V and V MY}, respectively, with Lipschitz constant and bound
independent of h.

b) The Fréchet derivatives w'(-) and wj, (-), h > 0, exist, and these operators are Lipschitz
continuous on'V and V N Yy, respectively, with a Lipschitz constant independent of h.
Proof. Let V' C L*(92) be bounded and choose r > 0 such that ||y|| ;. < rforally € V.
Now consider any A > 0. As in the proof of Theorem 5.7 a), there holds

lun(yn)lly, <v™'r Yy, € VNYy, h>0.

a)
Lety: € VNYj,i= 1,2, be arbitrary and set

up = un(yh),  Wh=wa(Yh)s  OYn = Yi — Yn,  Oun =up —w,,  Swp = Wi — Wy

We have
By, (up,) wj, = jp(C*wj, + f'(up)wy,) = g (uj, — ua)-

Furthermore, we obtain the uniform bound

[willo, = (1B (i)~ 5 g, = wa)lly, < v {[uh = wal [y < w7 @707 + [lual g2)-
Next, we use the adjoint equation to derive

By, (up) " wy, = By, (up) wiy, — By, (uy,) wy, + (B} (w,)” = Ej(ui)")wy,
= Jiy (Gup + (f'(up,) = f'(u))wy) -
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Hence,

0wy, < [(EL@i)) "y o, 95 0un + (' () = £ (uR))ws))|

< v (0l 2 + (£ (ur) = £ @R[ 2z, [Jwn )

Uy

Since f'(-) : LP(Q) — L7°2 () is Lipschitz continuous on the bounded set {ull, <vir}
with a constant L,., we obtain

16wnlly, < v (1 +kp Loy ™ (™' + uall2)) 16unll 2 =: Ly [|6un ]l s -

b)
We consider the adjoint equation

By (un(yn)) wn — jp (un(yn) — uq) = 0.

The operator on the left is continuously Fréchet differentiable and the partial derivative with
respect to wy, is Ej (up(yn))*. This operator is continuously invertible so that the implicit
function theorem can be applied to prove that y, — wp,(y,) is continuously Fréchet differ-
entiable.

Now let y, € V NY}, be arbitrary. With uy, = up,(yp) and wy, = wp,(yp,) we obtain by
differentiation

Ej, (un)*wy,(yn) + f" (un)wn - wy, (yn) = jiun(yn) = 0.
It was shown in Theorem 5.7 and in a) that the operators
uh(-),wh(-) : Yh — Uh and u/h() : Yh = [:(Yh, Uh)

are Lipschitz continuous and bounded on V' N Y}, with Lipschitz constant and bound inde-

pendent of h. Furthermore, by Theorem A.2 a), the operator f”(-) : LP(Q2) — Lo (Q) is
Lipschitz continuous on {|ju||,;, < v~'r}. Since, by Holder’s inequality,

17" Cunywn (i, (yn)om) gz < 1 (un)wn (ug, (yn)on)ll 2
S )l 2o Nlwnllzo g (yn)onl 2o
< kp [ (un)

I 2o Nwnlly, 1wk (yn)vnlly, ,
Lpr—4

we conclude that for i > 0 the operator
S (un () wn () - uy () = drug(-) « Yo = L(Un, Uyy)

is Lipschitz continuous and bounded on V' N Y}, with Lipschitz constant and bound indepen-
dent of h. It remains to show that the operator

yn € Yi x Uy, = (B, (un(yn))™) " € L(U, Un)

is Lipschitz continuous and bounded on V' N Y}, with Lipschitz constant and bound indepen-
dent of A > 0. This, however, can be done exactly as in part a). O
We are now in a position to verify the remaining Assumptions 3.2.2 and 3.
Since Assumptions 3.2.1 is already shown, we see that we can choose kg > 0 and §g > 0
and a bounded set V' C L?(Q) such that y € V holds for all y € Y with ||y — 3| ;> < o and
yn € V NY}, holds for all y;, € Y}, with ||y, — thYh < g, 0 < h < hg. From Theorem 5.8
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we then obtain a constant Ly, > 0 such that the following estimates hold: For all y* € L?(12),
" =l > < o

1AW = AN o < ko l0(y?) = 0| < koLv [ly* =y . -

Further, for all 0 < h < hg and all y}l €Y, !

y;’t - thYh S 503

[An (i) = A (i)l 1o = (|7 (wn(yi) — wa ()| 1o < Kp [wn(yi) = wnva) |,
< kpLv [y = wally, -

This proves Assumptions 3.2.2.

We now proceed to Assumptions 3.2.3. By Theorem 5.8, the operators w’(-) and wy,(-),
h > 0, are Lipschitz continuous on V' and V NY},, respectively, with a common modulus L, .
Hence, for all y € L?(2), ||y — ¥l ;= < o, we have with s =y — §

JAG) — AG) — AWy — )2 = H [ w9 —wsar

L2
/

1 1
< [ 10 G+t = w)slgs it < [ L =) sl de = T il

In the same way, for all 0 < h < hg and all y, € Yy, |lyn — Ynlly, < do, we obtain with
Sh="Yn — Yn

1An(yn) = An(n) — A3 (yn) (yn = Tn)lly, = H/O i (Wh (Fn + tsn) — wj(yn))sn dt

Yn
1 1 9 L/ 9

< / ([ (wh, (Gn + tsn) — wh (yn))sully, dt < / Ly (1 —t) Isnlly, dt = 7‘/ [snlly, -
0 0

Hence, (3.5), (3.6), and (3.7) are satisfied with p(t) = %

6. Numerical validation. For the numerical validation of our mesh independence result
we consider the following optimal control problem with a semilinear governing equation.
minimize J(u,y) = 1|u—uql72 + 3] yll7-
subjectto  (u,y) € H*(Q) x L*(Q),

—Au+ud+u=yinQ, u=0onT =9Q,
yeYu={yecL*Q)| —4<y(z) <0foraa. zinQ},

6.1

with Q = (0,1)2, ug = sin(27x1 ) sin(27z2) exp(2z1)/6, and X = 0.001. For the discretiza-
tion of (6.1) we use the procedure described in section 2. We initialize Algorithm 2.1 with
Y = 0, i.e., the initial control is set to the upper bound. The generalized derivatives are
determined according to Corollary 4.2.

For the results reported on in Tables 6.1-6.3 we use the following notation:

resf, = | Ay — P_ax.0/(—An(yp)) | 12,
U= llyr — ville,
aF =y = ville2 /Nyt = i llLe-

Here y; denotes a reference solution computed by a previous run of the algorithm with the
same initialization. In all test runs the algorithm terminates as soon as resf < /ep/, with
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Optimal control y, Optimal state u.

-0.02
-0.04

-0.08

-0.08

0 0 Y

FIG. 6.1. Optimal control and state for h = 1/256.

eps the machine precision. Figure 6.1 shows the optimal control ¥;, and the corresponding
optimal state uy, for h = 1/256.

In Table 6.1 we provide the convergence behavior of the complementarity residual resﬁ.
The changes in the residuals for decreasing h (consider the columns of Table 6.1) are mono-

TABLE 6.1
Convergence behavior of resf = || AyF — Pr_yx0(—An W) p2-

h resfb

1 2 3 4
1/16 | 2.464 | 1.137 | 0.056 0
1/32 | 2.575 | 1.209 | 0.062 | 3.853E-5
1/64 | 2.604 | 1.237 | 0.062 | 4.677E-5

1/128 | 2.609 | 1.243 | 0.062 | 3.597E-5

1/256 | 2.611 | 1.244 | 0.062 | 5.045E-5

tonically decreasing. This stabilizing effect clearly indicates an asymptotically mesh inde-
pendent behavior.

In the following Table 6.2 we display the quantities lﬁ which are involved in the linear
rate of convergence assertions of our mesh independence results Theorem 3.6 resp. Theo-
rem 4.3. Like in the previous table we can observe a certain stabilizing behavior with respect
to decreasing mesh-size h. This clearly validates the assertion of Theorem 4.3.

Finally, in Table 6.3 we provide the quotients ¢f = ||y¥ — y;|lz2/llyF " — ;| 2. With
respect to decreasing h we observe again the stabilizing behavior as before. Each row in
Table 6.3 corresponds to the convergence history of Algorithm 2.1 with fixed h. Obviously,
the algorithm converges superlinearly for fixed 4. Combining the observations of this be-
havior with the behavior with respect to decreasing h, we infer that the superlinear rate of
convergence does not deteriorate with respect to decreasing . Moreover, independently of
the mesh-size h Algorithm 2.1 requires 5 iterations until its successful termination. The latter
behavior is known as strong mesh independence (see [1]) which numerically augments our
theoretical results.

Appendix A. Appendix.
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TABLE 6.2
Convergence behavior of If = |ly¥ — y || 2.

n Ik

I 2 3 4
1716 | 3.197 | 1.152 | 0.056 | 1.425E-5
1/32 | 3318 | 1.223 | 0.062 | 6.112E-5
1/64 | 3350 | 1.251 | 0.063 | 6.286E-5
17128 | 3.353 | 1.257 | 0.063 | 5.780E-5
17256 | 3.355 | 1.258 | 0.062 | 6.693E-5

TABLE 6.3
Convergence behavior of qff = ||y — y;‘LHLz/Hy571 —yillze.

h a;

1 2 3 4
1/16 | 1.602 | 0.360 | 0.048 | 2.560E-4
1732 | 1.628 | 0.368 | 0.051 | 9.794E-4
1/64 | 1.635 | 0.374 | 0.050 | 1.005E-3
1/128 | 1.636 | 0.375 | 0.050 | 9.180E-4
1/256 | 1.636 | 0.375 | 0.050 | 1.071E-3

LEMMA A.1. Let the continuously differentiable function f : R — R satisfy
()] < e1 + colul?

with c1,co > 0 and g > 0. Then, for all u,d € R,

u)| < eplul + ul <ep 4 (e + —— ) Julr.
) < alul + -2l < ek (ot 2]

Proof.

1 1
£l < [ 17 Cuulde < [ul [ e+ caltult) de < erful + Juf et
0 0 q

C2 1 518 41
= c1|ul + | <ep 4 (e + —= ) Julr.
ol + 2l et (o 225 )

THEOREM A.2.
a) Let f : R — R be continuous and assume that there exist constants c1,cy > 0 with

1f(s)| < e1+eals|]s Vs eER,

where p,q € [1,00). Then the superposition operator Sy : LP(Q2) — L9(Q), S¢(u) =
f(u) is continuous with

1 2
If(@)llpa < el +eallullfs -

b) Let f : R — R be continuously differentiable and assume that there exist constants
c1,co > 0 with

1f'(s)] < e +02\8\L;q Vs eR,
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where p,q € [1,00), p > q. Then the superposition operator Sy : LP(2) — L4(Q),
S¢(u) = f(u) is continuously Fréchet differentiable with derivative

S (u)v = f'(u)o.

Furthermore, on any bounded subset V. C LP(S2), Sy is Lipschitz continuous.

c) Let f : R — R be twice continuously differentiable and assume that there exist constants
c1,Co > 0 with

1f(s)] < e -i-CQISILqQq Vs eR,

where p,q € [1,00), p > 2q. Then the superposition operator Sy : LP(2) — L9(Q),
S¢(u) = f(u) is twice continuously Fréchet differentiable with derivatives

S}(u)v = f'(u)v, S}/(u)(vl,UQ) = f"(u)vtv?

a) For the continuity, see [25, Prop. 26.6]. We now prove the bound.

P 1 z
c1 +62|U|Z 14 <c |Q|q +c2 HUHEP .

1f ()lZa <

b) The continuous differentiability of S¢ is proved in, e.g., [20, Appendix].
Now consider V' = {u : ||ul|;, <7}, > 0. Then, for u',u* € V and d = u? — u', we

can use the bound in a) (applied to f’) to derive

1 1
I570%) = 85, = | [ S0t + ] < [t + sy,
La

IN

1
/0 1Fu + td)|| o |l dt

Lpr—a

IN

1 by g
/ (cnm = ol td]F ) dat |l
0

P—q P—q
< (e 1915 + er™5) dll = L ], -

The proofs of c¢) can be found in [20, Appendix]. O
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