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Abstract: We consider an elliptic optimal control problem with control and pointwise state con-
straints. The cost functional is approximated by a sequence of functionals which are obtained by
discretizing the state equation with the help of linear finite elements and enforcing the state con-
straints in the nodes of the triangulation. Controls are discretized piecewise constant on every simplex
of the triangulation. Error bounds for control and state are obtained both in two and three space
dimensions.
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1 Introduction

Let © € R? (d = 2,3) be a bounded domain with a smooth boundary 9 and consider the
differential operator

d d

Ay = — Z 8gcj (aijym) + Z bzymz + ¢y,
i,j=1 i=1

along with its formal adjoint operator

d d
Ay == 0:,> aijys, +biy) + ey

i=1 j=1
where for simplicity the coefficients a;;,b; and ¢ are assumed to be smooth functions on Q.
We associate with A the bilinear form

d d
a(y, z) == /Q(Z i ()Y, 22, + Z bi(x)yz, 2 + c(ac)yz)dw, y,z € HY(Q)
i=1

i,5=1
and subsequently assume that there exists cg > 0 such that

d
Z aij(2)&€; > col€)?  for all ¢ € R? and all z € Q.
ij=1
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Furthermore we suppose that the form a is coercive on H'(f), i.e. there exists ¢; > 0 such
that
a(v,v) > c1|jv]| 3 for all v € HY(Q). (1.1)

From the above assumptions it follows that for a given f € (H'(2))’ the elliptic boundary
value problem

Ay = f inQ

d _
zi,j:1az’juxﬂ/j = 0 on o9

(1.2)

has a unique weak solution y € H'(Q) which we denote by y = G(f). Here, v is the unit
outward normal to 9. Furthermore, if f € L?(£2), then the solution y belongs to H?(Q2) and
satisfies

Iyl < Cl £,

where have used || - || to denote the L?norm.
We are interested in the following control problem

min J(u / v —yo|* + / u—u
el Iy = ol + = uol? (1.3)
subject to y = G(u) and y(z) < b(x) in Q.

Here, Uy = {v € L*(Q)|a; < v < ay ae. in Q} C L?*(Q) denotes the set of admissible
controls, where a;,a,, € L?(f2) are given bounds. Furthermore, we suppose that a > 0 and
that yo € HY(Q), up € H(Q) and b € W2°°(Q) are given functions.

For the case without control constraints the finite element analysis of problem (1.3) is carried
out in [6]. In the present work we extend the analysis to the case of control and pointwise
state constraints. Here we use techniques which are applicable to a wider class of control
problems. In particular the results of [6] are contained as a special case.

From here onwards we impose the following assumption which is frequently referred to as
Slater condition or interior point condition.

Assumption 1.1.
Ja €Uy  G(a) <bin Q.

Since the state constraints form a convex set and the set of admissible controls is closed and
convex it is not difficult to establish the existence of a unique solution v € U,q to this problem.
In order to characterize this solution we introduce the space M(Q) of Radon measures which
is defined as the dual space of C%(Q) and endowed with the norm

Il = sup / fdp.
FeCo(Q),|fI<1

Using [3, Theorem 5.2] we then infer (compare also [2, Theorem 2])

Theorem 1.2. Let u € U,y denote the unique solution of (1.3). Then there exist u € M(Q)
and p € L*(Q) such that with y = G(Bu) there holds

d
/pAv = /(y —Y0)v + /_ vdp Yo € H*(Q) with Z a;jvg;vj = 0 on 0N (1.4)
Q Q Q

ij=1

/Q(p+ alu—uy))(v—u) >0 YveU,g  (15)

w>0, y(xr) <b(x) in Q and /Q(b —y)dp = 0. (1.6)



Our aim is to develop and analyze a finite element approximation of problem (1.3). We
start by approximating the cost functional J by a sequence of functionals J; where h is a
mesh parameter related to a sequence of triangulations. The definition of Jj involves the
approximation of the state equation by linear finite elements and enforces constraints on the
state in the nodes of the triangulation, whereas the control constraints are satisfied in an
averaged sense. We shall prove that the minima of .J, converge in L? to the minimum of .J
as h — 0 and that the states convergence strongly in H' with corresponding error bounds.

To the authors knowledge only few attempts have been made to develop a finite element
analysis for elliptic control problems in the presence of control and state constraints. In
[4] Casas proves convergence of finite element approximations to optimal control problems
for semi-linear elliptic equations with finitely many state constraints. Casas and Mateos
extend these results in [5] to a less regular setting for the states and prove convergence of
finite element approximations to semi-linear distributed and boundary control problems.
In [8] Meyer considers the same discrete strategy as in the present note to approximate an
elliptic control problem with pointwise state and control constraints. We obtain the same
approximation order for the state and the control as in Meyer’s work by using a different
numerical analysis. Moreover we also prove bounds on the discrete multipliers. For numerical
tests we also refer to [8]. Numerical analysis for elliptic control problems with pointwise
bounds on the state and general constraints on the control are presented by the authors in [7].

The paper is organized as follows: in §2 we describe our discretization and establish bounds
on the relevant discrete quantities which are uniform in the discretization parameter. These
bounds are used in §3 in order to prove the following error estimates

O(ht™c), ifd=2

lu —unllr2, Iy —ynllar =
O(h2™°), ifd=3

(e > 0 arbitrary), where u;, and y;, are the discrete control and state respectively. Roughly
speaking, the idea is to test (1.5) with u, and (2.8), the discrete counterpart of (1.5), with a
suitable projection of the continuous solution u. An important tool in the analysis is the use
of L*—error estimates for finite element approximations of the Neumann problem developed
in [9]. The need for uniform estimates is due to the presence of the measure p in (1.4).

2 Finite element discretization

Let 7}, be a triangulation of € with maximum mesh size h := maxrc7;, diam(7") and vertices
Z1,...,%m. We suppose that {2 is the union of the elements of 7, so that element edges lying
on the boundary are curved. In addition, we assume that the triangulation is quasi-uniform
in the sense that there exists a constant x > 0 (independent of h) such that each T € 7, is
contained in a ball of radius k~'h and contains a ball of radius xkh. Let us define the space
of linear finite elements,

X, := {vp, € C%Q) | vy, is a linear polynomial on each T' € T;,}

with the appropriate modification for boundary elements. Furthermore we introduce the space
of piecewise constant functions

Yy, := {vs € L*(Q)| vy, is constant on each T € T,}.

Let Qy, : L?(92) — Y}, be the orthogonal projection onto Yj, so that

@0)@)i=f v, zeT,

T

3



where fTv denotes the average of v over T. In what follows it is convenient to introduce
a discrete approximation of the operator G. For a given function v € L?(f)) we denote by
zn, = Gp(v) € X}, the solution of the discrete Neumann problem

a(zp,vp) = /vvh for all v, € Xj,.
Q

It is well-known that for all v € L?(Q)

IG(v) = Gr(w)ll < CR?|Jo] (2.1)
19) = Gu (@)l < CH*% o]l (2:2)

Since Qpv — v in L?(Q), (2.2) implies
Gn(Qnv) — G(v) in L®(Q) for all v € L*(Q). (2.3)

The estimate (2.2) can be improved provided one strengthens the assumption on v.

Lemma 2.1. Suppose that v € W15(Q) for some 1 < s < %' Then

1G(0) — Gu(v)|| = < Ch*~%|log | [[v]|yy.s-

Proof. Let z = G(v), 2z, = Gp(v). Elliptic regularity theory implies that z € W35(Q) from

which we infer that z € W24(Q) with ¢ = dde using a well-known embedding theorem.

S
Furthermore, we have
[2llw2a < cllzllwss < cllvllwrs. (2.4)

Using Theorem 2.2 and the following Remark in [9] we have

|z — znllree < c|logh| inf ||z — x||Le, (2.5)
XEXh

which, combined with a well-known interpolation estimate, yields

_d _d
Iz = znllze < ch®~ 4| log hl|[zllw=a < ch® % [log hl||o]lw.

in view (2.4) and the relation between s and q. 1
In order to approximate (1.3) we introduce the following discrete counterpart of U,g,
U(?d = {’Uh c Yh ’ Qhal <wvp < Qhau in Q}

Problem (1.3) is now approximated by the following sequence of control problems depending
on the mesh parameter h:

. 1 «
min Jh(u) = 5 /Q ]yh — yo\2 + 5 /Q !U - Qh’U«0’2

uEUgd

(2.6)
subject to y, = Gp(u) and yp(z;) < b(z;) for j=1,...,m.

Problem (2.6) represents a convex finite-dimensional optimization problem of similar struc-
ture as problem (1.3), but with only finitely many equality and inequality constraints for
state and control, which form a convex admissible set. Again we can apply [3, Theorem 5.2]
which together with [2, Corollary 1] yields (compare also the analysis of problem (P) in [4])



Lemma 2.2. Problem (2.6) has a unique solution uy € Ué‘d. There exist u1, ..., m € R and
pn € X, such that with yp, = Gp(up) and pp, = Z;n:l pj0z; we have

a(vp, pr) = /Q(yh — Y0)Up +/{_thth Vup, € X, (2.7)
/Q(ph + alup, — Quuo)(vp, —up) >0 Yo, € UL, (2.8)

(Ihb - yh)d,uh = 0. (29)

pi >0, yp(z;) <blzj),j=1,...,m and /
Q

Here, 0, denotes the Dirac measure concentrated at z and Ij, is the usual Lagrange interpo-
lation operator.

Remark 2.3. The variational inequalities (1.5) and (2.8) can be rewritten in the form

ag, if a; >—ép+u0
u=9q —2p+uy, ifa<—Zp+up<ay (2.10)
Ay, if — ép + Uy > Ay,
fr i, if $a1 > f5(—2pp + Qnuo)
up =9 fp(—2pn + Quuo), if fpa < fr(—Lpn + Quuo) < fpay (2.11)
fr au, if £.(—2pn + Qnuo) > 7 au.

As a first result for (2.6) we prove that the sequence of optimal controls, states and the
measures pp are uniformly bounded.

Lemma 2.4. Let uy, € Ugd be the optimal so}ution of (2.6) with co_rrespondz’ng state yp, € Xp
and adjoint variables pp, € Xy, and pp, € M(Q). Then there exists h > 0 so that

lonll, lunll, Nenll gy < for all0 < h <
Proof. Since G(a) is continuous, Assumption 1.1 implies that there exists § > 0 such that
Ga)<b—-45§ inQ. (2.12)
It follows from (2.3) that there is hg > 0 with
Grh(Qrat) <b in Q for all 0 < h < hg

so that Jy(up) < Jp(Qpt) < C uniformly in A giving

lurlls l|ynl| < C for all h < hy. (2.13)
Next, let u denote the unique solution to problem (1.3). We infer from (2.12) and (2.3) that

V= %u + %ﬂ satisfies

Gn(@ne) = 3G(u)+ 36(0) + (Gn(Qne) — G(v)

o ) _
b5+ 164(@Qu) ~ Gz <b-7 i

IA



provided that h < h,h < hg. Since Qv € U, (2.8), (2.7), (2.13) and (2.14) imply
0 < / (pn + a(up — Qruo))(Qrv — up) = /(Qh’v — up)pp + / (un — Qruo)(Qrv — up)
0 Q Q
= a(Gn(Qnv) — yn,pn) + @ /Q(Uh — Qnuo)(Qrv — up)
= / (Gn(Qnv) — yn)(yn — yo) + / (Gr(Qnv) — yn)dpn + a / (up — Qruo)(Qnv — up)
0 Q

Q
< C+ > by - 2 —uyn(z;)) = C — ZZ’”
=1 =1

where the last equality is a consequence of (2.9). It follows that

lenllag@y = €

and the lemma is proved. 1

3 Error analysis

An important ingredient in our analysis is an error bound for a solution of a Neumann
problem with a measure valued right hand side. Let A as above and consider

A*q = [ in Q
Z?:1(Z§lzlaz'jq:cj +biq)yi = L0 on 0N).

Theorem 3.1. Let ji € M(Q). Then there exists a unique weak solution ¢ € L2(Q) of (3.14),
ie.

(3.14)

d
/ qAv = / vdfi Vv € H*(Q2) with Z a;jvg;v; = 0 on OS).
Q

Q ij=1

Furthermore, ¢ belongs to W1#(Q) for all s € (1, d;fl). For the finite element approximation
qn € Xy, of q defined by

a(vp, qp) = /_ N for all v, € X},.
Q

the following error estimate holds:

_dy .
lg —anll < CR*2 | fill pqe)- (3.15)

Proof. A corresponding result is proved in [1] for the case of an operator A without transport
term subject to Dirichlet conditions, but the arguments can be adapted to our situation. We
omit the details. |

We are now prepared to prove our main theorem for the optimal controls. To simplify the
exposition we from here onwards assume that the bounds a;, a,, satisfy Qra; = a; and Qpa, =
a4, respectively. This assumption is satisfied for constant upper and lower bounds, say, and
ensures U fd C Uguqg.

Theorem 3.2. Let u and uy, be the solutions of (1.3) and (2.6) respectively. For every e > 0
there exists Ce > 0 such that

_d_
[ —unll + lly — ynllr < Ceh®=27°.



Proof. We test (1.5) with uy, (2.8) with Qpu and add the resulting inequalities. This gives
/Q((p — pn) — a(ug — Qprug) + a(u — up)) (up, — u)
> [ (o -+ i = @) u = @) = [ (o1~ Qun)a ~ Qo).
which in turn yields

o=l < [ @ -u)p-p)-a [

Q

(0= Qo) n ~) = | (= Qun) (1= Qu). (316)
Let 3" := Gp,(u) € X}, and denote by p” € X}, the unique solution of

a(wy,p") = /Q(y — yo)wp, + /Qwhd,u for all wy, € Xj,.
Applying Theorem 3.1 with gt = (y — yo)dx + p we infer

_d
llp = p"I < CR*"2 (ly — oll + [l pmaey)- (3.17)

Recalling that y;, = G, (us),y" = G, (u) and observing (2.7) as well as the definition of p” we
can rewrite the first term in (3.16)

/Q(Uh —u)(p—pn) = /Q(Uh —u)(p —p") +/Q(Uh —u)(p" — pp)
- /Q (un — w)(p— ") + alyn — " 5" — ) (3.18)
= /Q(uh—U)(p—ph)+/Q(y—yh)(yh—yh)+/Q(yh—yh)dﬂ—/ﬂ(yh—yh)dﬂh
- /<uh—u><p—ph>— Hy—yhu2+/<y—yh><y—yh>
Q Q
+/Q(yh—yh)du+/ﬁ(y"—yh)duh-

After inserting (3.18) into (3.16) and using Young’s inequality we obtain in view of (3.17)
and (2.1)

o 1
Sl = unll* + 5lly = val? (3.19)
< C(lp=p"1P + Iy = "I + lluo — Quuoll®) + llpn — Qupnll [lu — Quull
+/Q(yh —y")dp + /Q(yh — yn)dpun,

d d
< Ch*™+ Chllpn|grh* 275 ullyrs + /Q(yh —y")dp + /Q(yh — yn)dpn-

In order estimate ||py| 1 we insert v, = pp, into (2.7) and deduce with the help of (1.1)

IN

cillpnllip a(pn,pr) = /Q(yh — Yo)ph + /Qphdﬂh
< lyn = wollllpnll + llpallze lenll sy < lyn = voll Ipall + Cy(R) lpal
where v(h) = \/[log h| if d = 2 and y(h) = h™2 if d = 3, so that

[pnllr < Cy(h). (3.20)



It remains to estimate the integrals involving the measures p and py. Since

Y~y < (I —b)+(b—y)+(y—y") inQ

we deduce with the help of (1.6)

=i < Dy (1 = Wl + =3

Similarly, (2.9) implies

6" = )i < Nnllane (1 = bl + ly = )
Q

Inserting the above estimates into (3.19) and using Lemma 2.4 as well as an interpolation
estimate we infer

_ d_d
Ju—up|® + |y — ynl* < CR*" T+ CR*T2 =Sy (h) |Jullyrs + Clly — y" || e (3.21)

The estimate on |[u — up|| now follows from Lemma 2.1 by choosing s sufficiently close to
—%-. Finally, in order to bound ||y — yp|| ;1 we note that

a(y — Yn,Vn) = / (u — up)op

Q

for all v, € X}, from which one derives the desired estimates using standard finite element
techniques and the bounds on ||u — wuy||. 1

Remark 3.3. Let us note that the approximation order of the controls and states in the
presence of control and state constraints is the same as in the purely state constrained case.
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