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Abstract. We present an optimal control approach for the crystallization of
a GaAs melt in a VGF configuration. The solidification process is described by
a two phase Stefan problem including flow driven by convection and Lorentz
forces. The interface between the liquid and the solid phase is modelled as a
graph.

The control goal consists in tracking a prescribed shape and evolution of
the free boundary (phase interface) using the crucible temperature and/or
Lorentz forces. In particular we intend to achieve a flat free boundary in order
to keep the density of dislocations small, compare e.g. [8].

We achieve this goal by minimizing an appropriate cost functional. The re-
sulting optimization problem is solved numerically using an adjoint approach.

In the present work we apply the concept developed in [2, 3, 13] to growth
from a melt to a practically relevant configuration [6]. Among other things
we show that both, the control with Lorentz forces as well as the control with
crucible wall temperature may be applied to achieve the control goal.

1 Introduction

Gallium Arsenide (GaAs) is a semiconductor material with increasing impor-
tance. The high electron mobility recommend GaAs in high frequency appli-
cations such as transmitting and receiving circuits in mobile phones. GaAs is
also very important in optoelectronic, especially for the production of Lasers,
LED’s, and highly specialised solar panels (e.g. for satellites). GaAs mono
crystals are grown using the LEC (Liquid Encapsulated Czochralski) method
or the VGF (Vertical Gradient Freeze) method, see [4] for a comparison.

The structural quality of the crystals is strongly influenced by the amount
and the distribution of dislocations of the crystal structure which are mainly
caused by thermomechanical stress at the phase interface, These tensions can
be reduced by a small radial temperature gradient, [6, 8]. Because the tem-
perature gradients occurring with the VGF method are usually small, crystals
grown with this technique show a very small dislocation density in comparison
to LEC grown crystals, [8].

Assuming that the temperature at the free boundary is constant (equal to
melting temperature), the free boundary must become flat in order to eliminate
the radial temperature gradient at the free boundary. Thus, our control goal
consists in achieving a flat free boundary. In addition to that, we also consider
the direct reduction of the radial temperature gradient.

We emphasize that the control approach developed in the present work also
allows to increase the crystallization speed of the VGF method while keeping
the quality of the crystal.



The mathematical model used in this work governs heat conduction in
the solid phase and heat conduction, heat transport and flow in the liquid
phase. The two phases are coupled through the Stefan condition and the
melting temperature condition at the free boundary. A third order boundary
condition models heat transfer between the phases and the crucible wall.

The mathematical approach used in the presented work is described in
2, 3, 13], where solidification of Aluminium is considered as test configuration,
and where also a detailed discussion about the related literature [5, 12, 11] can
be found.

The results of the numerical experiments are presented in Section 3. There
we consider a cylindrical crucible with a GaAs melt and a diameter of D = 5 cm
and a height of 10 cm. This configuration is relevant at least for experiments
considered [6]. Our control goal is to obtain a flat free boundary with a
velocity of 59*. The results presented in Section 3 strongly differ from the
results presented in [3]. This is due to the fact that the physical properties of
GaAs strongly differ from that of aluminium.

2 Problem definition

2.1 Mathematical model

Let = G x H be a cylindrical domain containing the substance, where
G denotes the bottom domain and H C R the height, see Figure 1. The
crucible wall, i.e. the boundary of €2, is denoted by 9€). The time dependent
domains €4(¢) and €2;(¢) denote the solid and the liquid phase and satisfy
Qs(t) U (t) = Q2 The free boundary I' (the phase interface) is described as a
graph

v ={(sdy) vec)

with f: G — H. Figure 1 depicts such a configuration.
As mathematical model for the temperatures u,, in the solid and liquid
phase respectively, the velocity v and the pressure p we take

L in (0,7] x 2., (1)
Csp
k
Ay +v - Vuy = C—;Aul in (0,7] x Q, (2)
l
V-v=0 in (0,7] x €, (3)

1
ow + (Vo)v — %Av + EVp =—gy(uy —upy)+A in (0,7] x Q, (4)



ft ks kl
Lp —Oyus 0 ® — —0,u; 0P for (0,7 x G,
VSRR o1
: y
with ®(,y) := [ ¢,
(t:9) ( (f(t, y))>
Us 0D =u; 0P =uyy on (0, 7] x G
with the initial conditions
s/1(0,2) = us)0(2) for x € Q,
v(0,2) = vo(z) for x € Q,
f(0,y) = foly) fory e G
and the boundary conditions
2571 Opls)i = Up — Uy on (0,7T] x 09,
ub,min S Up S ub,max on (O, T] X aQ,
v=0 on (0,77 x 01,
Op=pv- (A—gy(w —un)) +e0iv, on (0,7T] x 98

10

11
12

13

(10)
(11)
(12)
(13)

Here A(t,z) denotes an external force and u,(t, z) denotes the crucible wall
temperature. These functions serve as control and are described in detail in

2.1.1.
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Solid phase €2, liquid phase €2; and free boundary I' in a crucible



The vector v denotes the outer normal vector at the boundary and g de-
notes the normal vector at the free boundary, pointing from the solid to the
liquid phase (i.e. p=v|sq, = —V|sq, on I').

Equations (3) and (4) form the Navier Stokes equations for incompressible
flow, where € denotes the dynamic viscosity and p denotes the density. The
buoyancy force is modelled with the Boussinesq approximation by the term
—g7(u; —upy) using the gravitational force g and the thermal expansion coeffi-
cient 7. The external force A is used later in this section to model the Lorentz
force.

Equations (1) and (2) are the heat equation in the solid phase and the heat
equation with heat transport in the liquid phase, respectively. The constants
ks and ¢y denote the heat conductivities and the heat capacity in the solid
and liquid phase, respectively.

The graph formulation of the Stefan condition (5) is derived in [2, (6)]. The
Stefan condition is a conservation law at the free boundary which balances
the heat transported into the free boundary and the melting heat generated
through solidification. The constant L denotes the latent heat and Vi denotes
the velocity of the free boundary into normal direction p.

Equation (6) states the melting temperature condition, where u,, is the
melting temperature.

The boundary condition (10) for the temperature follows directly from
the heat transfer equation ¢ = «a; /l(us/l — up) and the heat conduction ¢ =
ksnO,usp, where ¢ is the heat flow and a,/ is the heat transfer coefficient
between the crucible wall and the solid /liquid phase, respectively. The crucible
temperature u, is constrained by (11).

2.1.1 Modeling the control functions

For the modeling of the Lorentz forces we consider a hypothetical rotational
symmetric configuration with G = {(g1,92) : ¢{ + 95 < R’} and h € H =
[ha, hp] as sketched in Figure 2. This configuration consists of actuator rings
of the thickness dh — 0. Each ring consists of an alternating arrangement of
electrodes and magnets and each ring can be controlled separately. We assume
that the Lorentz force of each ring is rotational symmetric and acts only in
tangential direction, see Figure 3. This allows to assemble the total Lorentz
force at £ = (g1, g2, h) by integration over the Lorentz forces generated by each
ring

A(z) = / Ay (e 9)g (VB =2+ (h— y)P)dy (14)

H



where
(=% (=) (1) -
VRt h—gE )

is the tangential vector and A, is the control force. The function g(r) denotes
the dependency of the Lorentz force from the distance d, see Figure 3. We
choose

e %

-7

With this choice for g and A. = const. we obtain wall-parallel Lorentz forces
in h-direction which satisfy the approximation

g9(d)

A(x) ~ Ace—g dist(z,0Gx H) :

compare [1, Appendix] and [10, Section 2,4]. Here a denotes the width of
the electrodes and magnets. We note, that effects caused by induction are
not taken into account. This makes sense for weakly conductive fluids and
partially also for semiconductors or even for high conductive fluids, if we use
small magnetic and strong electric fields. Let us note that highly conductive
fluids combined with strong electric fields would cause a considerable heating
of the material near the crucible wall, which is not considered in our model.
Let f be the desired evolution of the free boundary. We consider the
rotational symmetric case, i.e. G = {(gl,gg) L g2+ g3 < Rz} and h € H =

Figure 2: Configuration of actuator rings used for generating Lorentz forces.



[ha, hp]. As presented in [13], we specify additional boundary conditions for
the intersection of the free boundary and the crucible wall;

ftR) = [f(t,R)  fr(t,R) = [.({, R) =0 (16)

This choice simplifies our moving grid implementation and especially avoids
the need of an additional boundary grid for the crucible wall temperature uy,
and thus the interpolation of u;, between two grids. Further details are given
in [13].

The boundary conditions (16) induce the following compatibility condi-
tions, which are derived in [13]:

Lpft—fi2 = —(as — ) (upo ® —uyy) (17)
1+ f,
L o? ol
[O‘S/lahubs/l}r 0P = o —pal Je (é B /f_:) 18)

on (0,7] x OG. Further we need to ensure that the boundary conditions are
satisfied for ¢ = 0, i.e., we have to to set

up(0,2) = ty/10(E) + =248, 10() - (19)

s/l

Figure 3: Lorentz forces generated by a single actuator ring.



Since u;, needs to satisfy the compatibility conditions (17) — (19) it cannot
serve as control variable directly. We resolve this difficulty by splitting u; into
two parts

Up = Upo + ﬁubc (20)

where uyy denotes a fixed part (e.g. a temperature profile known from expe-
rience), and Sup. denotes the controllable part, where [ is a weight function
which allows to tailor the control part of the boundary condition. Now we
require that uyy satisfies the compatibility conditions (17) — (19). To ensure
this we set

B(t,x) = 0pB(t,x) =0  forx e dQNT and ¢ € (0,7],

3(0,2) =0 for z € 9. (21)

With these settings w;, for every choice of uy. satisfies (17) — (19), so that wuy.
may serve as the control variable in our optimization problem specified below.

2.2 Optimization Problem

Our goal consists in controlling the free boundary using the temperature on
the crucible wall and/or near-wall Lorentz forces. As control horizon we take
(0,7 for some T > 0. Using the desired evolution of the free boundary f we
define the optimization problem

J(f, tpe, Ac) = 2T// (t,y) — )) dydt

G
Ar (T, y) % / / () 0 @ (22)
0 G

+7 (f(Tay)_

G

|

= min!
fvubchc

st (1) - (13), (14), (20) |

where

O(t,y) = (tv (f(iy, y)))

denotes the re-parametrization [0,7] x G — [0,7] x I'. The functional J
models the objective in our minimization problem, namely the reduction of the
deviation between the free boundary and the desired free boundary. With Ar

7



the deviation of the free boundary from the desired free boundary at timet =T
is weighted. With A\g > 0 radial temperature gradients at the free boundary in
the liquid phase are penalized in order to reduce radial temperature gradients
directly. This is meaningful since a small error between the free boundary f
and a desired flat free boundary f(t,y) = f(t)

T

[ [ttt = 702y

0

does not necessarily result in small radial temperature gradient (, i.e. if the
free boundary is wavy).

The functions uy, 3, f, uo, fo and vy are given and the functions u, f, v and
upe and/or A, are sought. From here onwards we assume that the optimization
problem admits a solution (u} it f*,v*, uj., AY). Further we assume that the
state equations (1) — (13), (14), (20) for every (upe, A.) admit a unique solution

so that in particular f = f(up., A.). It then is meaningful to replace (22) by

K (upe, Ae) == J(f(ubc,AC),ubc,Ac) = min! , (23)

Upe,Ac

where K denotes the reduced functional. To solve this optimization problem
numerically in Section 2.3 we apply a gradient algorithm with an appropriate
step size rule. Thus we need an expression for VK (upe, Ac). It is shown in [3]
that for the control using the crucible wall temperature

vubcs/lK(t7 [L’) = _as/lﬁ(ta x)ws/l(tv :U) (24)

holds, and for the control using near-wall Lorentz forces

VA K(ty) = - / w(t.x) (e p)g (VB2 T (h—g))dz,  (25)

is valid, where x = (g1, g2, h), and the tangential vector T is defined as in (15).
For given u;,. and A, the functions w,/, and 4 are obtained by first solving (1)
- (13), (14), (20) for u, v and f, and then with these quantities at hand, by
solving the so called adjoint system

ks

— Oy = Awg in [0,7) x Q, (26)
Csp

1
— 8th =v- le + EUQAWZ — g - 'gb)ln [07 T) X Ql, (27)
l




kspiOpwsy = —au 1w in [0,7") x 09, (28)
ws/(T, ) =0 for z € (2, (29)
>\Sfr28y,ul

_WOCD for t € (0,1), y € G,

p=-wsoP=—w;0®

(30)

V-9 =0 in (0,7] x u,  (31)
% =0 in (0,7] x 0%,  (32)
— 0 — (Vo) v+ (Yol — — A9 (33)

= —qpwVu, + V7 in [0,7) x €, (34)
Y(T,z) =0 for z € (), (35)
O, = O,yucipw; — €02, in [0,7) x 08,  (36)
— Lpoyp = % — f20hu07u; 0 (37)

+ @ (f,.(ﬁhul)Q o (I)) + %((&Lulﬁ o (I))

QQOfrft warft

10, (30) - Lot

- @(1 + ff)[kS/lafzzUS/l]l“ od

— [ks/lﬁuws/lﬁyus/l}r od n [O,T) X G,
Lpp(T,y) = M (F(T,y) — f(T,y)) onyed. (38)

For a detailed derivation of adjoint system and its connection to VK we refer
the reader to [9].

2.3 The numerical approach

For the solution of the optimization problem

K (upe, Ae) = min! |
Upe,Ac
we use a projected gradient algorithm with line minimization and a suitable
stopping criterion, which is developed in [9]. The PDE systems are discretized
on a moving grid using the finite volume technique. The algorithm is imple-
mented using the Open Source toolbox OpenFOAM [7]. A detailed description
of the numerical implementation and the CG-Algorithm used to solve the lin-
ear sub problems can be found in [13].



3 Numerical results

As the test problem we consider a GaAs melt in a rotational symmetric cylinder
with a diameter of 5cm and a height of 10cm. The diameter of this test
configuration is equal to the diameter for the experimental VGF oven presented
in [6]. Thus the domain is described by Q = G x H with the ground G =
{(gl,gg) cg1 + g5 < RQ} with R = 2.5cm, and the height H = [h,, hy] =
(0,10 cm]. The solid phase is on the bottom and the liquid phase is on the
top. The gravitational force is directed downwards, i.e. g = ((0, 0), —9.82) 3.

We optimize the solidification process over the time period [0, 7] with T' =
3600s. We note that the time taken in [3] for the solidification of a similar
aluminium configuration is 7" = 25s. This is caused by the fact that the
solidification speed of aluminium is much higher than that of GaAs due to the
much higher heat conduction of aluminium.

The physical constants for GaAs are

p=>51701%  wy =1238°C L =T26000 % g = ((0,0),-9.82) %
S

a=43de  k=17811% y=187-10"¢ £=279-107° &

¢ =420 ke =TI12 5%

For a,/, we choose a, = 1000 ﬁ and o = 200 ﬁ The desired free

boundary is the moving plane

ft,y) = 2.5cm+5% :
For Ar (see (22)) we chose Ar = 0.3 as in [3].

Several control cases are considered. First, we control using the crucible
wall temperature u,, so that VK is given by (24). Secondly, we control using
the near-wall Lorentz forces as described in Section 2.1.1 with VK given in
(25). In the last part of this Section we examine the reduction of radial
temperature gradients near the free boundary by setting Ag > 0 (see (22))
using crucible wall temperature control and Lorentz force control.

The spatial mesh contains 120 cells in vertical and 30 cells in radial direc-
tion, where we recall that symmetry is exploited.

3.1 Results for the uncontrolled case

First we examine the results for the uncontrolled forward problem with u,. = 0
and A. = 0. Figure 4 shows the shape of the free boundary, the temperature
u and the velocity v in the liquid phase at three different time instances.

10



The images (e.g. in Figure 4) show colored stripes. Every stripe and color
represents a temperature interval corresponding to the legend shown right.
The black line depicts the free boundary. The arrows are directed into the
direction of the flow and their length is proportional to the magnitude of the
velocity.
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Figure 4: The temperature u (colored stripes), the velocity (arrows) and the
free boundary (black line) for the uncontrolled problem for three different time
Instances.

3.2 Results with crucible wall temperature control

Fist we examine the control with the crucible wall temperature.

Figure 5 shows the shape of the free boundary, the temperature and the
velocity at two different time instances with and without control. (The plots
for t = 0 are omitted, since the temperature and the free boundary for the con-
trolled case and the uncontrolled case are equal.) Figure 6 (red line) presents
the evolution of the relative cost functional J*) /J(© (see (22)) where k is the
gradient iteration. As can be seen this functional is reduced very quickly, and
that the optimized evolution of the free boundary delivers a nearly flat graph
at all time instances.
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and with near-wall Lorentz force control. Both cases work but control with
crucible wall temperature performs clearly better.
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3.3 Results with near wall Lorentz force control

Now we investigate the control with near-wall Lorentz forces. The numerical
results are presented in the Figures 7 (temperature, velocity and free bound-
ary) and 6 (cost functional).

As can be seen, the control with Lorentz forces also works well. This is
in contrast to the control of solidification of aluminium for a problem of the
same size we considered in [3]. There it was not possible track the prescribed
flat free boundary. This phenomenon can be explained using Figure 9. The
area around the intersection of the free boundary with the crucible wall is the
coldest zone in the liquid phase. To achieve a flat free boundary the material
sitting in this zone has to be transported to the center (dashed arrow). To
achieve this the Lorentz forces should act in the direction sketched in Figure 9.
This mechanism is also visible in the numerical experiment shown in Figures 7
and 8, where the Lorentz forces and the velocity in liquid phases are depicted.

But the flow driven by that Lorentz forces (and also by the convection)
satisfies v = 0 at 0€); so that the cold material arrives at the center delayed,
i.e. the free boundary is ,,hanging back”.
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Figure 7: The temperature u (white and grey stripes), velocity (arrows) and
free boundary (black line) with and without control and at two time instances
for the problem with Lorentz force control.
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(If the Lorentz forces would act in the opposite direction as sketched in
Figure 9 the material would be heated up at the crucible wall and hot material
(instead of cold material) would flow to the center.)

The influence of this effect strongly depends on the crystallization speed.
If the free boundary moves slower, i.e. if a certain amount of melt takes
more time for crystallization, more cold material can be transported into the
center. Since the crystallization speed of the GaAs configuration is 144 times
lower than that for the aluminium configuration of equal size considered in
[3] (36005 instead of 255s) solidification control using Lorentz forces performs
much better for GaAs than for aluminium. But the effect described in Figure
9 still occurs, as can be seen in comparison of the cost functionals in Figure 6.

3.4 Reduction of the radial temperature gradient

In this section we demonstrate the reduction of the radial temperature gradient
by setting Mg = 2-10~7. With this choice

T
Js = %//(&«ulf od
0

G

(39)

is approximately twice large as the remaining part of J in (22).
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Figure 8: The velocity v and the Lorentz forces A (arrows) in the liquid phase.
At the free boundary the Lorentz forces generate a flow directed to the center.
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We examine the control using the crucible wall temperature. Except of Ag
the test configuration is equal to the case described in Section 3.2. (Since near
wall Lorentz force control delivers similar results, we only consider crucible
wall temperature control here.)

Figure 10 shows the results. It can be seen that the primary control goal
of tracking the prescribed flat free boundary is achieved still.

Figure 11 shows that the functional Js which expresses the radial tempera-
ture gradient at the free boundary in the liquid phase is reduced approximately
twice much as compared to the case with Ag = 0.

The green graph in Figure 11 for A\g = 0 also shows, that the radial tem-
perature gradient is mainly reduced by the primary control goal, namely the
tracking of a flat free boundary. (Due to the melting temperature condition
u = uys at the free boundary the radial temperature gradient is zero, if the
free boundary is flat.)

container wall

e

v coldest zone in the liquid phase

Figure 9: Influence of the flow. In order to achieve a flat free boundary, the
cold material must be transported to the center. This is achieved by applying
Lorentz forces as depicted. Compare also Figures 8 and 7.
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Figure 10: The temperature u (colored stripes), velocity (arrows) and free
boundary (black line) with and without control and at two time instances
for the problem with crucible wall temperature control and with additional
reduction of the radial temperature gradients.

Relative radial temperature gradient Js(k)/JS(O)

T T T T
With reduction of the radial temperature gradient
Without reduction of the radial temperature gradient

40

Figure 11: Iteration history of Jék) / Jéo) for each gradient iteration k. With
As = 2-1077 the radial temperature gradient is reduced approximately two

times stronger.
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Conclusion and prospect

We present a control algorithm for the solidification process within a VGF
(Vertical Gradient Freeze) configuration. The primary control goal consists in
tracking a prescribed evolution of the phase interface (free boundary). Ad-
ditionally we also consider reduction of the radial temperature gradients as
secondary control goal. As control actions we consider heating the crucible
wall and near wall Lorentz forces.

The physical model incorporates flow driven by convection and Lorentz
forces, heat conduction and transport, and the Stefan condition at the free
boundary.

To demonstrate the scope of our method we numerically examine a GaAs
melt. We show, that that both, tracking of the prescribed free boundary
and the reduction of the radial temperature gradients works very well using
crucible wall temperature control. In contrast to the aluminum test problem
considered in [3] the control of the free boundary using near wall Lorentz forces
also works well for the GaAs test problem considered here. This is due to the
significant lower crystallization speed of GaAs in comparison to aluminium.

Since in practice it is not possible to heat the crucible wall directly in a
next step also radiation needs to be considered. Furthermore we intend to
consider a different geometry of the crucible wall and different magnetic field
configurations for the generation of Lorentz forces. As starting point for our
future work we take the experimental configuration described in [6].
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