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1 Introduction

Differential-algebraic equations (DAEs) are composite systems of differential
equations and algebraic equations and often are viewed as differential equa-
tions on manifolds. In its most general form a DAE is an implicit ordinary
differential equation (ODE) of type

G(&(t),€ (1), u(t)) = 0. (1)

If the partial derivative G’g, happens to be non-singular, then (1) is just an
ODE in implicit form and the implicit function theorem allows to solve (1)
for £ in order to obtain an explicit ODE. The more interesting case occurs if
the partial derivative Gy, is singular. In this case (1) cannot be solved directly
for ¢’ and (1) includes differential equations and algebraic equations at the
same time. Theoretical properties and numerical methods for solving equa-
tions of such type are discussed intensively since the early 1970ies, see Brenan
et al. [2], Hairer and Wanner [15], and Kunkel and Mehrmann [20]. Although
DAESs seem to be very similar to ODEs they possess different solution proper-
ties, see Petzold [23]. Particularly, DAEs possess different stability properties
compared to ODEs and initial values have to be defined properly to guarantee
at least locally unique solutions. At present, (1) is too general and therefore
too challenging to being tackled theoretically or numerically. In this article we
restrict the discussion to semi-explicit DAEs of type

I
~

(x(t), y(1), u(t)), (2)

/()
0= g(x(t)), (3)

where the state ¢ in (1) is decomposed into components x and y. Herein,
x(-) is referred to as differential variable and y(-) is called algebraic variable.
Correspondingly, (2) is called differential equation and (3) algebraic equation.
The control variable u is an external input which allows to control the DAE
in an appropriate way.

The most important application that fits into (2)-(3) are mechanical multi-
body systems with Gear-Gupta-Leimkuhler stabilization, see [8]. The latter
have the following structure

o =v—g'(x) p,

v = M) (f(z,0,u) — ¢'(2) " A),
0= g(z),

0= g'(z)v.

Moreover, problems in process engineering, electrical engineering, and, as we
shall see later, discretized Navier-Stokes equations lead to DAEs of type (2)-
(3). Often, the control u has to be chosen such that a given performance index
is minimized subject to constraints. This leads to the following optimal control



problem subject to mixed control-state constraints (OCP):

Minimize/ fo(z(t),y(t),u(t))dt

(0
wrt.  x€ Whe([0,1],R™),y € L=([0,1],R™),u € L>=([0, 1], R™),
s.t. DAE (2) — (3),
¥(2(0), z(1)) = 0,
c(x(t),y(t),u(t)) <0 a.e. in [0, 1].

Without loss of generality the discussion is restricted to autonomous problems
on the fixed time interval [0, 1]. The functions fy : R™ x R™ x R™ — R,
f iR xR™ x R — R" g : R% — R", ¢ : R" x R" — R"™,
c: R™ x R™ x R"* — R"¢ are supposed to be at least twice continuously
differentiable w.r.t. to all arguments. As usual, the Banach space L*°([0, 1], R™)
consists of all measurable functions h : [0,1] — R™ with

|A]loo := ess sup||h(t) < oo,
0<t<1

where || - || denotes the Euclidian norm on R"™. For 1 < r < oo the Banach
spaces L"(]0,1],R™) consist of all measurable functions A : [0,1] — R™ with

7,

it = ([ 1t ||"“dt> <.

For 1 < r < oo the Banach spaces W17 ([0, 1], R™) consist of all absolutely
continuous functions h : [0,1] — R™ with

1All1.r := max{||All, [|A]]} < oo.

Most numerical approaches for OCP and more general DAE optimal con-
trol problems, respectively, are based on direct discretization in combination
with shooting techniques, compare Pantelides et al. [22], Gritsis et al. [14],
Schulz et al. [29], and Gerdts [11]. These methods proved their capability in
various practical applications. Nevertheless, the computational effort grows at
a nonlinear rate with the number of grid points used for discretization.

Alternative method try to satisfy first-order necessary optimality condi-
tions. Optimality conditions for OCP can be found in Gerdts [9]. Further
results for more general DAEs were derived by Roubicek and Valdsek [26] and
Backes [1]. However, the exploitation of the necessary conditions leads to a
nonlinear multi-point boundary value problem which has to be solved numer-
ically. Especially in the presence of control-state constraints this requires a
sufficiently good initial guess of the solution, the Lagrange multipliers and the
sequence of active and in-active constraints. For demanding problems obtain-
ing a good initial guess is crucial. Often, direct methods can be used to provide
an initial guess.

Our intention is to analyze the local and global convergence properties of
an alternative method — the semi-smooth Newton’s method. The method is



based on a reformulation of the necessary optimality conditions and it was
analyzed for optimal control problems subject to ODEs in Gerdts [13]. A brief
outline of the essential ideas of the algorithm is as follows. The reformulation
of the necessary conditions leads to the semi-smooth equation

F(z) =0, F:Z =Y,

where Z and Y are appropriate Banach spaces. Application of the global-
ized semi-smooth Newton’s method generates sequences {z*}, {d*} and {az}
related by the iteration

2P = 2k 4 agdb, k=0,1,2,....

Herein, the search direction d” is the solution of the linear operator equation
Vi(d¥) = —F(z¥) and the step length oy > 0 is determined by a line-search
procedure of Armijo’s type for a suitably defined merit function. The lin-
ear operator Vj is chosen from an appropriately defined generalized Jacobian
0. F ().

The semi-smooth Newton’s method was investigated in finite dimensions
amongst others by Qi [24] and Qi and Sun [25]. Extensions to infinite spaces
can be found in Kummer [18,19], Chen et al. [4], Ulbrich [30,31], and Gerdts
[13].

The paper is organized as follows. Section 2 introduces the semi-smooth
Newton’s method for OCP and establishes the locally superlinear convergence
using results in Gerdts [13]. In Section 3 details of the computation of the
search direction are shown. It turns out that the search direction solves a lin-
ear DAE boundary value problem. Sufficient conditions for the existence of the
Newton direction are provided. Section 4 discusses global convergence proper-
ties of the semi-smooth Newton’s method. Finally, numerical illustrations are
presented in Section 5.

2 Local Convergence of the Semi-Smooth Newton’s Method

The (augmented) Hamilton function H : R™* x R™ x R™» x R™* x R™v x R —
R is defined by

H(z,y,u, Af, Ag, ) 1=
fo(m,y,u) + Af f(z,y,u) + A go(@) f (2,5, u) + 1 c(z,y,u).

We summarize the minimum principle for OCP, cf. Gerdts [10,9]. Let (2., Y, u+)
be a (weak) local minimum of OCP and

(i) let @, fo, f, %, c be continuous w.r.t. all arguments and continuously differ-
entiable w.r.t. x, y, and u. Let g be twice continuously differentiable w.r.t.
all arguments.
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(ii) let the matrix M := g} - f; be non-singular a.e. in [0,1] and let M~ be
essentially bounded in [0, 1]. Furthermore, let

M =g, - (f; = fule,)e,)

be non-singular with essentially bounded inverse M ! a.e. in [0, 1]. Herein,
()t =cl (c&cﬁj)_l denotes the pseudo-inverse of ¢,,.
(iif) let
rank (¢, (24 (t), y«(t), ux(t))) = ne

hold a.e. in [0, 1], and let the Mangasarian-Fromowitz constraint qualifica-
tion hold, cf. Gerdts [9].

Then there exist multipliers ¢, € R, o, € R™ \s, € WH([0,1],R™=),
Ag.e € L®([0,1],R™), and n, € L=([0, 1], R") with

N

-~
N’ N e e e N N N

-

—
—

t

(@)

Hy (24 (8), g (£), 1 (£), Apn (£), Ag o (£), 1
P(24(0), z.(1))

Apa(0) + 05 (2(0), 24 (1)) "o + gp(2:(0)) T ¢
Ao (1) = 1y, (24(0), 24(1)

H (4 (8), 5 (1), s (8), Mg (8), Mg, (8), 1 (2)) T

Furthermore, the complementarity conditions hold a.e. in [0, 1]:
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me(t) 20, ez (t), 5 (), ue(t) <0, 0u(t) " e(@a (), yu (1), us(t)) = 0.
(12)
Unfortunately, these necessary conditions are not directly solvable for z, :=
(@s Yy Uy Af s Ag sy M, Coy 0) OWing to the complementarity conditions.
Therefore, the subsequent considerations aim at the reformulation of this set
of equalities and inequalities as an equivalent system of equations, which will
be solved by a generalized version of Newton’s method. Throughout the rest
of the paper for brevity we will use the notation f[t] for f(z(t),y(t),u(t)) and
likewise for other functions.
The convex and Lipschitz continuous Fischer-Burmeister function ¢ : R? —

R is defined by
o(a,b) :=+va?+b>—a—b, (13)

cf. Fischer [6]. The Fischer-Burmeister function has the nice property that
¢(a,b) = 0 holds if and only if a, b > 0 and ab = 0. Hence, the complementarity
conditions (12) are equivalent with the equality

@(_Ci(x*(t)a y*(t), u*(t))a ni,*(t)) =0, 1=1,...,n,



that has to hold almost everywhere in [0,1]. Rather than working with the
derivative of ¢, which does not exist at the origin, we will work with Clarke’s
generalized Jacobian of ¢:

a b )
Op(a,b) = Km R ‘1>}’1f (a,8) #(0,0),
{(s,7) | (s+1)*+(r+1)2 <1}, if (a,b) = (0,0).

Notice, that d¢(a,b) is a nonempty, convex and compact set. For 1 < r < oo
let the Banach spaces

Z, = Wtr(0,1],R™) x L"([0,1],R™) x L"([0, 1], R™)
x WHT([0,1],R™) x L"([0,1],R™) x L"([0, 1], R") x R™ x R™,
Yy, = L"([0,1],R™) x Wb ([0,1],R™) x L"([0,1],R™) x L"(]0, 1], R™)
x R™ x R™ x R"™ x L"([0, 1], R"),
Yo, = L"([0, 1], R"<)
be equipped with the maximum norm for product spaces and z. = (%, Y«, Usx,

Af s Agoss My G, 04 ). Then, the necessary conditions (4)-(12) are equivalent
with the nonlinear equation

F(z) = (FQ(z*)> =0, (14)

where Fy : Zoo — Y1, and F» : Zo — Ya, denote the smooth and the
nonsmooth part of F': Zo, — Y, :==Y;, x Yz, with 1 <r < oo, respectively:

O™
((0), 2( ! (15)

Fy(2)() == w(z(")), (16)

where w = (w1,...,wy, )" : R% x R™ x R™ x R x R™ x R™ x R™ x R™* —
R™ and

wi(Z, U, Uy Afy Agy 11, C, 7)) i= p(—ci(Z, G, 1), i), i=1,...,n. (17)

For technical reasons, which become apparent later, we consider F' as a map-
ping from Z, into Y,.. However, we note that

im(F) C Y CY, forevery 1 <r < ooc.



Notice, that the first component F; of F' in (15) as a mapping from Z., to
Y] o is continuously Fréchet-differentiable with

F{(2")(2) =
v’ — fox — foy — fou
g,
b+ HYw+ Hlyy+ Hlu+ H\ A+ Hl\ A+ HY
Hyo+ Hyyy+ Hyu+ Hjy Ap+ HJ Ao+ Hyn
b (0) + by, 2(1)

Ar(0) + (v, Tot gl TCR)L x(0) + (0, o)L a(1) + o To gl T ¢

A1) — (@, TaR) x(0) — (4, ToR)L a(1) — o, To

H’L/L/m'r + Hzl/,lyy + H;L/uu + H’l’l,’)\f )\f + H{:Ag )\9 + H;/nfr]

provided that the functions fy, f, g, c, ¥ are twice continuously differentiable

w.r.t. all arguments. All functions are evaluated at z* = (z*, y*, u*, )\’}, )\’;, nk,
¢k, ak) € Zx. The Fréchet differentiability from Z., to Y o implies that I}
is continuously Fréchet-differentiable as a mapping from Z., to Y; , for every
1 <r < oo, because

[1F1(z+h) — Fi(z) = F1(2)(h)ly,

lim
18]l zoo —0 17l zo
. C|Fi(z+h) — Fi(2) — F{(2)(h)]ly._
< lim =0,
18]l zoo —0 17|z

where C' > 0 is a constant.

The standard approach to solve (14) numerically would be to apply the
classical Newton’s method. Unfortunately, the derivative F”(z*) does not exist
since the component F5 is not differentiable. Motivated by Clarke’s generalized
Jacobian and the chain rule for non-smooth functions in finite dimensions, see
Clarke [5], we define the point to set mapping 0, F : Z = L(Z,,Y;) according
to

S =diag(s1,...,Sn.)s

R = diag(ri,...,7Tn,),
[]x + C;[]y + C{u, ]U) + RT] (8i7 Ti) S a@[] a.e.,
si(+), r:(-) measurable

and use this set as a generalized Jacobian. The same idea was introduced
earlier in Ulbrich [30], Def. 3.35, p. 47, and Gerdts [13].

It is straightforward to show that every V € 9,F(z*) defines a linear and
bounded operator from Z, into Y, for every 1 < r < oo.

Replacing the non-existing Jacobian F” in the classical Newton’s method
by the generalized Jacobian 0,F(z*) leads to the following algorithm. The
algorithm makes use of a smoothing operator Sy, : Z, — Z, see Ulbrich [30],
which maps z* + d* € Z, back to Z,.. However, we shall see later that the



smoothing step is not necessary in our setting as under suitable assumptions
Vk_1 maps Y onto Zo, and thus d* € Z holds whenever F(zk) € Y., which
in turn holds true whenever z* € 7.

Algorithm 1 (Local Semi-Smooth Newton’s Method)

(0) Choose 2°.

(1) If some stopping criterion is satisfied, stop.
(2) Choose an arbitrary Vi, € 0.F(z") and compute the search direction d*
from the linear equation

Vie(d¥) = —F(2").
(3) Set zFtl = Sy (2% 4+ d*), k = k + 1, and goto (1).

The assumptions needed to prove local convergence of the method are
similar to those in Qi [24], Qi and Sun [25], Jiang [17], and Ulbrich [30].
0, F () is called nonsingular if for every V € 0,F(z) the inverse operator V 1
exists and if it is linear and bounded, i.e. V=1 € L(Y,, Z,.).

Theorem 1 Let z, € Z, be a zero of F. Suppose that there exist constants
A>0,C >0, and 1 <r < oo such that for every ||z — zi||z.. < A the
generalized Jacobian 0.F(z) of the mapping F : Z, — Y, is nonsingular and
IV 2oy, z) < C for every V € 0,F (z). Moreover, let there exist a constant
Cs > 0 such that

1Se(2" +d°) — 2|z < Csll* +d* — 2z,

for all k.
Moreover, let F' be semi-smooth, compare Ulbrich [30], Def. 3.1, p. 34:

sup  [[F(2) = F(z:) = V(2 — z)|ly, = o(llz — 2llz.)  as |z — zi][z.. — 0.
VEd.F(z)

Then, for 29 sufficiently close to z, the semi-smooth Newton’s method con-
verges superlinearly to z..

Furthermore, if F(z¥) # 0 for all k and if there is a constant Cs with
1Sk (2% + d¥) — 2%||z. < Cs - ||d*||y, for every k, then the residual values
converge superlinearly:

L IEGRDI,

=0.
k—oo [|F(ZF)ly,

Proof Due to the first assumption, the algorithm is well-defined in some neigh-
borhood of z.. It holds

Vi(2% + d¥ — 2,) = Vi (2% — 2.) + Vid® = Vi (2F — 2,) — F(2%) + F(z.).



The first assertion follows from
1274 = 2l 70 = 19K (2" +d*) — 2| 2. (18)
< Cs-||2F +d¥ — 2z, (19)
= Cs- [V (Va(z* = 2) = F(z*) + F(2.)) | 2.
< Cs - Vi Moz - 1F(ZF) = F(z) = Vi(z* = 2y,
< Cs-C-||[F(z") = F(z) = Vi (2 = 2z)|ly,
o(||z" = 2lz..), in case (i),
- - (20)
O(||2" = z./|;"), in case (ii).
Let € > 0 be arbitrary. According to Equation (20) there exists § > 0 with

25— 2l S el — 2ullzn whenever |2 — 27, <6

Notice, that for any & > 0 there exists some ko(d) such that ||2¥ — z.||z. <6
for every k > ko(8) since z* converges to z,. By the local Lipschitz continuity
of F' we get

IFEE D)y, = [FEY) = Fz)lly, < LI = 2|z, < Lell2" = 2]z
locally around z, and the Newton iteration implies
1257 = 2Pz < Cs - IV ez - IRy, < Cs - C - [FEE) ]y, -
Thus,

127 = zull 7o < (|25 = 2F|| 2 4+ )12°T! = 24| 2o
< Cs-C-||[FEM)y, + |27 — 2| 2
< Cs-C-|F(")ly, + 2" = 2 2.

and

Cs-C
el LGOI

12° = 2l z.. <

Finally,

LeCsC
IEG Dy, < Lelleb = zllz < 52

Since F'(z*) # 0 and € may be arbitrarily small this shows the last assertion.

1F (M)l

Remark 1 In the above theorem it suffices if the assumptions are satisfied
for certain elements of 0, F provided that only these elements are used in the
algorithm. For the upcoming computations we used the element corresponding
to the choices

-1, if c;[t] = 0, n;(t) = 0,
si(t) = —clll 1, otherwise,

ci[t]?+ni(t)?

0, if Ci[t] = 0, 771(75) = 0,
Ci[t

n(t) — 1, otherwise.
12+m:(t)?
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For 1 < r < oo the operator F' turns out to be semi-smooth and we obtain
the following local convergence result:

Theorem 2 Let z, € Z, be a zero of F. Let 1 < r < co. Suppose that there
exist constants A > 0 and C > 0 such that for every ||z — z«||z.. < A the
generalized Jacobian 0.F(z) of the mapping F : Zo — Y, is nonsingular and
|V ey, 2y < C for every V € 0.F(z). Moreover, let there exist a constant
Cs > 0 such that

1S6(2* +d") = zillz.. < Cslle* +d* — 2]z,

for all k.

Then, the semismooth Newton method converges locally at a superlinear
rate, if fo, f, g, ¢, ¥ are twice continuously differentiable.

Furthermore, if F(2%) # 0 for all k and if there is a constant Cs with
1Sk (2P + d*) — 2¥||z. < Cs - ||d¥|ly. for every k, then the residual values
converge superlinearly:

F k+1
i UFC Dl
k—oo [[F(2%)]ly,

Proof We need to show that the operator F' : Z,, — Y, is semismooth for
every 1 < r < oo.

As Iy is continuously Fréchet-differentiable as a mapping from Z., to Y,
for every 1 < r < oo if fy, f, g, ¢, 9 are twice continuously differentiable, the
component Fj is semismooth.

The second component F5(z)(t) = w(z(t)) of F' is a superposition oper-
ator as in Ulbrich [30], Sec. 3.3, which maps L*> into L". It was shown in
Ulbrich [30], Theorems 3.44 and 3.48, that the superposition operator Fj is
semismooth as a mapping from Z,, to Y3 , for every 1 < r < oo, if the following
assumptions are satisfied:

— The operator G : Zoo — Y2, 1 <7 < 00, defined by

G(2)() = (e(z(),y(-),u(-)),n())

is continuously Fréchet differentiable.
— The mapping z € Zo — G(2) € Y2, is locally Lipschitz continuous.
— ¢ is Lipschitz continuous and semismooth.

=0.

Please note that r = oo is excluded.

The Fischer-Burmeister function ¢ : R? — R is Lipschitz continuous and
semismooth, see Fischer [7], Lemma 20. The mapping z € Zo, — G(2) € Y2
is continuously Fréchet differentiable (and thus locally Lipschitz continuous), if
c is continuously differentiable. This implies that the operator G as a mapping
from Z, to Y3, for every 1 < r < oo is continuously Fréchet differentiable.
Hence, the operator F5 is semismooth as an operator from Z,, to Ys, with
1 <r < oo. Theorem 1 completes the proof.

The crucial assumption in Theorem 2 is the non-singularity of 0. F'(z) and
the uniform boundedness of V~! for every V € 8,F(z). In the next section
sufficient conditions for these assumptions are presented.
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3 Computation of the Search Direction and Uniform
Non-Singularity

For brevity we neglect the arguments whenever possible. The linear operator
equation Vi (d¥) = —F(z%) in step (2) of Algorithm 1 reads as

a/ fa o 5 0 f, 0

N, —H, —H]\ —H}, —H/\, —H, —H, Axf
o | ¢4 o o o 0o o0 y
0 —Hy, —H,\, —Hy, —Hj\ —Hy, —Hy, | [ A
0 —H;, —HZ,\f —Hy, _H;/,\g —Hy, —H}, u
0 Sc! 0 Sc, 0 Sc,, —-R n
(*) -
.
(N5) + (Hy)
g
= 21
)|
(H;)'
w(z"())
and
R PAIS A AR B RS
X o X0 C
—(, o), 00—y .
Lo000y () b(a*(0). 2 (1))
| w, "o, 000 | | M == [ AR+ g, Tt 4 g T
—(h, o), 100 o N(1) =, T o
(22)

Herein, every function is evaluated at the current iterate z*. We analyze prop-
erties of this DAE. Equations (21) and (22) can be written as

x fa 0 fy 0 x

Y| | HE —H, —HE, —HY Af

0 g, 0 0 0 y

0 —Hy, —HY,, —Hy, —HY)\ ) \Ag
0 (x*) — f
H// Hﬁ/ﬂ/’? u _ ()‘I})/ + (H;:)T (23)
0 0 Ui g

—Hy, —Hy, (m,)"
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and
W, 00 0 ;(00)
PRSI FANTINN B KIS
T T
_( .’/L'l Gk)lalo 0 0 _¢;1 (0}
L 000 ig; Yt (0),2H(1)
+ @, o*),, 000 e Ni(0) + o, oF gl CF
—(l, ToF) 100 . Ne(1) — o, Tok
(24)
and
U H// H//)\ H// H//)\ ;f (H/ )T
uzx UNf uy UAg - _ U
A(n)+<—50; 0 S, 0 ) y (w(zk(-»)’ (25)
A9
where
" (C/)T
A= (_S"g, B ) (26)

Herein, every function is evaluated at the current iterate z*. If the inverse
operator A1 exists, equation (25) can be solved for u and 7 according to

T

uy _ 41 Hy, H{L/,\f qufy H’L/L,)\g Af (H{L)T

(77>_ A (—Sc; 0 =S¢, 0 Y + w(zk(+)) , (27)
Ag

which means v and 7 are so-called index-1 variables. The constants o and ¢
can be viewed as solutions of the differential equations ¢/ = 0 and (' = 0.
Introducing (27) into the differential-algebraic equation (23), augmenting this
system by ¢’ = 0 and ¢’ = 0, and taking into account the boundary conditions
(24), yields the linear DAE boundary value problem for the differential variable
£ = (z,M,0,¢ )T, the index-2 algebraic variable y and the index-1 algebraic
variable A,.

¢ = By + Bi Ay + Boy + b, (28)
0 =G4 +g, (29)
0= Fgé+ Fy )\ + By + (30)
q = Eo&(0) + E1&(1), (31)
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where
f;// 0// 00 f{l“ 0 " iz
By = _H;I:J: _H:ckf 00 _ _H:;:Iu _Halgln A—l Hux Hu)xf 00
0 0 00 0 0 —Sc¢.. 0 00)’
0 0 00 0 0
_I__?///\ _{_}:// —I(-)I“ 1 H")\
— T _ zu xn - u
By 0 9 0 0 A ( 0 9 ) s
0 0 0
f,!;// f{"// 0// "
— _sz _ _HIU _H:En —1 Huy
B2 = 0 0 0 A —Sel, )
0 0 0
(@) — f fu 0
po | B+ EDT | | HE —HY | e ()T
0 0 0 w(zF() )’
0 0 0

Ga=(9,000),
H// H// 00
_ g _gn —1 ux A
Fd_( Hy HyAfO())_(_Hg“_H{’/")A (—Sc’ %foo>’

x

_ H//
Fr = s, — (=t~ At (o),

_ H//
Ip = _H;Iy — (—Hy, —Hy, ) A ' (—éfé/;) ’

~ I\ T
F )T = (g g A (S,
Vho 00 0
Eo = ((%OTU’“ +aL TR, Tl Wl ) ,
—(W, ")y 00— T
P, 000
B = ( Wy o), 000) :
—(ly, To*), 100

P(aF(0), 2%(1))
g=— | Mi(0) +up, Tok 4 g, T ¢
Ak (1) =y, Tok

A sufficient condition for the existence of the inverse operator A~! was
established in Gerdts [13], Theorem 3.2.

Theorem 3 Let z = (x,y,u, A\f, \g,1,(,0) € Zss be given. Define the index
sets

L) :={iec{l,. .. n)|alt] =0, n) >0},
Jy(t) ={t €{1,...,nc} | la[t]] <mi(t), mi(t) =0}, v >0.

Let the following assumptions hold at z:
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(i) Let there exist constants C1,Cs, Cs such that a.e. in [0, 1] it holds
I [8] < Cr L[] < o, [l < Cs.
(i1) (Coercivity) Let there exist a constant o > 0 such that a.e. in [0,1] it holds
d"Hy,[t]d > alld||*  for all deR™ : ¢} ,[tld=0.

(i1i) (Linear independence) Let there exist constants v > 0 and 8 > 0 such that
a.e. in [0,1] it holds

Hcfjv(t)’u[t]TCH > GB||C||  for all ¢ of appropriate dimension.

Then, a.e. in [0,1] the inverse operator A=1(t) exists and it holds ||[A71(¢)]| <
C' for some constant C'.

We need an auxiliary result.

Lemma 1 Consider the linear BVP (28)-(31). )
_ Let there exist a constant C such that a.e. in [0,1] Fy(t) is nonsingular and
17 @) < C.
Then, a.e. in [0,1] it holds

N(t) = =B (1) (FaWg®) + Ba(ty(®) + (1))

and ) .
olleo < € (I1EallcolEll o0 + 1 Bollo o + 11 Floc

Moreover, the BVP (28)-(31) reduces to the linear BVP

¢ = By& + Boy + b, (32)
0= Gal+yg, (33)
q = Eo&(0) + E1£(1), (34)

where
Bd:Bd_Blpl_ley B2 :B2_Blﬁ1_1p2> B:b_Blpl_lf'

Proof. Solve (30) for A\, and introduce it into (28).

It remains to establish the non-singularity and the boundedness of the
inverse of the linear operator defining the BVP (32)-(34). This operator T :
Do — 21, 2y = WHT([0, 1], R2etnetny) 5 [7([0, 1], R™), 21 := L"([0, 1],
R2atnetny) 5 LT ([0,1], R ) x R2"=+"% is defined by

€'(t) — Ba(t)&(t) — Ba(t)y(t)
T, y)(t) = Ga(t)E(t)
Eo&(0) + E1£(1)

with [[(§,y)l[2, = max{[|€][1,r [[y]l-} and [[ (w1, w2, w3)|[ 2, = max{[|wi]:, [|w2

1,7 Hw3”}
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Theorem 4 Consider the operator equation T(&,y) = (w1, ws,ws) ' . Let the
following assumptions be satisfied:

(i) Let there exist a constant C such that a.e. in [0, 1] it holds

IBa(@)ll; 1 B2 (@)l | Ga)Il, IG5 g ()] < C.

(ii) Let there exist a constant Cy such that a.e. in [0,1] M := GqBy is nonsin-
gular and |M(t)~1|| < Cy.
(iii) Let there exist k > 0 such that for all p € R?"=T"¢ it holds

I (Eo®(0) + E1d(1)) I'pl| = &l ],

where @ is a fundamental solution with @' (t) = B(t)®(t), ®(0) =1 and I’
is defined in (a) below.

Define
B(t) := Ba(t) — Ba(t)M (1) Q(t),
w(t) == wi(t) - Bz(t)f\{(t)_lfJ(t),
Q(t) := Gy(t) + Ga(t)Ba(?),
q(t) = —wh(t) + Ga(t)w1(t)
Then:

(a) There exist consistent initial values £(0) = &y satisfying 0 = G4(0)&p—w2(0)
and every consistent &y possesses the representation

fo = HUJQ(O) —+ F,u,

where IT € REretnytn)xny sotisfies (I — Gy(0)I)wo(0) = 0 and the
columns of I' € REnatnutny)x@natnv) define an orthonormal basis of
ker(G4(0)), i.e. Gq(0)I" = 0. Vice versa, every such &y is consistent for
arbitrary p € R*etny,

(b) The initial value problem

¢'(t) = Ba(h)&(t) — Ba(t)y(t) = wi(t),
Ga(t)§(t) = wa(?),

together with the consistent initial value £(0) = & = Hw2(0) + 'y has a
unique solution £(-) € WLHT([0,1],R?"=Tetny) * for every p € R2netne
every wi(-) € L"([0,1], R?"=TeF ") and every weo(-) € WH([0, 1], R™).
The solution is given by

£(t) = (1) (Uwg(O) Ty /0 qs—l(T)w(T)dT) in [0,1], (35)
y(t) = =M ()~ (q(t) + Q)¢

where the fundamental system P(t
unique solution of

t)) a.e. in[0,1], (36)

€ RCnatny+ny)x(2natny+ny) s the

(
)

&'(t) = Bt)d(t),  &(0) = 1. (37)



16

(c) The boundary value problem T(£,y) = (w1,w2,ws) " has a solution for every

(w1,ws2,ws3) T and the inverse operator T~ exists and it holds |[T~!|| < K
for some constant K.

Proof.

Consider the equation 0 = Gg¢(0)& — w2 (0). Since M (0) = G4(0) - B5(0) is
supposed to be non-singular, G4(0) has full row rank. Hence, there exists
a QR decomposition

Ga(0)' =P (]g) . P=(II,T) € Rty tny)x@notnytny)

where R € R™*" is nonsingular, P is orthogonal, IT; € R(Z7+nu+ny)xny
is an orthonormal basis of im(Gq(0)T), I' € RZetnutny)x@natny) jg 5
orthonormal basis of im(G4(0)")+ = ker(G4(0)). Every & € R?=+ns+ny
can be expressed uniquely as & = I[1v + 'y with v € R™ and p €
R2m=+ns Introducing this expression into the algebraic equation yields

0=Gq(0)IT1v +Tp) —wr(0) =R"v—wy(0) = =R Twy(0).
Hence, the consistent values are characterized by
¢o=Huwy(0)+ T, I:=ILR .
We differentiate the algebraic equation 0 = G4(t)£(t) — w2 (t) and obtain
= Ga(1)&(t) + Ga(t)€'(t) — wi(?)

=( 1)+ Ga(®)Ba(t) ) £(1) + Ga(®) Ba (y(t) — wh(t) + Galyun (t)
QUE() + M(£)y(t) + q(t).

We exploit the non-singularity of M (t) = Gq(t)- By (t) in order to solve the
equation w.r.t. ¥y and obtain

y(t) = —M(t)~" (a(t) + Q)E®))

Introducing this expression into the differential equation for £ yields

£(t) = (Balt) = Bo(t)M (1)1 Q)) (1) + w1 (1) — Ba())M (1) (1)
= B(t)&(t) + w(t).
Considering the representation of consistent initial values &y in (a) we are

in the situation as in Hermes and Lasalle [16], p. 36, and the assertions
follow likewise.
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(c) Part (c) exploits the solution formulas in (a) and (b). Since

1

171 = ST TG =11

we must show that

1
||(w17w27w3)||91 > EH(&?J)HQO
for all (wy,we,ws3) € 21 and (£,y) € 2 solving the BVP

¢ (t) — Ba(t)&(t) — Ba(t)y(t) = wi(t),
Ga(t)E(t) = wa(t),
Eof(()) + Elg(l) = Ws3.

We note
1Qllse < 1Gilloe + [|Gallos || Ballos < C + C* =t ka1,
IBllso < | Balloo + 1 Balloo M~ so||Qlloc < C + CChiy = ka,
lgllr < [lwell1,r + [[Gallss lwr [l < max{1, C}|(w1, w2, w3)| 2
= K| (w1, wa, w3)|[ e ,
lwllr < Nlwillr + 11B2lloo M ool
< Jlwillr + CChllgllr < max{1, CCik3}||(w1, w2, w3)| 0,

= Kal| (w1, wa, w3)|| 2 -
The boundary condition is satisfied, if

w3 = Fpf(0) + E1£(1)

= Ey (Hw2(0) + I'p) + E1P(1) (ng(O) + p+ /0 45_1(T)w(7')d7>

= (Eo+ E19(1)) '+ (Eo + E19(1)) 11w (0)
+E1§P(1)/O & (1)w(r)dr.

Rearranging terms and exploiting #(0) = I yields
(Eo@(()) + Elé(l)) F,u = W3 — (EO —+ Elép(l)) HWQ(O)

_ Ba(1) /0 L (Pw(r)dr.  (38)

Consider the initial value problem

€'(t) = BERL) +w(t),  £0)=0.

The solution is given by
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Gronwall’s lemma yields
IED < llwllr exp([|Blloc) < llw]l1 exp(ra).
Holder’s inequality implies
IE@) < Cllwllr exp(rz) < Crgexp(ra)|l(wr, w2, ws)| 2,

for 1 < r < oo and some constant C'.
Similarly, we find

@)l < (1| ew2(0) + Tull + Cleo]r ) exp(z).

For the fundamental system @ we obtain

2@ <1+ ||B||c>o/0 [2(7)[|dT < exp(rz).

Using the solution formula for ¢ yields

£(t) = D(t) (ng(()) + T+ /0 (1) 1w(7)d7>
= D(t) (Hw2(0) + ') + (1)
Equation (38) reads as
(Eo®(0) 4+ E1 (1)) I'p = w3 — (Eo + E1P(1)) Hwa(0) — E1£(1).
Assumption (iii) and [|lw2(0)|| < 20 ||w||1,, yields
sllull < [ (Eo®(0) + E1@(1)) I'ul
< Jlwsll +2C (||Eo|| +C|| Bl eXp(%z))) 1| |
+C|| Br ||| exp(s2).

1,r

As the operators Fy, Fq and II are bounded, we find

1 - -
liall < < max{1,2C (| ol + C|1 By | exp(rz) ) 1]

C|| B ||ka exp(k2) | (w1, w2, w3)]| o,

= /15” (wla w2, w3) ||Ql
Moreover,

€@ < exp(r2) max{2C |||, || I'||rs, Cra} | (w1, wa, wa)l 2,

=: k| (w1, w2, w3)|[ 2, -

Minkowski’s inequality yields

1" = IBCEC) +wOlle < NIBOSO + @il < m2lléllr + llwllr
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and thus
1€ < (K4 + r2ke)|| (w1, w2, w3)]| o, -

With k7 := max{ke, k1 + kake} we obtain ||£]|1,, < k7||(w1, w2, ws)|| o, -

Using formula (36) for y it follows ||y||» < C1 (|lgll» + k1|€ll-) < ksl|(w1, w2, ws) |2,
and kg := C1 (k3 + K1Kg)-

Finally the assertion follows because of

1€ v)ll 20 < max{rr, ke }l|(wi, w2, ws)lle, = K||(w1,w2,ws)| o,

Hence, in each iteration of Algorithm 1 we have to solve the linear bound-
ary value problem given by the differential-algebraic equation (23) and the
boundary condition (24). The differential-algebraic equation (23) has algebraic
equations of index-1 and index-2.

Remark 2 Theorem 4 holds for every 1 < r < oco. In particular, this implies
that every element V € 0,F(z) maps a function in Y, to a function in Z,. In
particular, if F'(2*) € Yoo then d* = —V,7'F(2*) € Zw. F(2*) € Y holds,
if ¥ € Z... Hence, the smoothing operator Sy in step (3) of Algorithm 1 can
be chosen to be the identity if the initial 2° is chosen to be in Z.,. Then the
condition

1SK(2" +d¥) — 2|z < Csl|2F +d* — 2|2,

reduces to

1257 = 2|z < Cs)" = 22,

4 Globalization

One reason that makes the Fischer-Burmeister function appealing is the fact
that its square

d(a,b) := p(a,b)? = (\/ a?+b%—a— b>2

is continuously differentiable with ¢'(a,b) = 2¢p(a,b)v, where v € dp(a,b) is
arbitrary. Hence, the mappings

(jagaﬂ7ﬁ) € R" x R™ x R™ x R"* ¢(_Ci(i.7'g7 a)vﬁi)a 1= 17 R (7

are continuously differentiable by the chain rule. This allows to globalize the
local semi-smooth Newton’s method using the squared L?-norm of F as a
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merit function:

0) = g IFGIR,

-5 / (e (®) = £l y(e), u@®)* + lg(@®)]*) dt
1
%/ (158 + BT+ |[F e I + (B 1) at

%; /0 S(—ci(@(t), y(t), u(t)), m: (1)) dt

3 1a0), 2P + S INO) + 4, (2(0),2(1)) "o + g} (x(0) TP

+%||/\(1) — g, (2(0), 2(1)) "o

O is Fréchet-differentiable in Z if fy, f, g, c, 1 are twice continuously differ-
entiable. An analysis of the derivative of © reveals that for d* with V;,(d*) =
—F(z%) it holds

O'(2°)(d*) = —20(z") = —[|[F(z")3,. (39)
As a consequence, d* is a direction of descent of © at z* and the line-search

in the following global version of the semi-smooth Newton’s method is well-
defined unless z* is a zero of F.

Algorithm 2 (Global Semi-Smooth Newton’s Method)

(0) Choose 2°, 8 € (0,1), o € (0,1/2).
(1) If some stopping criterion is satisfied, stop.
(2) Chose an arbitrary Vi, € 9,F(2*) and compute the search direction d* from

Vie(d®) = —F(2).
(3) Find smallest i, € Ny with
O + Fd) < O(=F) + 756 (+*)(d")
and set ay, = (.
(4) Set 2*+1 = Sy (2% + apd®), k = k+ 1, and goto (1).

Remark 3 According to the Remark 2 the smoothing operator Sx can be omit-
ted.

The following global convergence result can be proven in the same way as
Theorem 4.2 in Gerdts [13].

Theorem 5 Let the inverse operators Vk_1 exist for all k and let C' > 0
be a constant such that |V ‘|| z(ve.zy < C holds for all k. Let z, be an
accumulation point of the sequence {z*} generated by the global semi-smooth
Newton’s method.

Then, z. is a zero of F'.
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Eventually the globalized semi-smooth Newton method accepts the step
size o, = 1 and turns into the local method.

Theorem 6 Let the assumptions of Theorems 1 and 5 be valid with r = 2.
Then, for sufficiently large k the step length oy = 1 is accepted and the
global method turns into the local one.

Proof The proof of the local convergence theorem 1 showed the superlinear
convergence of the values ||F(z")||y., i.e. for any & > 0 there exists § > 0 such
that for all ||z — z.||z. < it holds

lz+d—zdlz. <ellz—2llze,  [F(z+d)ly. <ellF(2)y,,

where d = —V~1F(z), V € 0,F(z). In particular, with z = 2* and d = d*
there exists § > 0 such that for all ||z¥ — .||z, < J it holds

1
125 +d* = 2illz. < Sl2" —2llze,  IFE"+d%)lly, < VI=20F M)y,

With r = 2 this implies

1 —
2

OH +d¥) = L F(* + )3, <~ IFEHR, = (- 20)0()
resp.
Ok + d*) < O(zF) — 200(2F) = (%) + 0O’ (2F)(d¥),

i.e. Armijo’s line-search accepts ay, = 1 and zFt! = 2* 4+ d*. Furthermore,
|28+ — 2| 7. < 4]]2% — 2.]|z.. < 0 and we are in the same situation as above
and the argument could be repeated.

More advanced globalization strategies for inexact Newton methods or
smoothing Newton methods can be found in a recent paper by Chen and
Gerdts [3].

5 Computational Issues and Numerical Results

We give numerical results where the linear DAE boundary value problem
(21)-(22) is solved using the symmetric collocation method of Kunkel and
Stover [21]. They use index reduction techniques in order to get a differentia-
tion index of 1 and separation of differential and algebraic equations. Instead
of numerical index reduction we will reduce the index likewise to the proof of
theorem 4 (b), by replacing the index-2 constraint

g, (2" (1) (t) = —g(a"(1))

by its time derivative

d
o (00w + ghd = —gh "
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resp.
d
(g5 000+ L2 ) o oty + il = oL

Consistency is preserved by adding the boundary condition

9,(2"(0))2(0) = —g(="(0)).

It is not unusual that the linear operator Vj is singular due to contradicting
or redundant boundary conditions and algebraic constraints. E.g. B in

(4,) G0) == (2) 0
— —

By, w(zk)

might not have full row rank n, + n, for some intermediate iterate zk . If this
happens we propose the following modifications. First we determine a maximal
index set I of linearly independent rows of By by QR-decomposition of B,;r.
Let

i* := arg max |w; (2")|

el

and let b; denote the I-th row of By. Let us assume for a moment that w;- (2*) #
0. Then we replace w by w where

w;(2), ifi eI\ {i*},
Y w 4 Zk . . -
W;(z) == wi(2) + > iere wij*(i(zk))wj(z), if i = 4%,

pi(2), ifiel°

and p(z) := (¢(0),c(0)) ". In globalized semi-smooth Newton’s method we now
calculate the search direction from

ffkak = —Fk (Zk)

where Vj, is some element of a*ﬁ’k(zk) and F, is F where the boundary con-
ditions w in (40) are replaced by w. This means that the new boundary con-
ditions read

biTo1 = —wi(zk), if 1 € I\{Z*}, (41)
. wi(z*) k w;(2*)? e
b+ To1 + Z mbjx01 = —w;- (2") — Z IUZ* ) if i =4*, (42)
Jjele Jjele
pi(z) = —pi(zF), if i € I¢, (43)

where o1 := (2(0),#(1))". We motivate these modifications by showing that
it still holds

o' (ZF)(d*) = —20(zF). (44)
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Since almost all components of V, and F' remain unchanged, (44) reduces to

&' (z")(d*) +20(z") = (Vid", F(z"))2 + (F("), F(2"))2
= (Biio1) | w(z*) + w(zF) Tw(z)
= wW;+ (zk)bi* ZTo1 + w;= (Zk)2

+ Z (wi(zk)bifm + wi(zk)z)
ieI\{i*}
+ ) (wi (2F)biEor + w;(24)?) .

jeIe

Introducing the expressions for b;Zp1 from (41) and b;«Zo; from (42) directly
yields @’ (2%)(d*) + 20(z*) = 0.

If wi«(2%) =0 or I =0 (e.g. Br, = 0) we set w;(2) := w;(2) and w;(z) =
pj(z) for i € I and j € I°. Then we get

0'(*)(d") = —20(=") + Y w;(z)*.

jele

Since 20(2%) = ||F(2%)||3, > w(z*) Tw(z*), the search direction d* is at least
a direction of descent.

Although the described modifications resolve a common situation in which
Vi is singular, it is not guaranteed that Vi is non-singular. In such a case one
could try to find an alternative relaxation strategy, switch to gradient methods
or restart with another initial guess. A globalization strategy which is able to

handle singular operators Vj by switching to gradient steps is discussed in
Chen and Gerdts [3].

The two following examples both have linearly dependent constraints (even
at local minimizers) and we observe at least numerically that the method works
well and we do not lose fast local convergence.

The following computations were performed on a shared memory 64-bit
multiple core computer with 8 dual-core CPUs at 2.8 GHz processing speed.
Symmetric collocation method yields a large and sparse linear system of equa-
tions which was solved in parallel using the software package PARDISO [27],
[28]. The collocation method proposed in [21] works with two different inter-
polation schemes, a Gaufl-scheme with ¢ knots for the differential parts and
a Lobatto-scheme with ¢ + 1 knots for the algebraic parts. For the following
computations we split the overall time interval [0, 1] in N; equal sized subin-
tervals.

Parameters in Armijo’s line search rule are 5 = 0.9 and ¢ = 0.1. We
observe that the number of iterations can be reduced significantly using a
non-monotone line search rule.
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5.1 2D-pendulum

The equations of motion in modeling of mechanical multi body systems are
given by

q(t) = v(t),
M(q(£))o(t) = F(q(t),v(t), u(t)) = G'(a(t)) "v(t),
= G(q(1)),

where ¢ are generalized coordinates of the bodies, M is the symmetric and
positive definite mass matrix, F' combines generalized forces and G = 0 defines
algebraic constraints. Multiplying the second equation with M~ leads to a
Hessenberg DAE which has differentiation index 3 if rank(G’) = n¢, see [12].
In this paper we discuss only index 2 DAEs. We reduce the index using the
Gear-Gupta-Leimkuhler technique, see [8]:

q(t) = v(t) = G'(a(t) " p(t),

M (q(t))o(t) = F(q(), v(t), u(t)) — G'(a(t)) " v(t),
Ong = G(a(t)),
Ong = G'(q(t))v(t).

With the notation from the previous sections we have z := (q,v) ",y := (v, )"
and

a v—G'(q)
Flog,u) = (M(Q)_l (F(g,v,u) — G/(Q)TV)) ’

)= (o)

The index is 2, since the matrix

o 0 ()G ()
100 = (_erganiny 160 @ i)

is non-singular if rank(G'(q)) = ng.

We discuss the optimal control of a two dimensional pendulum. Let the
pendulum be mounted in the origin, let q := (z1,22) " be the position of the
mass and v := (z3,24) " its velocity. Let M(q) := I5. The distance of the mass
from the origin should remain constant which yields the algebraic constraint
G(q) := 22 + 23 — 1 = 0. The pendulum can be controlled by the momentum

u. We minimize the costs
1 /7
- / u(t)?dt
2 Jo
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subject to the equations of motion
T\ _ (3 _ [ 27192
T T4 2xoy2 )’
' 2
3.73 — B qu . T1Y1 7 ag = 981%,
T4 g — U1 22991 s

0=a?+z3—1,

0= 21‘11’3 + 2$21’4,

and we want to move the pendulum from the starting position (1,0) and
velocity (0,0) to its equilibrium, e.g. the boundary conditions are given by

0 = ¢(x(0),(T)) = (21(0) — 1,25(0), x3(0), 24(0), 21 (T), w3(T)) "
Finally we restrict the control by box constraints
Umin S U S Umax-

The assumptions made for the local minimum principle in Section 2 are fulfilled
with exception of the rank-assumption on

Upin — W(t)
clx(t),y(t),u(t)) == .
(00, u(t) = (e~ 1)
However, it can be shown, using a minimum principle with set constraints
u(t) € U that the necessary conditions also hold for box constraints. The
operator

1 —11
.A = S1 T 0
—S9 0 T2

is non-singular for any (s1,71) € 9p(u*(t) — Umin, Nf), (52,72) € 0V(Umax —
u*(t),n5), due to Theorem 3. It holds H},, =0, H,, =0, H;! =0, Hy,, =0
for all z € Z and therefore

. 0 _4g? — 4a2
Fi=—g.f, GdBQZg;f;:( 23 — 4 )

—4m% — 43:% —4x113 — 4T074

9, f, is non-singular and its inverse is bounded if 2?2 + 22 is bounded away from
0. This is fulfilled around a local minimizer z., since z,1(t)? + 2. 2(t)? = 1
for all ¢ € [0,T], but it might be violated at some iterate 2* in a globalized
method. In such a case one could restart the algorithm with different initial
values or one could switch to gradient methods.

We give numerical results for parameters T := 3 and —umin := Umax = 2.7.
An initial guess was calculated by forward simulation of state and adjoint
equation letting z(to) := (1,0,0,0) T, As(to) := (0,0,0,0)" and u(t) = n1(t) =
n2(t) = 0. The numerical solution for N; = 1000 and ¢ = 3 is depicted in
Figure 1 and the progress of the algorithm is shown in Table 1.
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Position X, (t) Position xz(t)

Velocity x(t) Velocity x,(t)

Control u(t)

Multiplier n1(t) of u(t) > U Multiplier nz(t) of u(t) < Uoox

0.35F
035}
03t
03t
0.25¢ 0-25¢
02t 0.2f
015} 0.15F
ot i R TR EATETTRRPY EXT: (ITRTIRTTTEELETRRRPPPRY
0.05} 0.05F
O L L L L L J 0 L L L L L J
0 0.5 1 1.5 2 25 3 0 05 1 15 2 25 3

Fig. 1 Optimal control of the pendulum: converged solution (bold curves), initial guess
(solid curve) and intermediate iterates (dashed curves)
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Table 1 Optimal control of the pendulum: progress of semi-smooth Newton’s method

k Jo foltldt o1 (%)l

0 +0.000000000e+00 4.346837202e+00
1 +4.699355852e-02 0.05815 4.276531490e+00
2  +1.194251879e-01 0.03815  4.245650469e+00
3  +2.175784629e-01 0.03815 4.215799320e+00
4 +3.511018268e-01 0.04239 4.191093567e+00
5 +5.229507301e-01 0.04710 4.165010763e+00
6 +7.351681875e-01 0.05233 4.129532832e+00
7 +1.019076932e+00 0.06461 4.096028060e+00
8 +1.388198829e+00 0.07977 4.051127913e+00
9 +1.907341070e+00 0.10942 4.003788346e+00
10 +2.601024972e+00 0.15009 3.879776951e+00
11 +3.814497162e+00 0.28243 3.737060208e+00
12 +5.119627956e+00  0.43047 3.388155685e+00
13  +5.971125780e+00  0.59049  2.972992261e+00
14  +6.465774547e+00 1.00000 1.079417085e+00
15  +6.447073056e+00 1.00000 4.799579185e-02
16 +6.450874390e+00 1.00000 1.237672155e-02
17  +6.451931139e+00 1.00000 2.204752972e-03
18 +6.451987455e+00 1.00000 3.674825590e-04
19  +6.451989236e+00 1.00000 3.886533238e-05
20 +6.451989298e+00 1.00000 2.270141717e-06
21  +6.451989298e+00 1.00000 6.629377974e-08
22  +6.451989298e+00 1.00000 8.176486434e-11
23  +6.451989298e+00 1.00000 3.834227001e-14

5.2 2D-Navier-Stokes Problem

We illustrate the method on the distributed control of the two dimensional
instationary incompressible Navier-Stokes equations on @ := (0,7") x {2 with
2 = (0,1) x (0,1). Please note that we don’t claim that the presented dis-
cretization approach is the most efficient method for the Navier-Stokes equa-
tions. Our primary intention is to create a large-scale DAE optimal control
problem which allows to test the performance of the semi-smooth Newton
method.

The task is to minimize the distance to the desired velocity field

yd(t7 L1, .%’2) = (_q(t7 xl)q:/cg (t’ .1'2), q(tv xQ)q;gl (t7 xl))—rv
q(t,z) = (1 — 2)%(1 — cos(27zt))

within a given time 7" > 0.
Minimize

1 1)

5 Yyit,r1,22) — Yall, T1, T2 14T = u\t, r1, T2 14T

5 ) It 1,32) = walt, 21, 0) Pdordosdt + 5 | [t o1,22)]*dardaadt
(45)
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subject to
i =74y — (y- V)y— Vp+u,
0 = div(y),
y(0,21,22) =0, (x1,22) € 12,
y(t,z1,22) = 0, (t,z1,22) € (0,T) x 012,

and the control constraints
Umin S u S Umazx-

y = (v,w)" denotes the velocity vector and p the pressure. The instationary
incompressible Navier-Stokes equations can be viewed as a partial differential-
algebraic equation.

We discretize the problem in space on an equally spaced mesh with step-
length h = %, N € N, while the time stays continuous. This refers to the
method of lines. Let yz'j(t) = (Uij(t),wij(t))T ~ y(t,961,i,$2,j),pz’j(t) ~ p(t,
T1,4,%2,;) and u;;(t) ~ u(t,z1,4,22,;5), ,J = 0,..., N denote the approxima-
tions at the grid points. Using these definitions finite differences discretization
scheme reads

Ay

(o iswsg) % (Yir1,5 () +yim15(t) + yigra(t) +vij-1(t)
—4y; ;(1)),
a3 Wi 5 (1) — a5 (0)
+wij (t) (Yij+1(t) = yij-1(1)) ),

(pi1,5() = P (8)s pigar (8) = pig ()

(y-V)y

Vp

o
(tz1,i,22,5)

e

div(y)

(tarseas) ], (0, (t) = vi1,5(8) + wi (1) — wij-1(t)),

fori,7=1,..., N — 1. The undefined pressure components p; ; with ¢ = IV or
j = N are set to zero.

Introducing these approximations into the optimal control problem and
exploiting the boundary conditions y; o(t) = y; n(t) =0fori=1,...,N —1
and yo,;(t) = yn,j(t) =0 for j =1,...,N — 1 yields a DAE optimal control
problem with a differential-algebraic equation of index two:

Minimize

1 /7 ) s (T ,
5 1= v+ 5 [ s (47)

subject to the DAE

. yn(t) " Qn,1yn(t)

Re

0= B;L—yh(t)’

Y, (t) Apyn(t) — % — Brpn(t) + un(t), (

: 48)
Yn(t) T Qno(v—1)2yn(t)
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the initial values

and the control constraints

Umin S uh(t) § Umaz-

Herein,
Yn = (y1,1, ey YN—1,1,Y1,25- - - YN—=1,25 - - -y Y1, N—1, - - - ,yN—1,N—1)T,
Ph= D11y s DN-115D1.2, -+ s DN—125 -y PLN—15 -+ s PN—1.N—1) |
Up = (U171, . ,’LLN_171,U172, e ,UN_LQ, ey U17N_1, cee ,uN_LN_l)

The matrices Ay, € RZN-D*x2(N=1)% 314 B, € R2W=1’X(N=1 represent the

2 2
discretized Laplacian resp. the discretized gradient. Qy, ; € R2N—1"x2(N—1)
is the Hessian of the i-th component of the discretized convective term w.r.t.
Yh, €.8.

G (1) = (Y V)Yl (4,015 00.,) € R?,
Qn2(i+i(N-1))—-1 = Vi, @ij1(t), 4,j=1,...,N—1,
Qn2(itj(N-1)) = Vo, dij2(t), 4,j=1,...,N—1.

Note that @ ; does not depend on yp,(t), since the convective term is quadratic.

We give results for parameters T = 2, § = 5-107% Re = 1, —upmin =
Umazr = 200 and N = 36, N; = 60, ¢ = 2. Then the DAE optimal control
problem has n, = 2(N—1)? = 2450 differential variables, n,, = (N—1)? = 1225
algebraic variables and n, = 2450 controls. The linear system which has to be
solved in each iteration has 2649675 equations.

As initial guess we take the solution of the unconstrained Stokes problem
(eg. Re =1, Qni =0for i =1,...,ng, Unin = —00, Umqez = 00) and set
1n = 0. Solution of the unconstrained Stokes problem only needs one iteration,
since F' is linear.

The desired flow, controlled flow and the control are depicted in Figure 2.
An animation of the flow can be downloaded from the webpage of the first au-
thor (http://web.mat.bham.ac.uk/M.Gerdts/movies.htm). The regular struc-
ture of the control at ¢t = 1.3 and ¢ = 1.966 results from the constraints which

are active in the lower left quarter. The progress of the algorithm is shown in
Table 2.
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