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Abstract: We consider an elliptic optimal control problem with pointwise bounds on the gradient
of the state. To guarantee the required regularity of the state we include the L"-norm in our cost
functional with r > d, (d = 2,3). We investigate variational discretization of the control problem [6]
as well as piecewise constant approximations of the control. In both cases we use standard piecewise
linear and continuous finite elements for the discretization of the state. Pointwise bounds on the
gradient of the discrete gradient are enforced element-wise. Error bounds for control and state are
obtained in two and three space dimensions depending on the value of r .
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1 Introduction

Constraints on the gradient of the state play an important role in practical applications where
cooling of melts forms a critical process. In order to accelerate such production processes it
is highly desirable to speed up the cooling processes while avoiding damage of the products
caused by large material stresses. Cooling processes frequently are described by systems of
partial differential equations involving the temperature as a system variable, so that large
(Von Mises) stresses in the optimization process can be avoided by imposing pointwise bounds
on the gradient of the temperature. Pointwise bounds on the gradient in optimization in
general deliver adjoint variables admitting low regularity only. This fact then necessitates the
development of tailored discrete concepts which take into account the low regularity of adjoint
variables and multipliers involved in the optimality conditions of the underlying optimization
problem.

The present work complements the discrete approach to elliptic optimal control problems
with gradient constraints presented by the authors in [2]. There, variational discretization
of the controls is considered combined with the lowest order Raviart-Thomas finite element
approximations of a mixed formulation of the state equation. This in particular leads to piece-
wise constant approximations to the state and the adjoint state, respectively. However, many
existing finite element codes use finite elements based on conventional continuous piecewise
polynomial Ansatz spaces. This is our motivation to provide numerical analysis for ellip-
tic control problems with gradient constraints also for piecewise polynomial and continuous
state approximations. In the present work we besides variational discretization also consider
piecewise constant approximations of the controls. In both cases the state is discretized with
standard piecewise linear and continuous finite elements. Our main results are stated in The-
orems 2.5,2.7. It reads

||y N yh” < Ch%(l_%)v and Hu — uhHLT' < Ch%(l_%%



and is valid for variational discretization as well as for piecewise constant control approxi-
mations. Here, y, v and yp, up denote the unique solutions of the optimal control problems
(1.2) and (2.9), (2.23), respectively, and || - || throughout the paper denotes the L?-norm.

In the presence of gradient constraints variational discretization of the controls automatically
leads to globally continuous approximations of the controls, if globally continuous Ansatz
functions for the state are used, see relation (2.14). This is certainly a drawback of the
approach, since the optimal control and the associated adjoint state may have jumps, see
the numerical example in Section 3. Piecewise constant control approximations here seem to
be the better choice. However, the approximation order in both cases is the same, and also
the errors in the numerical experiments for both approaches are of similar size, see Tables 1,2.

The problem formulation already is presented in [2]. For the convenience of the reader it is
recalled in the following. To begin with let Q C R? (d = 2,3) be a bounded domain with a
smooth boundary 9€2. We consider the differential operator

d
Ay = — Z s, (aijy:ci) + aoy,

ij=1

where for simplicity the coefficients a;; and ay are assumed to be smooth functions on Q. We
associate with A the bilinear form

d

aly,z) = /Q(Z Wi (T)Ya; 22, + ao(z)yz)dz, y,z € HY(Q)

ij=1
and subsequently assume that a;; = aj;, ap > 0 in € and that there exists ¢y > 0 such that

d
Z aij()&E; > col€)?  for all € € R? and all = € Q.
ij=1

From the above assumptions it follows that for a given f € L"(2) (1 < r < 00) the elliptic

boundary value problem
Ay = in Q
y = f i (1.1)
y = 0 on 9N

has a unique solution y € W?2"(Q) N WOI’T(Q) which we denote by y = G(f). Furthermore,

[yllw2r < Cllfllzr,

where || - ||zr and || - ||y#r denote the usual Lebesgue and Sobolev norms. Moreover, for
f e W=LT(Q) we have G(f) € WL (Q) (see [5] for d = 2, and [8] for d = 3) with

[yllwrr < Cllfllw—1r,

where the positive constant is independent of f.
Let r > d, a > 0 and yo € L%*(Q) be given. We now consider the control problem

min J(u /y yol? + /ur.
ue L™ () | "+ o (1.2)

subject to y = G(u) and Vy € K.

Here,
K= {ZGCO( ) ||2(z)] < 6,2 € Q}. (1.3)



Since r > d we have y € W27(Q) and hence Vy € C°(Q)? by a well-known embedding result.
We impose the following Slater condition:

Ja e L"(Q) |Vi(x)| <, z € Q, where § solves (1.1) with u = 4. (1.4)

Since J is uniformly convex and the set of admissible controls and states forms a closed and
convex set problem (1.2) admits a unique solution u with associated state G(u).
The KKT system of problem (1.2) is obtained with the help of [1, Corollary 1]. There holds

Theorem 1.1. An element uw € L"(2) is a solution of (1.2) if and only if there exist ji €
M) and p € LHQ) (t < ;%) such that
/pA%i/@—ydﬂi/Vzdﬁ::O vz e W2(Q) n Wl (Q) (1.5)
Q Q Q
paluu = 0 in Q (1.6)

[a=vv)-di

Q

IN

0 Vz € K. (1.7)

Here, y is the solution of (1.1) and ++ % = 1. Further we recall that M(SY) denotes the space
of reqular Borel measures.

Remark 1.2. Lemma 1 in the paper [1] of Casas and Fernandéz shows that the vector valued
measure [ appearing in Theorem 1.1 can be written in the form

1
i==V
K 5 Y u,

where 1 € M(£2) is a nonnegative measure that is concentrated in the set {z € Q| |Vy(x)| =
d}. For an example we refer to [2].

2 Finite element discretization

We sketch an approach from [7, Section 3.3.2] which uses classical piecewise linear, continuous
approximations of the states. In [2] Deckelnick, Giinther and Hinze present a finite element
approximation to problem (1.2) which uses mixed finite element approximations for the states.
Let us recall the definition of the space of linear finite elements,

Xy = {vp € C%(Q) | vy, is a linear polynomial on each T € 7j,}

with the appropriate modification for boundary elements and let X9 = X, N HE(Q).
Here 7}, again denotes a quasi-uniform triangulation of  with maximum mesh size h :=
maxrer, diam(7T'). We suppose that € is the union of the elements of 7, so that element edges
lying on the boundary are curved. Furthermore let us recall the definition of the discrete ap-
proximation of the operator G. For a given function v € L?(Q) we denote by z; = G, (v) € Xpo
the solution of

a(zp,vp) = /vvh for all v, € Xpp.
Q
It is well-known that for all v € L"(Q2)

1G(0) = Gr(v) |wiee < C inf [|G(v) = zpllwree < CAIF|G()|lwar < CHYF [[0]|r. (2.8)

zZR€Xho
For each T € Ty, let zp € R? denote constant vectors. We define

Kp={z:Q— R zpr = zr on T and |z 7| < 60, T € Tp}.
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Let us first consider variational discretization of problem (1.2) which reads:

1 a
in_ Jy(u) = = — yo? —/ ’
uenLly(lQ) n(u) 2/9\% Yol +T Q\U’ (2.9)

subject to yp, = Gp(u) and Vyy € Ky,.
We first note that gy, := G, (0) satisfies a Slater condition similar to (1.4), since for x € T €
T, by (2.8)
Vin(@r)| < [V(n(er) = §lzn))[ + [Vi(ar)l < [V (Gn = 9z~ + max|Vi(z)] <
<SCORF 4+ (125 < (1—e)d forall T € Ty,

for some € > 0 and 0 < h < hyg, so that (V@MT>T € Ky, satisfies the Slater condition

€7y,

|Vin(z)| < 6 for all z € Q. (2.10)
This delivers

Lemma 2.1. Problem (2.9) has a unique solution uj, € L"(Q2). There exist jir € R* T € Ty,
and pp, € Xpo such that with yp, = Gp(uyp) we have

a(vn, pp) = /(yh —yo)vn+ Y |T|Vopr - fir  Yon € X, (2.11)
Q TeT,
ph + alup " 2up =0 in Q, (2.12)
> IT\(2r = Vywr) - fir 0 ¥z, € K. (2.13)
TET,

In problem (2.9) we apply variational discretization of [6]. From (2.12) we infer for the discrete
optimal control

__1 2—r
up = —a 1 |pp|TTpp. (2.14)

Further, according to Remark 1.2 we have the following representation of the discrete multi-
pliers.

Lemma 2.2. Let uy, denote the unique solution of (2.9) with corresponding state yn, = Gp(up,)
and multiplier (fit)reT, . Then there holds

. o1
fir = |,uT|gVyh|T for all T € Tp,. (2.15)

Proof. Fix T' € T;. The assertion is clear if fir = 0. Suppose that jir # 0 and define
2, 0 — R% by

o Vyh|T7 T 7é Ta
RIT S =T
[T

Clearly, z;, € K}, so that (2.13) implies

—

Ar - (5|Z—§| — Vynr) <0,

and therefore, since (Vyh‘T) € Kh,
TeET,
S|fr| < fir - Vypr < dlfir).
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[i 1
Hence we obtain ’L_{—T ==
A 6 . . .
As a consequence of Lemma 2.2 we immediately infer that

Vypr and the lemma is proved. |

N L1
lir| = fr - SVyMT for all T' € 7. (2.16)

We now use (2.16) in order to derive an important a priori estimate.

Lemma 2.3. Let uj, € L"(2) be the optimal solution of (2.9) with corresponding state yp €
Xno and adjoint variables pp, € Xpo, fir, T € Tn,. Then there exists hg > 0 such that

lyalls lunllrs llpnll = D Tl Er] <C - for all0 < h < ho.
TeT,

Proof. Combining (2.16) with (2.10) we deduce
fir - (Vynjr — Vi) 2 0liir| — (1 =€) |fir| = ed|fir|.

Choosing wy, = yp — §p in (2.11) and using the definition of G together with (2.12) we hence
obtain

€0 Z IT||fr] < Z \T\iir - (Vynr — Vinr)
TeTy, TeT,

= a(yn — Un,pn) — /Q(yh —90)(Yn — Un)
= /(uh — u)pp — /(yh —%0)(Yn — Un)
Q Q

1 N
=5 [l €O+ ol + i),

IN

|
| Q
S
=
>

-

This implies the bounds on yj, up, and jip. The bound on pj, follows from (2.12). |
Remark 2.4. For the measure jij, € M(Q)? defined by
/ [ diy, = Z / fdx - iy for all f e C(Q)4,
Q TeT, T

it follows immediately that
ARl pmye < C

Now we are in the position to prove the following error estimates.

Theorem 2.5. Let u and uy, be the solutions of (1.2) and (2.9) respectively. Then there exists
h1 < hgy such that

ly — yull < Ch20=9), and |ju — up|pr < Chr1=%)
for all 0 < h < hy.

Proof. Let us introduce y" := G(uy,) € WQ’T(Q)HWOLT(Q), and gy, := Gp(u). In view of Lemma
2.3 and (2.8) we have

d d
Hyh — Yplliee < Chl_FHuhHLr < Oh'=. (2.17)



Let us now turn to the actual error estimate. To begin, we recall that for » > 2 there exists
0, > 0 such that

(la]""2a — [b]""2b)(a — b) > O.la —b"  Va,b€R.
Hence, using (1.6) and (2.12),

a@r/Q lu —up|" < a/g(\u]“2u — \uh\r_zuh) (u—up) = /Q(—p—i-ph)(u —up) =: (1) + (2).

Recalling (1.5) we have
1 = /Qp(Ayh—Ay)
= /(y—yo)(yh -9 +/(Vyh —Vy) - dii
Q

Q

= /(y—yo)(yh—y)Jr/_(Pa(Vyh) —Vy) - dﬁ+/_(Vyh—P5(Vyh)) - dji
Q Q Q

<0
where P; denotes the orthogonal projection onto Bs(0) = {x € R?||z| < 6}. Note that
|Ps(z) — P5(2)| < |& —&|  Vz,i e R (2.18)
Since z — P5(Vy"(x)) € K we infer from (1.7)

W)= [ =w" =) +max V5 @)~ POy @y (219

Let 2 € Q,say x € T for some T' € Tj,. Since uy, is feasible for (2.9) we have that V7 € B;(0)
so that (2.18) together with (2.17) implies

)
VY (z) = P5(Vy" ()| < |Vy"(2) = Ve + | P5(Vy" () — Ps(Vunr) |
< 2|V (@) — V| < CR 7 |lunl o (2.20)
Thus
1)< [ ="~ )+ Crt. (2.21)
Q

Similarly,

(2) = a(Gn — Yn,pn) = /Q(yh —40)(@h —yn) + Y |TI(Vinr — Vywr) - fir =
TeT,

= /Q(yh—yo)(ﬂh—yh)Jr S TNV inr—Ps(Viwr)) i+ Y T Ps(Vinr — Vynr) - fir <

TeT), TeT,
<0
< /Q(yh—yo)@h—yh)JrZ !T\(Vﬂh\T—Vy(xT))’ﬁTJrZ T (Ps(Vy(xr)—Ps(Vinr))-Ar,
TeTy, TeT,

where z7 € T, so that (Vy(2r))req, € Ky We infer from Lemma 2.3 and (2.8)

2) = [ (= 90)(in =)+ 2 Viigr = V(e 3 Tlir| <
TeET,

d
T

< / (v — 90)Gn — u) + ChV % ull . (2.22)
Q



Combining (1) and (2) we finally obtain

a@r/ lu — up|”
Q

IA

/(y —y0)(y" —y) + / (yn — o) (G — yn) + Ch'—*
Q Q

= —/ |y—yh|2+/((yo—yh)(y—z?h)+(y—yo)(yh—yh)) +ChF
Q Q

IN

_ _d
= [ =+ =l + 1 = ) + 0
d
< —/Q ly = ynl® + Ch(|jul| + |lunll) + Ch'~F
and the result follows. |

Piecewise constant controls. Let us now consider the following optimal control problem
with piecewise constant controls as discretization of problem (1.2);

min Jy(u —yol* + / up|”
e h h) / \yh yo! ! h\ (2'23)
subject to yn, = Gp(up) and Vyp, € Ky,

where Uy, = {vy, € L"(Q)[vyr € Rforall T € 7;}. It is not difficult to prove that this
problem admits a unique solution uy € Uj. Our finite element error analysis for this problem
is based on approximation properties of the orthogonal L?-projection Qj : L?(Q) — Uy,
defined by

1
(Qnv)(z) ::]Z V== / v for all v € L*(Q),z € T.
r (Tl Jr
For v € L™ and ¢ € W we have the stability estimate
1QnvllLr < cllv]|Lr (2.24)
as well as the approximation property

|¢ — Qnéllr < Chl|@|[w.r, (2.25)

see [3, Prop. 1.135].

Let v := %u + %ﬂ Then it is not difficult to show that for A > 0 small enough the function
Un = Gn(Qpv) satisfies the Slater condition (2.10). For the optimal control problem (2.23)
the result of Lemma 2.1 is valid if we replace (2.12) by

/Q(ph + oz|uh|r_2uh)(vh —up) =0 Yoy € Up. (2.26)

Furthermore Lemma 2.2 holds accordingly and the analogon to Lemma 2.3 reads

Lemma 2.6. Let uy, € Uy, be the optimal solution of (2.23) with corresponding state yn, € Xpo
and adjoint variables py, € Xpo, ir, T € T. Then there exists hg > 0 such that

lynll, llunllLr Z T'||fir| < C for all 0 < h < hg
TeT,

holds. Its proof is along the lines of the proof of Lemma 2.3 where one uses the properties of
the projection Q.



Theorem 2.7. Let u and uy be the solutions of (1.2) and (2.23) respectively. Then there
exists h1 < hg such that

ly — yull < Ch2=9), and |ju — up|pr < Chr0=%)
for all0 < h < hy.

Proof. Let us introduce y" := G(uy) € W"(Q) N Wy (Q), and §5, := Gr(Qpu). In view (2.8)
we have d d
19" = wnllwre < CR=Fjup e < CHIF,

Let us now turn to the actual error estimate. Using (1.6) and (2.26) we have
by [l < a [ (a2 o) (0 ) =
Q Q
/ p(up — u) +/ pr(Qru — up) —04/ lun|"up, (u — Qnu)
Q Q Q

el euit

=:(1) =:(2)

=0

To estimate the terms (1) and (2) we follow the lines of the proof of Theorem 2.5 and obtain

(1) < /Q (v — w0)(y" —y) + OW'%, (2.27)

as well as

(2) < /Q(yh —%0)(Jn — yn) +2 max Vi — Vy(er)| > |T|fir| <
TET,

< [ = 900~ ) + UV G~ )l (228)
Abbreviating v := Qpu — u we estimate the last term by
V(@ = )l < IVG@)|[ze 4 [|Gr(Qnu) — G(Qnu)[[wree <
< VG0l + CHF|Quullor. (2.29)
Furthermore
IVG(@) ||z < CIVGW)I[7- VG (@) < Cllvllgy - 0l 7,

where we have used the Lyapunov inequality ([4, Thm. 10.1]) with 0 < 8 :=1 — g <1 Itis
easy to prove
[ollw-1r = llu = Qnullw-1- < chljul| -,

so that we obtain .
IVG(0)|| L~ < Ch'~7,

and thus
d
(2) < /Q(yh —40)(Gn — yn) + CR' 7.

Combining (1) and (2) we finally obtain as in the proof of Theorem 2.5
d
a@,/g lu —up|" + /Q ly — ynl®> < Ch(|[ul| + ||us]) + CR} =7

and the result follows. |



3 A numerical experiment with pointwise constraints on the gradient

We now consider the finite element approximation of problem (1.2) with the following data.
We consider (1.2) with the choices Q = By(0) C R? o =1,

K = {z.€ CO)? | |a(z)] < %az cq)

as well as

yo(x) == Tt slog2— gz, 0<|a <1,
%logQ—%logm, 1<zl <2

In the state equation we allow an additional right hand side f, i.e. we consider the problem

Ay = f+u inQ
y = 0 on 0f),

where
2, 0< |z <1,

0, 1<z| <2

fx) =
The optimization problem then has the unique solution

u(z) =
0, 1<|z|<2
with corresponding state y = yo. We note that we obtain equality in (1.6), i.e. p = —u.
Furthermore, the action of the measure ji applied to a vectorfield ¢ € C°(Q)? is given by

/gb-dﬁ:— / z- ¢ds.
Q

9B1(0)

Variational discretization. We solve problem (2.9), where we essentially make use of the
structure of up in terms of equation (2.14). Figs. 1 illustrates the optimal solution wy; and
corresponding adjoint state pp on a mesh consisting of nt = 512 triangles. We note that due
to relation (2.14) the variational control has to be a continuous function. The exact control
however has a jump. We conclude that variational discretization combined with piecewise
linear and continuous finite elements for the state approximation is not ideally suited to
approximate control problems with gradient constraints. Here, the lowest order Raviart-
Thomas finite element combined with a mixed formulation of the state equation seems to be
a more appropriate choice, see [2]. However, many existing finite element codes use standard
finite elements, and there exists a demand in these classical approximation approaches also
in state constrained optimization of elliptic optimal control problems.

In Table 1 we investigate the experimental order of convergence for the error functionals

Ey(h) := |lu —upllps), s € {2,4}, and Ey(h) = |ly — ynllr2(0)-
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Figure 1: Control (left), and adjoint state (right) (variational discretization)

nt lu—wunllpi) v —unllz2@) v —ynll2@)

32 8.34633-107' 1.36003 2.20346 - 10~
128 5.88566 - 101 9.04770 - 101 7.97200 - 102
512 4.84191-107' 5.82014-10~! 3.52102-1072

0.54884 0.64041 1.59745
0.29263 0.66136 1.22499

Table 1: Errors (top) and EOCs for the numerical example (variational discretization)

Piecewise constant controls. We use piecewise constant, discontinuous Ansatz functions
for the control u;. For the numerical solution we use the routine fmincon contained in the
MATLAB Optimization Toolbox. The state equation is approximated with piecewise lin-
ear, continuous finite elements on quasi-uniform triangulations 7; of B3(0). The gradient
constraints are required element-wise. The resulting discretized optimization problem then
reads

- 1 9
melthh(uh,yh) = 3llvn — ol 720y + Fllunllyrq)

Uh

—~
g
>
~—

yn = Gn

subject to
Vyrl < 0=14 VT eT,
In Figs. 2, 3 we present the numerical approximations up,yp, and pp on a grid containing
nt = 8192 triangles, where puy, is obtained by /i according to relation (2.16). Fig. 3 clearly
shows that the support of uy, is concentrated around |z| = 1.
In Table 2 again we document the experimental order of convergence. The controls show
an approximation behaviour which is slightly better than that predicted by Theorem 2.7.
However, in this example we have ||u||fs, ||up|re < C uniformly in h so that we could
expect the convergence order .25 for the L*-norm of the controls. The L?-norm of the state
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Figure 3: Discrete multiplier (piecewise constant controls)

seems to converge at least with linear order. This can be explained by the high regularity of

the exact solution.
In the last column we display the values of 3 ;.7 [T']|fir|. These values are expected to

converge to 2m as h — 0, since this gives the value of u applied to the function which is

identically equal to 1 on €.
In order to explain the convergence behaviour of |[u — uy||z2 we briefly consider
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nt lu—unllpr) llw—unllez) v —ynllzi Xrer, ITIAT]

32 8.34550 - 107! 1.37619 2.30207 - 107! 0
128  5.41825-107' 8.45567 -1071 8.11347-1072  2.497502
512 4.57207-107! 6.03292 -10~! 3.26818-1072  4.216741
2048  3.63216 - 107! 4.11190-107' 1.33259-1072  5.213440
8192 2.95328-10~% 2.74811-10"! 5.27703-10"3  5.739806

0.67870 0.76530 1.63860
0.25455 0.50609 1.36307
0.33810 0.56318 1.31796
0.30116 0.58653 1.34830

Table 2: Errors (top), EOCs and multiplier approximation for the numerical example (piece-
wise constant controls)

Tychonov regularization. Since u € L"(Q2) with » > d > 2 we may also penalize with
the L?-norm of the control. The corresponding optimal control problem reads

- 1 9 9
u{flelthh(uh,yh) = 5llun = voll72 () + Sllunllzz ) + Flualll g

—~
<

>

~—

yn = Gn

subject to .
Vyprl < 0=3 VT €T

An analytic solution can be obtained by adapting the constants in our example. Since the
variational equality now reads

/(ph + aup + |up|""2up))vp, = 0 for all vy, € Uy,
Q

we have a solution for the same data as before except for &« = 0.5. An analysis along the lines
of Theorems 2.5,2.7 now shows that we also get

u — up g2 < h20=4m),

so that in the case of r = oo the convergence of the L?-norm of the control error behaves as
expected. In Fig. 4 we present the numerical approximations uy and pp on a grid containing
nt = 8192 triangles. In Table 3 again we investigate the experimental order of convergence
for different error functionals. Compared to the previous L"-regularization all orders of con-
vergence are slighly worse. The control does not oscillate that much along 9B (0).
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Figure 4: Control (left), and multiplier (right) (Tychonov regularization)

-2 -2

-2 -2

nt lu—unllpa) llvw—unllp2) v —ynllz) Drer, ITIliT]
32 8.63533 - 107" 1.22454 3.83556 - 1071 0.923216
128 530078 - 107! 7.72724 - 107! 1.14305- 10!  3.656823
512 4.25213-10~! 5.03372 - 10! 4.94054 - 1072  4.957956
2048  3.52524 - 107! 3.48416 -10~! 2.13540-102  5.602883
8192  2.89696 - 107! 2.41345-10~! 9.58600 - 1073  5.940486
0.76678 0.72339 1.90217
0.33044 0.64248 1.25741
0.27542 0.54054 1.23233
0.28570 0.53442 1.16576

Table 3: Errors (top), EOCs and multiplier approximation for the numerical example (Ty-

chonov regularization)
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