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Abstract: We consider a semilinear elliptic optimal control problem with pointwise control and state
constraints. The problem is reformulated by means of WP (Q) instead of C(Q2), and a discretization of
the state equation yields a sequence of optimal control problems. While the controls are not discretized,
solutions of the first order necessary conditions for these problems can be computed. A linearized Slater
condition, strict complementarity and a second order sufficient condition are assumed. Applying an
Implicit Multifunction Theorem to the first order necessary conditions, we proof O(h) convergence for
a model problem in two space dimensions.

1 Introduction

We are interested in the numerical treatment of the following optimal control problem on a
sufficiently smooth domain Q@ C R", n = 2,3

1 !
min J(u,y) = = - TR
wer i o T y) = 5lly = e + G el .
subject to (1.1)

y=5Su), a<u<b, y>0,

with a desired state z € L%(Q), a control u € L?*(Q), the state y € C(f2), a control-to-
state operator S € C?(L?(2),C(Q)), and the Tikhonov parameter o > 0. We further as-
sume a,b € L®(Q), a < b ae., and by Uyg = {u € L*(Q) [a <u<b, ae.} and YV,q =
{yeC(Q) |y >0} we denote the admissible sets for v and y. We further refer to A% =
{z € Q| u(z) =a} as the active set of u with respect to a, and analogously introduce A%
and A,.

A lot of results are available for problem (1.1) in the situation of S being the solution op-
erator of a linear or semilinear elliptic state equation. Second order sufficient conditions for
the semilinear case were given in [CDLRTO08]. The variational discretization considered in
the present paper has first been proposed in [Hin05] for linear-quadratic control constrained
problems. This approach has also been investigated in [DH07] including state and control
constraints for the special case of a linear operator S. Error estimates for fully discretized
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linear-quadratic problems can be found in [Mey08]. Both [DH07] and [Mey08] proved conver-
gence of order h!=¢, e > 0 in two dimensions. Both results were improved in [HPUU09], where
O(h|log h|) convergence was shown. Semilinear equations with finite dimensional control, and
state constraints at a finite number of points were analyzed in [MTVO08] using Robinson’s Im-
plicit Multifunction Theorem from [Rob80] in finite dimensions. The existence of a sequence
of discrete solutions, converging towards a designated solution of (1.1), was discussed in a
very general sense in [HMO07], and in [ACT02] maximum norm estimates for the controls were
derived in the absence of state constraints. We only mention that, to avoid dealing with the
low regularity of the state constraint multipliers, regularizations of (1.1) have been proposed
in [MRTO06] and [CRO8b] for linear operators S. Corresponding error estimates of order h! =€,
€ > 0 were developed in [CRO08a] in the situation of  C R2.

The approach taken in the present paper, is to apply an Implicit Multifunction Theorem to
the first order necessary conditions of (1.1). Given that a linearized Slater condition holds,
these can be written in the form

au+ S™(u)(y — z + K(y)) + N(u)
(P) 0¢ y—S(u) C L*(Q) x C(Q) x C(Q)
C>0(€) — S(u)

with the normal cone

{veL*Q) | (v,c—u)r2) <0, Ve e Usa} if u € Ugg

N(u) =
®) 0 else

and the cone

K(y) = {ne @)

(1, max(0,9)) o(ay+ @) = 0A Ve € Yaq : (1, ¢") oy c@) < 0} :

The set C>((£2) is the cone of pointwise nonnegative functions in C'(€2). By C(Q2)* we denote
the dual of C(2) and by S™(u) the dual operator of the Fréchet derivative of S at w.
The idea is now to look at .S as a parameter, and to investigate the dependence of solutions
of (P) on perturbations of that parameter. We consider a family {S},} of finite dimensional
approximations to S. The set of indices h is an arbitrary but fixed, positive and strictly
monotone sequence {hy}nen converging to zero, denoted h € {h,}nen. We further assume
Shy, # Sh, for hy # hy. Using the convention Sy := S, the set P = {S}, },>0 endowed with the
metric dp(Sh,,Sh,) = |h1 — h2| becomes a metric space, admitting exactly one convergent
sequence. That space will be referred to as the parameter space.
The space L2(Q) x C(Q)? is not suitable for our approach, since the theory applied in Section
2 requires some regularity of the underlying spaces, namely the existence of a Fréchet smooth
norm. We deal with this by formulating problem (IP) by means of a separable reflexive Banach
space W C C(Q), e.g. the Sobolev space W1P(Q) with n < p < oco. Since W is reflexive, it
admits a Fréchet smooth equivalent norm, such that also the corresponding dual norm of W*
is Fréchet smooth (see for example [Die75] §9). For the rest of this paper, we consider W and
W* to be equipped with these smooth norms. The space W must be compatible with S and
{Sh}n>o as

Sp:L*(Q) =W cCC(Q) Vh>0. (1.2)



We will also make use of the boundedness of the set of state-constraint multipliers in C'(Q)*,
so for technical reasons instead of K (y) we consider

K(y) = {1 e K@) | lnleg- <M}

for M > 0 sufficiently large.
The parameter dependent system then reads

au+ Sy (u)(y — 2z + Ku(y)) + N(u)
(Pn) 0€ F((w,y),Sh)) = y — Sp(u) C L*(Q) x W2,
Wso — Sh(u)

with a more regular state y € W. The set W is the cone of nonnegative functions in W.
Regarding problem (IP,), one observes, that the implementation proposed in [DHO07] is appli-
cable only if a and b are constant, or at least piecewise linear. Otherwise we have to discretize
the bounds a, b first. This issue is addressed in Remark 3.15.

The objective of this paper is the application of an Implicit Multifunction Theorem, to obtain
convergence of a sequence of solutions (up,yn) of (Pp,) towards each solution (u,y) of (P),
that is sufficiently regular, i.e. that fulfills a second order sufficient condition and for that
strict complementarity and the linearized Slater condition 1.1 hold. The order of convergence
is determined by that of S} (@) in the operator norm, and the pointwise order of convergence
of Sy (@), our main result being

_ _ 1 . NN _ _ _
lun = @l 2(@) + llyn = gllw < — (1S (@) = S™(@)(F = 2 + B L2() + 2015k (@) = S@]lw) -

For the example given in Section 4 the right hand side in the above estimate is O(h). Note
that, other than most authors, we do not assume uniform convergence of any order for S.
With respect to the implementation observe that once the main result is stated the bound
M becomes redundant and the same result holds for M = oo.

Unfortunately, problem (P) does not fulfill Robinson’s condition for strong regularity, in fact
the formulation given here does not even fit into Robinson’s concept, so we cannot apply the
results from [Rob80]. Note also, that uniqueness of the multipliers may not be given.

In Section 2, we therefore slightly generalize the Theorems 2.6 (Decrease Principle) and 3.1
(Implicit Multifunction Theorem) as well as Lemma 3.3 from [LZ99].

We then show in Section 3 that these results can be applied to (Pp). This approach is not
aimed at showing uniqueness of a sequence of solutions uy, of (P,) converging towards @, but
only at showing existence of such a sequence and some order of convergence. Under the given
assumptions uniqueness of uy can be recovered, this is however not carried out.

Finally, in Section 4 the abstract results are applied to an optimal control problem.

The following lemma concerns the relation between (P) and (P,) and the choice of M. The
idea is to retain as much as possible of a given solution (@, y) of () when passing to (IPp).
Under a linearized Slater assumption, we obtain boundedness of the multipliers p € K(y)
solving (P), hence justifying the truncation of K(y) into K/ (y).

Assumption 1.1. There exists an admissible direction d € L?(Q), such that @ + d € Uyq
and
S(u) + S’ (u)d € int(Yyyg) .



This assumption also ensures that (IP) holds at a given optimum (@, y) of (1.1).
Lemma 1.2. The relation between (P) and (Py,) is the following.

1. If (u,y) solves (P) and also fulfills the Assumption 1.1, then the set of multipliers
w € K(y) solving (P) at (u,y) is bounded by some B > 0. Given the relation (1.2),
(u,y) also solves (Py) for M = 3B. Hence by the choice of M no relevant multipliers p
are lost when passing from (P) to (P).

2. On the other hand every solution of (Pg) also is a solution to (IP).

Proof. We only have to prove 1. Given p € K(y) with 0 € au+ S} (@)(§g — z + ) + N(a),
we have
(ot + 8™ (a)(§ — 2+ p), 4 — )2y > 0 Vi € Uyq

while the second line of (P) says y = S(u). Now inserting & = @ + d yields

—{p, 8" (@) d) ¢y o) < (ot +5™(@)(y — 2),d) o) = M .

Because supp(p) C Ay and (u,y™) <0 for all y € Y4 and because it follows from Assump-
tion 1.1 that
S'(u)d>6 >0 on Ay

for some § > 0, we get .
(s D@y c@l <M.

But on the other hand we have for any p~ € Y, = {p € C(Q)* | Vy € Yoa: (p,y) <0}

e le@x = = De@)c@) (1.3)

since if there were any y € C(Q) with [|y||ec < 1 and —(u~, Y)e@c@ > — 1 De@r o
this would imply (=, 1 — y>C(Q)*,C(Q) > 0, in contradiction to u~ €Y.
Thus finally one ends up with

M
Iullo@y < 5 = B.

Remark 1.3. Equation (1.3) also implies, that in Y ; weak® convergence entails convergence

of the norms, which is why the sets Kj/(y) are weak* closed in C(Q)*.

2 Implicit Multifunction Theorem

In this section we develop a slightly generalized Implicit Multifunction Theorem as in [LZ99].
The differentiability- and invertability-assumption of the classical Implicit Function Theo-
rem is therein weakened to some condition on the subdifferential of a lower semicontinuous
function, by making use of the following lemma.

Throughout this section we denote by df (x) the Fréchet subdifferential of a lower semicon-
tinuous function f : X — R at x € X, as defined and characterized in [LZ99] or more
comprehensively in [Mor05]. Note, that if X allows for a Fréchet smooth norm, then there
also exists a Fréchet smooth Lipschitz bump function on X.



Lemma 2.1 (Decrease Pringiple). Let X be a Banach space with a Fréchet smooth Lipschitz
bump function, let f : X — R be a lower semicontinuous function bounded from below, and let
T € X as well as r,€,0 > 0. Suppose that for any x € B,(Z) N{x € X | f(z) < f(Z)+or+e},
¢ € 0f(x) implies ||&||x+ > o > 0. Then

inf f( ) < f(z) —or.

meBr(

Proof. Assume that for some 0 < § < min(or,€/2)

inf f( )> f(&)—or+9. (2.4)

:DEBT

Let 0 < 7 < r, then we have

li inf > f(z) —or+4. 2.5

70 mEBT(laEI;-‘rB,,(O) @) > J(@) ot (25)
By the multidirectional mean-value inequality given in Theorem 2.5 from [LZQQ] equation
(2.5) implies the following. For every n > 0 we get z € B,(z) + B,(0) and z* € 0f(z), with

—or+46 < (z",x —x) Vz € B.(%)

and

flz) < f()+or+0+n.
For a proof of the mean-value inequality see Theorem 2.6 in Chapter 3 of [CLSW98] . Choosing
n sufficiently small now ensures B.(Z) + B,(0) C B,(z) and f(z) < f(Z) + or + e. Hence
|z*|| > o and

or — 3§ > ||2%||x+T > oT.

Choosing 7 sufficiently close to r yields a contradiction. The lemma follows from equation
(2.4) hence being false for all sufficiently small 6 > 0. 1

Lemma 2.1 is formulated as Theorem 2.6 in [LZ99] with the slightly stronger assumption,
that & € df(x) implies ||€]|x- > o > 0 for all z € B,(&).

The next step is to generalize Theorem 3.1 from [LZ99]. This theorem deals with a lower
semicontinuous function f : X x P — R on some smooth Banach space X and is concerned
with solutions of

f(z,p) <0,

depending on some parameter p out of a metric space P. For our purpose f will be the
distance function d(0, F'(x,p)), measuring the distance between zero and the image F(x,p)
of a set valued mapping F : X x P — 2Y | with another smooth enough Banach space Y. The
distance is defined as usual

Yy eYVE CY: d(y, ) = inf [ly — slly -

We further set d(y,0)) = oo for all y € Y, thus keeping d(y, F/(z)) well defined for all z € X.
The Theorem is formulated by means of the solution map G : P — X

Gp)={re X | f(z,p) <0}.

The idea is to include the (very Shght) generalization of the previous lemma by making use
of the reduced assumptions on £ € d f(x). By d, we denote the Fréchet subgradient with
respect to the variable x.



Theorem 2.2 (Implicit Multifunction Theorem). Let X andY be Banach spaces with Fréchet
smooth Lipschitz bump functions,_let (P,7p) be a topological space and let U be an open set
in X x P. Suppose that f : U — R satisfies

1. there exists (Z,p) € U such that f(z,p) < 0;
2. p f(Z,p) is upper semicontinuous at p;
3. for any p near p, x — f(x,p) is lower semicontinuous;

4. there exists € > 0 and o > 0 such that, for any (x,p) € U with 0 < f(x,p) < ¢,
& € 0y f(x,p) implies that ||£]|x~ > 0.

Then there exist open sets W C X and V C P containing T and p respectively, such that
1. for anyp eV, WNG(p) # 0;

2. foranyp eV and x € W,

Az, G(p)) < THBP)

o

where er(:E?p) = maX(Oa f(xap))

Proof. The Proof is exactly the same as in [LZ99], but one has to choose r’ sufficiently small
to ensure 7o < e. |

The fourth condition in Theorem 2.2 concerning Dy f is given a more easily manageable shape
in the next lemma, whose proof is exactly the same as the one for Lemma 3.3 in [LZ99].
Before formulating its assertion, we need to clarify our notation.

Definition 2.3 (Projection). For all z € X, y € Y we define
pr(y, F(z)) = {y € F(z) [ d(y,9) = d(y, F(z)) } -

Definition 2.4 (Fréchet Normals). Let X be an arbitrary Banach space and & C X. The
Fréchet normal cone to & at € G is defined as

A~

N(z,6) = {:U* e X”

.o -
lim sup w < 0} )
€S z—7T ||.1‘—xHX

Definition 2.5 (Coderivative). Let X and Y be Banach spaces and let F' : X — 2Y be
a multifunction with closed graph and y € F(z). Then the Fréchet coderivative at (z,y) is

defined as R
D*F(z,y)y* = {x* e X*

(=", ~y") € N((z,y), graph F) |

where N((z,y),graph F') denotes the Fréchet normal cone of the set graph F at the point
(z,y). If F depends on some parameter p, we refer to the coderivative with respect to x as
D*F(x, y; p)-



Lemma 2.6. Let X be a Banach space with Fréchet smooth Lipschitz bump functions, let Y be
a Banach space with a Fréchet smooth norm, let U C X be an open set and let F : U — 2Y be a
multifunction with closed graph, such that for any x € U there either holds pr(0, F(x)) # 0 or
F(z) = 0. Denote by ||-||} the Fréchet derivative of the norm inY, and let f(x) = d(0, F(x))
be lower semicontinuous on U. Suppose

for x € U with 0 ¢ F(x) # 0 we can choose y € pr(0, F(x)) such that
o < inf {{|l2"||x~ | 2" € D*F(z;9)(y"),y" = lyly } -

Then & € 8f(x) implies that ||€| x+ > o. Further the value of o does not depend on the choice
of y € pr(0, F(x)).

Proof. If F(x) = 0, then df(x) = 0. If F(z) # 0, let ¢ € Of(x) where f(z) > 0. By the
definition of the subdifferential there exists a Fréchet smooth function g such that ¢'(z) = ¢
and f — g attains a local minimum at z. Let y € pr(0, F'(z)). Then ||y|ly = f(z) and we have
for 2’ sufficiently close to x

f@) —g(x) = llylly — 9(=) = llylly + 8craph r(z,y) — g(x)
< f(l‘,) - g(l‘,) < Hy/HY + 6GraphF(:Elay/) - g(xl) vy, € Y’

where dGraph #(2,y') denotes the indicator function of the set Graph F' (i.e. dGraph r(2', ) =
0 for (2/,y") € Graph F' and oo otherwise). Hence the function

(wla y,) = Hy/HY + aGraphF(xlv y/) - g(.%/)

attains a local minimum at (x,y). Note that [|y[|y > 0 and therefore (2',y") — g(2') — [|¥/[|y
is differentiable at (z,y). Thus (¢'(z), —||yll}) € 00Graph F(z,y), and because 9 Graph £ (T, Y)
is contained in the Fréchet normal cone it follows

¢ =g'(z) € D*F(z,9)(lyly),

and finally ||€]|x- > o. |

3 Application to the Optimal Control Problem
Now with respect to our original problem (P;) we consider the spaces
X=L*Q)xWandY =L*(Q) x W x W

endowed with the Fréchet smooth norms

1w, y)llx = \/HUH%m) + Iyl and [[(u, y,v)lly = \/HUII%Q(Q) + Iyl + ol -

The purpose of this section is to verify that Theorem 2.2 can be applied to (Pj) under
reasonable assumptions on the family {Sj} and the multipliers fi, A that solve (P) for some
fixed solution (@, 7).

We make the following assumptions concerning the convergence and stability of Sp,.

Assumption 3.1. Sp(u) imat S(u) in W for any fixed u € Uggq.



Assumption 3.2. For any h > 0 there holds S;, € C%(L%*(2),C()) and S}, is differentiable
as an operator from L?(Q) into W.

2
Assumption 3.3. S (us) et S'(u) in L(L*(Q), W), for all sequences uy, ) 4 bounded
in L>®(Q).
We further simplify the notation by the following

Definition 3.4. For notational convenience, we introduce the function
F:QCL*U)XxWxCEQ)* X LA(Q) xW xP — LA Q) x W x W,

that indexes points in the image of F'((u,y),Sy) by

o+ P )y — =+ ) + A
F(“) Y, 4, )‘a v Sh) = Yy — Sh(u) )
v — Sp(u)

the domain of F is Q = {(u,y, u, \,v) | p € Kp(y), A € N(u), v € Wxo} x P.
We further denote by DF*(u,y, u, A, v; Sp) the Fréchet coderivative with respect to (u,y)

DF*((U, y)7 f(uv Y, 1, Aa v Sh), Sh)
at the point F(u,y, u, A\, v; Sp).

To apply Lemma 2.6 to f(z,p) = f((u,y),Sn) = d(0, F((u,y),Sh)), we have to prove the
non-emptiness of pr(0, F'((u,y),Sp)) for non-empty F, and the lower semicontinuity of f
with respect to x. Also, to make use of the lemma, one has to characterize the coderivative
of F'. Finally, the semicontinuity assumptions of Theorem 2.2 need to be verified.

Lemma 3.5. Provided Assumptions 3.1 - 3.3 hold, the set-valued function F from (Py,) has
the following properties.

1. pr(0, F((w, y), 5n)) # 0V F((u,y), Sp)) = 0.
d(0, F(-,Sy)) is lower semicontinuous for any fived Sy, h > 0.
d(0, F((u,y), -) is upper semicontinuous at S, for any given u € L*(Q), y € W.

The graph of F(-,Sy) is closed.

AT I

For admissible u € Ugq and ||pl| oy < M/2 the Fréchet coderivative
DF*(%ZJ;M,)\, V;Sh) : Lg(Q) x W5 x W™ — L2(Q) X W*a (77177727773) = (U*ay*)
either has the shape

u* — (add+ Sy (u)(y — 2+ p)m + Sy (w) (2 +n3) € N(u), (3.6)
y* =S (u)m 4+ € W,



or is empty valued for (n1,m2,m3). In particular it is empty valued for all but

—me {vel2Q)|v<0onAAv>0on AL}
N{ve L*Q) |v(z) =0 if Nz) #£0}

n {v € L*(Q) ‘ {11, Sy, (w)v) o@)- o) = O A Sp(w)v =0 on Ay} &)
=: C(u, y, 1, A, Sh)
as well as
n3 € {w* € W* | (w*,v)w+w =0AVw! € Wao: (0" whhw-w >0} (3.9)

where C'(u,y, p, A\, Sp) can be seen as a relaxation of the cone of critical directions Cy

in [CDLRT0S].

Because we assumed b > a a.e., we can also write for u € U,y

N(u) = {v e L2(Q)

v>0o0n A% v<0on A% v =0 otherwise} . (3.10)
Proof. 1. Let F((u,y),Sp) # 0. Then there exists a minimizing sequence

au+ SP(u)(y — 2+ pr) + M
Ye = Yy — Sh(U) € F((U,y), Sh) )
v — Sp(u)

such that limg o d(yx,0) = infycp((uy),s,) dy,0). Now the sequences jig, v and with ju

also Ay are bounded in their respective norms, and since bounded sets in C'(2)* as well as in
L%(Q) are relatively weakly* sequentially compact, we can extract a subsequence (17, Aj, ),
converging weakly* towards some (fi, A, 7). Because L%(f) is reflexive, weak and weak* con-
vergence coincide. All three limits lie inside F'((u,y), Sp), because K (y) is weak™ closed (see
Remark 1.3) and N(u) and W>q are closed and convex and hence weakly closed. The weak
lower semicontinuity of the norms yields d(0, F(u,y, fi, \, 7; Sy)) = infyepr((uy),s,) 40,y).

2. Suppose there exists a sequence (ug, yYx) koo (u,y) such that

i d(E (). $1).0) < d(F((1,9). 51).0) (3.11)
in particular F'((ug,yx), Sp) # 0. Any sequence

aug + Sy (ur) (Y — 2 + ) + Ak
Yk — Sh(ug) € pr(0, F((ug, yx), Sn))

v — Sn(ug)

is bounded and hence (tky Ak, V) admits a subsequence with indices k converging weakly
towards (fi, A, 7). Because of the strong convergence of uy, we finally have

(A c—u)2(0) = Jim (A, ¢ —ug)rae) <0

9



for all ¢ € Uyg, that is A € N (u). Because of the strong convergence of y; we have also

<ﬁvmax(0ay)>0(ﬁ)*,0(ﬁ) = lim (p;, max(0,y;)) =0

k—o0

and taking into account that (i, ¢™) @y« @) <0, Vet € C>0(Q2) we get i € Kp(y). Using
Assumption 3.2 and hence Sy (uz)uz — S;*(u)fi, the weak lower semicontinuity of the norm
now yields

lim inf d(F((ug, y;), Sn),0) > d(F((u,y), Sk),0)

k—o0

in contradiction to (3.11)
3. Because of 1., there exist admissible multipliers u, A and v such that

au+ S™*(u)(y —z+p) + A
Yy — S(u) € pI‘(O,F((U,y), S))

By fixing u, A and v we get from Assumptions 3.1 and 3.3

4. Consider a sequence

uy,
Yk
oy, + Sy (ug) (yk — 2 + ) + A | € graph(F( -, Sp)),
Y — Sh(ug)
vk — Sh(ug)

converging towards some (u,y, w1, wz, w3). Due to Assumption 3.2, we have we = y — Sp,(u)
and wy = v — Sp(u) for some v € Wxq. Using a weak® converging subsequence of iy, a
consideration similar to 1. shows that indeed

wi = au+ S (u)(y — 2+ p) + A

for some p € Ky (y), A € N(u).
5. Hence the Fréchet coderivative of F is well defined as in Definition 2.5.
To characterize the Fréchet normal cone (see Definition 2.4) at some point

au~+ S (u)(y —z+ p) + A
y — Sh(u) (3.12)
v — Sp(u)

one can derive necessary conditions for (u*, y*, —n1, —n2, —n3) to belong to the Fréchet normal
cone of graph(F( -,S)) at the point given by (3.12). By considering sequences inside the

10



graph, that vary only in A, p or v, respectively, one observes

(=8"(u)ym, i —p) <0 Ve Ku(y), (3.13)

Since 0 as well as 2u lie in Ky (y), it follows that (S'(u)n1, 1) cq),c@)+ = 0 and by the same
reasoning for A we get (11, A\)r2(q) = 0 and (n3,v)w+w = 0. Now, by considering sequences
in graph(F') that vary only in u or only in y converging towards

(o + Sy (u)(y — 2),y = Su(u), =Sp(u) € F((w,y), Sh) ,

and using the differentiability Assumptions 3.2, one gets

(—=m,adu+ S7*(u)(y — 2z + p)du) + (—n2 — n3, =Sy, (u) du) + (u*,du) <0 Vdu € Upg — u,
<_7717 S;L*(u) dY> + <_7727dY> + <y*>dY> <0 de S W7

yielding (3.6)-(3.7). Note, that as in Lemma 3.17 the operator S;*(u)(y — z + ) is selfadjoint

due to Assumption 3.2. The relation (3.8) follows from (3.13), considered that K /s(y) C

K (y) — p because of ||u|| < M/2. Hence (S} (u)m,n) > 0 for all i € Ku(y) implies
2

Sy (w)m < 0 on Ay. The necessity of (3.9) also follows from (3.13).
|

The next lemma now makes sure, that the prerequisites for Lemma 2.6 hold, and thus also
the prerequisite on df in Theorem 2.2, provided that the following conditions apply to a
given solution (u,y) of (P).

Definition 3.6. For some given (u,y) € L?(Q) x W, by K(u,y) we denote the set of multi-
pliers 1 € K(y), that solve (P). If K(u,y) # 0, then the multiplier A, solving

f(ua Y, i, A,Lu v S) =0
is uniquely determined by p € K(u,y) as in (3.16). We write C'(u, y, i, S) := C(u, y, it, Ay, S).
We will make use of a second order sufficient condition.

Assumption 3.7. K(u,y) # 0 and for all u € K(a,y), A € C(a,y,u1,S) \ {0}
Mald + 8™ (a)(y — z + p) + S™(a)S"(a))A > 0.

It was shown in [CDLRTO08] that 3.7 is indeed sufficient for strict local optimality, for a class of
semilinear problems including our example from Section 4. Further two strict complementarity
conditions must be fulfilled, to discern active and inactive sets.

Assumption 3.8. For all u € K(u,y), the set

{:r e ‘ —és’*(a)@ — z+ p)[z] € {a(z), b(ﬂf)}}

has Lebesgue measure zero.

11



Assumption 3.9. For all u € C(u,y) there holds

supp(p) = Ay .
Of course some assumptions concerning the convergence of the second derivative are necessary.
. 1" h—=0 an : 2 2 O L*(Q)
Assumption 3.10. S}/ (uy) — S"(u) in L(L(Q) x L*(2), C(2)), for all sequences u, — u
bounded in L*(€2).

The following assumption guarantees for the compactness of S)*(u)(y — z + p) : L*(2) —
L%(Q) for h > 0.

Assumption 3.11. For h > 0 the operator S} (u) : LQ(Q)2 — C(Q) is in fact the concate-
nation of some continuous linear operator m, : L?(2) — V} into some finite dimensional
subspace of L?(£2) and some bilinear continuous operator Ty, : V;2 — C(€).

Lemma 3.12. Let (u,y) solve (P). Suppose that in addition to the prerequisites of Lemma
3.5 the Assumptions 3.7- 3.11 as well as the linearized Slater condition 1.1 hold at (u,q).
Then there exists o > 0 and € > 0 and an open set U, x U, C X x P containing ((4,7), So)
such that for all ((u,y),Sy) € Uy x U, with 0 < f((u,y),Sh) < € the following holds. Let
f(uvyvua)‘a V;Sh) € pT(O,F((U,y), Sh)) and n = ||‘F(u7yvu7)‘7 v, Sh)”;’ € LQ(Q) X W* x W
as in Lemma 2.6, then we have

H[D*F(uvyvﬂ7)‘7y;sh)n‘|x* > 0.

Proof. Suppose the Lemma does not hold. Then there exists a sequence (ug,yx, Sh,) —
(u,y,So) with
and corresponding px € Knr(yr), A € N(ug) and vy, € Wsq, such that

f(’U,k, Yky Uk >‘k7 Vi Shk) S pr(07 F((uk7 yk)7 Shk))

and ny, = || F (uk, Yk, ks Ak, Vi; Sk, )|y, such that there exist
(uh, vk) € D*F(wp, Yk ik N> Vii Sk )i With Jim (g, yio)llx- = 0. (3.15)

We will show, that (3.15) contradicts ||ng||y+ = 1.

Since i is bounded, a subsequence again denoted ujp converges weak® against some i €
K (9) as in the proof of Lemma 3.5. Because of (3.14), the compactness of S™ (@) (compare
Lemma 3.17) and Assumption 3.3

g+ Sp (ug) (e — = + ) — i+ S™(@) (G — = + i)

strongly as k — oo and hence we have

k—o00

M= = [at SM(@) (G — 2+ )]y, = Aas

where by [-]4, we mean the operator that just cuts off any function to zero outside of Ajz.
Note that Az is uniquely determined by @, § and ji via the L?(2) minimization problem

A = arg min | + 5™ (@) (5 — = + ) + AH;(Q) : (3.16)

12



namely
—min (a@ + S (a)(y — 2z + f1),0) on A%
—max (ot + S™*(u)(y — z + f1),0) on A2

>l
=
Il

The same holds true for A\; with respect to ug, yx, tir, Sn,. Because of Assumption 3.8 the
multiplier A is a.e. non-zero on Ajy.

Finally, due to (3.14) |lvx — 7||lw i 0, setting v = S(u), and we get
F(a7g7ﬂ75\ﬁ717;50) =0.

Now, let nx = (n¥,15,75). From the definition of 7, there follows |||y = 1. Because of
that, there exists a subsequence again denoted by 7, converging weakly in Y* towards some
n = (71, 72,M3) € Y*. This implies weak convergence of n¥ towards 7; in L2(2) and n§ — 7
and nlgf — 73 in W*. We show, that indeed —7); is an admissible direction lying in C'(, 3, i1, S).
First, since A\, — 5\,—” a subsequence )‘12 converges a.e. pointwise, and from (3.8) we know, that
since 5\,; is non-zero on Ay, the multiplier 77{c tends towards zero pointwise on Ajg. Its weak
limit 777 thus equals zero a.e. on Ay (compare Thm. 5.9, Ch. VI in [Els96]). The corresponding
subsequence of 7, is again denoted by 7.

Secondly, the convergence of (yuy, S, (ug)n¥) towards (@i, Sh(@)m1) follows from Assumption
3.3 and the fact, that S(@) is compact.

Thirdly, we have i — fi; and for any open set @ C Q with OnNsupp(fz) # 0 there exists some
co € Ygq with supp(cp) Nsupp(fz) containing an open set, such that (i, co) = ko > 0. Hence
(g, co) — ko and O Nsupp(uk) # O for k sufficiently large. Also, as stated in Remark 1.3,
lpex|l — [|2]| and by the choice of M in Lemma 1.2 we can choose k large enough to ensure
lpx]| < M/2, and by Lemma 3.5 S;Lk(uk)n’f >0on Ay,.

Now for any = € supp(ii), by considering a family of open sets Bga(z,1/n), n € N we
obtain a subsequence y; and some sequence x; € supp(u;) C Ay, with x; — z, contradicting
(S"(a)m)(x) < 0. By Assumption 3.9 now follows S’(@)7; > 0 on Aj.

Now that we have —7; € C(u,y, i1, S) and ||ux|| < M/2 for large k, we apply the multiplier
from (3.6) to —nf, to obtain

(up, ) 2y > 05 (odd + Sy (wr) (ye — 2 + )t — v Sy, (u) (5 + %) ,

where we made use of (3.10). On the other hand one has from (3.7)

(Wi Sy, (we)nYwe w = b She (ug) Sy, (wie)nt + (Sp (we)n, mf) r2( -
Combining both gives

/1%

(uj,nF) r20) + Wi Sh(w )b wew >nf (Oéld + S5 (ur) (Ye — 2 + pr)

(3.17)
77 ) S5 () )k = ST

We now show, that in fact |9y — 0, and start by showing ||nf||;2(q) — 0.

Assume that there exists a subsequence (i, = (¢F, ¢5, ¢¥) of ny, such that limg o HC:{CHL2(Q) =
v > 0. Because of (3.9) we know, that the support of the weak limit (5 of ¢} lies in Aj. On
the other hand, —Sj, (uy)CF converges strongly in W towards —Sj(@)¢1. In fact Sy (2)¢; > 0
on Ay as was shown in the first part of this proof. Hence limy_o —(¢F, Sp (ug)CKy > 0.
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Inserting this into (3.17) using ug, yr — 0 yields
0> Tim ¢h(ald + 57 (u) (e — = + ) + SF, (wa) S}, (i)
and together with the convergence properties from Assumptions 3.3 and 3.10 we have
0> lim ¢F(add + ™ (a)(y — 2z + i) + S™ (@) S’ (@))(T,
—00

and using the compactness assured by Lemma 3.17, the second order sufficient condition 3.7
finally gives

0> ay? + Q(S"™ () (y — z+ f) + S (w)S'(w)) 1
> Ci(odd 4+ 8" () (y — z + i) + S™(w)S'(w)¢1 > 0,

for —¢; € C(u,9, 11, S) \ {0}. Hence ¢; = 0, but then it follows 0 > a~?, contradicting v > 0.
Thus limg_, an”Lz(Q) = 0 and by (3.7) also limj_.oo ||75]lw+ = 0. It remains to show

k—o00

n%llw+ —= 0. To this end we use the direction d from Assumption 1.1 by applying dj, =
3 Y
d+ @ — uy, to (3.6) and pass to the limit using u¥, n¥,n5 — 0 to arrive at

k"> T2

0> lim dySy (up)nf . (3.18)
k—o0

The sequence S}, (uj)dy converges in W towards S'(u)d due to the convergence assumption
on the derivatives 3.3.

Since S’(u)d > 6 > 0 on Ay, there exists some ¢ > 0, such that S'(a)d > 36/4 > 0 on
Ay + Brn (0, €). Assuming the contrary easily gives a contradiction to Q) being compact, as in
the argument for K¢ below. Thus we have S (uy)dy, > §/2 on Az+ Bgn (0, €) for all k > K.

Now the support of n’?f lies in AShk (uy,)- Because yy v y and because of (3.14) there holds
|| Sk, (ur)—gllw — 0. Therefore, there exists K, such that As),, () C Ag+Brr (0,€) for all k >
K. If not, there would exists some sequence zj, € Q\ (Ay+Brn» (0, €)) with (Sp, (ug))(zr) = 0,
and some converging subsequence zj — x, for {2 is compact. But then S(u)(z) = y(z) = 0,
contradicting = ¢ Aj.

Hence (n’g,S;Lk(uk)dk) > 3(nk,1) for k > max(Ks/s, Kc). Since after Lemma 3.18 (n},1) >
|7%||w+/C, we finally have from (3.18)

lim |{|n|jw= = 0
k—o00

and thus 7 — 0, in contradiction to n; = || F (uk, Yk, fk, Mes Vi; Shy,) |-
|

Remark 3.13. The strict complementarity 3.8 assumed here can be dismissed completely
if the second derivative o + S"*(a)(y — z + ) + S"™(w)S’(w) fulfills some sufficiently strong
positive definiteness condition, as, for instance, being positive definite on all of L?(£2). The
latter is true in the linear-quadratic case. If S is linear, assumption 3.7 becomes trivial.

The direction d from Assumption 1.1 plays an important role. In combination with the L>°-
convergence of Sy, it ensures the stability of (IP) with respect to perturbations in S, namely
the existence of admissible points for (IP5) for sufficiently small A > 0, which was discussed
in [CMO02b].

The Lemmas 3.5 and 3.12 plugged into Lemma 2.6 and Theorem 2.2 now lead to our main
result.
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Theorem 3.14. Consider a solution (u,7) of (P) and multipliers fi, \, 7, such that
F(u,7,f,\,7;8) =0.

Let the Assumptions 3.1-3.3 as well as 3.7-8.11 be fulfilled. Then there exists hg > 0 and
o >0 as in Lemma 3.12 , such that for 0 < h < hgy problem (Pp,) admits a solution (un,yn)
that fulfills

_ _ 1 . (NN [ _ _ _
lun = all 20y + llyn = gllw < —(1(Sy' (@) = S™(@)(F = 2 + W)l L2(@) + 2/1Sn(@) = S(@)lw)-

Remark 3.15. The assertions of Theorem 3.14 remain true, if one allows for varying bounds

L%(Q) L%(Q) . .
ap, — ag =aandb, — by =0bwith ap > aand by, < bfor all A > 0. The latter assumption

is crucial to the lower semicontinuity of the function f(z,p) with respect to p = (Sp, ap, bp).
One has to apply the following changes in the function F. Replace N(u) by

{veL?Q) | <v,c—ubh>L2(Q) <0,Ve€Uy} ifa<u<b

N(u,an,bp) = o ;
0 else
with uZ’;L = min(bp, max(ap, u)). Further, append these two lines to F' from problem (Py)

making F a set valued function into L?(Q) x W?2 x LQ(Q)Q. This has been left out merely
for the notational inconvenience involved. The modification of Lemma 3.5 and its proof is
straightforward, as it is for Lemma 3.12. The only change to be made here is to choose

dp = d+ U — uy, + [ap, — a] yan +[bh—b]Abh ,

k Uk

converging towards d as well. Again, for ¢ € L*(Q), [¢]4 denotes the restriction [¢]4(7) =
¢(x) for x € A, zero otherwise. This is important because of the two additional multipliers
n§,m5 € L*(2)5,.
Finally, the two terms |a, — al[2(q) and [|by — b[|12(q) emerge on the right hand side of the
error estimate given in the theorem.

Remark 3.16. Note also, that a slight alteration of our technique applies to purely control
constrained problems, yielding

lun = ullz20) + llyn = Fll 20y < —(1(S (@) = S"(@) (7 = 2)llz2(0) + [1Sk(@) = S(@)[|22()) -

SHE

and thus an optimal order of convergence for the control u. To this end, just set K(y) =
{0} € L?(), eliminate the last line of F' and replace C(2) and W by L?(Q) everywhere,
making F a set valued function into L?(Q2) x L?(€2). The proofs stay essentially the same and
become, in fact, much simpler, as there are no multipliers in C(Q)* or W* to consider. In

this situation however, we could as well apply Robinson’s Implicit Multifunction Theorem.
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Proof of Theorem 3.14. The application of Theorem 2.2 is straightforward. As to the es-
timation of f((u,y),Sn) we note, that the multipliers i, A and 7 are also admissible for
F((u,y),Sy). We then just apply
1 - _
d(ov F((ﬂa g)v Sh)) < ;HF(@, Y, My >‘7 v, Sh) - F(ﬂa Y, [, )‘) v, S) ”Y .

=0

The order of convergence asserted in Theorem 3.14, if any, is that of S(@) and S"™(@)u at
some fixed point @ and for some fixed p € C(Q)*. We make no use of uniform convergence.
It holds in the semilinear case, but may not hold in other settings.

The following two Lemmas are used in the proof of Lemma 3.12.

Lemma 3.17. Assume 3.2 and 3.11. Under the convergence Assumption from 3.10 the linear
operator

Sp(w)(p) = L*() — L*(92)
is compact and selfadjoint for any h > 0, u € L=(Q) and u € C(Q)*. In particular this holds
for € L2(Q) or p € W wia the canonical embeddings W C L%*(Q) c C(Q)*.
Assuming 3.3, the operator S}, (u) : L>(2) — W is compact as well for any v € L>(2), h > 0.
Proof. Since Sy, is assumed to be C? into C(£2) (Assumption 3.2), S}/(u) : L2(Q)2 — C(Q)
is symmetric in its two arguments, hence the selfadjointness. As to the compactness, the
operators S; (u) have finite dimensional image for h > 0 and hence are compact. It then
follows from Assumption 3.3, that S’'(u) can be approximated by compact operators and
therefore is also compact.
Because of Assumption 3.11, the operator S}*(u)u is compact for h > 0, since

(1, S (u) (v, w)) e+ .oy = (ThTh(TRY, - ) 1, w) L2(q) »

and 7} is compact, for 7, is compact. Note, that from the continuity of 7}, there follows

sup (i, Th(vp, O)) < C

lvnllvy, =l1onllv;, =1

and thus [|T,(mpv, - )*pllve < Cy for [Jvf|p2(q) < 1. Thus
v T (mho, ) = Sy (u)p
is compact. Now the convergence 3.10 yields
1S, (w)p — S (W) pll 2202 = lelszlﬁlzllzlw Sp(u) (v, w) — 8" (u) (v, w)) @) .c@) "0
and thus the compactness of S"*(u)pu. |
Lemma 3.18. Consider some Banach space W, and let the inclusion W C C(Q) be contin-
uwous. Then there exists some C > 0, such that for all
w*eWgoz{w*EW* |[YweW:w>0= (w,w)yw-w >0}

there holds C{w*, Lyyw«w > ||[w*|lw=.

Proof. There exists C' > 0, such that Cllwllw > ||| c(q). Assume now, that there exists
some w € By (0,1) with (w*,w) > C(w”,1). Then |[w[|¢q) < C and hence C —w > 0. But
(w*,C —w) < 0, contradicting w* € W;O. 1
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4 Example

Consider some convex polygonal domain © C R2, and let S : L?(Q2) — W22(Q) be the
solution operator of the equation

—Ay+y>=u onQ

(4.19)
y=0 on09Q.
We want to approximate the solution of
wmin J(u, ) = 1§ — 2l 720 + lull]
ueL2(), §eC() (u,9) = 1§ = 2l 221 + allullZ2 ()
s.t. (4.20)

g=S8u)=Su)+1, a<u<b, §>0,

with a, b and z as in (1.1). An application of the standard Implicit Function Theorem as in
Theorem 2.5 in [CM02a] shows, that S € C?(L?(2), W14(Q)). We will choose W as W14(Q)
endowed with an equivalent differentiable norm.

Lemma 4.1. The operator S belongs to S € C?*(L?*(Q), W*2(Q)) and its derivative S'(u) :
L?(Q) — W22(Q), du +— Sy is the solution operator of

Ady + 3y(u)?0y = 6u in Q, dy =0 on 09,
while its second derivative takes the form
6%y = 8" (u)durdus = —S'(u) (65(w)(S' (u)dur) (S’ (u)dusz)) (4.21)

Proof. Existence of a unique solution in W2?2() is standard. Consider the operator A :
W22(Q) N W,? — L2()
Aly) = Ay +y°,

which lies in C?(W22(Q) N WOI’Q, L?(9)) with its derivative
A'(y)dy = Asy + 3y>dy
being an isomorphism because of y? > 0. Now, since the map G : L?(Q2) x W22(Q) — L?()
G(u,y) = Ay) —u

is twice continuously differentiable, the Implicit Function Theorem yields the first part of the
lemma. The form of S”(u) follows from the observation, that A’(S(u)) o S'(u) = Idj2(q) and
hence

A"(S(u)) (8" (u)dur, 8" (u)dus) + A'(S(u))S" (uw) (dur, dug) = 0.
|

The states y are discretized using some quasiuniform and geometrically conformal family of
triangulations {73} of Q, h € {hy}nen

yp € Vi = {yEC’(Q)ﬂW()l’2 | VT € 7, : y is linear onT} ,
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with h = maxpe,, diam (7). The discretized equation now reads

/Vyh'Vgo—Fyzgpdx:/ucpdx, Vo e V. (4.22)
Q Q

Analogously to the non-discretized equation one may investigate differentiability of Sy :
L?(Q) — W14(Q) with yj, = Si(u) by the operator

Ap s (Vi | - Nlwra@) = (Vi |- ] An(yn) = —Dyn + yp -

Wl’%(Q))* ’
In fact Ay, = (23)*0 Ao} with the inclusions o} : Vj, — W4, 42 1 V), — W5 and the operator
AsWHQ) = (W) (), Aly) = Ay +°,

which lies in C?(W4(0Q), (Wl’%)*) The derivatives are
Al(y)dy = Ady + 3%y, A"(y)dy10y2 = Gydy18y> .

Hence Ay, is is also twice continuously differentiable and
(A% (yn)oyn, ) = / Véyn - Vo + 3yrdynpda, Vo € Vi,
Q

Because of y7 > 0, Aj (yp) is an isomorphism in V}, for any y;, € V}, and thus the application
of the ordinary Implicit Function Theorem to

Gh: (Vi || - llwra) x L2(Q) = (Vi || - || G(yn,u) = Ap(yn) —u

wid@)
yields Sy € C%(L%(Q), W14(Q)), and Assumption 3.2 is fulfilled.

Lemma 4.2. Let y and y, be the solution of 4.19 and 4.22 respectively, for some fixed
u € LY(Q). Then there holds

ly = ynllw < Ch.
Proof. From Theorem 1 in [CM02b] we already know
1y = ynlloo < Crhllyllw22() -
Introducing the auxiliary state g as the solution of the linear equation
~Aj=u—y;, 7=0onodN (4.23)
we first obtain from the theory of linear elliptic equations
ly — Gllwz2) < Cally® = villso < Cslly — ynlloo »

the second inequality following from ||y||eo and ||yx|lco being bounded. Now the discretization
of 4.23 yields an 7, that equals 1. Because of the W4 stability of the discretization of
the linear equation (4.23) (see for example Theorem 8.5.3 from [BS08]) and because of the
stability property ||yllc < Cullullzs(q) we have

15 = ynllw < Csh(l|ullps) + llvallza) < Coh(llullLa) + lulliag)
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Lemma 4.3. Let 0y = S’(u)du, then dy solves the equation
Ady + 3y(u)?0y = 6u in Q, dy =0 on 09,

and let 0yp, = S} (up)ou, and thus

/ Voyn - Vo 4 3yn(up)*Syn wdr = / dupdr Yo e Vy,
Q Q
then there holds for up = u

10yn — 6yl < ChlldullL2q)

2
and in case of up, L@ u with up bounded in L () we have dyp w, oy uniformly for all

[ull 20y < 1.

Proof. Consider up = u, for all A > 0. We introduce the discrete state dyy, satisfying
/ Vi - Vo + 3y(u)?07, edx = / dupdr Yo €V,
Q Q

then, on the one hand we have (|65 — 6y[|o(q) < Chl|dul|12(q) and on the other hand we have
from the WP stability stated in Theorem 8.5.3 in [BS08]

16yn — 0Tnllw < Cllyn(w)? — y(w)?|lsoll0ynll 20 (4.24)

and hence finally
10yn — 6gnllw < Chl|dul[2(q) -

As for u, — u in L?(Q), because ||up|oo is bounded, this implies uj, — u in L>(2). Thus

Theorem 9 from [CMO02b] implies S (up) — S(u) in C(2) and using (4.24) we obtain
6yn — 6gnllw — 0 uniformly for [[dul[z2q) < 1.

The harder part is now to infer |09, — dy||lw — O uniformly in du. As a corollary to the
WP_stability one obtains

[0gn — dyllw < C inf |lop — Syllw -
v EVR

The usual estimates to the right hand side assume dy € W?2%(€2), but here we only have
Sy € W22(Q). Nevertheless, the element-wise estimate given in Theorem 16.2 from [CL91]
yields for the interpolation operator I; and any T € 15, v € W22(Q)

1_1
v — Ipvllwraery < Cmeas(T) e » hrlvlw2ery

with hp being the diameter of 7" and the constant C' independent of h, v and T. Since
the triangulations are quasi uniform, we have meas(T) > ch%. For vllw22) < 1 and hr
sufficiently small this implies

”'l) — Ihv”;l/[/lw‘l(T) < H'U - IhUHIz/VlA(T) < ChT’vh%VQ’Q(T) ’

and hence [[v — Ipv||ly1.4(q) =00 uniformly for all [[v||y2.2(0) < 1. |
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The convergence of the second derivative follows from the convergence of the first derivative,
because of the structure of 4.21 and its discrete counterpart.
Now we finally have all ingredients assembled, to apply Theorem 3.14, yielding the following

Theorem 4.4. Let (u,y) solve problem (4.20). Assume further, that the linearized Slater
condition 1.1 as well as the strict complementarity Assumptions 3.8 - 3.9 hold at (u,y), and
that (u,y) satisfies the second order sufficient condition 3.7. Then there exists C' > 0, such
that for h sufficiently small, there exist iy, yp, solving (Pp,) with Sy = (Sp + 1) and

[an — tll 2y + 190 — Gllwra@) < Ch.

Together with (P) and Assumption 1.1, Assumption 3.7 ensures strict local optimality of
(u,y), as was shown in [CDLRTO08]. Notes on the implementation of (P;) can be found in
[DHOT7]. The approach described there also applies to a nonlinear state equation.

Finally one has to deal with non-unique multipliers u, A insofar, as the strict complementarity
has to hold for all of them. Therefore, in one last lemma, we demonstrate a case, in which
the multipliers are in fact unique.

Lemma 4.5. Let (u,y) solve (P) with S defined by equation (4.19) . Suppose we can separate
Ay and A, by two disjoint open sets

Og D) Ag and Oﬂ D) qu
with Lipschitz boundaries. Then the multipliers fi € K(u,7) and X are unique.

Proof. One way to proof the lemma involves the necessary and sufficient conditions for unique-
ness of Lagrange multipliers given in [Sha97]. Here the more direct approach is to make use
of the fact that, given two different multipliers u1, po € K(@,y), the difference S™(@)(u1 — p2)
equals zero on the inactive set 2\ Ajz of @. Construction of some v € L%(Q), that equals zero
on the active set Ay but satisfies (u; — pa, S’(ﬂ)wc@)*ﬁ@) # 0 thus yields a contradiction.
First one can assume w.l.o.g. Oy CC €1, because ¥ is continuous and equals 0 on the bound-
ary of 2 and —1 on Oy. Note also, that since {2 is bounded, there exists R > 0, such that
B(0,R) D Q. We proceed by choosing

Syl e C>®(0y) s.t. (1 — M275y11}>0(0)*,c(§2) #0
Sy2 € C™(Oy) byz =
Sy> e C®(B(0,R)\ Q) 6y2=0.

Using an extension Theorem (e.g. Thm. 5, Ch. VI of [Ste70]), one can now extend this triple
into an arbitrarily smooth function dy,, defined on R2. This is now a strong solution of

—Aby, + 35%0y, = v in Q
0y, =0 on 0N,

with v € C(Q), because y € C(Q). Furthermore the restriction [v] 4, of v to A, equals zero. I
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