Hamburger Beitrage
zur Angewandten Mathematik

A mixed finite element approximation
for optimal control problems with
convection-diffusion equations

Michael Hinze, Ningning Yan, and Zhaojie Zhou

Nr. 2011-04
January 2011






A mixed finite element approximation for optimal control
problems with convection—diffusion equations

Michael Hinze" Ningning Yan* and Zhaojie Zhou'®

Abstract

In this paper, we investigate a mixed finite element approximation of convection diffusion
optimal control problem without constraints. Under some assumptions about regularity and
mesh we prove a second order convergence results for state variable y, adjoint state variable
p and control variable v with piecewise linear polynomial approximations. Finally, numerical
examples are presented to verify the theoretical findings.
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1 Introduction

Optimal control of convection diffusion equations plays an important role in many practical
applications, such as air pollution([7]) and hydraulic pollution([9]) control problems. Taking air
pollution control problem as an example, in this process we aim at controlling the emissions of
pollutant in order to keep the concentration of pollutant below a certain level over an observation
area. In this case the control function is a source term, while the pollutant concentration is
described by convection diffusion equations.

Recently, extensive researches have been carried out in this field. In [1], Becker and Vexler apply
local projection stabilization method to solve numerically optimal control of convection diffusion
equations. A priori error estimates are proved for both unconstrained and constrained problems in
[1], while a priori error estimate for a edge stabilization finite element approximation of convection
diffusion optimal control problems with constraints is obtained by the second and the third authors
in [4]. In [3] and [6] a priori error estimates for streamline diffusion finite element approximations of
optimal control problem of convection diffusion equations without constraints and with constraints
are investigated, respectively. In [12] the authors discuss variational discretization [8] for optimal
control governed by convection dominated diffusion equations. For more numerical methods the
reader may refer to the references cited therein.

So far the error estimates in the work cited above only contain O(h®/?) convergence results
with piecewise linear polynomial approximation.

In the present work, we propose a new mixed finite element method to solve numerically the
convection diffusion optimal control problems with and without constraints on the control.

Firstly, for one-dimensional unconstrained control problems we obtain a priori error estimate
for state y, adjoint state p and control u as follows

ly —yul + llp = pull + lu—un|| < OB
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where yp, p;, and uy, denote the discrete counterparts. For two-dimensional unconstrained control
problems we derive a priori error estimate for state y, adjoint state p and control u of the form

Ch, on a general mesh,

1y = ynll + lp = pall + llu — unll <
Ch?%, on a uniform rectangular mesh.

Secondly, for two-dimensional constrained control problems we utilize the mixed finite element
method proposed in this paper to approximate the adjoint state variable, while a edge stabilization
Galerkin method is applied to solve the state variable. We derive a priori error estimates for the
adjoint p and the control u

Ch, on a general mesh,

P = pall + llu = unll <
Ch?%, on a uniform rectangular mesh.

For the state y we obtain the following estimates

C(h+h? +hez), on a general mesh,

Iy = yn [l< .
C(h®+ h2 + hez), on a uniform rectangular mesh.

Finally, numerical examples are carried out to verify the theoretical findings.

The paper is organized as follows. In section 2 we prove a priori error estimate for state y,
adjoint state p and control u for the unconstrained control problem. In section 3 we consider the
constrained control problems and derive the corresponding error estimates. Finally, in section 4
numerical examples are presented to illustrate our analytical findings.

2 Optimal control problem without constraints

2.1 One dimensional Case

In this section we consider the following one-dimensional convection diffusion optimal control
problems without constraints;

1
LneiIUlJ(y,u) = §/Q(yfz)2da:+%/gu2dx (2.1)
subject to
-y +y = f+u, in Q, (2.2)
y = 0, on 0f).

Here Q2 = (a,b) C R is a one-dimensional bounded domain, and « is a positive constant. f and z
are given functions. U = L2(§)), and € > 0 denotes the diffusion coefficient.

Now we are in a position to approximate the convection diffusion optimal control problems
(2.1)-(2.3). Here we propose a mixed finite element method to solve numerically the optimal
control problems (2.1)-(2.3).

By standard argument we derive the following first order optimality conditions for optimal
control problems (2.1)-(2.3);

ey’ +y =f+u, =z, (2.4)
—ep’ —p =y—2z 2x€Q, (2.5)
ut 2 =y, zeQ, (2.6)
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y=0,p =0, x € 0. (2.7
Substituting (2.6) into (2.4) leads to
—ey'+y = -2,
e
which implies
p=oaf +asy”’ —ay'.
Inserting the expression of p into the adjoint state equation (2.5) yields
—ae?y® tay’ —y = acf’+af —z2-F, (2.8)

where y(4) = %.

To define mixed finite element discrete scheme we introduce w = /aey” and split (2.8) into
the following systems

w—+aey” = 0, (2.9)
Vasw” —ay’ +y = Fi. (2.10)

For the boundary condition we have
y=0, o/ =f+ % on Q. (2.11)

The latter equation implies
p=oaf ++vow—ay =0, on 9.

For the discretization of problems (2.9)-(2.10) we consider a shape regular mesh 7y, that parti-
tion the computational domain 2 into intervals I; = [x;, x;+1]. Let h; denote the length of interval
I; and h = max{h;}. Moreover, we define

b
(v, \) = / v-Mdz, <v,w>= -\ (2.12)

Multiplying (2.9) and (2.10) by ¢ € H}(Q) and ¢ € H{(£2) leads to the weak formulation of
(2.9) and (2.10);

—Vor(w', @) + (o, ¢) + (v, 0) = (F1,9), (2.13)
(w, ) +Vae(y, ) — < Vaegy',9p > = 0. (2.14)
Note that ' = f + % on the boundary. We can rewrite (2.13)-(2.14) as follows
—Vae(w',¢') + (o, ¢) + (1,90) = (F1,9), Vi € Hy (), (2.15)
(w, ) + Vae(y',9)— <ew, ¢ > = <Vasf, >, Ve H(Q). (2.16)

Let V, € H'(Q) be a finite element space consisting of piecewise linear polynomials. Set
VY=V, NH(Q).
Then the mixed finite element approximation of (2.9)-(2.10) is given by

7\/55(10%730;1)4»(ay;u(p,h)+(yh750h> = (Flﬂoh)a v@h € V}?v (217)
(wh, ¥n) + Vae(y),, v},)— < wp, Py, > <Voaef, b >, Y, € V. (2.18)



In the following, let us investigate the error estimates of y — y, and w — wy,.
Firstly, Testing (2.15) with ¢y, (2.16) with 4}, and subtracting (2.17)-(2.18) from the resulting
equations leads to the following error equations:

7\/55(11/ - w;u @;1) + (a(y/ - y;z)v QO;L) + (y - yh7§0h) = 0? Vgph € V}?? (219)
(w —wn, Yn) + Vae(y' =y, vh)— < e(w —wp), Y > = 0, Yo € V. (2.20)

Let y; and w; denote the Lagrange interpolation of y and w, respectively. Then we can decompose
the errors y — yp and w — wy, as

Y=yn = yY—yr— (Yn—v1) =ny — &,
w—wp = w7w1*<wh*wl):nw7£w~

Then the error equations (2.19)-(2.20) can be expressed as follows

—vae(&,, ¢h) + (aby, 0h) + (Eyon) = —Vae(y, ¢,) + (i, ¢4) + (1y, 1), (2.21)
(ngl/)h) + \/55(51/,,1%) (nunwh) + \/55(77;,7%)— < 6(17w - fw)awh > (222)

Choosing ¢y, = &, and ¢, = &, in (2.21) and (2.22), respectively, and adding the resulting equations
together yields

16117 + €ul® + allgg 1P = —Vae(n),, &) + (any,, &) + (1, &),
+ (1 &) +Vae(ny, &)= < e(w — &w), Ew >,

= > A (2.23)

Next let us discuss the estimates of the related terms on the right hand of (2.23), i.e., A1 ~ Ag.
Using the Cauchy-Schwartz inequality we obtain

4 < Slml+ Sl

and
A < lmal® + Sl

Note that &, € V0 and &, € Vj. Together with the definition of Lagrange interpolation we have
A1 =0, Ay =0, A5=0.

For the last term Ag we have

A6 = —< 5(77111 7€w)7fw >
< &bwsw >

; /QE( 2V da

2 wéh,d
/st & dx
2e|&wll - 1€ |

2
22 e, 2, (220

N
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where we have used the inverse estimate
12
onl} < Sz,
with A = min{h;}. Inserting the estimates of A; ~ Ag into (2.23) we have
7

V12

1 1 1 1 12
§||§y||2 + §H§w||2 +algl? < §||77y||2 + §||77w||2 + QETH&UH?

Assume that 26@ < 1/2 —§ for a small positive constant ¢, i.e., ¢ < ﬁg' Then we have

1 1 1
sl&ll” +ollcull® + el l® < Slnll* + 5limull®
< C(llyll3 + llwli3)n®. (2.25)

Utilizing (2.25) and the estimate of Lagrange interpolation we deduce the final error estimates,
which can be stated as

Theorem 2.1. Let (y,w) and (yn,wn) be the solutions of (2.15)-(2.16) and (2.17)-(2.18), re-

spectively. Assume that € < % Then, there exists a constant C independent of h and € such

that
ly = ynll + lw —wpl < C(llyll2 + [[wl]l2)h?,
h2
Iy =yl < Cﬁ(l\y\lﬁ||w||2)+Cth||2-

Proceeding similarly as the treatment to state variable y we deduce the following equation for
adjoint state variable p

—ae?pW +ap” —p = —ae" +ar —af £ -G4. (2.26)

By introducing 9 = \/asp” we can rewrite (2.26) as the following systems

9 —Vaep” = 0, (2.27)
Vaed —ap” +p = Gy (2.28)

On the boundary we have
p=0, p=2z— v on 99. (2.29)

\/&7

The latter equation implies

y=0, on 00.
Then the weak formulation for adjoint state variable state p is given by
—Vae(@,¢') + (ap', &) + (0,9) = (G1,9), Vo € Hy(9), (2:30)
(0,) + Vas(p , )+ <ed,p > = <aez, >, Ve HYQ). (2.31)

The mixed finite element approximation of p is to find (pn,Js) € Vi x V¥ satisfying

- OZE( ;7,7 QO;L) + (ap;w 90;7,) + (pfu @h) = (G17 (ph)v V‘Ph € Vhov (232)
(ﬂh,ﬂ)h) + \/&6(p/h,’(,Z);L)+ <elp,Yp > = < \/aEZ,d)h >, Y € V. (2.33)

For the adjoint variable p, ¥ and their approximations py,, ¥, we have the following results.



Theorem 2.2. Let (p,9) and (pn,Vp) be the solutions of (2.30)-(2.31) and (2.32)-(2.33), respec-
tively. Assume that € < 8%. Then, there exists a constant C' independent of h and € such that

lp = pull + 119 = 9nll - < CR2(lIpll2 + [19]]2),

h2
I =pull < C==(llpllz + [9ll2) + Chlpll2-

7a

Proof. The proof of this theorem is along the lines of the proof of Theorem 2.1 and therefore
omitted. O

2.2 Two dimensional Case

In this section we consider the following two dimensional convection diffusion optimal control
problems without constraints;

. 1 2 @ 2
_1 N o 9.34
ng(r}J(y,u) 2/Q(y z)“dx + 2 /Qu dx (2.34)
subject to
—Ay+06-Vy = [f+u, in Q, (2.35)
y = 0, on 0. (2.36)

Here Q C R? is a bounded domain, and « is a positive constant. f and z are given functions.
U = L?(Q). B is constant vector, and £ > 0 denotes the diffusion coefficient.

Again by standard argument we have the following first order optimality conditions for optimal
control problems (2.34)-(2.36);

—eAy+B-Vy =f+u, z€Q, (2.37)
—eAp—B-Vp =y—2z, =z, (2.38)
v =-2 2ecq, (2.39)

y= 0,p=0, z€d. (2.40)

Proceeding similarly as in the one-dimensional problem we apply a mixed finite element method to
solve numerically the optimal control problems (2.34)-(2.36). Substituting (2.39) into (2.37) leads
to

—eAy+B-Vy = [- 27
which implies in turn
p=af +acAy —af-Vy.
Inserting the above equality into the adjoint state equation (2.38) yields
—ae’A’y+aB-V(B-Vy)—y = acAf+aB-Vf—-22 -F. (2.41)

Similarly as in one-dimensional problem we introduce w = y/aeAy and decompose (2.41) into the
following systems

w —aeAy
VasAw —aB-V(B-Vy) +y

0, (2.42)
F. (2.43)



For the boundary condition we have
y =0, ,B-Vy:er%, on 0. (2.44)

The latter equation implies
p=af +vaw—aB-Vy=0, on 9.

Let n denote the unit outward normal vector and 7 denote the unit tangent vector. Then 3 can
be expressed as

B=(B-nn+ (B 7).

Set
Iy ={z€09Q;8 n(x) =0},
and
Iy = 0O\I';.
Further we have 5
ﬂ-Vyz(,B-T)T-Vyz(ﬁ-T)a—ij_ =0, on Iy,
and
_ _ 9y dy _ dy
B-Vy=(B-mn-Vy+ (8- 7)r-Vy=(B-m)5L+ (8 )5t = (B-m)5L, on Ta.
Summarizing, the second equality of (3.11) can be rewritten as
w=—vaf, on Iy, (2.45)
and
1
%y _ ), on I (2.46)

m= B

In this paper, we assume that minger,(3-n) > ¢ > 0.

For the discretization of problems (2.42)-(2.43) we consider a shape regular mesh 7, = {K}
which subdivides the computational domain {2 into triangles or parallelograms. The diameter of an
element K and the length of an edge e are denoted by hx and h., respectively. Let h = m}z{xx{h K}

h= m}én{hK} and H}(Q) = {v € H'(Q);v|r, = 0}. Moreover, we define

(v,w) = / vowde, <v,w>= / v - wds, (2.47)
Q r

where I' = 092 or a part of 09). R
Multiplying (2.42) and (2.43) by ¢ € H}(Q) and ¢ € HJ(S), respectively, results in the
following weak formulation

—Vae(Vw, Vo) +a(B-Vy,B- Vo) + (y,0) = (F2,9), (2.48)
1 1
(wﬂ ’l/)) + \/ae(Vy, Vw) —e< ﬂw7 ¢ >r, = \/EE < ﬂfa 1/) >ry - (249)
Let V;, C H'(f2) be a finite element space consisting of piecewise linear polynomials. Set V! =
ViNHL(Q) and V! = V,,NH (Q). Therefore the mixed finite element approximation of (2.42)-(2.43)

is to find (yp,ws) € V0 x V,? such that

—Voae(Vwn, Von) + a(B - Vyn, B-Von) + (yn, on) = (Fa;on), (2.50)



(W, ¥n) + Vae(Vyn, Vipy) — e < ﬁwhﬂ/)h >p, = Vas< ﬁf, Yy >r, . (2.51)

In the following, let us consider the error estimates of y — yp and w — wy,. Testing (2.48) with @,
(2.49) with 9, and subtracting (2.50)-(2.51) from the resulting equations yields the following error
equations:

—Vas(V(w —wy),Vor) +a(B-V(y—yn),B-Ven) + (y —ynen) = 0, (2.52)

(w = wp, ¥n) + Vas(V(y — yn), Vibn) — e < ﬁ(w —wh),Yn >r, = 0. (2.53)

Let y; and wy denote the Lagrange interpolation of y and w, respectively. We rewrite the error
y—yp and w — wy, as

Y=Yn = yY—yr— (Yn—y1) = py — Oy,
w—wp, = w—wr— (W, —wr) = Py — Ou.

Then the error equation (2.52)-(2.53) can be rewritten as

—\/EE(VHU,, Von) +a(B- VQy,,@ -Von) + (ey»‘Ph) = —\/ag(va, Von) +a(B - Vpy,B - Vn)
+ (loya@h% (254)
(guh’l/}h) + \/aE(VQZhvwh) —e< ﬁeuquh >Ty = (Pwﬂﬁh) + \/55(pr, Viﬁh)
1
- &< Iﬂpw,’l/)h >7, - (2.55)

Choosing ¢, = 6, and ¥, = 6, in (2.54) and (2.55), respectively, and adding the resulting
equations yields

||9y||2 + ||9wH2 +alB- v93/”2
= —\/ag(pr’ vay) + (B - Vpy,B- vay) + (ﬂy7‘9y)7

1 1
+ (pw,Ow) + \/EE(pr,Vew) +e< ﬂew,ew >r, €< ﬂpw,aw >r,,

= Y T (2.56)

Using Cauchy-Schwartz inequality together with an inverse inequality we obtain
e @
T, < S18-o P+ 516 Vo, P,
1 1
T < sloll+ 51607

1 1
To < Sloul® + 5100,

eh™! 9
Ts Cm”%” :

eh! €
T |6, ——lpwll?r.-
7 len(\ﬁnD”e || +Cm1n(\,6’n|)”p HO,FQ

On general meshes a further application of an inverse inequality and the Cauchy-Schwartz inequal-
ity gives

Ty < Cag’h 2|Vl + 616,12,



Ts < Cagh™|[Vpyll* + 616w,

Inserting the estimates of Ty ~ T7 into (2.56) leads to

1 1 «
Z10 2 - ew 2 et v 2
SO+ 216wl + S 18- 76,1

1 1 eh™
< = 2 o w 2 C o 6'“’ ?
< el Floul? + € el
€ «
c—- 2 —118-Vp,|?
+ mln(|,6n|) pr|0,1‘2 + 9 ”ﬂ pUH

+ Cag’h7?|Vpu|? + Cac®h ™| Vpy|I*.

Suppose that € < «vh for a sufficiently small constant . Then we have
1 a
SOl + ll6ul* + 18- VO I* - < Ch*(llyll3 + [lw]3). (2.57)

Using (2.57) and the estimates of Lagrange interpolation we arrive at

Theorem 2.3. Let (y,w) and (yn,wn) be the solutions of (2.48)-(2.49) and (2.50)-(2.51), re-
spectively. Assume that € < vh. Then, there exists a constant C independent of h and € such
that

1y = wnll + lw —wnll < Ch((lyll2 + [[wll2),

h
18-V(y—yn)l < Cﬁ

According to [10] ifthe mesh 7}, is rectangular, we have

(Iyll2 + [lwll2) + Chly]2.

/QVW — Y1) Vupdr < Ch?[|3|vp|1, Vo € H*(Q), vy € V. (2.58)

Utilizing (2.58) we then deduce

T < Cvaeh?|wls)6yl:
< CVaeh|wl)s)|6,], (2.59)
and
Ty < Cyaeh?|ylls)|0wl:
< CVaeh|ylls]|0.]]. (2.60)

Moreover, if the mesh is uniform rectangular([10]), it can be proven that

2
/ Za”&(w — ¢])8jv}de < Ch2|¢|4||vh||,\vl¢ IS H4(Q),vh e V. (2.61)
Q=1

Then the term 75 can be bounded as
Ty < Cah?|yllal6yll. (2.62)
Therefore, it follows form (2.59), (2.62) and (2.60) together with the estimates of T3, T4, Ts, T7 that

1 1 a 1 1 eh™!
- 67 2 Z1e 2 bt . 61 2 < - 2 - 2 cC—— o 2
107 + 5100l + SI8- VO < SloylP + Gl + o o]



3
C w 2 C 2h4 2
+ mln(|,6n|)”p ||0,F2 +Ca ||y||4

+ Cae’h?|lwl3 + Cac®h?|lyl5 + 5(110y 1 + [10w[I).
Again, suppose that € < vh for a sufficiently small constant v. Then we derive
104117 + 10w + allB - VO, 17 < ChH(lyl3 + lwl3) + Ch*(lyll3 + llwllf + llyl3). (2.63)
By (2.63) we have the following theorem.

Theorem 2.4. Let (y,w) and (yn,wp) be the solutions of (2.48)-(2.49) and (2.50)-(2.51), respec-
tively. Assume that e < vh and that the mesh is uniform rectangular. Then there exists a constant
C independent of h and € such that

ly = ynll + llw —wnll - < CR2(llylla + [[wlls),

h2
18-V(y—yn)ll < Cﬁ(l\y\h + llwlls) + Chllyll2-
Similar to one-dimensional problem, we derive the following governing equation for the adjoint
state variable p in the two dimensional case:

—ae’A’p+aB-V(B-Vp)—p = —acAz+aB-Vz—af £ —Gs. (2.64)
Defining ¥ = \/asAp leads to
9~ JasAp = 0, (2.65)
VaeAy —aB-V(B-Vp)+p = Ga. (2.66)
On the boundary we have
p=0, on 99, ¥=+az, on Iy, (2.67)
and
g—fl - ﬁ(z - \%), on T, (2.68)

where I'1 and I'y are defined before. R
Multiplying (2.65) and (2.66) by ¢ € H}(2) and ¢ € HE(Q), respectively, yields

—Vae(VD, Vo) +a(B-Vp,B-Vo)+ (p,¢) = (G2,9), (2.69)

(9,%) + Vae(Vp, Vi) + € < ﬁﬁ,w >r, = +Vae< ﬁz,zp >r, . (2.70)

Using the variational form (2.69)-(2.70) we define the following discrete scheme for the adjoint
state variable p

—Vae(VUn,Von) +a(B - Vpn,B-Vor) + (pn.on) = (Ga2,¢n), (2.71)

(Ons ¥n) + Vae(Vpn, Vi) + & < ﬁﬁhﬂbh >p, = Vas< ﬁ—ilz’¢h >r, . (2.72)

By arguments similar to that used in Theorem 2.4 we can deduce the following theorem results for
the adjoint state variable p

Theorem 2.5. Let (p, ) and (pn,Vp) be the solutions of (2.69)-(2.70) and (2.71)-(2.72), respec-
tively. Assume that € < vh. Then, there ezists a constant C' independent of h and € such that

lp = prll + 1[0 =Inll < Ch(|pll2 + [|9]]2),

h
18-V(p—pu)ll < Cﬁ(||p||2 +[191l2) + Chllp|2.

10



Theorem 2.6. Let (p,9) and (pn,Vp) be the solutions of (2.69)-(2.70) and (2.71)-(2.72), respec-
tively. Assume that € < vh and that the mesh is uniform rectangular. Then there exists a constant
C' independent of h and € such that

Ip = pall + |0 =9l < CR2(||plls + 19]]3),

h2
18-V(p—pu)ll < Cﬁ(llpllwr||19||3)+Ch||p||2-

2.3 The discretization of control u

In this section, we consider the numerical approximation and corresponding error estimate for
control variable wu.
According to the first order optimality conditions we have

D
u=—=.
«
Then we set
Ph
Up = ——.
«

Therefore the error of u — u, immediately follows from the estimates for p — py.

Theorem 2.7. For one-dimensional problem suppose that € < %. Then, there exists a constant
C' independent of h and € such that

h2
lu=unll < Clpll2 + 19]]2) -

Theorem 2.8. For two-dimensional problems assume that £ < ~vh for a sufficient small positive
constant v. Then there exists a constant C' independent of h and € such that

C(llpll2 + 19]]2)%, on a general mesh,
Ju— unll < 2
C(llplla + 19]l3)%, on a uniform rectangular mesh.

Moreover, we consider another different discretization for control variable w.
For the one dimensional case we get by (2.4)

u = —Ey"—l—y'—f
w /
= —— - f. 2.73
Jaty f (2.73)
We approximate the control variable u as follows
Wp

where f; is the Lagrange interpolation of f.
Then by Theorem 2.1 we can deduce the following error estimate for u — up,

w — W,
Ju—unl < NG I+ 1y = wnll + 1f = f1ll
h2
< C— Ch Ch ,
\/a(lly||2+|\wllz)+ lyll2 + Chlf]lx

which can be stated in the following theorem.

11



Theorem 2.9. Let (y,w) and (yn,wp) be the solutions of (2.15)-(2.16) and (2.17)-(2.18), re-
spectively. Assume that € < Lf Then, there exists a constant C independent of h and € such
that

2

h
lu—un| < Cﬁ(IIsz + llwll2) + Chllyllz + Ch| fl1-

Similarly to one dimensional problem we derive by (2.37)

u = —cAy+pB8-Vy—f

w
= 7 +8-Vy—f. (2.75)

The control variable u can be approximated as follows

w,
, = —— . . — 1. 2.
U Ja +8-Vyn, — f1 (2.76)

Then we have the following error estimate for u — up

w — Wh

\/—
< \/—(IIsz + llwll2) + CT(IIyllz + l[wll2) + Chl|f]-

[+ 18- (Vy=Vyn)ll +[f = f1ll

lu —unll <]

We thus have the following

Theorem 2.10. Let (y,w) and (yp,wn) be the solutions of (2.48)-(2.49) and (2.50)-(2.51), re-
spectively. Assume that € < yh. Then, there exists a constant C independent of h and € such
that

h
lu—unll < Cﬁ(llyllz + lwli2) + Chllyll2 + Ch| £l

3 Optimal control problem with constraints

In this section we only consider the following two dimensional convection diffusion optimal
control problems with control constraints;

min J(y,u /(y — 2)%dx + = / 2dx (3.1)

u€Uqgq

subject to

—eAy+B8-Vy+vy = [f+u, in Q, (3.2)
y = 0, on 9. (3.3)

Here 2 C R? is a bounded domain, and « is a positive constant. f and z are given functions.
Usa = {v € L*(Q);v > 0}. B is constant vector, v > 0 denotes the reaction coefficient and £ > 0
denotes the diffusion coefficient.

By standard argument we derive the following first order optimality conditions for optimal
control problems (3.1)-(3.3);

—eAy+B-Vy+vy =f+u, z€, (3.4)
—eAp—B-Vp+vp =y—2z, xz€Q, (3.5)
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u — max{0, —g} =0, x €, (3.6)
y=0,p =0, x € ON. (3.7)
By (3.5) we have
y=z—elAp—0B3-Vp+vp.
Inserting the above equality into the state equation (3.5) yields
2A%p — B-V(B - Vp) — 2veAp + v*p — max{0, —g} =f-B-Vz—vz+ecAz= M. (3.8)
By introducing # = ¢Ap we can decompose (3.8) into the following systems
W —eAp = 0, (3.9)
eAW — B-V(B-Vp) — 2veAp + 1*p — max{0, —g} = M. (3.10)
For the boundary condition we have
p=0, B-Vp=z—#, on O9.
Further we have
p=0, on 90, # ==z, on Iy, (3.11)

and
op 1
on  (B-n)

where I'y and I'y are defined before. .
Multiplying (3.9) and (3.10) by ¢ € H}(Q2) and ¢ € H}(Q), respectively, yields

(z=W), on Iy, (3.12)

—e(VH# ,NVp)+ (B-Vp,B Vo) +2(vVp, V)
+(p,¢) — (max{0, ~ 2}, ) = (M, ), (3.13)

1 1
ﬂ%,'l/} >r,=e < ﬂz,lﬁ >r, - (3.14)

The following discrete scheme for adjoint state variable p can be defined by using the variational
form (3.13)-(3.14)

(7, 4) +e(Vp, Vi) + € <

(VW Von) + (B - Vpn, B - Von) + 26 (vVpn, Vor)
(D, on) — (max{0, =21}, 1) = (M. o), (3.15)

1 1
ﬂ%’wh >]_‘2— e < ﬂz,’l/)h >1“2 . (316)

In order to derive the error estimates according to [11] we introduce the following auxiliary problems

(Whv 1/)h) + 5(Vpha Vﬁ)h) +e<

~e(V W, V) + (B - Vi, B - Veon) + 2(vVin, Vi)
+(v%ns on) — (max{0, =2}, on) = (M, 1), (3.17)
—~ 1 —~ 1
(W, ¥n) +e(Von, Vi) + € < m%,wh >p,=¢e < ﬂzﬁ% >r, - (3.18)

By similar arguments as used in the unconstrained case we deduce the following error estimates.
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Theorem 3.1. Let (p,#) and (ﬁh,%) be the solutions of (3.18)-(3.14) and (3.17)-(3.18), re-
spectively. Assume that ¢ < vh. Then, there exists a constant C' independent of h and € such
that

lp =l + 117 =74l < (Hp||2+|WH );

18- V(p—pn)ll < f(||p||2+ 17112) + Chllpll2-

Theorem 3.2. Let (p, #') and (pp, %) be the solutions of (3.13)-(3.14) and (3.17)-(3.18), respec-
tively. Assume that e < vh and that the mesh is uniform rectangular. Then there exists a constant
C independent of h and ¢ such that

Ilp—Bull + 17 = #ll < ch2<\|p||4 +[#]|5),

18- V(p—pn)ll < 4+ [17113) + Chllpll2-

p
Utthlng (315)—(3.16) and (311)—(318) we haVe

~e(V(#h = ), Veon) + (B V(pn — ), B Vepn) + 25wV (pn — p1), Vipn)
+(W*(pn — Bn), 1) — (max{0, ——} max{0, ——} ¢n) =0, (3.19)
(#h = Wa),won) + (Y (pn = Bn), Vibn) + & < ﬂ% ~Wh)n >r,= 0. (3.20)
Let { = #, — W, and X = prn — pn- Testing (3.19) with ¢, = ¢, (3.20) with ¢, = x and adding
the resulting equations together leads to
ICIP+ 118 - VxII* + 2ev ([ Vx| + [lvx]|?

= (max{o,_%h} —max{o,—g},x) —e< ——(Cory - (3.21)

1
B-n
Note that

Ph p -
0,——1}— 0,—— —
(max{ ) O[} max{ ) a}aph ph)
Ph py 1 1
= 0,——1}— 0,— =}, —pn——
a(max{0, a} max{0, a},aph aph)
DPh P 1 1 1 1.
= 0,——1}— 0,—=}, —pn— — —p— —
amax{0, =2}~ max{0, -2}, Spy ~ Zp+ Tp- 1)
1 1 Pr p ~
= 0,—— 0,— —pp — — 0,—— 1} — 0,—— —
o(max{0, 2} —max(0,~2}, Ly~ Lp) - (max{0, 2} max(0, -2} p )
, 1 Dh
- 0,2} —max{0,- L}, = 0,2
a(max{0, a} max{0, a}7aph+max{ S )
Ph p Phn p
— 0,——1}— 0,—— 0,——}— 0,—=— 3.22
a(max{0, a} max{0, Oé},max{ , a} max{0, a}) ( )
Ph p P 1
0,——1}— 0,—=},— 0,—=}——
+  «a(max{0, oz} max{0, 04}7 max{0, a} ap)
+ (max{(),—p—h}—maX{O,—B},p—ﬁh).
«o «o
It is easy to prove that

Ph py 1 Ph
max{0, — 2} — max{0, — =}, =pj, + max{0, —
a( ax{ ’ o } a‘X{ ’ OZ}’ aph + aX{ ) })
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Ph p py 1
+ 0,——}— 0,— —max{0, —=} —
a(max{0, a} max{0, a}, ax{0, a} O[p)

(0,pn) +(0,—p), p=0, pp =0,
(pr,0) + L(pn,p), p>0, pr <0,
L(pn,p) + 2(p,0), p<0, pr >0,
0, p <0, pp <O,
< 0. (3.23)

It follows from (3.21), (3.22) and (3.23) that
Pr p
K17 + 118 - VI + 2ev[[ Vx| + Il + o max{0, ==} — max{0, = =}]*
bn p - 1
= 0,— 2y — 0,- 2} p—pn)—e< —
(max{ ' o } rnax{ ’ a}7p ph) €< ,B ] HC’C >Ty
Pn

- o eh™!
< Cllp—pul® + 5 | max{0, ===} — max{0, ——}||2 +O0—

(3. |)IICH (3.24)

Suppose that € < yh for a sufficiently small constant . Then we deduce
Pn p
1K+ 18- VxlI” + 22w VxI* + [lvx]® + af max{0, ===} — max{0, == }*
< Cllp = pul*. (3.25)

Combining (3.25) with Theorem 3.1 and 3.2 we arrive at

Theorem 3.3. Let (p,#) and (pn, #1) be the solutions of (5.13)-(3.14) and (3.15)-(3.16), re-
spectively. Assume that € < vh. Then, there exists a constant C independent of h and € such
that

lp=pull + 117 =7l < Ch(lpllz + 171l2),

h2
-V(p— < C— v/ Ch .
18- V(p—pn)ll \/a(Ilpllz + 17112) + Chlpl2
Theorem 3.4. Let (p, #') and (pn, #4) be the solutions of (3.13)-(3.14) and (3.15)-(8.16), respec-
tively. Assume that € < vh and that the mesh is uniform rectangular. Then there exists a constant
C independent of h and ¢ such that

lp = pull + 117 =7l < ChQ(\Ipllzx +1713),

18-V(p—pu)ll < la +[|7]]3) + Ch|lp||2-

(||P|
\/—

Using the first order optimality conditions we approximate the control variable according to [8]
as

up, = max {O,—%}. (3.26)

Then it is easy to see that uj, € Ugq. In general, uy, is not a finite element function corresponding
to the mesh 9, especially on triangles containing the discrete free boundary. For the control
variable we have the following error estimate.

Theorem 3.5. Assume that € < vh for a sufficiently small positive constant . Then there exists
a constant C' independent of h and € such that

Cllipllz + 1#112) &

a’ on a geneIal IIleSha
||’LL — uhH <
<

C(llplla + HW||3)%, on a uniform rectangular mesh.
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In constrained problem our method doesn’t work for the state variable. To discretize the state
variable we can adopt some stabilized finite element methods, such as the local projection stabilized
method([1]) and the edge stabilization Galerkin method([4]).

To our best knowledge utilizing such methods to discretize the state variable only leads to
O(h%) errors with piecewise linear polynomials approximation.

Proceeding similar to [4] we apply the edge stabilization Galerkin method to discretize the state
equation. To control the convective derivative of the discrete solution sufficiently we introduce a
stabilization form ([13])

S(vp,wp) = Z sh? [V, - n][Vwy, - n]ds, (3.27)
ecéy €

where &, denotes the collection of interior edges of the triangles in 7", h. is the size of the edge
e, [q] denotes the jump of ¢ across e for e € &},

o(o)leee = i (ata+5m) —gfa —sm)).

n is the outward unit normal. s is a constant independent of h and e.
Using above stabilization forms, an edge stabilization Galerkin approximation of the state
equation (3.4) is as follows:

A(yn, wn) + S(yn, wn) = (f +un,wn),  Vwy €V, (3.28)
where A(-,-) denotes the bilinear form given by
A(y,w) = (eVy, V) + (8- Vy,w) + (vy,w),  y,w € Hy(9).

Theorem 3.6. Let (y,u) and (yn,un) be the solutions of the equations (3.4)-(5.6) and (5.28)-
(3.26), respectively. Assume that all conditions of Theorem 3.5 are wvalid. Then we have the
following estimates

C(h+ h3? 4 he'/?),  on a general mesh,

Iy —yn [l+<
C(h? 4+ h*/%2 + he'/?), on a uniform rectangular mesh.

where ) )
[ wn [3=¢ || Vun [§.0 + | v2wn 5.0 + | h28 -V 1§ o +S (wh, wh).

Proof. Let gy, be the solution of the following equation
A(Gnswn) + S(Gn,wn) = (f +u,wp), Yw, € V3.

We observe that g is the edge stabilization Galerkin approximation of y, and by the stability
property of A(-,-) + S(-,-) (see,e.g.,[13]) we derive

Fyn = gn l+< Cllu—un || - (3.29)
Again proceeding similarly as in [13] leads to

Iy = gn ll-< (R + he'/2). (3.30)
Then (3.29), (3.30) as well as the results of Theorem 3.5 imply that

|y —wyn ll«0
< O+ he'?)+C || u—uy |

C(h+ h*? + he'/?), on a general mesh,
<
C(h? + h3/? + he'/?), on a uniform rectangular mesh.
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4 Numerical examples

The goal of this section is to carry out numerical examples to illustrate our analytical findings.
Consider the following control problem

. 1 2 1 2
_1 N 1 4.1
mip I = 5 [ (0=2Pdo+ 5 [ ol (41)
subject to
—Ay+03-Vy+vy = f+u, in Q=10,1] x [0, 1], (4.2)
Yy = Yo, on 0. (4.3)

Example 4.1. Let e = 1073, 8 =[1,1]T and v = 0 in (4.2). The ezxact solutions are chosen as

y = 16x1(1 — z1)z2(1 — z2) X (% + %arctcm((é —2(z1 — 0.5)% = 2(z2 — 0.5)%)/Ve)),
p = sin(2wz)sin(27zs).

The corresponding desired state z, and desired righthand side f can be calculated from the exact
solutions and the governing equations.

Firstly we apply the mixed finite element method proposed in section 2 to solve numerically a
one-dimensional problem. The corresponding errors for y,w and p, are presented in Table 4.1,
which imply

ly = ynll + lp = pull = O(h?).

The figures for y and w are shown in Figure 4.1 and 4.2, respectively.

Table 4.1. Error of state y, w and adjoint state p , ¥ for the one-dimensional problem.

h o Jly—wnlloe order |Jw—wpl|oo order |p—ppllo,o order |9 —¥| order
L 0.0034 \ 0.0086 \ 3.0748¢-4 \ 1.3370e5  \
ﬁ 6.6531e-4 2.3534 0.0026 1.7258 7.6810e-5 2.0011 3.3452e-6  1.9988
ﬁ 1.6406e-4 2.0198 7.1743e-4 1.8576 1.9199e-5 2.0003 8.3648e-7 1.9997
ﬁ 4.0879e-5 2.0048 1.8334e-4 1.9683  4.7994e-6 2.0001 2.0913e-7 1.9999

== I I I I e
0 0.2 0.4 0.6 0.8 1
X

Figure 4.1. y together with y,.
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Figure 4.2. w together with wy,.

Secondly, we utilize the mixed finite element method proposed in section 2 to solve numerically
a two-dimensional problem on uniform triangle mesh. Table 4.2 displays the errors of state y, w
and adjoint state p,®, from which we observe that

ly = yull + llp = prll = O(h?).

The figures of y;, and wy, are presented in Figure 4.3 and 4.4, respectively.

Table 4.2. Error of state y, w and adjoint state p , ¥ for the two-dimensional problem on
uniform triangle meshes.

h lly—wnlloo order |lw—wylloo order |p—pulloo order |9 — Frl| order
I 0.0019 \ 0.0089 \ 0.0011 V. 1.260%¢-.004

% 0.0013 2.0814 0.0062 1.9828 8.0058e-004 1.7427 8.7934e-005 2.0154
% 9.5902e-004 1.9734 0.0043 2.3739 5.9147e-004 1.9638 6.4557e-005 2.0048
% 7.3740e-004  1.9679 0.0032 2.2127 4.5575e-004 1.9521 4.9559e-005 1.9799

Figure 4.3. yy,.




Figure 4.3. wy,.

Example 4.2. Let a =0.1in (4.1), e =1072, B =[1,1]T andv =1 in ({.2). The exact solutions
are chosen as

y = %(atan(lOO(—Oﬁxl + 22 — 0.25))),
p = 1601(1— 21)za(l — 22) X (% + %arctan((% @ — 0.5) — 223 — 0.5)2)/VE)),
u = max{—5,min{—2.5,—§}}.

The corresponding desired state z, and desired righthand side f can be calculated from the exact
solutions and the governing equations.

In this example we consider a control constrained problem. We use the mixed finite element method
proposed in this paper to solve numerically the adjoint state variable, while the edge stabilization
Galerkin method is applied to approximate the state variable. The errors for state y, adjoint state
p and control u are displayed in Table 4.3, respectively. The figures of discrete state y and control
u are shown in Figure 4.5 and 4.6.

Table 4.3. Error of state y, adjoint state p, ¥ and control u for the two-dimensional problem on
uniform triangle meshes.

h ly—wnl order |lp—pnllo,e order ||¥—9Iulloe order |lu—wup| order
00115 \ 0.0018 \ 0.0088 \ 0.0085 \

& 0.0075 2.3445 0.0013 1.7849 0.0062 1.9208 0.0064 1.5564
71—0 0.0052 2.3759  9.4974e-004 2.0365 0.0043 2.3739 0.0047 2.0028
% 0.0038 2.3489 7.2985e-004 1.9722 0.0032 2.2127 0.0035 2.2077

From Table 4.3 we observe that
lu—unll + llp = pal = O(R?),
which are in agreement with our theoretical analysis in section 3. Moreover, we find that
ly = yull = O(h%),

which is better than predicted by our theoretical analysis.
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Figure 4.5. yp.

l M;IW'

Figure 4.6. up,.

In summary, from a numerical point of view we conclude that for unconstrained problems
the mixed finite element method proposed in this paper has O(h?) convergence order for the state
variable y, the adjoint state variable p as well as the control variable u, and for constrained problems
this method has O(h?) convergence order for the adjoint state variable p and the control variable
U.
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