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1. Introduction

The subject of this report is the finite element approximation of optimal control
problems with constraints on the gradient of the state. A typical example is the op-
timization of a cooling process in which the temperature acts as the state variable
and large temperature gradients are prohibited in order to avoid possible damage
in the material. We shall restrict ourselves to a model problem which involves the
optimal control of a linear elliptic partial differential equation in the presence of
pointwise bounds on the gradient of the state, while the control variable can be
both constrained or unconstrained. In order to discretize this problem it is common
to approximate the underlying objective functional by a sequence of functionals
which are obtained by discretizing the state equation with the help of a finite el-
ement method. Natural choices in this step are continuous, piecewise linear finite
elements but also the lowest order Raviart—Thomas mixed finite element. The con-
trol variable can be handled in two ways: either by variational discretization (see
[11]), which means that the first order optimality conditions give rise to an implicit
discretization in terms of the discrete adjoint state; another possibility consists in
discretizing the control explicitly, typically by piecewise constant functions.

This report focusses on the a-priori error analysis for the abovementioned approaches.
Apart from reviewing results that have been obtained in [5, 8, 12] we prove a new
bound in the case in which the control variable is unconstrained and the objective
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functional contains an L'-norm (r > 2). In the remaining part of the paper we
present a number of test calculations.

Let us close this section with a short survey of related publications. Elliptic op-
timal control problems with gradient constraints in nonsmooth polygonal domains
are considered by Wollner in [16, 17]. While [16] is concerned with the existence of
solutions, first order conditions and regularity, [17] derives a-priori error bounds
for a finite element discretization. A general Moreau-Yosida framework for the
treatment of elliptic optimal control problems with state and gradient constraints
is presented by Hintermiller and Kunisch in [9]. Interior point approaches are in-
vestigated by Schiela and Wollner in [13]. In [15] Wollner presents an a-posteriori
error analysis for an interior point approach to elliptic optimal control problems with
general state constraints, including the case of pointwise bounds on the gradient of
the state. A residual based adaptive approach to elliptic optimal control problems
with pointwise gradient state constraints is presented by Hintermdiller et al. in [10].

2. Mathematical setting

Let Q c RY (d = 2, 3) be a bounded domain with a C -*-boundary and consider the
differential operator

d
Ay == - Z aXj(aijyxi) + aoy,
i,j=1
where for simplicity the coefficients a;j and ao are assumed to be smooth functions
on Q. In what follows we assume that aj; = aji, ap > 0 in Q and that there exists
Co > 0 such that

d
Z aij(\)&é; = colél?  forall £ e R and all x € Q.
ij=1

We consider the elliptic boundary value problem

Ay = U InQ

y = 0 onoQ. (2.1)

It is well-known that for every 1 < p < oo (2.1) has a unique solutiony € W 2P(Q) N
W, P(Q) with
IYllwze < CllullLe. (2.2)

Here || - || and || - ||wke denote the usual Lebesgue and Sobolev norms. If p = 2 we
simply write || - || = || - |I2.
We consider the following optimal control problem:

1 a
minJu:—f|— |2+—f|u|r
uek O 2 Jo y=Yo rJo (2.3)
where y solves (2.1) and Vy € C.

Here, o > 0 and yg € L?(Q) are given, while
C ={z e CUQ)|z(X)| < 6, % € Q},
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for some given 6 > 0 and | - | denotes the Euclidian norm in RY. Furthermore, we
consider the following two possible choices for K and r:

(WK={uelL®(Q)]a<u<bae.inQ}, r =2, where a < b are given constants.
(1) K = L"(Q2) forsome r > d.

Note that in both cases a well-known embedding result implies that Vy € C °(Q)¢
for the solution of (2.1), so that the condition Vy € C in (2.3) makes sense.
Existence of solutions, first order conditions as well as the structure and regularity
of multipliers for control problems with pointwise constraints on the gradient of the
state were investigated by Casas and Fernandez in [4]. The authors allow a semi-
linear state equation and rather general constraints on the control and the gradient
of the state. The above choices (1) and (I1) fit into the framework of [4]. In order
to formulate the first order optimality conditions we introduce the space of regular
Borel measures M(€), which is the dual space of C°(Q). The norm on M(Q) is
given by

lullp@ = sup ffdﬂ.
feCo(Q), fl<1 JQ

In case (1) we assume in addition that the following Slater condition holds:
Al e K |Vy(X)| <6, xe Q, where y solves (2.1) with u = Q. (2.4)
Note that in case (I1) one may simply choose 0 = 0 to satisfy this condition.
Theorem 2.1. An element u € K is a solution of (2.3) if and only if there exist
1 e M(Q)®and p e LY(Q) (t < 5%) such that
fg PAL — fg (Y - o)z — fﬁ Vz-du = 0 VzeW'(Q)nwW'(Q),(25)

f(p +aul2u)@-u) > 0 Vi e K, (2.6)
Q

j:(z -Vy)-du < O vz e C. (2.7)
Q

- - 1 1 _
Here, y is the solution of (2.1) and  + 7 = 1.

Proof. see, [4, Theorem 3] and [4, Corollary 1]. O

Remark 2.2. We may infer from (2.6) that in case
pP(x)

[0

(1) u(x) = a1 |p(X)|71 p(x) a.a. X € Q.

(1) u(x) = Proj, (- )a.a. x € Q,

In the latter case it is shown in [12, Corollary 5] that this relation together with (2.5)

17%76 ;
implies that u € W 7 "(Q) for any € > 0. An embedding result (see [14, 4.6.1])

then yields u € LP<(Q), where p, = -7 forany e > 0.
il €
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3. Finite element discretization

Let 71 be a triangulation of Q with maximum mesh size h := maxXtcs;, diam(T). We
suppose that Q is the union of the elements of 7; boundary elements are allowed to
have one curved face. In addition, we assume that the triangulation is quasi-uniform
in the sense that there exists a constant x > 0 (independent of h) such that each
T e 7 is contained in a ball of radius x~*h and contains a ball of radius «h.

3.1. Piecewise linear approximation of the state
Let us recall the definition of the space of linear finite elements,

Xp = {vh € CO(K_Z) | vh is a linear polynomialoneach T € 74}

and let Xpo 1= Xn N HF(€). For a given function u € L?(Q2) we denote by yn € Xno
the solution of

fAVyh - VVh + f AoYnVh = f uvy, forall vy € Xho. (3.2)
Q Q Q

Here, we have abbreviated A(x) = (a; j(X))?, j-1- Let us define

Ch := {ch : Q = RY|chyr is constant and [cnr| < 6, T € Th). (3:2)

We approximate (2.3) by the following control problem depending on the
mesh parameter h:

. . 1 2, @ r
runelg\]h(u) = 2fgl)/h Yol” + rfQIUI (3.3)

subject to yy, solves (3.1) and Vy;, € Cy,.

Note that the control variable is not discretized. Problem (3.3) represents a
convex infinite—dimensional optimization problem of similar structure as problem
(2.3), but with only finitely many constraints on the state.The following first order
conditions yield an implicit discretization of the control variable in terms of the
discrete adjoint state. Using (2.4) it is not difficult to see that a Slater condition
holds for (3.3) provided that 0 < h < hy.

Lemma 3.1. Problem (3.3) has a unique solution uy € K. For 0 < h < hg there are
ur € R4, T e 7 and py € Xno such that

f(AVVh - Vpn + aoVnpn) — f(Yh — Yo)Vh — Z VVpr -pur =0 VYvh € Xno, (3.4)
Q Q TeTh

f(ph + C¥|Uh|r_2Uh)(ﬁ —up) >0 VieK, (3.5)
Q

Z (Chyr — Vyhr) -u1 <0 Yeh € Ch. (3.6)
TeTh

Here, y,, € Xpo is the solution of (3.1) with right hand side up,.

Proof. see [4, Theorem 7] with the choices U = L"(Q), K ¢ U, Cy, ¢ Z := R\,
where Ny, is the number of triangles in 75, O
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Remark 3.2. Similar to Remark 2.2 we deduce from (3.5) that for
Pr(X)

(D up(x) = Proj[a’b](—T) aa. xeqQ,

(1) Un(X) = =~ 72 [pn(X)| 7L pr(X) aa. X € Q,

so that in both cases the discrete control is expressed implicitly in terms of the
piecewise linear discrete costate py, the relation however being nonlinear.

For the unconstrained case (I1), the following error bound has been proved in
[8, Theorem 2.5]:

Theorem 3.3. Let u and uy, be the solutions of (2.3) and (3.3) in case (I1) respec-
tively. Then there exists hy > 0 such that

U= unller < ChTE0, - jly — yy < Chz0-D
forall 0 < h < h.

The proof relies on a careful combination of the information given by the pri-

mal and adjoint equations and we present the main ideas in the following section
for a mixed finite element discretization of the state equation. The bounds in The-
orem 3.3 are still satisfied if one employs a discretization of the control variable
by piecewise constant functions on 77, see [8, Theorem 2.8]. We also remark that
the above results are obtained by Ortner and Wollner in [12] without making use
of adjoint information by working directly with the functionals J and Jy. Such a
technique was previously used in [6] for the numerical analysis of elliptic optimal
control problems with pointwise bounds on the state.
In general, both the control u and the adjoint variable p have low regularity even
allowing jumps. For this reason, piecewise linear, continuous finite elements are not
ideally suited for the discretization as they tend to develop oscillations near discon-
tinuities. In the next section we present an alternative approach on the basis of a
mixed finite element approach of lowest order for the state equation. This approach
leads in particular to piecewise constant approximations for the state, costate and
control and therefore seems to be better suited to handle discontinuities.

3.2. Mixed finite element approximation of the state

As already mentioned we now use a mixed formulation in order to approximate the
solution of (2.1). Let us introduce

H(div, Q) := {w e L?(Q)¢ | divw € L%(Q)}

and write (y,Vv) = G(u), where v = AVy and y is the solution of (2.1).
We use a mixed finite element method based on the lowest order Raviart—=Thomas
element. Let

Vh = RTo(Q, Th) := {wh € H(div, Q) [Wh;r € RTo(T) forall T € 74},
where RTo(T) = {w: T — RY|w(X) = a + B8x,a € RY, 8 € R}. Furthermore, let

Yh := {zn € L?(Q)|zn is constant on each T € 74}
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For a given function u € L"(Q) the discrete solution (yn, Vi) € Yh X Vy, is given by

fA_th - Wh + f ypdivw, = 0 YWh € Vj (3.7)
Q Q

fzhdiwh—faoyhzh+fuzh =0 Yz € Y. (3.8)
o) Q o)

Introducing Gn(u) = (Y, Vn) € Yn X V} as an approximation of G it is well-known
([3]) that the following error estimate holds:

Iy = Ynll + IV = VIl < Ch(llylln: + [IAVYlly2) < Chilyllye < Chllull - (3.9)

by (2.2). In what follows it will be crucial to control the error between v and v, in
L>(Q).

Lemma 3.4. Letd < p < o0, u € LP(Q) and (y,Vv) = G(u), (Yn,Vh) = Gn(u). Then
there exists hg > 0 such that for 0 < h < hg

d 1-2

1_
IV = Vh|lLe < Ch*?[logh|"~?]|u]lLe.

Proof. Let us denote by T the linear operator which assigns to u the error v — vy,.
We deduce from (3.9) that

ITllz2 < Ch.

On the other hand we infer from [7, Corollary 3] that there exists hy > 0 so that for
0<h<hg

IV = VhllL= < Chllog hf [|u]|_~
forall u € L*(Q), so that
ITllL=—L~ < Ch[loghl.

The Riesz convexity theorem then implies that

2 1-2
ITlie—te < ITHE LTI,

and hence
IV = Vhllr < Ch%(hl log hl)l_% llulle = hllog hll_%’ [luflLe

for all u € LP(Q). Denoting by I}, the usual Lagrange interpolation operator we de-
duce with the help of standard interpolation estimates, (2.2) and an inverse estimate
that

IV = VhllL

IA

IV = InVllLs + lIThV = VallL=

_d _d
ch' ™5 IVllwe + Ch™?[[1nV = Vp|lLs

IA

_d _d _d
ch™ s ||ullr + ch™® ||V = IpV]|Lp + ch™ 8[|V = Vi||Lp

1-2
PIuflLe

IA

d d
ch % |jullLs + ch*™?|logh|

IA

which yields the result. O
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Similarly to (3.3) we now consider the following discrete control problem:

. e 1 2 @ r
rJyKnJh(u) = 2fglyh Yol” + rfglul

subject to (yn, vp) = Gn(u) and (JC A‘lvh) € Ch,
T

TeTh

(3.10)

where Cy isasin (3.2) and £, - = & [ - We note that the control again is not
discretized and that the gradient of the state variable is only constrained on average
on each element. Similar to Lemma 3.1 and Remark 3.2 one has

Lemma 3.5. Problem (3.10) has a unique solution uy, € K. There exists 0 < h; < hg
such that for 0 < h < h; there are gt € RY, T € 77, and (pn, xn) € Yn X Vi, such that
with (Yn, Vh) = Gn(un) we have

fA_th - Wh +f pn divwp + Z UT - J[A‘lwh = 0  Vw,eVy, (311
Q Q T

TeTh

fzhdiVXh—faophzh"‘f(Yh_YO)zh = 0 VzeY (312)
Q Q Q
f(ph + alun|"2uR) (@ - up)
Q

\Y

0 VieK,  (3.13)

Z ,UT'(Ch|T — JCA_lvh) < 0 VYch € Ch. (3.14)

TeTh T
Remark 3.6. The discrete control u,, and the discrete adjoint state py, are related by
Pr(X)

(D up(x) = Proj[a’b](—T) aa. xeQ,

_1 2-r
() up(x) = —a ™1 |pp(X)] T pn(X) a.a. x € Q.
In particular, in both cases the discrete solution uy, is piecewise constant on the
triangulation 7+.

The following a—priori estimate is crucial for the convergence analysis.

Lemma 3.7. Let u, € L"(Q) be the optimal solution of (3.10) with corresponding
state (Yn, Vh) € Yh x Vi and adjoint variables (pn, xn) € Yh X Vh, u1, T € Th. Then

lunller + liynll+ > lurl < C
TeTh
forall0 < h < hy.

Proof. The proof is carried out in [5, Lemma 3.6] for case (I), but the analysis can
be adapted to case (I1) in a straightforward way. |

The error analysis depends on the choice of the admissible set K and the struc-
ture of the objective functional. In case (I) the controls belong to L *°(Q2) leading to
better convergence properties in the state equation. We have the following result:
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Theorem 3.8. Let u and uy, be the solutions of (2.3) and (3.10) in case (I) with
corresponding states y and yy, respectively. Then

U= pll + lly — yall < Ch?[logh|?
forall 0 < h < hy.

Proof. see [5, Theorem 4.1]. O

Let us next turn to case (I1), for which Theorem 3.3 gives convergence rates
of O(h7(@-P) for the control and O(hz(-P) for the state if a piecewise linear ap-
proximation of the state is used. Adapting the corresponding proof to the case of
the Raviart—-Thomas element it would be possible to derive the same convergence
rates. However, as observed in [12, Remark 2], these rates are not optimal since

_d_,
ue W%’V(Q) for any € > 0. The following result improves these bounds and
appears to be optimal as far as the control variable is concerned.

Theorem 3.9. Let u and up be the solutions of (2.3) and (3.10) in case (Il) with
corresponding states y and yn respectively. Then for every p > 0 there exists C, such
that

U= Unllr < Coh™ 77, ly = ynll < Cph* 77,

1-¢ dy_r
where @y = —, a2 = (1 - F)m.
Proof. To begin, we note that for r > 2
(la2a—|b|"?b)(@a—b) > 2> "la—b|" VabeR.
Hence, using (2.6) and (3.13),

a22‘rf|u—uh|Ir < af(|u|r‘2u—|uh|r‘2uh)(u—uh)
Q Q

fgph(u—uh)+fgp(uh—u)zl+ll. (3.15)

Let us introduce (¥, Vn) = Gh(u) € Yi X Vh. Using (3.8) and (3.11) we infer for the
first term

| = —fphdiv(vh—vh)+fao Pr(Yh = Yn)
Q Q

= fA‘l)(h - (Vp = Vh) + Z Ut - JCA_l(Vh —Vp) + f ao Pn(Yh — Yn)
Q T Q

A

TeTh
= A~ vh - (U — Vi) + (P JCA‘l\"/ —JCA‘lv
fg xh - (Vh = Vh) T;:rhltT((s(T h) : )
+fao Pr(¥h — yn) + Z/JT‘(JC A_l\N/h—Pd(JCA_lvh)),
Q TeTh T T

where P denotes the orthogonal projection onto B;(0) = {x € R%||x| < &}. Note
that
IPs(X) — Ps(R)I < |x—-%  Vx,XeRY. (3.16)
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Since by definition

-1~
(Ps ﬁ At)), - €Ch
we deduce from (3.14) that

I < fA‘l)(h (U = vp) + f ao Pn(¥n — Yh)
Q Q
+max|fA‘1\”/h — P (JC A‘1\7h)| Z Tl
TeTh T T TeTs

In order to estimate the last term we note that Vy € C implies that (fT YWiter, =
(fT A‘lv)Te,Th € Cp. Using Lemma 3.4 with (y,v) = G(u), (¥, Vn) = Gnh(u) we infer

~ 1-4 1-2 1-9 1-2
IVh = V||Le < Ch™ % | log h|™ " [Ju]lLee = Cch™ 7o |logh|™ e, (3.17)
: . -1 -
since u € LP<(Q) with p. = ———— (e > 0) in view of Remark 2.2. As a conse-
—Z4e€
quence, ‘
| f AT — Py( f A < | JC A7 (T — V)| + |Ps( JC A7 (T - V)|
T T T T
< Cli¥h = VllL~ < Ccht o |loghf*

in view of (3.17). Combining this estimate with Lemma 3.7 we deduce
I < fA_th - (Vh —vn) + f 80 Pn(§n — yn) + Cch' 7 [ log hf* 7.
Q Q
The symmetry of A, (3.7) and (3.12) finally give

IA

_f(y“_y“)d“’)fﬁfao pn(Fh = Yn) + Cch' o< log hi* 5
@ Q

f (Yh = Yo) (5 — Yn) + Cch® 5| log hf . (3.18)
Q

In order to analyze the second term in (3.15) we define (y",v") = G(un). Recalling
(2.5) we have

I = fgp(ﬂy*‘—ﬂy)

f (V- yo)(y" —y) + f_(Vy“ —Vy) - du
Q Q

[0-30007 =)+ [(Patmy) = 7y)-dt [ (Y = PoY) e
Q Q Q
Since x = Ps(Vy"(x)) € C we infer from (2.7)

T fQ V= Yo)(y" - y) + ”Qeag—i"vyh(") — Ps(VY" ) el e - (3.19)



10 Deckelnick and Hinze

Let x € 5, say x € T for some T € 7. Since up is feasible for (3.10) we have that
£ A~lvy, € B;(0) so that (3.16) implies
IVY"(x) — P5(Vy"(x))|

vy (x) - ﬁ Ay + [Pa(Vy" () = P ﬁ Alvy)

IA

IA

2|vy"(x) - ﬁ A v|. (3.20)

Using a well-known interpolation estimate (cf. [2], Corollary (4.4.7)) and (2.2) we
obtain

|Vy"(x) - ﬁA‘lvh| = A1V (x) - ﬁA‘lvh|
< A" )09 - f A0 -v)
T
-1 _ -1 -1n,h _
+HAT (X)V(X) ﬁA v| +|J€A (" = wp)|

§ _d

ChY 7 [Iv" = Vllwar + Ch* % [Vllwese + CINVY = Vil
§ _d

< Ch¥7|lup — uller + ChY#e|ullec + CIV" = VpllLe.

Applying Lemma 3.4 with u — u as well as (3.17) we infer

IN

IV = Villes < IOV = V) = (Vi = Tp)lies + IV = Tplles
< Ch*7[logh[* ¥ |Ju - upllis +C.h 5 log h[ 7,
which combined with (3.20) yields
max |Vy"(x) ~ Po(Vy"(x))| < Ch*~7 Tog hi*¥|ju — unllr + Cch' e log hf* 7.

Returning to (3.19) we have

d

I < f(y —Yo)(y" = y) + ChtF logh*F Ju — upllir + C.h* "7 [logh|* % (3.21)
If we insg;rt (3.21) and (3.18) into (3.15) we finally obtain
a2 - ul, < [ 0n =300 -+ [ =300 -
+ChY%[log h/*#[luy — ullir + C.h 5| log h~#
S L Al KR OURSORIUE BTG

d

+Ch 7 log h|*# llun — ullir + C.hY 7 log h* =

Iy = ynll® + Clly = nll + lly" = ynll)
2—r

IN

+52—lu = uplll, + Ch=D71| log | =71 + C.h'5e | log hi

by Young’s inequality. A simple calculation shows that
d d,r ed d, r

1—- 2)———

Pe r'r-1 r—1<( r)r—l’




FEM for control problems with gradient constraints 11

while 1 — % <(1- %)ﬁ In conclusion we obtain after another application of
(3.9)

lu = unllEe +1ly = yal? < Cch@DE-1 logh(-D,
from which we deduce the result of the theorem. O

4. Numerical examples
We consider (2.3) with the choices Q = B,(0) c R?, @ = 1,

C={zeC (Q)2||z(x)|<3 X € Q)

as well as
(x) = %+1In2——|x|2 0<|x <1,
YoRO=\ Lin2-Linx,  1<x<2

In order to construct a test example we allow an additional right hand side f in the
state equation and replace (2.1) by

-Ay = f+u InQ
y = 0 on 0Q,

where

2 0<K<1,
f(x)"{o, 1<|x <2

In case (I) we consider K = {u € L*(Q)| —2 < u < 2a.e.inQ}, while in case
(1) we choose r = 4. The optimization problem then has in both cases the unique

solution
u(x) = -1 ,0<x<1
1 0 ,1<|x<2
with corresponding state y = yo. We note that in case (I) the bounds on the control
are not active, so that we obtain equality in (2.6), i.e. p = —u. Furthermore, the

action of the measure u applied to a vectorfield ¢ € C°(Q)? is given by

fgb-d,u:—fx-cpds.
Q 9B1(0)

In what follows we frequently use the experimental order of convergence, which is
defined for an error functional E(h) by

InE(hy) — InE(hy)

EOC =
Inh; —Inh,

For the numerical solution we use the routine fmincon contained in the Mat-
lab optimization toolbox. The actual calculations were carried out on a polygonal
approximation of B,(0). Note that while our analysis did not take into account the
approximation of the domain, the observed rates show that this error doesn’t domi-
nate.
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Ficure 1. Control (left), and adjoint state (right) (variational discretization)

Nt |lu—Unlle)  [lu— Unll 1y = Yall

32 8.34633-107! 1.36003 2.20346- 1071
128 5.88566-10~! 9.04770-107! 7.97200-1072
512 4.84191-10"! 5.82014-10"! 3.52102-1072

0.54884 0.64041 1.59745
0.29263 0.66136 1.22499

TasLe 1. Errors (top) and EOCs for piecewise linears

4.1. Piecewise linears for the state with variational discretization

Many existing finite element codes employ continuous, piecewise linear finite ele-
ments, so that it is natural to use this element in order to discretize the state equation
in optimization problems for elliptic pdes. Numerical results for case (l1) are re-
ported in [8] to which we refer for details. Table 1 shows the experimental order of
convergence for the error functionals

U= Unlls@),  llu—unll, and [ly = yall.

Fig. 1 illustrates the optimal solution uy and the corresponding adjoint state pp
on a mesh consisting of nt = 512 triangles. Note that in view of the relation
Un(x) = —|ph(x)|‘§ pn(x) the variational control uy, necessarily is a continuous func-
tion, while the exact control u has a jump. This inconsistency is reflected in the
appearance of oscillations near the set 9B1(0) in Fig. 1, and also affects the perfor-
mance of the optimization solvers implemented within the fmincon package. We
conclude that variational discretization combined with continuous, piecewise linear
finite elements for the state approximation is not ideally suited to control problems
with gradient constraints on the state.

4.2. Mixed finite element approach with variational discretization.

The state equation is now approximated with the help of the lowest order Raviart—
Thomas element for which we used the implementation provided by [1]. Numerical
results for case (I) can be found in [5].

Let us report on the corresponding results for case (11). In Table 2 we display the
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NT lu—unllisy [lu—unll [ly — ynll
32 685-1071 1.10 3.00-101
128 6.77-107' 870-10°! 151-10°!
512 6.05-107! 6.04-107' 7.25.1072
2048 522-107! 4.21-107! 3.61-1072
8192 4.44-107! 296-10"! 1.80-107?
0.01881 0.36245 1.08340
0.16899 0.54697 1.09552
0.21730 0.53219 1.02287
0.23488 0.51182 1.01139
TasLe 2. Errors and EOCs for the controls and the state with
Raviart—-Thomas approximation of the state

NT
NT iZl I
32 232
128 4.32
512 5.29
2048 5.79
8192 6.04

TasLE 3. Behaviour of the discrete multipliers

experimental order of convergence for the error functionals

U= Unllaq),  llu—unll and [ly — ynll.

The errors show a similar behaviour as in the case of piecewise linear finite elements
and are slightly better than predicted by Theorem 3.9. Fig. 2 shows the optimal state
and the optimal control on a grid containing m = 1089 gridpoints. In Table 3 we
display the values of }'rs; lur| which appear to converge to 2z, the total variation
of the measure u. The modulus of ut, T € T4 as well as the set of elements T on
which ur # 0 is shown in Fig. 3. It can be seen that these elements concentrate
around [x| = 1.
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