Hamburger Beitrage
zur Angewandten Mathematik

Funnel control for the boundary controlled
heat equation

Timo Reis and Tilman Selig

Nr. 2014-13
June 2014






FUNNEL CONTROL FOR THE BOUNDARY CONTROLLED HEAT
EQUATION

TIMO REIS* AND TILMAN SELIGT

Abstract. We consider an output regulation problem for a single input single output system
with dynamics described by the heat equation on some bounded domain Q C R¢ with sufficiently
smooth boundary. The input is formed by Neumann boundary control, the output is the surface
integral of the state at the boundary. We show that the funnel controller can be applied to this
system in order to track a given output reference signal within a prespecified performance funnel.
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1. Introduction. Let O C R? d € N be a bounded domain with uniformly
C? boundary 99 [1, Chap. 4]. Consider the following heat equation with Neumann
boundary control and a Dirichlet-like boundary observation:

d
S =Aa6),  (EDERxR,
u(t) = 8V'r(€7t)a (f,t) € 08 x R>0;
(1.1)
y(t) = o z(¢,t)doe, (£,1) € 0N x Ry,
(E(5, O) = :I:O(g)a 5 S Q.

Our aim is to apply output feedback control in order to achieve that the output signal
y : Rsyo — R tracks a given reference signal yref : R>9 — R in a way that for a given
function ¢ : R>g = R>q, the error

e(t) = y(t) = Yree(t) (1.2)
evolves inside the performance funnel
Fpim{(te) €Rsg xR | p(t) e < 1} . (1.3)
see Figure 1.1. Specifically, the transient behavior is supposed to satisfy
le(®Il <1/@(t) Vit>0.

In particular, if ¢ is chosen so that ¢(t) > 1/X for all ¢ sufficiently large, then the
error remains smaller than 1/ for these t.
To ensure the above control objective, we introduce the funnel controller:

ult) =~y ey <O (1.4)
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FiG. 1.1. Error evolution in the funnel F,

Intuitively, in order to maintain the output evolution within the funnel, the control
signal u(¢) in (1.4) reaches high values if the error e(t) is close to the funnel boundary
+p(t)~!, driving it back towards zero. On the other hand, if the output signal is close
enough to the reference signal, the gain is also small.

This control law has shown to be feasible for linear time-invariant input-state-
output systems governed by ordinary differential equations (ODEs), i.e.

z(t) = Az(t) + Bu(t), z(0) = xo,

with the following properties:

— input and output dimensions are equal, i.e. B,CT € R"*™ for some n,m € N;

— the system has strict relative degree one, i.e. CB is invertible;

— the zero dynamics of the system are asymptotically stable, i.e. all trajectories

x(-) and u(-) of the system that result in a trivial output y = 0 tend to zero.

For this class the funnel controller not only achieves that the output evolves in the
funnel; the state trajectory is also bounded [15-17]. Feasibility of the funnel controller
has moreover been shown for linear differential-algebraic systems [3-5] and nonlinear
ODE systems [14,18]. These approaches have in common that the feasibility was
proven on the basis of canonical forms under the group action of state space transfor-
mation. In particular, the Byrnes-Isidori form [18,20] can be gainfully used to show
that the funnel controller is feasible for ODE systems with asymptotically stable zero
dynamics and relative degree one. The transformation to Byrnes-Isidori form has re-
cently been considered for a class of infinite-dimensional linear systems of type (3.1)
in [19]. The (possibly unbounded) operator A : D(A) C X — X was assumed to
generate a strongly continuous semigroup on the state space X and, in the case of
relative degree one, the operators B and C' were assumed to map into D(A*) and from
D(A), respectively. These additional boundedness properties have been essential for
the existence of the Byrnes-Isidori form.

The boundary controlled heat equation (1.1) can be formulated as an infinite-di-
mensional linear system. However, due to the fact that control and observation are
at the boundary, the operators B and C' are now so-called unbounded control and
observation operators. That is, B maps to the space D(A*) D X, and C is defined
on a proper subspace of X [7]. Consequently, no transformation to Byrnes-Isidori
form is possible. The product C'B whose invertibility indicates the relative degree
one property cannot even be formed!

In this article we show that funnel control is nevertheless possible for the heat
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equation system (1.1). We show that, under certain assumptions on smoothness
and boundedness on the funnel function ¢ and the reference signal yyof, the funnel
controller accomplishes the objective. We will moreover show that the funnel control
signal u : Ryg — R as in (1.4) is a bounded and continuous function. Our proof is
based on modal approximation of the input-output map by finite-dimensional linear
systems with asymptotically stable zero dynamics and relative degree one. We will
show that funnel control is feasible for these truncated systems and that the sequence
of solutions to the closed loop truncated systems contains a convergent subsequence.
The limit of this subsequence will solve a nonlinear Volterra equation that represents
the input-output behavior of the heat equation system (1.1) under the funnel feedback
(1.4). This solution results in a well-defined input signal v € L2 (R-¢). Inserting
this signal into the heat equation (1.1) yields a solution to the funnel controlled
heat equation in the sense of well-posed linear systems. We will then show that
this solution z solves the partial differential equation formed by (1.1), (1.2), (1.4) in
a stronger sense and that it has additional regularity and boundedness properties,
namely z(-,t) € WH2(Q) for all t > 0 and sup,>q [|lz(-, t)|| L2 () < .

This article is organized as follows: In the remaining part of the introductory
section, we collect the notation that is used throughout this work. We present our
main result on feasibility of the funnel controller for the heat equation in Section 2. In
Section 3 we collect some properties of the representation of the boundary controlled
heat equation (1.1) as an infinite-dimensional linear system which are mostly taken
from [7] and [22]. In particular, a representation of the input-output as a convolution
mapping is crucial. It will be used in Section 4 to reformulate the funnel control
problem as a nonlinear Volterra equation. We first analyze solvability of the Volterra
equations corresponding to the funnel control problem for the modal truncated sys-
tems, and then discuss their limiting behavior. This section will contain the proof that
the funnel control problem has a global solution in which the output evolves in the
funnel, i.e. the essential part of the main result is proven in this section. It remains
to prove that funnel control results in a bounded state trajectory and to discuss its
regularity. This will be done in Section 5 which also contains the formal proof of our
main theorem. We have two appendices: The first one contains crucial supplements
on passivity of the truncated systems appearing in Section 4; the second one con-
tains results on proportional output feedback that are needed to show regularity and
boundedness in Section 5.2.
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1.1. Nomenclature.

P(N), £7(No)

N, Ny set of natural numbers, Ng = NU {0}, resp.

R>g, Rso = [0,00), (0,00), resp.

Re )\, A real part and complex conjugate of A € C, resp.

Rmxm the set of real n X m matrices

M7 transpose of the matrix (or vector) M

ker A, ran A kernel and range of a linear operator A

Aly restriction of a mapping A : X — H to the subset Y C X
1 identity mapping

B(X,Y) the set of bounded linear operator from X to Y

p(A), o(A) the resolvent set and spectrum of a linear operator A

p € [1,00], the space of p-summable sequences (ag)ien,
(ak)keng, TESP.

Lr(Q; X) p € [1,00], the Lebesgue space of measurable functions z :
Q — X, see [9, Chap. IV]

LY (9 X) space of measurable functions from  to X that are locally
in LP

LP(Q), LY (Q) = LP(Q;C), L} (2;C), resp.

C(Yy X) the set of continuous functions from 2 to X

C(Q) = C(;0)

BUC(Q) = { feL>() | fis uniformly continuous }

WhP(Q) p € [l,o0], k € N (or p € [1,00), k € R>g), (fractional)

Sobolev space of functions f : Q@ — C, see [1, Chap. 3] or [13]

The scalar product (-,-) in a Hilbert space H is defined to be linear in the first and
antilinear in the second component. On the dual space H' we define multiplication
such that (\y)(z) := Ay(x) for y € H' and € H. With this definition the dual
pairing (y, z) := y(z) for y € H' and z € H becomes linear in the first and anti-linear
in the second component.

In this article  C R? is always a bounded open set with a uniformly C2-boundary
0Q [1, Chap. 4]. Integration on the surface of this manifold is indicated by o¢. For
& € 99 we denote by v(§) the outward normal of 9Q and by 9,z(&) the directional
derivative of some function x € L?(R?) along v at the point &, whenever it is well-
defined. By Vz, Az we denote the (distributional) gradient, respectively Laplacian
of z.

For the notion of (strongly continuous, contractive, analytic, bounded, exponen-
tially stable) semigroup we refer to [24]. A definition and properties of sesquilinear
forms can be found in [21].

2. The main result. Our goal is to steer system (1.1) via the control u in such
a way that the output signal y is close to a desired reference signal y,et. For this signal



FUNNEL CONTROL FOR THE HEAT EQUATION )

we always assume
Yref € WI)OO(RZO)'

That is, the reference signal is Lipschitz continuous.

Note that for initial values z(0) € L*(Q2) the output y(0) is not defined, so neither
is the control law (1.2), (1.4). In order to apply funnel control we therefore adjust the
class of funnels in such a way that the control u is zero on some small initial interval.
To ensure this we assume that the function ¢ : R>g — R>¢ defining the performance
funnel via (1.3) satisfies for some vy > 0

<P|[0,V0) = 0, and }

€d, =30 WHeR
L {‘” (>0)‘V5>O:inf{gp(t)|t>70+5}>0

In other words,

ped:= [ .
Y0>0

REMARK 2.1.

(i) The existence of vo > 0 such that ¢ vanishes on [0,79) means that the funnel
control u(-) as in (1.4) is inactive for a (short) while after zero. This additional
assumption does not have to be made in funnel control for ODE or DAFE systems
/5, 15].

The practical interpretation is that the system has to settle down first: The
funnel controller makes use of the fact that, after a (short) while vo > 0, the
spatial temperature distribution becomes smooth (cf. Lemma 3.3).

(1t) Define X := infy>~,15¢(t). Then the error e(t) is forced to be smaller than 1/X
for all t > vy + 0 because the reciprocal of ¢ describes the funnel boundary.

(iii) Each ¢ € @, is globally Lipschitz continuous since ®.,, C W1 (Rxq). Further-
more, for all & > 0 the expression inf { @(t) |t >~v+ 9 } is positive, whence the

Junction Pliyis Oo)(~)’1 is globally Lipschitz continuous.
(70 +6,e(70 +9))
(0,€(0)) —e1
Radius A /0

F1a. 2.1. Error evolution in the funnel Fo with “width co” in [0,70], i.e. @|g 1 =0

The funnel controller (1.4) applied to (1.1) yields for any reference signal a partial
differential equation with nonlinear boundary conditions. Our main result states that
this evolution equation has a unique global, bounded solution.
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THEOREM 2.2. Given a reference signal yref € WH(R>o) and initial data
xo € L2(;R), choose any ¢ € ® and denote the performance funnel associated to ¢
via (1.3) by F,. Then there exists a function x :  x [0,00) = C with the following
properties:

(i) z(-,t) € WH2(Q) for all t > 0, and sup,>q |2(-, )| 2(0) < o0, and
(i) the function y : Rso — R with

y(t) = /{m x(&, t)doe Vit € Ryo

is continuous on Rsg and bounded on any interval [, 00) with § > 0.
(iii) The tracking error e := Yy — yref evolves within the funnel F, and is uniformly
bounded away from the funnel boundary, meaning

Fe>0VE>0 : p(t)e(t)* <1—c¢. (2.1)
(iv) The control function u: Rsg — R with

. o(t)?
) = T e

is bounded and uniformly continuous, i.e. u € BUC(Rxo).
(v) For all ¢y € Wh2(Q) and t > 0, the scalar function (x(-,t),¢(-))r2(q) is differ-
entiable with

. e(t) Vt S R>0

&~

<:E(-,t),1/)>L2(Q) = —<V:E(-,t),V1/)>L2(Q) + u(t) . /89 Md(fg vVt € R>o.

REMARK 2.3. Let us elucidate the points of this theorem one by one.

(i) This means that the state trajectory is bounded in the L*(Q) norm. In fact we,
can even say more: The W12(Q) norm of x is bounded on any interval [§,00)
with § > 0, and if zo is in W2(Q), then this norm is bounded on R>q, see
Proposition 5.3.

(ii) For general zo € L?(;R) the output signal y cannot be defined at the point zero.
That is why the function y cannot be bounded on R>q in general. However, if
xo is in WL2(S;R), then part (i) of this remark and the fact that the mapping
in (i) is continuous from W12(;R) to C imply that y is bounded on R>g.

(iii) Note that (2.1) implies the existence of some g’ > 0 such that le(t)|* < ¢(t) 2 —¢’
for all t > ~yo. Equivalently, there exists some " > 0 such that |e(t)| < o(t)™! —
e” for all t > 9. Since p(-)~1 describes the funnel boundary, this shows that
the error evolves within the funnel and has a positive distance to the funnel
boundary. In this sense our tracking goal is achieved. Note that, by formally
setting é = 0, we see that these inequalities also hold true on the whole positive

real azis.
(iv) Note that the uniform bound in (iii) guarantees that the control u is well-defined
and evolves in the bounded interval e *|¢|| s - [=1,1].

(v) This means that x,y and u solve the partial differential equation (1.1) in a weak
sense. This weak formulation is obtained by multiplying (1.1) with a test function
¥ and using Gauss’ Theorem. In this weak formulation, the second summand
on the right represents the boundary control. In fact, a stronger statement than
(i) holds: The function t — (¢ = (x(-,1),%) 2(q)) is differentiable with respect
to the topology of W12(Q)’.
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Parts (ii)-(iv) of this theorem will be shown in Section 5.1, and the proof of (i)
follows in Section 5.2. The formal proof of the whole Theorem 2.2 in Section 5.3
collects these results together and shows that partial differential equation in part (v)
is fulfilled.

3. The heat equation as infinite-dimensional linear system. In [7] the
partial differential equation (1.1) was shown to fit into the framework of infinite-di-
mensional regular well-posed linear systems. Further investigation of this system has
been carried out in [22]. We briefly recap the results from [7,22] that are crucial for
the present article.

By taking z(t) := x(-,t) € L?(Q2), the heat equation (1.1) can be interpreted as
an infinite-dimensional linear system

&(t) = Azx(t) + Bul(t), z(0) = o, (3.1a)
y(t) = Cx(t) (3.1b)

on the state space X := L?(Q) with A, B and C defined in the following:
a) A: D(A) C X — X with

Az = Ax Ve e D(A) ={2zeW>*Q) | dyxlon =0 }; (3.2a)
b) B € B(C,W?2(Q)’) for all 6 € (3,1] is defined by

(Bu,p) = u- /asz (§)doe Vo eW2(Q), ueC; (3.2b)

¢) C: D(C) — C with D(C) > W?2(Q) for all § € (3,1] is defined by

Cr= / z(§)doe Vz e D(C). (3.2¢)
o

Note that B and C' are well-defined by the fact that for 6 € (1,1] there exists a con-
tinuous linear trace operator mapping W%2(Q) into L2(99) [13, Thm. 4.24 (i)]. The
precise domain D(C) is defined in [7, Eq. (6.9)]. For our purposes it suffices to know
that C' is well-defined on W%2(€2) for all 6 € (3, 1]. For these values of 6 the operator

B:C — W?%2(Q)" is the adjoint operator of Clwe.2(q) in the sense that
(Bu, ) = (u, C) Vu € C, p € WP3(Q).

LEMMA 3.1 ( [22, Lem. 2.4 and Lem. 2.2 (ii)]). Let A be defined as in (3.2a).
The resolvent of A is compact and there is a real valued sequence (\)ken, such that
a) (M) is nondecreasing, Ao =0, A1 > 0, and limg_, 00 A\, = 00;

b) o(A) ={-Ax | k € No}.
Further, there is an orthonormal basis (v)ren, of L*(2) with vy € D(A) for all
k € No, and

Ar = — Z )\k <:E7 vk>L2(Q) * Vg Vr € D(A) (33)
k=0

The operator A generates a contractive, analytic semigroup A : R>og — B (LQ(Q)),
which can be extended to B (D(A)").
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If we use the extension of 2 to B(D(A)’), then for zy € L?(Q2) and u € LZ (R>0)
the variation of constants formula

x(t) = A(t)zo + /Ot A(t — 7)Bu(r)dr Vt e Rxo (3.4)

is well defined as B maps into W12(Q)" € D(A)’. The function z(-) : R>g — D(A)’
defined by (3.4) is called mild solution of (3.1a). The following result shows that the
mild solution (3.4) is even pointwise in X and moreover, z(t) € D(C) for almost all
te Rzo.
THEOREM 3.2 ( [7, Cor. 1]). Let X = L?(Q) and the operators A, B and C as
in (3.2) be given. Then the following holds true:
(i) For all u € L% (R>o), zo € X, the function defined in (3.4) fulfills
a) x(t) € X for all t € R>o;
b) z(t) € D(C) for almost all t € R>q.
(ii) For all t € Rs>q, there exists some ¢; € Rsq, such that for all u € L*([0,t]),
xo € X, the solutions of (3.1) fulfill

Iyl 2o, + lz@)lx < e - (lul)llz2qo,) + lzollx) -

The above statement means that the system (3.1) is well-posed. This basically
comprises four properties, namely the boundedness of the semigroup 2((-) on each
compact interval [0,¢] (which is guaranteed anyway by its strong continuity), as well
as the boundedness of the input-to-state map B; : L*([0,¢]) — X, the state-to-output
map €; : X — L?([0,]), and the input-output map D, : L*([0,t]) — L3([0,]), which
are defined by

Bu = /t A(t — 7) Bu(7)dr, S =(t' — CA)x),
; ¢ (3.5)
Diu = <t/ — C'/ At — T)Bu(T)dT) .
0

The latter two operators naturally extend to the infinite-time state-to-output and
input-to-output mappings

¢: X =Ly (Rx0), D: Li (Rx0) = Li.(Rx0),

loc

z = (t— CAt)z), UHGHcfmpﬂmmm>(%)
0

For any input function v € L (R>¢) and initial value zg € X, the state z € L?*(2)
and output y € L2 (R>) of the system (3.1) are defined by

£) = Ao + B Vt € Rso,
x(t) (t)zo U0, >0 3.7)
yi=

Cxo + Du.
LEMMA 3.3. Let A and C be defined as in (3.2). Then the following holds true:
(i) Forallk €N, 6 € Rug and x € L*(R), the semigroup 2A(-) generated by A fulfills
2A(t)x € D(AF).
(ii) For all § € Ry and x € L*(Q), the infinite-time state-to-output map fulfills

Q:I|[6,oo) S Wl,oo([é, OO))
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Proof. By Lemma 3.1 the semigroup 2 is bounded and analytical. Therefore (i)
holds, see e.g. [10, Chap. II, Thm. 4.6]. In order to see (ii), let § > 0 and x € L?(1).
Then by (i), there holds A(d)z € D(A). Since, by [10, Chap. II, Thm. 5.2], the
restriction of 2(-) to D(A) is a bounded semigroup on D(A), there holds

A (5,000 = A(- = 0)[5,00)A(8)z € L([3, 00); D(A)).
Furthermore, by 2A(§) € D(A?), we obtain by the same argumentation that
205,002 = AAC) 5,002 € LZ([6, 00); D(A)).
Since C as in (3.2) fulfills C' € B(D(A),R), we have

€|5,00) = CA(-)Z|5,00) € L7([6,00)),
i €]5.00) = CAA()2p5,00) € L([0, 00)).

d
System (3.2) possesses so-called transfer function, cf. [29,31] and the bibliogra-
phies therein.
DEFINITION 3.4. Let the triple (A, B,C) consist the operators in (3.2). Let
r(A,B,C) C o(A) be the set of removable singularities of the function

p(A) — C, s C(sI — A)7'B,

and let D(G) = p(A) Ur(A, B,C). We define the transfer function G : D(G) — C of
(A, B,C) to be the analytic extension of C(sI — A)~'B.

REMARK 3.5. Ezistence and uniqueness of the analytic extension of G to D(QG)
is guaranteed by Riemann’s theorem [23, Thm. 10.21] and ran(sI — A)~'B c D(C)
for all s € p(A), see [22, Sec. 3]. The transfer function of our system is regular in
the sense of [27].

PROPOSITION 3.6. [7] The transfer function of the operators (A, B,C) given by
(3.2) is regular with zero feedthrough, which means

s>(%gg>oo G(S) =0

We collect some properties of the transfer function C(sI — A)~1B of (3.2). It admits
a partial fraction expansion, which will be the basis for further investigations.

LEMMA 3.7 ( [22, Thm. 3.6]). Let A, B and C be defined as in (3.2) and let
(Ak), (vg) be as in Lemma 8.1. Define

/ vr(§) dog
o
Then for all s € p(A) the transfer function of (A, B,C) fulfills

2

Cp = Yk € Ny and Je:={k e No | ¢ # 0}. (3.8)

oo

)= sj—k/\k =2, sj—k)\k' (3.9)

k=0 kede

Furthermore, we have 0 € J., and

Ck

<A—k> € 61(N). (3.10)
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This partial fraction expansion translates into a useful representation of the input
output map ® in the time domain.

LEMMA 3.8. Let A, B and C be defined as in (3.2). Then, with sequences
(ck)keno, (Mk)ken, as in Lemma 3.7, the input-output map Dy € B(L?([0,t])) defined
in (3.5) fulfills

(Dyu)(t / Z creTu(t — 7)dr Yu € L*([0,1]), t' € [0,1]. (3.11)
0 k=0

Proof. Let u € L?([0,t]) be given. Then, by extending u by zero on (¢, ), we
can regard u(-) as an element of L?(R>¢). In particular, we have e u(-) € L?(Rx).
Now define y(-) = Du € L2 (R>o). Then, by using Theorem 3.2 (iii), we obtain that
e y(-) € L>(R>g). Define the set C; , = { s € C | Re(s) > « }. Using Lemma 3.7
we obtain that the Laplace transforms of u(-) and y(-) are related by

= ﬂ
= Z Vs € (C.;,.)l.
k=0

An application of the inverse Laplace transform now leads to
_ C u
= —

Since sup,ec, ’S_‘C_—’;\k’ = & for all k € N, the series s — Zziosi—’j\k converges

absolutely in all the Hardy spaces
Hoo(Ci o) :={ f:Cioq— C | fis bounded and holomorphic }, a € Ry,

which are provided with the supremum norm, see [8, Sec. A.6.3]. Hence the order of
inverse Laplace transform and summation may be interchanged. By further using

~ t
£l <s . L“(S)) T / e M =T) (1) dr Vk € No,
s+ A g 0 ™ 0

we obtain

o) t
y = (t’ — Z ck/ e_)"“(t/_T)u(T)dT> . (3.12)
k=0 70

Since, by Young’s inequality [6, Thm. 3.9.4], there holds

/ e_’\’“('_T)u(T)dT
0

the series in (3.12) converges absolutely in L%([0,]), and consequently, the order of
integration and summation may be interchanged. This proves (3.11). O

This convolution is the basis for our results. In fact, throughout the next Section
we will only assume that we are given a convolution kernel with the same properties
as in Lemmas 3.7 and 3.8, see Assumption 1.

< lu(7) 22 ([0,1)

< Vk € N,
L2([0,1) Ak




FUNNEL CONTROL FOR THE HEAT EQUATION 11

4. The funnel control problem as a nonlinear Volterra equation. In this
section we consider an inhomogeneous Volterra equation which is motivated by the
heat equation. However, the results are independent of Section 3 and based solely on
the following assumption, which we make throughout Section 4.

ASSUMPTION 1. Let the sequences (c)ken, and (Ai)ken, satisfy
a) ¢ >0 and N\, > 0 for all k € Np;

b) co > 0;
¢) (Ak)ken, s monotonically increasing with A\g = 0, A1 > 0 and and limg_, o A\ = 00;

d)

LEMMA 4.1. Under Assumption 1 the series

h= <t — i cke)"“t> (4.2)
k=0

fulfills h € L _(R>o) with

loc

_ > Ck —Apt
12l 1 (o.4)) = cot + 1; )\—k(l —e k).

Moreover, the operator ® : LS (R>o) — Lo (R>q) with
t' oo
Du= [t / > bt = T)u(r)dr (4.3)
0 k=0

is well-defined. For eacht > 0, the restriction D := Do 4 fulfills ran®; C BUC([0, t])

and

= Ck _
1DellscLe(0.)) = 1l (o) = cot + Y )\—k(l —e M), (4.4)
k=1

Proof. Using nonnegativity of cg, a simple calculation gives

t t
/ lere M7 dr = / cre” MTdr = /c\—k(l ) vk e N
0 0 k

and

t t
/ |coe_’\°T|dT = / coe T dr = cot.
0 0

Hence, by (4.1), the series in (4.2) converges in L'([0,¢]), and we may interchange the
order of integration and summation to obtain

t o Jove)
AT C .
”h”Ll([O,t]) :/ che Ak :COt+Z)\—k(1—e )\kt).
0 k=0 k=1 k
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The assertion ©, € B(L*([0,¢])) with

1Dl Bz ((0,6)) < Pl ((0,1)

then follows from Young’s inequality [6, Thm. 3.9.4]. On the other hand, since for
u = 1 holds

t oo
(Deu)(t) = / S ke Tdr = bl o,
0

k=0

we obtain (4.4). The statement ran®, C BUC([0,t]) follows from [6, Cor. 3.9.6] and
the fact that [0,¢] is compact. O

We are going to analyze a Volterra type equation that is motivated by our original
funnel control problem for the heat equation in the following way: For u € L2 (Rx¢)

and zo € L*(Q), the output of the partial differential equation model (1.1) is given
by

y = (Du) + (Cx),

with operators D, € as in (3.6). By Lemma 3.7 and Lemma 3.8, the input-output map
D is of the form (4.3) and satisfies the assumptions of this section. Now subtracting
the reference signal on both sides and defining the error e := y — yyer, and regarding

f = (Q:I) — Yref (45)

as an inhomogeneity, the funnel feedback defined by (1.2) and (1.4) gives rise to

e= @k e)+ f, with  k(t) = —%.

This is a nonlinear, inhomogeneous Volterra equation for which we now try to find
a solution e.
THEOREM 4.2. Under Assumption 1, let to > 0 and f € W1>°([tg,00)). Choose

¢ € D such that ¢(to) > 0 and |f(to)| < ﬁ. Then the equation
¢
e(t) = / h(t — 1) - k(1,e(7))e(r)dr + f(t), t >t (4.6a)
to
with
e
k(t,e) = o2 & (4.6b)

has a bounded, global solution e € BUC([tg,0)), which is uniformly bounded away
from the funnel boundary in the sense that

Je' >0Vt >to: le(t)]? < p(t) 2 —¢. (4.7)

Before proving this result, we state a corollary. It contains the uniqueness of the
solution and it states that one can start the funnel with an infinite radius, i.e. with
©(v0) = 0 at initial time tg = 7o. In this case the assumption that the initial value of
f lies within the funnel becomes redundant.
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COROLLARY 4.3. Under Assumption 1, let vo > 0, ¢ € ®,, and a function
f € Who°([yo,0)) be given. Then the equation

e(t) = / h(t —7) - k(r,e())e(r)dr + f(t), t > (4.8)

0

with k as in (4.6b) has a unique global solution e € BUC([yo,00)). This solution is
uniformly bounded away from the funnel boundary in the sense that

Je' >0Vt >y ¢ |e(®)]* <p(t) 2 —¢.

Proof. First of all it follows with standard fixed point arguments, see [12, Chap. 12,
Thm. 1.1], that for sufficiently small ¢, > 7o there exists a unique solution eq €
BUC ([0, to]) of (4.8). If to is chosen small enough, the limit ¢(t) — 0 for ¢ — o
guarantees that

/’m h(t —7) - k(1,e0(7)) - eo(T)dT + f(¥)]| < %ﬁ) Yt € (vo0, to]-

In particular, this implies that the function f € W ([ty, 00)) defined by

0

ﬂw:/Omww»k@%v»eaﬂw+fm, >t

satisfies the prerequisites of Theorem 4.2. This gives rise to the existence of a solution
€ € BUC([to,o0)) of the Volterra integral equation

t

el = [ hte—7)-knEn) - dndr + fo, 1zt
to

A simple calculation shows that the combined function

dw:{%@,tq%mx

e(t), te€ [to,00)

is bounded, uniformly continuous and solves (4.8).
In order to prove the uniqueness of e, we assume that for some t € [yg, 00) there
are e1, ez € C([0,¢]) that solve (4.8). This means in particular that

e(t)er(t) <1, o(t)es(t) <1 Vit € [yo,t].

Define ¢’ :=inf { 7 € [vo,t] | e1(7) # e2(7) }. We show that ¢’ < ¢ leads to a contra-
diction. Pick € > 0 such that for all 7 in the compact interval [y, ], the following
inequalities hold:

P(r)ei(r) <1—e, *(r)e3(r) <1-e.

Further, choose § such that

5
13
h(n)dr < ———.
~/0 ( ) 2H<PH200([01,5])

4



14 T. REIS AND T. SELIG

Then defining for ¢ € {1,2} the abbreviations
o2
u; = (t = k(t,ei(t)) - ei(t)) = r - e,
we obtain for all ¢ € [t/, ' + §]

lex(t) — e2(t)]
/ h(t — T)uy(7)dr — / h(t — 7)uy(r)dr

(0] Yo

< / Ih(t = 7)Jur (7) — us(r)] dr

g/o ()| dr - sup  ui(7) — ua(T)|

TE[H ,t'+5]
et . H <P2 - 8046162 (1 — e2)
T 20lplloe [[(1 = @%ed)(1 — p2e3) Loo ([¢,4/+])
4
€ 1
< = ll 1 = Pereall it H—
2l[¢lloc D T =€ | e 0
<141
<z
1
' H1 2.2 {ler — eal Lo (1er,e +67)
— P  Loo ([t ¢/ 4-0])
<z

< H€1 — 62||Loo([t/)t/+5]).

Now taking the supremum of all ¢ € [/, ¢ + ] leads to the contradiction

H€1 — 62||Loo([tl)t/+5]) < ||61 — €2|‘Loo([t/7tl+6]).

d

The proof of Theorem 4.2 is divided into the following steps which will be carried
out in Sections 4.1-4.3.
Step 1: Let n € N and

n—1
hn = (t — Z ckeA’“t> . (4.9)

k=0
We show that there exists some bounded function e{”} € C([ty, o0)) such that
¢
ewww:/hﬁpqyk@éﬂﬁmﬁﬂﬂw+f@ vt > to. (4.10)
to

We further show that all the functions e!™ have a positive distance to the funnel
boundary which is independent of n, see (4.16).
Step 2: We show that the set

{aﬂ‘neN}cc@mm»me@mm»

is equicontinuous.
Step 3: We show that the sequence (e{"} )neN contains a uniformly convergent subse-
quence and that the limit of this sequence solves the nonlinear Volterra equation (4.6).
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4.1. Step 1: Modal truncated systems. We show that the truncated equa-
tions (4.10) have solutions on [ty, 00) with the property that e{™} evolves in the funnel,
and the functions |k{"}e{™}| are bounded from above by some constant independent of
n € N. In the following Lemma we find a finite-dimensional state space realization of
®. The special structure of the matrices in this system is often called Byrnes-Isidori
form and facilitates the analysis of high gain feedback.

LEMMA 4.4. Under Assumption 1, define hy, as in (4.9) and D"} by

t
D1 L2 (Rsg) = LS (Rso), Dy = <tl—>/ hn(t—T)u(T)dT). (4.11)
0

Then there exists some 415 € RY™™ and a negative definite matriz Ags € R(n=1)x(n—-1)
such that, with the real numbers

n—1 n—1
1—‘{”} = Z Ck, A1 = — Z Ci Ak,
k=0 k=0

the matriz

Ain Ai2
a:=

[5‘121 1422}
is negative semi-definite and the following is true: For u € Lo (R>q) the equation
y = @y holds if and only if there is a function z € C(R>q; R™) that fulfills the
ordinary differential equation

. A1 Ao rin} }
t) = t) + t), 0) =0,
) [5‘121 /‘422] () |:On—1,1 u(®) 2(0) (4.12)
y(t) = [1 0177,_1] Z(t), te Rzo.
Proof. Define
—Xo Vo
A= ‘ , b:= 3 . (4.13)
_)\n—l Cpn—1
Then h, = (t — b' e4*b), whence the operator D1} fulfills
t
(@) (t) = / b A bu(r)dr  Yu € LS. (Rso), t € Rso. (4.14)
0
Now choose U := [t1, ..., Up—1] such that
U = [iﬁ} € R™"
6]
is unitary. Then the inverse of T := ”—i”U is given by

T = ) [, 0]
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A simple calculation shows that with
A= |b|| 70T AU, Ay = (U)T AU,
there holds
(A,6,¢) .= (T 'AT, T 'b,b'T)

B A A2 {P{n}} [ 1 }T (4.15)
(A12) T Ag) L0117 [On-1n .

It is clear from the definition of A that Ay = (U)T AU < 0. Suppose that

v (U)TAUv =0 for some v e R" 1\ {0}.

Then Ao = 0 yields Uv € span {e;} and since U is orthogonal, we conclude v (U)Th =
0. Hence the first entry of b is zero, which contradicts the fact that ¢y # 0 by
Lemma 3.7 a). Thus, 422 must be negative definite. The claim follows because the
representation (4.14) of ®{"} implies

t
(@irhy) = <t»—> / bTTeTlAT(t_T)T_lbu(T)dT) Vu € L2 ([to, 00)), t € [to, 00).

to

This is by (4.15) the variation of constants formula for the solution of the ODE (4.12).
a

THEOREM 4.5. Let tg > 0, ¢ € ® and f € WH([tg,00)) satisfy ¢(to) > 0
and | f(to)| < m. Let Assumption 1 hold and let h,, and k be defined by (4.9) and

(4.6b). Then for all n € N, the equation
t
etnd(t) = / ho(t —7) - k(r, et () el™ (D) dr + f(b), t >t (4.10)
to

has a bounded, absolutely continuous solution ei™ : [tg,00) — R. There further exists
a constant &' > 0 independent of n such that

Vne NVt >to: [el™ @) <o) 2—¢. (4.16)

Proof. We define the auxiliary functions

folt) == {%f(to), t €10,to),

f(t)a t Z tOv
0, t e [O, to),
ko(t, €) := { e 5y
T T—p(t)?e?? ="
and seek a solution to
et (1) = (@ko( - efrd). e{"}) (t)+ folt),  te[0,00). (4.17)

By Lemma 4.4 the equation (4.17) may equivalently be written as the initial value
problem

Ti{n}

2(t) = 4z(t) + [ } ko(t, et (#))el™} (), z(0) =0,

e (1) = 21(t) + fo(t), t>0

On—1,1 (4.18)
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For t € [0,to] the functions z(t) = 0, and el™(t) = fo(t) obviously solve this
equation. For ¢t > ¢y the equations above become

. p(t)? rin 01,n-1
t)=14— ’ t
A() < 1—(t)2el™(t)? |On-11 On—1n-1 )

p(t)* rint
_ t to) =0
1 _ (ﬂ(t)2€{n}(t)2 077,—1,1 f( )7 Z( 0) b
e () =1 01n-1] 2(t) + £(2).
The right hand side of this ordinary differential equation is defined on the open set
D= {(t,z) € [to,00) X R"‘ (t,z1(t) + f(t)) € ]:g,} ,

with the performance funnel 7, as in (1.3). It is readily verified that the right hand
side of (4.19) satisfies a local Lipschitz condition with respect to z(t) on the (relatively
open) domain D C [tg, 00) X R™. Hence, by the standard theory of ordinary differential
equations (see, e.g. [26, Thm. I11.10.VTI]), the initial-value problem (4.19) has a unique
maximal solution

(4.19)

20 [to,w) — R, t) <w < o0,
and moreover,
graph(z1™}) = {(t, 21"} (#))| t € [to,w)} C D

does not have compact closure in D.
Now we show, that the solution e{”! does not approach the boundary of D.
Exploiting the Byrnes-Isidori structure of (4.12), we can represent D17} in yet another

way. Write 2{"}(t) = (zf"}(t), zin} (t)) Then eliminating Z{"} from (4.12) by using
the variation of constants formula yields that the solution z of (4.19) satisfies the
integro-differential equation

t
H(t) =M 21 (t) + 2 ( / e™2(=7) (1) T 2 (7) dT> + Tt kg (8, e8P (1)) el (1),
0

= (TP (1) + DOV ko (1, ) (1))l (1),
(4.20)
where

T L2 (Rs0) = Lis(Rxo),

¢
Yy o (t — A y(t) + 5‘112/0 2077 g ly(7) dT) .

In order to prove that this solution is global we will exploit two crucial properties
of the operator T1"} which are proven in Appendix A. Firstly, T1"} is negative
semi-definite in the sense that

Vit >0, Yee L=(0,t]) : /te(T)(T{n}e)(T) dr <0. (4.21)
0

This follows from Lemma A.3 (ii), because 4o is a negative definite matrix. The
second property is that

. N rin}
1o = (T fo) [l Lo 10,00)) < o [ follw.oe (o) (4.22)
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This holds because by Lemma A.3 (iii),

1fo = (T fo)ll L= (8y00)

-1
.1 5 — A1p A, |7 1
< ;l_r)l% 3 <[1, 01,n1] [—(f‘lm)T sT — Ao Opo1.1 | follw. (j0,00))>

and with A and b as in (4.13), (4.15) we have the relation

[1 0 } sl — 411 — A9 -t 1
v bl (a) T ST — Ay Op—1,1

B R rin} 1
o [1’ Ol’nfl] (s =) |:On1,l rin}
1

S PR |
—bT(sI — A) br{n}
o +/\k F{"}

We use the representation (4.20) to show that the solution of (4.19) is global. Differ-
entiating the last line of (4.19) shows for almost all ¢ > t, that

) =5 (1) + f(2)
= (T 20) (1) + T g 2, e ()™ (1) + folt) (4.23)
— (T el (@) + (fo(t) — (T f)(6)) + T (1, e (1)) ().

Now define
A= inf o(t)72, 4.24
nf () (4.24)
L := Lipschitz constant of ¢, Oo)(~)’2, (4.25)
¢:=max{l, sup ¢(t 2} (4.26)

te[to,w)
k(t) == k(t, et} (1)) = ‘p(t){ T t € [to,w) (4.27)
= (p(t)etmd ()’
and

D) 4 2L \ _ .
g’ := min {57 A <C—O|f0|W1,oo([0)oo)) + lnfl;l F{"}) , Sﬁ(to) 2 _ 6{ }(tO)Q} ) (428)

We show that (4.16) holds for all ¢ € [to,w). Seeking a contradiction, suppose that
3ty € [to,w) = @(t1) 2 —e(t)? <€
By continuity of ¢ and et™, the maximum
ter == max {t € [to, t1) | ()~ — (")t =¢ g
is attained and

Vi€ (to,t1) = ()72 = (ef™ ()2 <&
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Therefore, the definitions (4.24) and (4.28) imply
Vie (toty) = ™2 > pt) 2 - > A—\/2=1/2. (4.29)

Moreover, for all ¢t € (t./,t1),

4 15 (10,00 2L (428) ] 1 (4.27)
[l follwre= (j0,00)) N 2L 27 ko),
Ao IRQBY e T p(t)=2 — (eln}(1))?
and thus
2 Ak (t) L
Vte (ta/,tl) : a|‘fol|wlm([07m)) T < _1—‘{"} . (430)

Finally, the application of butcher’s hook to & (e{™}(¢))? = 2e{™}(¢)e{} (¢) and invok-
ing (4.23) yields

(M (1) = (elm (£))2 = / "y =2 / " e (el (1) dr

¢, dr t

e’ e’

B 2 [ @) (el (1) (falr) - (T ()

— D k(r) () () dr

&/

(4.21) ty )
< 2 [ @] |fr) - (@)@ - k) (e )2 ar
tor o
(4.26),(4.22) ti pin}
< 2 [ el g~ TIPKG) (e) (r)2dr
tor
(4.29) 1 2 Mk(t
2 [0 (2l stom - 52 ) ar
tor €o
(4.30) t1
< / —Ldr.
tor
This implies
(4.25)

(e (t1))? = (™ (te))? < —L(tr —to) < —lo(t1) > —p(te) 2],
whence the contradiction
e =p(te) 2 = (el (t))? < p(t1) 72 — (™ (t1))? < €.

This proves (4.16) since &’ was chosen independently of n.
Finally, we show that w = oco. Seeking a contradiction, suppose that w < oo.
Then the set

K= {(t,e) € Fy |t € to,w], p(t)72— e[ > '}

is a compact subset of F, with (¢,e{™(t)) € K for all t € [ty,w) by (4.29). This
contradicts the fact that the closure of graph (e{”} lito w)) is not a compact set. Hence
w=o00.01
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4.2. Step 2: Equicontinuity. We have shown in the previous section that
(4.10) possesses for each n € N a solution e{”}. Further, these solutions are bounded
away from the funnel boundary by a constant independent on n. We are now going
use these findings to show that the set {e{"} : n € N} is equicontinuous. To this end
we need the following estimate.

LEMMA 4.6. Let Assumption 1 hold, define 1™ by (4.11) and let g € L=(R>0).
Then for all t1,t2 € R>g and all n € N holds

(@ g)(t1) — (DT g)(t2)]

_ - Sk = Ag|ta—t1] .
< <60|t2 t1| +2; A (1 e kT )) Hg”Lm(RZO)'

Proof. We assume without loss of generality that ¢t; < 2 and calculate
(@™ g)t) - (M g)(t2)|
t1 t2
/ hn(ty —7)g(T)dT — / hn(te — 7)g(T)dT
0 0

<

/ b (ts — T)g(r)dr

t1

/0 1(hn(tl —7) — hp(ta — 7))g(r)dr| +

to—t1

t1
< / hn(7) — Btz — 1 + )| A7 (19l ooy + / V()] A9l 2 (oo
chef)\k‘r( 7>\k to— tl)

to—t1 N— 1
< d7'+/ che AdeT) 191l Lo (R50)
k=0
th n—1 to—t; M— 1
_ (/ Z cpe T (1 — e M2ty _|_/ Z cke_’\“d7> 91l Lo ®0)
0 0 k=0

n—1

k=1
n—1
_ C_k(l _ e_)\ktl)(l _ e_)\k(tQ_tl))
k=1 "%
n—1 cn
+ co(ta —t1) + Z )\—k(l - eAk(tztl))> 91l Lo ®0)
k=1

c _
(22 - Alta=t)y 4 eo(ty — fl)) 191l oo (®50)-

d
PROPOSITION 4.7. The set of solutions { etnd ‘ n €N } to equation (4.10) that
are given by Theorem 4.5, is uniformly equicontinuous. That is,

Ve>03dd>0VneN Vity,ts € [to,OO) : |t1 —t2| <d= |f(t1) — f(t2)| <E.

Proof. Define the input signal corresponding to e{”} by

L e® m}
W (1) = { “Teaee (1 1€ fto, %), (4.31)
O, € [07t0)7
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so that (4.10) reads
et ) = (@i h () vt € [t, 00).
Then the uniform estimate (4.16) in Theorem 4.5 implies that there is a C' > 0 with

Hu{n}HLoo([t07oo)) < C for all n € N. By Assumption 1 d) there exists some N € N
with

>

k= N+1

Since fo € W1*°(Rxg) is uniformly continuous we may choose ¢ € (0, Too) such that
[fot1) = fo(t1)] < i for all t1, 12 with [t1 — t2] <9,

and

N
(1—e ) < —.
Z e )<SC

k=1

>/|n
>~ x>

For all t1,t5 € [tg, 00) with |t; — t2| < § we obtain by using Lemma 4.6
et (t1) — ™ (tp)|
=@ ut"(t) + fo(tr) — (DT ul™)(t2) + folta))
<I|fo(t1) = fo(ta)| + ‘(33{"}11{”})(151) — (9{”}u{"})(t2)‘
—_———

<5
<& —t 2 3 SN VA TR C:
_4+ colt1 —t2| + Z/\( e ) | lut™ e s
N oo
<o (ggray oo 8o
o k=l k=N+1"F
<1c <o

4.3. Step 3: Convergence and existence of a solution.
LEMMA 4.8. For p € {2,00}, the truncated mapping D"} defined in (4.11)
fulfills

n o Ch
1910, — D o gllszro.y < D v (4.32)
k=n

Proof. Let p € {2,00} and u € LP([0,t]). Then, by definition of ®{"}  there holds

(@ — 2y = (t — /Ot (h(t —7) — hn(t — 7)) u(T)dT) ,
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where h(-) = hn(-) = Y 5o, 41 cke” . With the norm bound

Ih=hallson = Do =™ < 3
k=n+1 "F k=n+1 "%

the desired result follows from Young’s inequality [6, Thm. 3.9.4]. O

We finally come to the proof of Theorem 4.2.

Proof. [Proof of Theorem 4.2] Let { elnt ’ n €N } be the set of solutions of
(4.10) from Theorem 4.5. More precisely, we assume that for each n € N, the function
el"t € C(Rsg) satisfies the augmented equation (4.17), which means in particular
that e{"}|[07t0] = foljo,eo] for all n. Let t € R>o be arbitrary. Since the sequence
(el (0,4 )nen is bounded by 1/||¢| 1. ([t,00)) and, by Proposition 4.7, equicontinuous,
we can conclude from the Arzela-Ascoli Theorem [23, Thm. 11.28] that (e{} 10,4 ) neN

contains a convergent subsequence (6{"k}|[0,t])keN-
Let e € C(]0,t]) be the limit of this subsequences, i.e.

lle = (1™ N0, ll L= 0.0 = 0.

lim
k—o0
Since by (4.16), the function el”} stays away from the funnel boundary, so does e.

Le. (4.7) holds. Hence, there is some 6 > 0 such that [[¢?e?|| = ((o,)) < 1 — &, which
is why the inputs u and u!™} defined by

L e®?
u(t) = T @amre®), T € fto,o0),
0, t €[0,t0)

and (4.31) respectively, are well-defined and satisfy

llu =t | oo 10,41
0% (e — elmed) — preelnet (e — elnnl)
(= D)1 = (AT

1 n n
< 5 (101t 1t lell o o, en N e ) e = Ml o,

L= ([to,t])

For k — oo this implies

. _ {nk} oo =
Jim e =™ oyl oe po,17) = O-

Recall that Lemma 4.8 shows

. _ y{nk} - =
Jim D =Dz (0.1) = 0.

Therefore, in the equation
lle = (D (w) + )l zee(ito,07)
= |l(e — et™ ) = (D (u) + fo) — (@™ (™) + fo)) ]| L~ (10,01
< [le — et p o,y + 11D (w) — D} (W™ )| e 0,41
< lle = e [l o.) + (@ = D) (w) + DI (w = wl™ )| Lo 0,0
< Jle — ™ poe o,y + 1D — D[ 5o 0, * 12l oo (10,0
+ 1D gz 0,9 | ( — wt™ ) | L (10,41),



FUNNEL CONTROL FOR THE HEAT EQUATION 23

the right hand side tends to zero as k — oo. This proves that the function e sat-
isfies (4.6a) on [tg,¢]. Since this construction was done with arbitrary t € [tg, 00),
it enables us to construct a function e : [tg,00) — R that fulfills all the claims of
the theorem. Finally, the uniform continuity of e is a consequence of the fact that
e satisfies the convolution equation (4.6a) and that the convolution of h € L'(Rxq)
and u € L™ ([tg,00)) is bounded and uniformly continuous according to [12, Chap. 2,
Thm. 2.2]. O

5. The heat equation with funnel control. With the results of the previous
section, we can now prove that the funnel controller applied to the heat equation (1.1)
yields a global solution to this equation, such that the error between the reference
and output signal evolves in the performance funnel.

5.1. Existence of a solution. In a first step, we construct a (mild) solution of
the system (3.1) in the sense of well-posed linear systems, cf. (3.7), and analyze the
input and output signals. An analysis of the state space trajectory will follow in the
next section.

THEOREM 5.1. Let yref € W (Rx), zo € L*(;R) be given. Pick any p € ®
and define the funnel feedback gain function k by (4.6b). Then there exists a unique
function x € C([0,00), L?()) such that, with the systems operators A, B;, €, D
defined in (3.5), the equations

z(t) = A(t)zo + Beuljo,4, (5.1a)
y(t) = Czo + Dy, (5.1b)
’U,(t) = k(tv y(t) - yref(t))(y(t) - yref(t)) (51C)

hold for allt € Rsy. Moreover,
(i) the input fulfills u € BUC(Rsg);
(it) the output function satisfies y € C(Rxo) and y|; .y € BUC([6,00)) for all § > 0;
(i) the tracking error e := y—yrer evolves within the funnel F, with uniform distance
to the funnel boundary in the sense that (2.1) holds.
Proof. By Lemma 3.8, the input-output map © has a representation

ou= (1 | h(rult - Pdr) V€ L (Roo),

with h(-) defined as in (4.2) and fulfilling Assumption 1, see Lemma 3.7. Let 79 > 0
be such that ¢ € ®,,. By Lemma 3.3 we have €xql(y,,00) € WH*([70,00)), which
together with yyer € W1 (R>¢) implies that the function

f = Cxg — Yref

fulfills f|, ) € Whoe([yp,00)). Thus, by Corollary 4.3, there exists a solution

e € BUC([y0,00)) of the Volterra equation (4.8) with f as above. The corollary also
states that

Je' >0Vt >y ¢ le@®)? <) 2—¢.
Define the function

te [07 FYO))

o=
U=kt e®) - et), ¢ 200
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The estimate above and the definition of k imply that the function ¢ — k(¢,e(t)) is
bounded. Hence, u is bounded and a short calculation using the boundedness of k
and the uniform continuity of e on [yg, 00) shows that u is uniformly continuous on
Rso. So (i) is proven.

With this u we define the function x via (5.1a) and y via

y(t) — CtQEOu te [07’70)7
e(t) + yret(t), t > 0.

Then y is continuous and its restriction to [yo,00) is in BUC([y0, 00)) since e and yret
are. This implies (ii) because the uniform continuity on any compact interval [d, vo]
is trivial.

Extending e to R by € :=y — Yrer, we get

et)?e(t)* <1—t)*-& Vt>0

because ¢|(o,,) = 0. Due to the continuity of e at vy and the definition of ®., this
implies for a suitable ¢

et)e(t)* <1—ec Vt>0,

so the assertion (iii) holds.

We check that all the equations in (5.1) hold. Since u|( ) is zero, the definition
of y immediately gives (5.1b) for ¢ € (0,79). For ¢t > 5y, we obtain the definition of f
that

4.8
y(t) = e(t) + yret(t) (48) Diu+ f(t) = Dru+ €20 — Yref (t) + Yret(t) = Cxp + Dyu.

Hence, (5.1b) holds everywhere. Equation (5.1a) is fulfilled by the definition of z
and (5.1c) is fulfilled by the definition of w and the fact that k = 0 for ¢ € [0,7o).
Finally, the uniqueness of these solutions follows from the uniqueness of the solution
in Corollary 4.3. O

5.2. Boundedness and regularity of the solution. Note that Theorem 5.1
does not yet say anything about the norm of the solution z. In this section we will
show that x is bounded in the norm of the state space L*(2). To do this, we will
exploit the fact that any constant output feedback stabilizes the system exponentially.

Well-posedness of regular infinite-dimensional systems under output feedback is
well understood, see WEISS in [28]. By the results in [22] the heat equation (1.1) with
output feedback u(t) = v(t) — ky(t) defines a well-posed linear system.

LEMMA 5.2 ( [22, Thm. 6.3 & Thm. 6.4]). Under the assumptions of Theorem 5.1,
let y and u be the input and output functions defined in (5.1) and let K be any positive
constant. If we set v(t) := u(t)+ Ky(t) for allt > 0, then the state x defined in (5.1a)
satisfies

a(t) = Ax (t)zo + Brv, >0, (5.2)

where Ay is an exponentially stable, analytic semigroup on L*(QY) generated by the
self-adjoint, negative operator

Agx = Az, D(Ag) = {:17 e W22(Q)|0,2(¢) = - K

z(&)doe V(€ 89} (5.3)
o0
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and
t
Byv = / Wit — 7 peasy Bu(r)dr  in D(A}).
0

Here, Ak (t)|paz.y is the extension of Ak (t) to D(Af)'. In particular, the range of
B is contained in this space.
PROPOSITION 5.3. The solution in Theorem 5.1 satisfies

sup ()]l L2(0) < oo, (5.4)
x € C(Rso; WH2(Q)) and for some w,c >0
() |w2g@) < ¢ (1 + f%‘}e*wt) Vt € Roo. (5.5)
If xg € WH2(Q), then z € C(Rx>o; WH2(Q)) and

sup ||:Z?(t)||W1,2(Q) < Q. (56)
t>0

Proof. Choose any K > 0 and define v(t) := u(t) + Ky(t) € L>°(R>¢). Then by
Lemma 5.2 the function z satisfies

x(t) = Q[K(t)ibo + B . (5.7)
We use Lemma B.3 to show that Ak regularizes the solution z. Pick some 0 € (%, 1)
then ran B C W?%2(Q)’ because B* is well-defined and continuous from W?%2(€) into

C, see Section 3. So Lemma B.3 implies that A (t — 7)|ye.2(q) Bv(r) is in WH2(Q)
and

*iﬂ —w(l—T
205t = Dlwoziy BoD sy < ¢ (14 (= 7)7F ) =7 B o] .

Since the real-valued function on the right hand side is integrable over [0,t), the
integral in Bk ;v converges in W12(Q) and

t
B sl < [ € 4 (0= 1)~ F e Bl o
0

t
= CHB”HUHoo/ e T +T7i2967WTdT
0

1— —wt 1 e8]
= ¢||B||||v]|loo (76 +/ T—#e—wdwr/ T—léee—wm)
w 0 1
1— —wt 1 e8]
< || B|lllv|loo (76 —|—/ T—%edT_F/ e‘“”dT)
w 0 1

1—e vt 2 e
= lBlllle (o g+ ).

w

This shows

sup ”%KvthWL?(Q) < 0. (5.8)
>0
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For t € R>( we get

1B r 400 = Brc vl

t+h
s/ I Bult + h = )l ys(ey A
t

t+h t
/ A(T)Bv(t+h —7)dr + / A(T)Bu(t — T)d T
0 0

w1.2(Q)

t+h t
/ A(T)Bv(t+h—1) dT+/ A(r)Bw(t+h—71)—v(t—7))dr
t 0

Wi2(Q)

t
4 [ 1B +h =) = ot = 1)l O
0
t+h 140
sdwwwm/ 14 dr
t

t
+c|\B||/ V4% dr sup |Polt+h—1)— vt —1)]
0 TE[O,IH‘h]
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t+h
sdwwwm/ e
t

t
+c|\B||/ V4% dr sup |Polt+h—1)— vt —1)]
0 T€[0,t+h]

-0 (h—0),
because v is uniformly continuous and the function 1 + T s integrable on the
compact interval [0,¢ + h]. This proves that, on R>q, the mapping ¢t — Bg v is
continuous with respect to the W2(Q) norm.

Let us first assume that 2o € W12(Q). Since A restricts to a bounded, strongly
continuous semigroup on D((—Ag)z) = WH2(), the mapping ¢ — A(t)zo is continu-
ous and bounded with respect to the W12(2) norm. Therefore the above calculations
and equation (5.7) show that z € C(R>o; W'?()) and the bound (5.6) holds.

Now for general zo € L?(2), Lemma 3.3 states that 21(6)zg € W12(Q) for ar-
bitrary § > 0, whence the argumentation from above shows z € C(Rso; WH2(Q)).
Finally, the norm bounds (5.4) and(5.5) are consequences of (5.8) together with

120k (D)o llwzoy < e (14474) et
and
125 ()0l L2y < e

O

5.3. Proof of Theorem 2.2. The following proof of Theorem 2.2 is mostly
a summary of the previous result.

Proof. Let u,y and x be the functions in Theorem 5.1 and define the error
€ := Yy — Yref. Then Theorem 5.1 already contains the statements (ii), (iii) and (iv)
of Theorem 2.2. Proposition 5.3 shows the bounds on the state function x that are
claimed in Theorem 2.2 (i).



FUNNEL CONTROL FOR THE HEAT EQUATION 27

It remains to prove part (iv) of Theorem 2.2, i.e. that u, y and z fulfill the weak
formulation of the partial differential equation. The state equation (5.1a) implies for
all ¢ € D(A) that

t+h
(Z(t+h), )2 — (@), ) r2Q) = /t (x(7), A"Y) p2() + (u(T), B*¢) dr

t+h _
- / (2(r), A 2y +u(r) | Ddogdr
t o0

t+h
= - / (Va(r), Vi) 12 () — u(T) P doedr,
t 0
see e.g. [24, Thm. 3.8.2 (i)]. Since D(A) is dense in W12(€) [22, Lem. 2.2 (iii)], this
equation extends continuously to all 1 € W2(Q2). We divide the equation by h > 0
and let h tend to zero. Then the continuity of x with respect to the W12(Q) norm
and the continuity of u yield

(5(t), ) 12(0) = —(Va(t), Vi) 2y + u(t) /8 Gdoee YweW'(@),

&l

This completes the proof of Theorem 2.2. O
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Appendix A. Convolution operators for symmetric systems.
LEMMA A.1. Let A € R™*™ be symmetric and negative definite, let b € R™. Then
the operator Ty p : L°(R>0) — L>®(Rx>g) with

t
Tapu = (t — / bTeA(tT)bu(T)dT) Yu € L°(R>g)
0

is bounded with || Tap| (L= ®-o)) = —b" A7'b. Moreover, for all u € L*(R>o) and
t € Rxq, there holds B

/0 u(T)(Tapu)(r)dr > 0. (A1)

Proof. Consider the function hap = (t = b e4tb) € L'(R>g). The symmetry of
A implies that hy4 p is a nonnegative function, and thus

Al

LI(RZ“):/O hA,b(T)dT:/O bleATbdr = —bT A7 1h.

The operator T4 ; represents convolution with h4p, whence we obtain by Young’s
inequality [6, Thm. 3.9.4] that T4, € B(L*(R>¢)) with

1 Ta,p]

BL=®s0)) < hapllLi@s,) =—bT A",

By applying u =1 to T, we further see that || T4 g(r=(®.,)) = —bTA71b.
To see that (A.1) holds true, we make use of the fact that y = Ty pu is given by
bz, where z is the solution of the initial value problem

z(t) =Ax(t) + bu(t), z(0) = 0.
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Thereby, we get
t

lx 2= ta:TTj:T T = z(1) " Az(7) + 2(7) Tbu(r)dr
0<5la®IF = [ o) i(r)r = [ a(r)T Ax() +a(r)bu(r)a

:/ x(T)TA:E(T)—I—(bTx(T))u(T)dT§ / y(T)u(T)de/ w(T)(Tapu)(r)dr.
T () ’ ’

a
REMARK A.2. We note that property (A.1) is called passivity of a system [30].
LEMMA A.3. Let Ay € R" X" be symmetric and negative definite, and let
Ay e RIX"=1 A1 € R such that the matrix

All A12
A =
el

is singular and negative semi-definite. Then the following holds true:
(i) A = A2 Ay, Aly;
(i) for all t € R>g, the operator T : L>=([0,t]) — L*>([0,t]) with
t
Ty = (t — A11$(t) + / A126A22(t_T)AI2$(T) dT) Va € L“([O,t])
0
fulfills
t
/ z(7)(Tz)(r)dr <O0.
0
(iii) The operator T : Wy > (Rsq) — L=(Rx0)
t
Ty = (t — y(t) + / A126A22(t_T)AIQy(T) dr + Ally(t)) Yy € L*>(]0,1])
0

fulfills

||T||B(W&’m(Rzo);Lm(RZO))
—1 -1
. 1 sl — A11 _A12 1
< 1 B .
_Sh_r)%s ([1 017" 1] [ —AIQ sl — Ago On—l,l
Proof.

(i) By using elementary row transformations and the singularity of A, we obtain

A A _
0= det [Ai AZ] = det(Aags) - (A1 — A12 A5, Afy).

Then the result follows from det(Asz) # 0, which holds true since Ass is negative
definite.
(ii) By using the Cauchy-Schwarz and Young’s inequality [6, Thm. 3.9.4], we obtain

t T1
/ ,T(Tl) / A126A22(717T)A1TQ$(T) dT dT1
0 0

<zl z2(o,4) - H/o A126A22('_T)Af2x(7) dr

L2([0,t])
< ||17||%2([0,t]) : ||A126A22'A1Tz||L1([0,t])

<lzllF2 (0.0 - 141262 Al L (10,00)) < N1l 2(0.17) - (—A12455 ALy).-
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This gives rise to the estimate

/Ot!E(T)(T!E)(T) dr :A11||$||%2([07t]) +/Ot;v(ﬁ) /071 Apped22(m=mAT o(7)dr dry
< AnllzlZaqo.) — Ar2dzs ALzl 720, Do,
(iii) Let y € WO1 ">, Then by integration by parts we obtain

= Ajget22t /Ot e 42T AL y(7)dr
= Ajget22t (—A2216A22TA1TQy(T)‘::tO + Ay /Ot e 4227 ALy (1) dT)
= — Ape?TAyem A2 Al y(t) + Arge*2 Ay /0 t e 2T Alyy(r) dr
= — A2 Ay ALy(t) — Aw /Ot e~ Aly(r) dr
9 _ Any(t) — Ar /0 t e A2t AL y(7)dr.

Therefore,

t
/ A2 ALy (1) dr + Any(7)
0

t
= (i (~Ap) V) / 4207 (A, - (— Agy) V%) T(r) dr,
0
and we obtain from Lemma A.1 that

<1+ [(Arz - (—Ag2) )AL (Ara - (= A22) ™2 T]) - 19l oo Ro)
<(1+ A12A522A1rz) ) ”y”Wl’oo(]RZo)'

t
50 - / Appe20 AL y(7) dr + Any()
0

L>(Rxo)

(A.2)

Using the Schur complement [11, p. 103], we obtain

[1 0 } SI— A11 —A12 -t 1 -
1,n—1 —A1r2 sl — A22 0n7111

= sl — All — Alg(SI — Agg)_lAIQ =sl — A12(A521 + (SI - Agg)_l)AirQ.

Now de I’Hépital’s rule gives rise to

-1
1 sT—An A ][ 1
1 — 1 0 n—
lim S <[ 1, 1] [ _AE sl — Agz} On—1,1 (A.3)

S D _ _
=1-Aplim E(AQ; 4 (sI — Agg) " NA, =1+ A A7 AL

Finally, combining (A.2) with (A.3), we obtain the desired result.
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Appendix B. Supplements to the operator Ag.

THEOREM B.1. Let H be a Hilbert space, which is continuously and densely
embedded into the Hilbert space X and let a : H x H — C be a continuous, symmetric
sesquilinear form. If, for some a > 0, the form fulfills

Rea(z,z) + (z,x)x = a(z,x) + (z,z)x > a||z|x Vr € X, (B.1)

then the following holds
(i) The operator

D(A):={z € H | 32(z) € X : a(z,v) = (2(x),¢)x VY E€H},
Ax = —z(x) Vz € D(A)

is well-defined, self-adjoint, generates an analytic semigroup in X.
(i) D(A) is dense in H with respect to || - || g -
(111) If A is nonpositive, the operator root (in the sense of [21]) of —A fulfills

D((-A)2)=H, ((-A)iz,(-A)?y)x =alzx,y) Va,y € D(A).

We call A the operator associated to the sesquilinear form af(-,-).

Proof. The first part of this is [2, Thm. 4.3]. Assertions (ii) and (iii) are contained
in Kato’s First and Second Representation Theorem [21, Sec. VI.2]. O

LEMMA B.2. Let K > 0 and define Ax as in Lemma 5.2. Then the associated
bilinear form to Ak has the domain D(ag) = D((—Ag)z) = WY2(Q) and is given
by

axle,0) = [ VaOTH@ e+ K [ a@doe- [ T@doe (B2)
Q o0

o0

Proof. Tt is easy to see that ax is a continuous, symmetric sesquilinear form on
H = Wh2(Q) which satisfies (B.1). Hence, af fulfills the prerequisites of Theorem
B.1 and to complete our proof it suffices to show that the domain D(Ag) defined in
(5.3) satisfies

D(Ak) = {x e W"3(Q) |3z € L*(Q) : a(z, ) = (2,9¥)12(0) V¥ € WH(Q)}. (B.3)

“C”: Let * € D(Ak). Then Gauss’ Theorem implies that for all ¢ € W2(Q)
holds

arc (1) = / V(&) V) dé + K / £(€) do - / B do
A:z: Yip(€) de Lz (€)ih( da§+K/ €)doy - /deag

NG ( K [ a(@doc+ x w(&)dag) | i@an,

Q o0

Q

This shows the inclusion because —Auz is an element of L?((2).
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“D>”: Let z be an element of the right hand set in (B.3). Then in particular for
all infinitely often differentiable and compactly supported % : 2 — C the equation

/ 2(6)B(E) dé = —ag(w,v) = / 2(©)P() d
Q Q

holds the by Gauss’ Theorem. This implies that Az = —z € L?(Q). In order to
show that z is in W22(Q), we pick some function h € W%2(Q) that satisfies 9, h(¢) =
—K [y, x(§) dog for all ¢ € 9Q. Then for all ¢y € W2(Q) the following holds:

/ V(z — h)(€) V(@) de
_ / V(&) VH(E) dé — / V(&) TH(E) de

— K [ aleydoc- / Gaoe+ [ an@u@ s~ [ an©ias

=ax(z,¢)+ | AREVY(E)d

A h)(ﬁ)w( ) dg.
This implies by [13, Prop. 5.26 (ii)] that  — h € W22(Q) and therefore we conclude

x € W22(Q). With this information we can finally apply the Gauss’ Theorem which
yields

ag(z,¢) = [ Va(©VY(E)dE+ K [ w(€)doe- [ ¢(€)doe
Q o0 o0

Q [219]

—— [ 27 d + [ 2@ doe + K [ ale)doe- [ o
o0 o0

The left hand side is by assumption equal to — fQ Az (&)Y(€) dE, so we have

0,00 doe + K [ a(@)doe: [ TEdoc=0 e W)
oN onN

[219]

This implies 8,z = —K [, 2(§) doe. O
LEMMA B.3. Let 6 € [0,1] and denote by (-)" the duality with respect to the pivot
space L2(Q). Then Ax(t) maps W92(Q) into W12(Q) and

120k (8)axl w2y < € (1 + f%e) e allworqy Ve e WOQ)Y  (BA)

with some constants c,w > 0.
Proof. We use the complex interpolation functor [, -]s as defined in [25, Sec. 1.9.2].
With the self-adjointness of Ak it follows from [25, Sect. 1.18.10] that

D((—Ax)""?) = [L*(Q), D((=Ak)"/?)]o = [L*(Q), W2 (Q)]s.

According to [25, Sec. 4.3.1, Thm. 1] and [25, Eq. 2.4.2/11] the space on the right
hand side of this equation is equal to W?%2(2). So we have

D((-Ag)!?) =w%2(Q)  Vvoelo,1].
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Consequently, the dual spaces satisfy
D((-Ag)"? =wo2(Q)  Vvel0,1].

Then, by [24, Thm. 3.10.11], %k : R>¢ — B(L*(Q)) extends to an analytic semigroup
Ak : Ryg — B(D((—Ak)?/?)"), whose generator has the domain D((—Ag)*~%/2).

By [24, Lem. 3.10.9], this extended semigroup maps D(Ai(/z)’ into D(A}(_e/z) C
D((—Ag)*/?) and there exists some ¢ € Rsq with

146

1Ak (D)l p((—agyrz) < ¢ (1 + t’T) e Nl pe—axyorzy Vo € D((—Ag)?/?).

This proves the claim because we have shown that these spaces coincide with the
corresponding Sobolev spaces.
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