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Abstract—We study the concept of locally controlled invariant
submanifolds for nonlinear differential-algebraic/descriptor sys-
tems. In contrast to classical approaches, we define controlled
invariance as the property of solution trajectories to evolve in a
given submanifold whenever they start in it. It is then proved that
this concept is equivalent to the existence of a feedback which
renders the closed-loop vector field invariant in the descriptor
sense. This result is exploited to show that the outcome of the
differential-algebraic version of the zero dynamics algorithm
yields a maximal output zeroing submanifold. The latter is then
used to characterize the zero dynamics of the system. In order
to guarantee that the zero dynamics are locally autonomous
(i.e., locally resemble the behavior of an autonomous dynamical
system), sufficient conditions involving the locally maximal output
zeroing submanifold are derived.

Index Terms—Differential-algebraic equations, nonlinear sys-
tems, descriptor systems, controlled invariance, output zeroing
submanifold, zero dynamics.

Nomenclature:

N, Ny set of natural numbers, No = NU{0}

RPm the set of real n x m matrices

rkA,imA  rank and image of A € R"*™

Gl,(R) the group of invertible matrices in R"*"

AT =(ATA)'AT for A € R™™ with tkA =m

€*(X;Y)  set of k-times continuously differentiable func-
tions f:X — Y, k€ NgU{eo}; if k = oo the
function f is called smooth

dom f the domain of the function f

fl; restriction of the function f to the set /

[. INTRODUCTION

We consider nonlinear descriptor systems governed by
differential-algebraic equations (DAEs) of the form

GE@(®) = f(x(0)) +g(x(r)) u(r),
(1) = h(x(1)),

where X C R”" is open, 0 € X, f € €(X;R!),h € €(X;RP),
E € €' (X;R!) are vector fields such that £(0) =0, h(0) =0,
and g € €(X;R"™) is a matrix-valued function. The set of
these systems is denoted by X and we write [E, f,g,h] €

X .
e 17')!(-,111717’
Zl,n,m,p‘ Note that the class X encompasses any linear

1,n,m,p
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singular descriptor system and various important classes of
nonlinear singular descriptor systems (e.g. chemical process
systems [1], mechanical systems [2], [3] and modified nodal
analysis models of electrical circuits [4]). Nonlinear descriptor
systems seem to have been first considered by Luenberger [5];
see also the recent textbooks [6], [7].

The functions u : I — R™ and y: I — RP are called input
and output of the system, resp. Since solutions not necessarily
exist globally (e.g. finite escape times may arise) we consider
maximal solutions of (1).

Definition I.1 (Solutions). For [E, f,g,h] € an mp & trajectory
(x,u,y) € €(I;X x R" x RP) is called a solution of (1), if
I =domx C R is an open interval, Eox € €' (I;R!) and (x,u,y)
solves (1) for all # € I. A solution (x,u,y) of (1) is called

maximal, if any other solution (%,#,7) of (1) satisfies

J:=domfNndomx#0 A %|;=x[;, = dom#C domux.

The behavior of (1) is defined as the set of maximal solution
trajectories

By :={(x,u,y) € €(I;X xR"xRP) | I CR is an open
interval and (x,u,y) is a maximal solution of (1) }.

In the present paper, we consider questions related to con-
trolled invariance and the zero dynamics of (1). The concept of
(locally) controlled invariant submanifolds has been introduced
by Isidori and Moog [8] (see also the textbooks [9], [10]) as a
counterpart to controlled invariant distributions [11], [12] and
it is an extension of the well-studied concept of controlled
invariant subspaces for linear systems. Loosely speaking, a
locally controlled invariant submanifold M is a connected
submanifold which is invariant under the flow of the closed-
loop vector field f(x)+ g(x)u(x) for some feedback u(x); in
the case of DAEs this invariance has to be formulated with
respect to E(+). In the present paper, we show that the above
“classical” definition in terms of feedback is equivalent to the
“natural” definition, that for any initial value in M there exists
an input such that the corresponding state trajectory remains
in M for all times.

Locally controlled invariant submanifolds which are output
zeroing (i.e., M C h’l(O)) are related to the zero dynamics
of the system (1). The zero dynamics are, loosely speaking,
those dynamics that are not visible at the output and they are
defined as the set of trajectories

ZPqy:={ (x,u,y) €Bqy | y=0 }.

If the system (1) is governed by an ordinary differential
equation (ODE), i.e., n =1 and E(x) = x, then the concept of



zero dynamics has been introduced by Byrnes and Isidori [13]
and studied extensively since then, see e.g. the textbooks [9],
[10]. For linear DAEs, the zero dynamics are a real vector
space (which is not true for nonlinear systems) and have been
investigated in detail recently [14], [15]; for nonlinear DAEs
some results for a class of semi-explicit systems [16] and for
semi-explicit index-1 systems [17] are available.

The present paper is organized as follows: We consider
the concept of controlled invariant subspaces for linear de-
scriptor systems in Section II and prove characterizations of
it. In Section Il we give a brief summary of the differen-
tial geometric concepts used in the remainder of the paper.
Motivated by the results for linear systems, local controlled
invariance of submanifolds for nonlinear DAE systems is
defined and characterized in Section IV; crucial preliminary
results on constant rank matrix functions and the existence
and extension of solutions to an important class of DAEs
are provided. In Section V we consider locally controlled
invariant submanifolds that are output zeroing and derive
an extension of the zero dynamics algorithm (see e.g. [9],
[10]) to DAE systems in order to compute a locally maximal
output zeroing submanifold. This submanifold is exploited
for a characterization of the zero dynamics of the system.
The concept of locally autonomous zero dynamics, which has
been successively used for the analysis of linear time-varying
ODEs in [18] and of linear time-invariant DAEs in [15], is
introduced in Section VI. We prove a sufficient condition for
locally autonomous zero dynamics in terms of the locally
maximal output zeroing submanifold. A conclusion is given
in Section VII.

II. THE LINEAR CASE

In the present section we study controlled invariance for
linear differential-algebraic systems of the form

4 Ex(t) = Ax(t) + Bu(t), @

where E,A € R™" and B € R The set of these systems is
denoted by ¥, ,, and we write [E,A,B] €X; ,, ,,. Since [E,A, B]
is linear we consider only global solutions and hence define
the behavior of (2) as the set

B ={(xu) € C(R;R" xR™) | Exe€ ¢ (R;R)
and (x,u) satisfies (2) for all t € R}.

If (2) is an ODE, i.e., [ =n and E = I, then a subspace
¥ CR" is called controlled invariant (see e.g. [19]) if, loosely
speaking, for all initial values in ¥ there exists an input such
that the corresponding state trajectory remains in ¥ for all
times. It is well-known that this is the case if, and only if,
there exists a friend F € R™*" such that (A+BF)¥ C ¥, or,
equivalently, A7 C ¥ +imB.

We introduce controlled invariance for linear DAEs (2)
and generalize the above characterizations. To the best of the
author’s knowledge these characterizations are new.

Definition II.1 (Controlled invariant subspaces). Let
[E,A,B] €% ,,, and ¥ CR" be a subspace. Then ¥ is called

controlled invariant, if

V¥ e ¥ I(x,u) € By Vi >0:
xe CHR;R") A x(0)=x" A x(r) e V.

In order to prove that controlled invariance is equivalent to
the existence of a friend we need the following crucial lemma
which guarantees existence of solutions to a certain class of
linear DAEs.

Lemma IL.2 (Existence lemma). Let E,A € R'*" be such that
imA CimE. Then, for all x° € R", there exists x € ¢ (R;R")
such that x(0) = x° and Ex(t) = Ax(t) for all t € R.

Proof. Since imA CimE there exists R € R"*" such that A =
ER. Let S, T € Gl,(R) be such that SET = [ 0], where r =
rk E. Then
_ “pp_ | O i |1 T2
SAT =SETT RT—{0 OT RT =: R
Now let x? € R” and let x; € €% (R;R"), xo € €= (R;R""") be
such that, for all t € R,

#1(1) = Tixy (1) + Toa(r), and (gggg) _ 710,

Define x(-):=T (28) € ¢~ (R;R") and observe that x(0) =
X0 and, for all € R,

=g o (1)

_ g (xl ét)) _ gl <T1X1 (1) 3 szz(t)>

(e
0

Note that the solution x in Lemma II.2 is not unique. The
non-uniqueness amounts to the freedom in choosing x» in the
proof of the lemma.

We are now in the position to state and prove the main result
of the present section. This is the differential-algebraic analog
of [19, Thm. 4.2]; note that its proof is also new in the ODE
case as it uses Lemma I1.2.

Theorem IL3 (Controlled invariance). Let [E,A,B| € X1,
and ¥V CR" be a subspace. Then the following statements are
equivalent:

(1) ¥ is controlled invariant.

(i) A¥ CEY +imB.
(iil) There exists F € R™" such that (A+BF)V CEY.

Proof. (i)=(ii): Let x° € #. Then there exists (x,u) € By
with x € €' (R;R"), x(0) =x° and x(¢) € ¥ for all ¢ > 0. The
latter implies that $Ex(t) € E7 for all # >0 and continuity
gives $Ex(0) € EV, thus Ax’ = $Ex(0) + Bu(0) € EV +
imB. This implies A¥ C E¥ +imB.

(i)=(iii): Let vy,...,vr € R" be basis vectors of ¥, where
k =dim?7. By assumption there exist w; € R" and u; € R"
such that Av; = Ew; + Bu; for i = 1,...,k. Now let F €
R™*" be the matrix representation of a linear map which is



uniquely defined on ¥ by Fv; = —u;, i = 1,... k. Therefore,
(A+BF)v; = Av;—Bu; = Ew; € EV for i =1,...,k and thus
(A+BF)V CEYV.

(iii)=(i): Let x° € # and V € R"*¥ be such that rkV = k and
imV = 7. Then there exists w® € R such that x = Vw?. Since
(A+BF)¥ CEY we have that im(A+BF)V CimEV and by
Lemma I1.2 there exists w € € (R;R¥) such that w(0) = w?
and EVw(t) = (A4+BF)Vw(t) for all € R. Then x(+) :=Vw()
and u(-) := FVw(-) satisfy (x,u) € B, x(0) =x° and x(t) =
Vw(t) € ¥ for all t > 0. O

Note that a subspace 7 satisfying property (ii) in The-
orem II.3 is usually called a (A,E,B)-invariant subspace,
see [20] and also the survey [21].

III. DIFFERENTIAL GEOMETRIC PRELIMINARIES

We use the terminology of smooth manifolds and other
differential geometric concepts as in [22]. Apart from that,
by a submanifold we will always mean an embedded smooth
k-submanifold of R” for some k < n. Furthermore, we define
the tangent space to a submanifold M of R" at x € M as the
linear subspace

Y;M::{veR"

31 C R open interval 3y € € (I;M) : }
Y(0)=x A 7(0) =v '
The above definition is different from the standard concept
of the tangent space, usually introduced as the set of all
derivations at x. However, by [22, Lem. 3.11] the derivations
can be identified with tangent vectors to smooth curves, which
in turn can be embedded into R"; cf. also [23, Thm. 2.2].

Let X C R" be an open set (which is a manifold) and M C X
be submanifold. For any x” € M there exist U C X open with
NeU, wCRF open for k =dimM < n and a diffeomorphism
@ :MNU — W. Without loss of generality, W and ¢ can be
chosen such that 0 € W and ¢(x°) = 0. (U, ¢) is a coordinate
chart for M at x° and ¢ is a coordinate map. Since @ is a
diffeomorphism between submanifolds (in the sense of [22])
and M CR", ¢ is a diffeomorphism in the sense of classical
calculus, ie., ¢ € € (MNU;W) and ¢! € €= (W;MNU).
We call v := @~ a parametrization for M at x° and record
the following result which is important in due course.

Lemma III.1 (Parametrization and tangent space). Let M be
a submanifold of an open set X CR" and let w: W — MNU
be a parametrization of M at x° € M. Then

VxeMnU: TM=imy/ (y ' (x)).

IV. LOCAL CONTROLLED INVARIANCE

In Section II controlled invariant subspaces have been char-
acterized for linear descriptor systems (2). In the present sec-
tion we extend this approach to nonlinear systems (1) by con-
sidering a local version of controlled invariance for subman-
ifolds of X (instead of subspaces). In classical textbooks [9],
[10] on nonlinear ODE systems a locally controlled invariant
submanifold M is, loosely speaking, defined by the existence
of a feedback u(x) such that the vector field f(x)+ g(x)u(x)
is locally tangent to the M. In the linear case f(x) = Ax,
g(x) = B, as considered in Section II, this is equivalent to

the existence of a friend F such that (A+BF)M C M, i..,
property (iii) in Theorem (II.3). However, the characterization
in terms of solution trajectories as in Definition II.1 is usually
not considered for nonlinear systems.

In the following we extend Definition II.1 to nonlinear DAE
systems (1) by considering controlled invariance locally on a
conected submanifold of X. Then we derive, as a characteriza-
tion, the existence of a feedback which (in some sense) renders
the closed-loop vector field invariant, see Theorem IV.5. The
idea for the proof comes from the consideration of the linear
case discussed in Section II: First we generalize Lemma I1.2
to nonlinear DAE systems, where additionally some care must
be taken of the extendability of solutions, which results in
Lemma IV.4. Then we prove the characterizations of locally
controlled invariant submanifolds in Theorem IV.5.

Definition IV.1 (Controlled invariant submanifolds). Let
[E,f, g, h] € Z{fmm)p and M be a connected submanifold of X
such that 0 € M. Then M is called locally controlled invariant,
if there exists an open neighborhood U C X of the origin in

R™ such that

vx'eMnu 3 (x,u,y) € By 319 € domx Vr € domx,t > 1o :
x € €' (domx;R") A x(to) =x° A x(t) eMNU.

In Definition IV.1 only the existence of a maximal solution
(x,u,y) with x starting at x° and staying in MNU is required.
For DAE systems, this solution is not unique, not even if we
fix x° and u. Therefore, in contrast to ODE systems, it is
possible to find at the same time solutions staying in M NU
and solutions leaving M NU generated by the same input.
Furthermore, possible state constraints restrict the set of locally
controlled invariant submanifolds in a natural way (for ODEs,
the whole set X is always locally controlled invariant, but not
necessarily for DAEs) and possible input constraints make it
harder to find a suitable control which establishes evolution
in the submanifold. The following example illustrates the
situation.

Example IV.2. Consider the DAE system (1) with X = R*
and

X1 X1+ X2 1 0
0 X 0 0
E(‘x) = X4 ’ f(x) = (; ’ g(x) = 0 1
0 X4 0 1

for x = (x1,x2,%3,x4) "; we omit the output equation y(t) =
h(x(t)) here. The state constraint x3(¢) = 0 implies that any
locally controlled invariant submanifold must be a subset of
R? x {0} x R. We show that the subspace ¥ :=im][1,0,0,1]"
is (locally) controlled invariant. To this end, we observe that
the equations x4(r) = up(r) and 0 = x4(¢) + ua(¢) impose an
input constraint of the form 4, (1) = —uy () and this restricts
the choice of input functions. Let (x°,0,0,x°)T € 7. We
set x2(-) =0 and x3(-) =0 and observe that the remaining
equations read

x1(0) =x1(t) Fui(t), xa(t) =—ur(t),
X4(t) = up(r), x1(0) =x4(0) =0



Since the solution must evolve in ¥ we get the additional con-
dition x;(¢) = x3(¢) and we may hence simplify the resulting
system to

llz(t) = —Ltz(t), u2(0) = —xo, ul(t) = 2142(1‘)7
x1(t) = —up(1), x3(t) = —ua(t),

thus the choice of inputs u;(t) = —2¢7x, uy(t) = —e'x°

yields that x;(t) = —e'x" = x3(¢) and establishes that 7
is indeed (locally) controlled invariant. Note that the state
(x1(),x2(¢),x3(¢),x4(¢)) " corresponding to the initial value
(x2,0,0,x°)" and to the input (u;(¢),u2(¢))" is not unique:
Any choice of x; € € (R;R) with x,(0) =0 does also yields a
solution to this initial value problem. This also shows that it
is in general not possible to ensure that any solution evolves
in .

We record a result on smooth constant rank matrix functions
as an important lemma. This result is a consequence of
the implicit function theorem. It is also mentioned in [10,
Exercise 2.4], however there the constant transformation S
from the left is missing.

Lemma IV.3 (Constant rank matrix functions). Let U C R" be
open, X° € U and A € €*(U;RP*%), k € NU{eo}, be such that
tkA(x) = r for all x € U. Then there exists an open neigh-
borhood V C U of x° and S € Gl,(R), T € €*(V;Gl,(R)),
Le X V;RP=%"Y such that

_ [ 0
VxeV: SA(x)T(x) = [L(x) 0} .
If moreover tkA(x) = p for all x € U, then there exists T €
E*(V;Gly(R)) such that A(x)T (x) = [I,,0] for all x € V.

The proof of the equivalence between controlled invariance
and the existence of a desired feedback as explained above
relies on the following lemma which guarantees existence and
extendability of solutions to a certain class of DAE systems;
this is the nonlinear version of Lemma II.2.

Lemma IV.4 (Existence and extension lemma). Let U C R”
be open and E € €1 (U;R!), f € €*(U;RY), k € NU {e},
be such that, for all x € U, f(x) € E'(x)T,U and tkE'(x) =r.
Then the following statements are true:

a) For all (ty,x°) € R x U, there exists an open interval I C R,
to €1, and x € €* 1 (I;U) such that $E(x(t)) = f(x(t)) for
all t €I and x(ty) = x°.

b) If x € €“"((a,b);U) is such that $E(x(t)) = f(x(t)) for
all t € (a,b) and x° :=1lim, ,,x(t) € U exists, then there
exists € >0 and X € €' ((a,b+€);U) with SE(%(t)) =
f(&(t)) for all t € (a,b+¢) and |, ;) = x.

Proof. a): Lemma IV.3 applied to the transpose of E’(-)
yields existence of an open neighborhood V C U of x° and
SeGlL,(R), T € €%(V;GL(R)), L € €*(V;R™"=")) such that

VxeV: T(E'(x)S = {10 Lg‘)} .

Since f(x) € E'(x)T,U C imE’(x) it follows that
[16 Lgx>}T(x)f(x) = T(x)f(x) for all x € V, and hence

with L
() =8 [Or ¢

we have that there exists f; € ¥(V;R") such that for all x € V

T =TOE W = ¢ 175w = (157).

} T()f() € €5 (VR

0
Partition S~ 'x0 = ;1) €R"xR" " and let z; € ¥ (I;R"),
2

I C R an open interval with #y € I, be a local solution of the

ODE
4(t) = fi (S (Z]Zg))) o) =1,

which exists since x° € dom f; and f; is continuously differ-
entiable. Then x(-) := S (z;())) € G (L RY) satisfies x(t) €
V C U for all ¢t € I by construction and, furthermore,

0 = 20t =00 [y H] (40)
= T(x(r)"! (fl()(c)(t))> )

for all r € I as well as x(fg) = x°.

b): Using the notation from a) and choosing V C U as
a neighborhood of x°, we find that there exists 4 > 0 such
that é;g;) = S"1x(:) € €¥"1((b—h,b);S~V) and it can be
extended continuously to t = b. Let z‘l) :=1lim,_, 21 (r). Similar
to a) we obtain that, for all € (b— h,b),

w0 (6() )0 o
Now, let 72> 0 and 7, € €**!((b—h,b+h);R"") be such that
2|(p—np) =22 and for all 1 € (b—h,b+h) there exists v € R”
such that ( ZZV(,)) € S~'V, which is clearly possible. Then there
exists a local solution 7| € €%*!((b—g,b+¢);R") of the initial
value problem (3), 7 (b) = z). Define the continuous function

z21(t), t€(b—h,b]
Z1(t), te(b,b+e).

Since Z; satisfies (3) on (b —h,b) and on (b,b+ €) it follows
from continuity of 21,25, %22, f1 and L that %21 is continuous
and hence, because Z; is a continuously differentiable solution
of (3), 21 € €' ((b— h,b+¢);R"). Similar to a), we may
now calculate that %(-) := S (28) € € ((b—h,b—¢);V)
satisfies $E(%(r)) = f(%(t)) for all # € dom£ and Fpnp) =
x|(b_hlb>. Gluing together x and X yields an extension of x on
(a,b+ ¢€) and finishes the proof of the lemma. O

Z1:(b—hb+e) =R, t»—>{

We are now in the position to prove the main result of this
section. This is the local, nonlinear analog of Theorem IV.5.

Theorem IV.5 (Local controlled invariance). Let [E, f,g,h] €
an’myp be such that E € €*(X;R!), f € €' (X;R!) and g €
€ (X;R>™) and let M be a smooth connected submanifold
of X such that 0 € M. Suppose that there exists an open
neighborhood V of 0 € X such that both dimE’'(x)T,M and
dim (E'(x)T,M +img(x)) are constant for x € MNV. Then

the following statements are equivalent:



(1) M is locally controlled invariant.

(i) There exists an open neighborhood U of 0 € X such that
f(x) € E'(x)T:M +img(x) for all xe MNU.

(iii) There exists an open neighborhood U of 0 € X and u €
E (MNU;R™) such that f(x)+ g(x)u(x) € E'(x)T.M for
allxeMNU.

Proof. ()=(ii): Let U be as in Definition IV.1 and x° e MNU.
Then there exists (x,u) € By with x € €' (domx;R") and
some o € domx such that x(t) = x° and x(t) € MNU for all
t € domxN [fy,0) =: I. Therefore, %E(x(t)) = E'(x(1))x(t) €
E'(x(t))T,()M for all t € I and hence

f(x% = %E(x(t)) |t:0 —g(x"u(0) e E’(xO)TxoM+img(x0).

(i)=(iii): Let y: G — M NW be a parametrization of M at
0€M and let U :=UNVNW, Gy :=y ' (MNUyj). Then, by
Lemma III.1 and the assumption we have

VxeU NM:

f(x) e imE' () y' (v~ (x)) +img(x) = imK(y~ (x)),
where K(-) := [E'(W(:)Y'(-),g(w(-))] € € (Gi;RI*(7Fm))
and g =dimM. Since dim (E'(x)T,M +img(x)) is constant for
X €MNYV, we have that, for some r < g+m, tkK(z) = r for
all z € Gy. From Lemma IV.3 it then follows that there exists

an open neighborhood G, C G| of 0 € R? and S € GI;(R),
T € €' (V3;Glym(R)), L€ €' (V3;RU=%") such that

I. 0
VzeGy: SK(2)T(z) = [L(z) O} .
Let the open set U, be such that M NU, = y(G,) and observe
that 0 € U,. Now, we find that
VxeMNU,:
Sf(x) eimSK(y~!(x)) =im - T(y ' (x),
o cimsk(y ) =im |, F 0 T )

by which [ e 8} Sf(x) = Sf(x) for all x € MUs,. Therefore,
with
V=T O) |, ) o) S0 € MR,

we obtain that K (x)v(x) = f(x) for all x € M NU,. Partitioning
v(x) = (vi(x) ", u(x) ") with vi(x) € R? and u(x) € R™ for all
x € MNU, yields that
VxeMNU,: f(x)+g(x)u(x) € E'(x)T.M
with u € €1 (M N Uy R™).
(ii))=(i): Let y, U; and G; be as above.

Step 1: We show that for all x° € M N U, there exists a
local solution (x,u,y) € €' (I;X x R™ x RP) of (1) with x(t) €
MNU; for all ¢t € I. Define

E:G =R, x— E(y(x)),
FiGr =R, x f(y(x) +g(W()u(y(x).

Since y : Gy = M NUj is a diffeomorphism, it is immediate

that
VxeGy: l[ll(x)’Z}Gl = Tu/(x) (Mﬂ U]) = TW(X)M-

By assumption we obtain

VxeGy:
F(x) € E'(y(x))TyyM = E'(w(x)) ¥ (x) .G, = E' (x) T, G

Furthermore,

k£ (x) = k' (y (1)) (¥)
— dimim £ (y (x) ¥/ ()

for all x € G; and since y(x) € V it follows that £’ has
constant rank. We may now conclude from Lemma IV.4a)
that for arbitrary xX° € M NU; there exists an open interval
ICR,0€1, and z € €(I;Gy) such that z(0) = y~!(x?) and
%E(z(r)) = f(z(¢)). Then x(-) := y(z(-)) € €*(I;Uy) satisfies,
forall t €1,

GEE() = fx(1)) +g(x())ulx(r)),
and x(t) € im y|g =MNU, for all # € I with 1 > 0.

Step 2: We show that (x,uox,hox) can be extended to a
differentiable maximal solution of (1) of the same structure
which also evolves in M NU;. We prove this by using a
standard technique which invokes Zorn’s Lemma (cf. for
instance [24, Thm. 4.8]): Denote I = (a,b) and define

®>b, J=(a,0), z€¢ €' (J];X), z(t) €
MNU; forall 0 <t < @, (z,uoz,hoz)
is a solution of (1), z|, =x

Pt dim B (y(x)) Ty o M

x(0) =x°,

E:=1 (0,2)

Since (b,x) € &, the set is nonempty. We endow & with a
partial order < defined by

(o1,21) = (@2,22)

= 0 <m AVte(a,m): zi1(t) =2(t).

Now let & be a totally ordered subset of &. Define @* :=
sup{ ® | (®,z) €0 }andz* €€ ((a,0");X) by | (g0) =2
for all (w,z) € O; (w*,z*) is well-defined since & is totally
ordered. It is clear that (®0*,z") € & is an upper bound for .
Zorn’s Lemma now implies existence of at least one maximal
element of &. Let (®,%) denote such an element and let (¥, uo
X,hoX) be a corresponding solution of (1). Assume that there
exists a maximal solution (£,4,7) € €((a@,®);X x R" x RP)
of (1) with @ < a, w < @ and )€|(a_’w) = %. Since X(r) e MNU,
for all ¢t € (a,w) and ¥ is extended by £, continuity implies
that ot :=1lim,_, X(t) € MNU; exists. Then z(-) := w1 (&(-)) €
%"'((a,®);G)) and similar to Step 1 we find that $E(2(t)) =
F(z(r)) for all ¢ € (a,w). Since 2° = y~ (&) =lim,,, %(t) €
G, exists, it follows from Lemma IV.4b) that there exists
e>0and €€ ((a,0+¢€);Gy) with $E(2(t)) = f((t)) for
all 1 € (a,0+¢) and 2|, ,) = Z But then X(-) := y(2(")) €
€' ((a,0+€);MNUy) satisfies (0 +€,%) € & as can be easily
checked and this contradicts the fact that (®,X) is a maximal
element of &.

We have thus proved that there is no maximal solution
(%,4,9) of (1) such that £ extends £ to the right. With a similar



procedure as above we can extend X to the left preserving
continuous differentiability; here we do not have to ensure
that the solution stays within a certain submanifold. In the
end, we obtain a maximal solution of (1) with continuously
differentiable state that extends (x,uox,hox) and evolves in
MNU, as desired. This finishes the proof of the theorem. [

Remark IV.6. If, under the assumptions of Theorem IV.5,
additionally E is (k+1)- and f,g,h are k-times continuously
differentiable, then the feedback u(x) for the locally controlled
invariant submanifold M in (iii) can be chosen to be k-
times continuously differentiable, k € Ny U {eo}. Furthermore,
the implication (ii)=-(iii) is true without the assumption that
dimE’(x)T,M is constant in a certain region, (iii)=-(i) holds
true without the assumption that dim (E'(x)T,M +img(x)) is
constant in a certain region, and the implication (i)=-(ii) does
not need any of these assumptions.

V. OUTPUT ZEROING SUBMANIFOLDS

In this section we investigate the concept of output zeroing
submanifolds for nonlinear DAEs (1). This is important for
the characterization of the zero dynamics of the system.

Definition V.1 (Output zeroing submanifold). Let [E, f,g,h] €
E{fn.’m’ » and M be a connected submanifold of X such that 0 €

M. Then M is called output zeroing, if M is locally controlled
invariant and h(x) = 0 for all x € M.

To illustrate the above definition we consider the following
example.

Example V.2. Consider the DAE system (1) with X = R? and

ew=(5). fw=(0). sw=|3].

h(x)=x;—x3 for x= <i1> .

2

It is clear that the submanifold M =
{ (x1,.:)" € RZJ x1=x3 } is a subset of h'(0). For
any x¥ = (x9,x9)7 € M, the choice xi(-) =9, x(-) = and
u(-) = —x{ yields a solution ((x1,x2)",u,0) € B(;), which
is globally defined, smooth and evolves in M for all times,
starting at x0. Therefore, M is an output zeroing submanifold.
Note that it was necessary to make an appropriate choice of
u(-) so that the algebraic constraint of the DAE system is

satisfied.

In the following we seek an output zeroing submanifold M
that is locally maximal, i.e., there exists an open neighborhood
U of 0 € X such that any output zeroing submanifold M
satisfies MNU C MNU. To this end, we extend the zero
dynamics algorithm developed in [8], [25] to nonlinear DAE
systems (1), where we stay close to the representation in [9,
Sec. 6.1] and [10, Sec. 11.1].

Theorem V.3 (Zero dynamics algorithm). Let [E,f,g,h] €
X be such that E, f,g and h are smooth. Define My :=

l,n,m,p
h=Y(0) and for any k € N the set My recursively as follows:
Suppose that for some open neighborhood U,y of 0 € X,

My NU_1 is a submanifold, define

__— U C X open, My_NU
My = U{ M- NU is a submanifold }’

let M}_, be the connected component of M;_1 which contains
0 € X and define

My:={xeM{_, | f(x) €E'(x)T:M{_, +img(x) }. (4)

Then we have the following:

(i) The sequence (My) is nested, terminates and satisfies

I eNgVjeEN: MyDOM, D ... 2D My
O M. :Mk*+j:M]f*+j-

(ii) If Z* := M. satisfies, for some open neighborhood U of
0 €R, that dimE'(x)T,Z* and dim (E'(x)T,Z* +img(x))
are both constant for x € Z*NU, then Z* is a locally
maximal output zeroing submanifold.

(iii) There exists an open neighborhood U of 0 € X such
that for all open O C U and all (x,u,y) € B, with
x € €' (domx;X) and x(t) € O for all t € domx we have

(vu,y) e Z901y <= x(t)€Z*NO for all t € domx.

Proof. Step 1: We show (i). It is clear that for all k € Ny,
My 2 My 2 My 2 M.

Step 1a: We show that if, for some k € N, dimM} = dimM;_,
then M = My =My ; forall j € N. Let (Uj, ¢;), i €1, be an
atlas for M. Since dimM} = dimM;_,, for all i € I, (U;, ¢;)
is also a coordinate chart for M;_,, and hence U; is open in
M;_,. Since the U; cover M{, it follows that each point in M}
has an open neighborhood in Mj_,, thus M} is open in M;_,.
This implies that there exists an open subset U of X such that
M;_,NU = M;. Then we find that

xeM,NU
& xeM;_; A f(x)€E (x)T.M_, +img(x) AxeU
& xeM;  NU A f(x) € E'(x)To(M{_,NU)+img(x)
& x€EM; A f(x) € E'(x)T:Mf +img(x)
< XE My,

by which M NU = M. Therefore, M = M; NU C My NU
and M; = M;_,NU 2 M;NU, thus MZ =M NU = M.
Hence, M., is a connected submanifold containing zero, by
which M{ , | = My1 = M. By the formula (4) it then follows
that My | = My and continuing these arguments finally gives
the assertion.
Step 1b: Since each of the M is a finite dimensional subman-
ifold and they are nested, there exists some k* € N such that
dim M}, = dimMj._,. Then, by Step la the sequence (Mj)
terminates and the proof of (i) is complete.

Step 2: We show (ii). Since Z* = Mj+; it follows from (4)
that

VxeZ'NU: f(x) € E'(x)T,Z" +img(x).

Then Theorem IV.5 implies that Z* is locally controlled
invariant. As Z* C My = h~'(0) it follows that Z* is an
output zeroing submanifold. It remains to show that Z* is
locally maximal. To this end, let Z’ be any other output



zeroing submanifold. By local controlled invariance of Z’,
there exists an open neighborhood O of 0 € X with the
property as in Definition IV.1. We show that Z' N O C M; by
induction over k € Ny. Since Z' is output zeroing, it follows
that Z' C h~'(0) = My. Assume that Z' N O C M; for some
k € No. Then Z'NO C My since Z'N O is a submanifold with
0 € Z'NO. Now, for x° € Z'N O there exists (x,u,y) € B
with x € %I(I;X), I C R an open interval with 7y € I, such that
x(tg) =x° and x(t) € Z'N O for all t € I with t > to. Therefore,
%(0) € TwZ' and hence

f&%) = GE®0)],_o —8(")u(0)
c E'(")T0Z +img(x") C E'(x°)ToM{ +img(x°),

X X

thus x° € M, ;. We may now deduce that in particular Z'NO C
My 1NO=2Z"N0, thus Z* is locally maximal.

Step 3: We show (iii). Choose the open set U small enough
so that MyNU =M NU for all k=0,...,k*. Now, it is easy to
see the implication “<”. For “=-", observe that since O C U
we have

MNO=(MNU)NO = (M{NU)NO =M{NO

for all k =0,...,k*. Furthermore, we have from (x,u,y) €
Z 91y and differentiability of x that

fx(t)) = E'(x(1))x(t) + g(x(1))u(r) and  h(x(t)) =0

for all r € domx. Therefore, x() € MyN O =M§N O and x(t) €
T,(yMg for all ¢ € domx, whence x(t) € M1 N O = M{NO.
Inductively, we obtain that x() € M. NO =Z*NO for all
t € domux. 0

Note that, if the system (1) is linear, then the sequence (M)
becomes a modification of the first Wong sequence [26], [27],
see [14, Lem. 4.1.2]. Furthermore, Theorem V.3 (iii) has been
proved in [14, Prop. 4.1.4] in the case of a linear DAE system.

Remark V.4 (Zero dynamics algorithm). We consider the
algorithm for the construction of the sequence (Mj) in The-
orem V.3. Note that in the corresponding algorithm for ODE
systems as in Isidori’s book [9, p. 294] and several other
papers on that topic, usually the statement “suppose that,
for some neighborhood Uj_; of 0, My_; NUj;_; is a smooth
submanifold, let M;_, denote the connected component of
My NUi_; which contains the point O [...]” can be found,
which defines M;_, in a different way than in Theorem V.3,
but still the claim is that (i) is true. However, this is not quite
correct, since the “dimensionality argument” used by Isidori
in his proof does not apply to submanifolds; in general his
construction of (My) does not lead to a terminating sequence, if
the open sets Uy, are not chosen maximal so that M, N Uy = M.
For instance, for the system x(z) = x(¢) + u(z), y(t) =0, we
have My = R and the choice Uy = (_le’ k%) k>0, leads to
M1 = Uy and therefore to a nested sequence of submanifolds
of the same dimension which does not terminate. Hence,
the intermediate step of defining M; as in Theorem V.3 is
indispensable.

That the assumption of constant dimension of E’(x)7.Z*
and E'(x)T:Z* +img(x) in Theorem V.3 (ii) cannot be omitted

in general has been shown in [10, p. 325]. However, it is not
necessary for Z* to be locally maximal output zeroing as the
following example illustrates.

Example V.5 (Example V.2 revisited). Consider the system
[E,f,g,h] € Zﬂizz‘l_ , from Example V.2. The output zero-
ing submanifold M = { (x1,x0) T € R? ‘ X1 zxg } is locally
maximal, since M = My 2 Z*, which implies MNU =Z*NU
for some open U C X with 0 € U by Theorem V.3. A simple
calculation actually yields that M = My = M| = Z*. However,

dimE'(x)7,Z" = dimim {232}
. / % . .. ZX2 0
and dim (E'(x)T,Z* +img(x)) = dimim 0 1

are not constant on Z*NU for any open neighborhood U of
0 € R2, since there is a drop of dimension in x = 0.

VI. LOCALLY AUTONOMOUS ZERO DYNAMICS

Statement (iii) of Theorem V.3 shows that the submanifold
Z* allows to characterize the zero dynamics of (1) locally.
However, this does not imply that the zero dynamics are (lo-
cally) autonomous, i.e., are the (local) behavior of a dynamical
system governed ODEs. This problem is treated in the present
section.

Here we use the behavioral approach [28] to dynamical
systems and treat them as a set of trajectories; the solution
behavior B(;y and the zero dynamics 2 %(;) have already
been defined as behaviors. In the following we introduce the
notion of local autonomy for behaviors by generalizing the
concept of autonomy introduced for linear behaviors in [29,
Sec. 3.2]. Note that in the present paper, autonomy always
refers to the autonomy of the underlying behavior and not to
time-invariance of the considered system.

Definition VI.1 (Locally autonomous behavior). A behavior
BC{ feC(;RY) | I CR an open interval }

is called locally autonomous with respect to an open neighbor-
hood U of 0 € R, if for all fi, f> € B, J :=dom f; Ndom f> #
@, and for all open intervals I CJ we have:

(Vied: A@). L EU A fil,=Fl) = A= rfl,.

Remark VI.2 (Locally autonomous zero dynamics and vector
fields).
ex¥

(i) Let [E,f,g,h] Lnmp- We call the zero dynamics
Z Dy locally autonomous, if the behavior 2%y is
locally autonomous with respect to U x R™ x R” for
some open neighborhood U of 0 € X. The latter is the
case if, and only if, for all (x,u,0), (x2,u2,0) € Z D1y,
J :=domx; Ndomx; # @, and for all open intervals I C J

we have:
(Vte]: xi(t),x2(t) €U A <Zi) = (Z) 1)
2) =)

—> domux; =domxp; A <



The equality of the domains in the implication follows
from the fact that (x1,u;,0), (x2,u2,0) are both maximal
solutions of (1) and

(%,4,0) : domx; Udomx; — X x R x R”,
f— { (.X1([)7M1([)70)’ IS domxl,

(XQ(Z‘),MQ(Z‘),O), t € domuxp,
is well-defined (since the solutions intersect on /) and a
solution of (1) with domx; Ndom X = domux; and | domx; =
xi, i = 1,2, thus domx; Udomx, = domx; = domx; = J.

(ii) Consider a vector field F € € (X;R"), X CR" open, 0 €
X, with F(0) =0. Then F is called locally autonomous,
if the behavior

B = { xe € (I:X)

I C R open interval,
Viel: xi(t)=F(x(t))

is locally autonomous with respect to some open neigh-
borhood U of 0 € X.

Next we show that locally autonomous zero dynamics carry
in a certain sense the structure of a dynamical system.

Remark VI3 (Locally autonomous zero dynamics are a
dynamical system). Let [E, f,g,h] € anm.p be such that the
zero dynamics 2% (jy are locally autonomous and let U be a
corresponding open subset of X as in Remark VI.2. We show
that, in some sense, the zero dynamics carry the structure
of a dynamical system as defined in [30, Def. 2.1.1]. For
eR, %X, u’ €R” and (x,u,0) € Z Py we will use
the following property in due course:

fo € domx A (i%ﬁg;) = (z‘;) A Vi edomx:x(t) eU. (5)

Define
L © m | 3t €R H(X,M,O) S g@(]) :
Zi= {(MO) €ZXRT1(5) holds
and

0
@(P = {(t,to, (i()) ,0)
which is the domain of the state transition map

0: %9 —Z, (t,to, (zg) ,o) . (i(é;)
st (x,u,0) € Z 9 satisfies (5).

H(X,M,O) S f’f@(]) :
t € domx and (5) holds
CRxRxZx{0},

We show that ¢ is well-defined. Let (1,7, (ig) ,0) € 9y and

(x1,u1,0), (x2,u2,0) € 2P 1y be such that they satisfy (5).
Define

(%,4) : (inf domx,sup domx;) — X,
(x1(2),u1 (1)), 1 <1t
tH{ (x;(t),u;(t)), tztg.

Then ¥ € ¥ (dom¥;X) and & € € (domi;R™). Furthermore,
E(%(-)) is continuously differentiable everywhere in domf,

except for possibly 7. But then

Jim GEED) = }i/ntf(l)f(m (1)) +g(xi (2))un (1)

= f(x*) + (")’ = tli\g(l)f(M(f)) +8(xa(t))ua(1)

= lim GE(¥()),

and hence E(X(-)) is also continuously differentiable in 7o, thus
(%,4,0) is a solution of (1). Since (x1,u;,0) and (x2,uz,0) are
both maximal solutions, it follows that (£,i,0) is maximal and
hence (%,i,0) € Z %) and satisfies (5). But (&, i) coincides
with (x;,u;), i = 1,2 on some open interval contained in the
intersection of their domains, thus local autonomy of the zero
dynamics implies that domx; = domX = domx; and (x;,u;) =
(%.d) = (x2,u2). We have hence shown that ¢ is well-defined,
since it is independent of the choice of (x,u,0) € ZZy).
Now, define the output map by

n:RxZx {0} =R, (:, (;’3)@) 0.

It is then readily verified that the tuple
(R,R™ {0},Z,X,RP, @,n) satisfies the axioms of a dynamical
system as given in [30, Def. 2.1.1]. Now let 7o € R and define

Py = { (x,u,0) € 2P

to € domux, V¢ € domx :
x(1)eU '

Then observe that
3 xg) ceX xR"™:

290 = (‘P ("to’@?’)’o)’()) (fo’uto’ <f°)>70)€% |

and hence we find that the local zero dynamics 2 9%’)’(’ evolv-
ing through 7y are the set of trajectories of a dynamical system,
and can thus be viewed as a dynamical system themselves.
This justifies to say that the zero dynamics locally carry the
structure of a dynamical system.

In the following, we derive sufficient conditions for locally
autonomous zero dynamics. To this end, we use the submani-
fold Z* from Theorem V.3, which is a locally maximal output
zeroing submanifold if dimE’(x)T.Z* and dim (E'(x)T.Z* +
img(x)) are constant for x € Z*NU. In order to obtain
uniqueness of the feedback u(x) in the characterization of
local controlled invariance in Theorem IV.5 (iii), we need to
strengthen the latter condition to dim (E'(x)T,Z* +img(x)) =
g+m for all x € Z*NU, where ¢ = dimZ*; in fact, for this
it is sufficient to assume dim (E'(0)7pZ* +img(0)) = g+ m.
Furthermore, we require that, loosely speaking, those compo-
nents of f|,.~, corresponding to the zero dynamics, form
a locally autonomous vector field. It is also necessary to
consider only those trajectories in the zero dynamics which
have a continuously differentiable state trajectory, i.e., under
the above assumptions (specified in the following theorem) we
prove that

Qf@g; =1 (x,u,0) e Z2 ! X € %l(domx;X) }

is locally autonomous, using the same definition as for local
autonomy of 2 %(yy. This requirement seems unsatisfactory



(since it is not necessary in the linear case) and it is an open
problem whether it can be omitted.

Theorem VI.4 (Sufficient condition for locally autonomous
zero dynamics). Let [E, f,g,h] € an’m)p be such that E, f,g
and h are smooth and assume, for the sets My as in (4),
that for some open neighborhood U, of 0 € X, M N U
is a submanifold, for all k € Ny. Use the notation from
Theorem V.3, let w:V — Z*NU be a parametrization of Z*
at 0 € Z*, and assume furthermore that

(1) dim (E'(0)ToZ* +img(0)) = g+m, where g =dimZ*, and
(2) Fi= (E'(W()Y'() F(w() € €(ViRI) is locally au-

tonomous.
Then the zero dynamics & @Eﬁ; are locally autonomous.

Proof. By assumption (1) and the fact that by Lemma IIL.1
T.Z* = imy/(y~!(x)) for all x € Z*NU, it follows that
[E'(0)y'(w~1(0)),8(0)] has full column rank g+ m. From
continuity we may infer existence of an open neighborhood
U CU of 0 € X such that rk[E'(x)y/ (v~ (x)),g(x)] =g +m
for all x € Z*NU,. Let V| := l//’l(Z* NU,) and observe that
by full column rank of [E'(y(2))y'(z),g(y(z))] for all z€ Vi,
Lemma IV.3 applied to its transpose gives existence of an open
neighborhood V, CV; of 0 € R? and S € €~ (V2; GL;(R)) such
that

VzeVa: SEE (w(2)y'(2).8(w(2)] =

o o
oo

Note that S(-) can be chosen such that [[,,0]S(-) =
(E'(w(-))v'(-))". Let the open neighborhood Us C Uy, 0 € Us,
be such that Z* N U, = y(V,). Furthermore, let V3 be an
open neighborhood of 0 € R? corresponding to the locally au-
tonomous vector field F as in Remark VI.2 (ii) and let the open
neighborhood U3, 0 € U3, be such that Z*NU3; = y(VNVa).
Finally, let Uy be an open neighborhood of 0 € X as in
Theorem V.3 (iii).

Now, define U := U> N U3 N Uy, let (x1,u;,0), (x2,u2,0) €
?.@(g; be such that J := domx; Ndomux; # 0 and x; (7),x,(¢) €
U for all t € J, and let I C J be an open interval such that
()], = (G2)],- Let i € {1,2}. Then Theorem V.3 (iii) implies
that x;(t) € Z*NU for all ¢ € J. Therefore, x;(¢) € w(V2) and
thus there exists z;(¢) € Va such that x;(r) = w(z(r)), t € J.
Since x; is continuously differentiable and y has a smooth
inverse it follows that z; € €' (J;V,) and

%i(t) = ¥ (zi(1))2(t),
Furthermore, by (x;,u;,0) € 2°% 1y we find that, for all r € J,

E'(y(zi(0))y' (zi(0))zi(1) — g(w(zi()))ui(t) = f(w(zi(1))),

and a multiplication from the left by S(z;()) yields

reld.

z(t) S1(zi(1))
—ui(t) | =S@(0))f(w(zi() = | f2(z(1)) |,
Olqum f3(Z,‘(t))

where fi € €(Vu;RY), fo» € €= (Vi;R™), f3 €

€ (Vo;RI=4=™)_ The vector field
AC) =g 00SOf W) = (B (W)W ) Fw() = F ()

is locally autonomous by assumption with corresponding open
neighborhood V3. Since

w() =y ' (x() ey (Z NULNUsNUL) VN3, 1€,

and

a) =y @) =y (@) =al), rel

it follows that z;|, = z»|, and hence x;|, = x2|; and u;|;, =
uz|;. This concludes the proof of the theorem.

Note that it can be shown that the vector field f3 €
€= (V;RI=47™) in the proof of Theorem VI.4 vanishes on
some open subset V4 C V3 by using local controlled invariance
of Z*: For all z € V4 there exist 7 € RY, ii € R™ such that

N2
(76) = s -

f3(2)
SQ(EW@WV @+ v)a) = (i)

In the case of a linear DAE system, (locally) autonomous
zero dynamics are equivalent to the assumption (1) in Theo-
rem VIL.4, which is equivalent to the assumptions (A1)-(A3)
in [15]; assumption (2) is always satisfied for linear systems.
Although it is possible to show that locally autonomous zero
dynamics always imply that rkg(0) = m, the converse of the
statement of Theorem VI.4 is not true in general for nonlinear
DAE systems, not even in the case where E’(+) is constant.
This is illustrated by the following example.

ISESTE

Example VLS (Examples V.2, V.5 revisited). Consider the
system [E, f,g,h] € Z§21 , from Examples V.2 and V.5. As
already calculated, the i(;cally maximal output zeroing sub-
manifold Z* satisfies

dim (E'(0)ToZ* +img(0)) = 1 #2=g+m,

and thus assumption (1) in Theorem V1.4 is violated. However,
the zero dynamics are locally autonomous, since the system
equations (1) read

X1() =0, xi(t) =—u(t), xi(t)=x()%

by which we may infer that any solution satisfies x, = ¢ for
some ¢ € R, x; =¢? and u = —¢?. Note that the system does
not have a solution if the initial value for x; is negative.

VII. CONCLUSION

In the present paper we have introduced the concept of
local controlled invariance for connected submanifolds as the
property of local solution trajectories to evolve in a given
submanifold whenever they start in it. Motivated by the obser-
vations in the linear case, we have shown that local controlled
invariance is equivalent to the existence of a feedback which
renders the closed-loop vector field invariant. Furthermore, the
zero dynamics algorithm has been extended to DAE systems
and the resulting locally maximal output zeroing submanifold
has been exploited for a characterization of the zero dynamics.
Under some appropriate conditions on the latter submanifold,
the zero dynamics are proved to be locally autonomous.



The concept of (locally) autonomous zero dynamics can
be used to derive conditions for the application of adaptive
controllers to nonlinear DAE systems. For instance, in [15] it
is shown for linear descriptor systems, that autonomous zero
dynamics and right invertibility of the system are required
for the application of funnel control. Further studies have the
aim to derive a local zero dynamics form for nonlinear DAE
systems (1) under the assumption of locally autonomous zero
dynamics; this normal form would provide the basis for the
application of adaptive control techniques. In particular, it is
our aim to use the results of [31] and show feasibility of funnel
control for nonlinear descriptor systems which encompass
nonlinear electrical circuits, extending the results for the linear
case [32].
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