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THE ADI METHOD FOR THE ALGEBRAIC RICCATI EQUATION
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Abstract. We consider the recently published ADI method for algebraic Riccati equations.
We present a new perspective on this algorithm in terms of the underlying linear-quadratic optimal
control problem. This gives rise to a convergence proof. We also consider the rational Krylov—
Galerkin method from the viewpoint of linear-quadratic optimal control. Thereby we can compare the
approximate solutions computed by ADI and rational Krylov—Galerkin in terms of semi-definiteness.
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1. Introduction. We consider an algorithm for the approximation of the unique
nonnegative definite solution of the algebraic Riccati equation

(1.1) A*X + XA+ C*C — XBB*X =0,

where A € C"*" is stable (i.e. all its eigenvalues are in the open left half-plane),
B e Cr*™ and C € CP*™,

This algorithm is equivalent to the one recently obtained in [7]. However, our
derivation of the algorithm is very different and this new perspective gives important
properties of the algorithm not obtained in [7]. We show in particular that this
algorithm has a descriptive interpretation in terms of the underlying linear-quadratic
optimal control problem. This gives rise to a convergence proof (which was lacking
in [7]). We also consider the relation between this algorithm and the rational Krylov—
Galerkin method for approximating the solution of the algebraic Riccati equation
(1.1), also obtaining some results not provided in [7].

The considered algorithm is iterative in nature and at step k produces an approx-
imate solution of the form X, = Sleng;:,, where Sj, € C" kP and T), € Ckrxkp g
positive definite. The main computational cost in the algorithm consists of, at each
iteration step, solving a linear system of the form (o — A)xz = v, where v € C"*?
and a € C with Re(a) > 0. These features make this algorithm attractive for the
case where n is large, p is small and A is sparse. This situation arises for example
when considering discretizations of partial differential equations. In fact, our analysis
extends to the case where the coeflicients in the algebraic Riccati equation are oper-
ators with suitable properties and includes the case of partial differential equations
rather than only their discretizations. However, in this introduction we will restrict
ourselves to the matrix case.

In the case where the algebraic Riccati equation (1.1) reduces to a Lyapunov
equation (i.e. when B = 0), the considered algorithm reduces to the Alternating
Direction Implicit (ADI) method in its factored algorithmic form [6]. We will therefore
refer to this algorithm as the Riccati-ADI method.
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The algorithm for this Riccati-ADI method is given in Algorithm 1 in Section 7.
We now describe our motivation behind this method and give the important properties
of this method. To this end, we first relate the unique nonnegative definite solution
of the algebraic Riccati equation (1.1) to an optimal control problem and then give
an explicit formula for this solution.

It is well-known that the algebraic Riccati equation (1.1) is intimately connected
to the following optimal control problem: for xy € C™ find

(12 R TIN ORI
where
(1.3) (t) = Ax(t) + Bu(t), z(0) =9, y(t)=Cuz(t),

as the above infimum is given by (Xxg, z¢), where X is the unique nonnegative definite

solution of the algebraic Riccati equation (1.1). We note that our analysis of the

Riccati-ADI method is completely based on the optimal control problem and not on
the algebraic Riccati equation (1.1).

We will also make extensive use of an explicit formula for X. To give that explicit

formula, we first associate the following maps to the dynamical system (1.3):

e the output map ¥ : C* — L?(0, c0; CP) which maps the initial state zo to the

output y (for control u = 0),

1.4 Uy =t Celly
(1.4) 0 0s

with adjoint ¥* : L2(0, 00; CP) — C™ given by
o0 *
Uy :/ A TCy(1) dr,
0

e the input-output map F : L*(0, 00; C™) — L?(0, 00; CP) which maps the input
u to the output y (for initial condition zy = 0),

t
(1.5) Fu=1t+ / Ce =) Bu(r) dr,
0
with adjoint F* : L2(0, 00; CP) — L2(0, 00; C™) given by
Fry =t / B*eA*(T*t)C’*y(T) dr,
t

e the complimentary Popov operator R. : L*(0,00; CP) — L?(0,00; CP) defined
by

(1.6) R.:=I+FF* = [[ F| [E{] .

We note that the complimentary Popov operator is bounded, self-adjoint, positive
definite, and has a bounded inverse. We have that the unique nonnegative definite
solution of the algebraic Riccati equation (1.1) is given by (see Lemma 4.1)

(1.7) X =U"R U,
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and that the (unique) optimal control for (1.2) & (1.3) is given by
uPt = —F*R; Wy

To relate the matrix calculated by Riccati-ADI to a similar optimal control prob-
lem and a similar explicit formula, we need to introduce a subspace of L?(0, o) and
give some of its properties. For a sequence (a;)52; with a; € C with Re(a;) > 0
define for k € N

(18) % = Span{t — e—Otlt7 o ,t — e_akt}.

In this introduction we assume for notational simplicity that the “shift parameters” a;
are distinct (in the main part of the article we drop this assumption; the definition of
¥k has to be modified in case of non-distinct parameters). We show that ¥ is not just
any subspace of L?(0,00), but a rational Krylov subspace (Lemma 2.8). The image
of ¥}, ® CP under the adjoint of the output map is also a rational Krylov subspace (of
C™):

k
(1.9) L =V (#®CP) = ran(a; — A*)7'C*,
j=1

(see Lemma 2.12 and Remark 2.13).

Let P : L?(0,00;CP) — L?(0,00;CP) denote the orthogonal projection onto
Y, @ CP. The operator computed by Riccati-ADI gives the optimal cost for the
optimal control problem (see Lemma 4.2): for 25 € C™ find

ueL?

(1.10) inf / la(®)]12 + I1(Pey) ()] dt,
(O,OO;C"L) 0

subject to (1.3) and is explicitly given by

(1.11) X = UiR, 4V,

where

(1.12) ¥ : C" — L*(0,00;CP), U, =P,
(1.13) Ty : L?*(0,00;C™) — L*(0,00;CP), Fj = P,

(1.14)  Rep: L*(0,00;CP) — L?(0,00;CP), Rep =1 +TFxFf =[I Fy] [ﬂ .
k

The (unique) optimal control for (1.10) & (1.3) is given by

(1.15) u?' = —FpR_ Uy,

from which we in particular conclude (Corollary 4.3) that u{*" € 7; ® C™. This
implies that in (1.10) we can equivalently infimize over ¥, ® C™ rather than all of
L?(0,00;C™).

It follows from ¥} C ¥#4+1 that (Theorem 4.4)

Xp < Xpp1, Xp <X,
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ie. (Xk)52, is a non-decreasing sequence bounded from above by X. It follows that
(X&), converges, but the limit may not necessarily equal X.

From the explicit formula for Xj, we obtain (Theorem 5.1) that Riccati-ADI
converges to X, i.e.

(1.16) lim X, = X,
k—o0

provided that the sequence of parameters satisfies the non-Blaschke condition

o0

j=1 J
We note that this non-Blaschke condition is for example satisfied if the parameters all
belong to a fixed compact set contained in the open right half-plane. This convergence
result was previously obtained for the special case of the Lyapunov equation in [9].
When the state space is infinite-dimensional rather than C”, we have to specify in what
topology the convergence (1.16) takes place; such results are presented in Theorem 5.2.
As noted above, the approximate solution X obtained using the Riccati-ADI
method is identical to that obtained in [7]. That the sequence X} is non-decreasing
is also obtained in [7, Theorem 4.2] by using very different arguments. Convergence
of X to X is not obtained in [7]. Some estimates for the distance between X} and
X in the gap metric were considered in [7]. These are based on the shift parameters
and the eigenvalues of the associated Hamiltonian matrix.

1.1. Comparison with the rational Krylov—Galerkin method. The dy-
namical system (1.3) can be approximated by using a Galerkin method. Let #; C C"
be a g-dimensional subspace and let W, € C"*9 be such that the columns of W, span
Wy and Wy W, = I. Define

Ay =W AW, By:=W;B, C,:=CW,.
We then consider the infimization problem (1.2), where now the dynamical system is
(1.18) Bq(t) = Agzq(t) + Bgug(t), x4(0) = W;zo, Yq(t) = Cyzq(t).

The approximation to the state x of the original system (1.3) is Wyxz,. As before,
the optimal control problem is related to the algebraic Riccati equation (1.1), but
now with coefficients A,, B, and C,. If A is dissipative (i.e. A+ A* < 0), then
its Galerkin approximation A, is also dissipative and therefore stable. The algebraic
Riccati equation associated to (1.2) & (1.18) therefore has a unique nonnegative def-
inite solution which as before gives the optimal cost for (1.2) & (1.18). If ¢ is small,
then this algebraic Riccati equation can be solved using a direct method. Denote this
solution by X‘? € C9%4, Then X, := W;XqGWq € C™ ™ is an approximation of X.
Trivially, X,, = X.

The Galerkin space #; can be chosen to be the rational Krylov subspace 2}, from
(1.9). The resulting method has been extensively studied, especially in the special
case where the algebraic Riccati equation reduces to a Lyapunov equation (see for
example the review articles [1] and [11]).

We compare the methods Riccati-ADI and rational Krylov—Galerkin. We show
(Lemma 6.1) that Pry = Py, for initial condition x( in the rational Krylov subspace
23 and input u € L?(0,00;C™), where y is the output of the original system (1.3),
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Yq 1s the output of the rational Krylov—Galerkin approximation (1.18) and Py is the
orthogonal projection introduced earlier. From this it follows that

Xk < ka

i.e., the rational Krylov—Galerkin approximation is always larger than or equal to the
Riccati-ADI approximation with the same shift parameters (Theorem 6.3).

We now consider when X = X k, i.e. when the rational Krylov—Galerkin approx-
imation and the Riccati-ADI approximation with the same shift parameters coincide.
This happens if and only if for all zy € 2} we have that yq"pt belongs to 7 ® CP.
By classical linear-quadratic optimal control theory (e.g., cf. [15, Chapter 14]), the
optimal output of (1.2) & (1.18) for xg € 2 is given by

opty

Y™ (1) = Coela g,

where AP' := A, — B,B; X{. 1t follows that if the eigenvalues of —AZP" are shift
parameters, then the optimal output belongs to ¥, ® CP. That this condition is
also necessary (if XqG is positive definite) follows from considering a (generalized)
eigenvector of Agpt as xg. See Theorem 6.4 for the details.

That X, = X r if and only if the eigenvalues of —Agpt are shift parameters is also
obtained in [7, Theorem 4.4] (using a very different argument and with the additional
assumption that p = 1). The inequality X, < X}, is not obtained in [7].

The remainder of this article is organized as follows. Section 2 considers the
canonical rational Krylov subspace (the appropriate generalization of the space ¥
from (1.8)) and how the operators ¥* and F* act on various bases of this space. This
is used in Section 3 to determine matrix representations of W; and IF;. Section 4 relates
the operators W*, F*, W} and F}, to the already mentioned optimal control problems.
Using this connection, convergence of Riccati-ADI is shown in Section 5. Section
6 considers the connection between Riccati-ADI and the rational Krylov—Galerkin
method. The algorithm for Riccati-ADI, together with some remarks regarding its
implementation, is given in Section 7. Finally, Section 8 illustrates the obtained results
using two numerical examples: one arising from a convection-diffusion equation and
one arising from an Euler-Bernoulli beam equation.

2. Rational Krylov subspaces. In this section we consider rational Krylov
subspaces. In particular, we study what we call the “canonical rational Krylov sub-
space” for a given sequence of parameters (a;)32;. The space ¥ from (1.8) is the
particular instance of this canonical rational Krylov subspace when the oy are distinct.
To define this space as a rational Krylov subspace we need to consider an unbounded
operator on an infinite-dimensional space rather than just rational Krylov subspaces
originating from matrices.

REMARK 2.1. Below we will consider a densely defined closed linear operator
with non-empty resolvent set T : D(T) C & — % on a Hilbert space 2. For
k € No, the domain of T* with the graph norm is a Hilbert space which we will denote
by 2. The operator T restricts to an operator Ty, : Z) — 2y with domain
Zk+1)- The operator Ty, is densely defined, closed and has the same resolvent set
as T. If we identify 2" with 2, then the dual of 2, is a Hilbert space which we
will denote by Z(_y). The operator T extends by continuity to a bounded operator
T p1: Z_y) = Z(—k-1)- Considered as an unbounded operator on Z(_j_y), the
operator T__1 again has the same resolvent set as T'. For a € p(T) and k € Z, the
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operator a — Ty, is a bijection 211y — 2. See e.g. [12, Section 3.6/ or [2, Section
I1.5.a] for details.

We are specifically interested in two cases. In the first case 2 = C" in which case
Ziy = C" for all k € Z. In the second case 2 = L*(R) and T is the first derivative
operator. Then 2,y equals the Sobolev space HF(R) for k € Z, and Ty, also equals
the first derivative.

DEFINITION 2.2. Let % be a Hilbert space. Let T : D(T) C Z — % be a densely
defined closed linear operator with non-empty resolvent set. Let b € 21 and (a;)32,
be such that a; € p(T). The corresponding sequence of rational Krylov subspaces (of
%) is defined for k € N by

¢
(T, b, o) := span H(aj ~T_)"t b £e{l,... k}

j=1

DEFINITION 2.3. Let (a;)32, be such that Re(ay) > 0 for all j. For k € N, we
define the canonical rational Krylov subspace as

‘%/Iﬂ(a) = ’%/k(—Dv 57 O[),

where D : HY(R) C L?*(R) — L?(R) is the first derivative operator and § € H~1(R)
is the Dirac delta.

We will consider two bases of the canonical rational Krylov subspace: one or-
thonormal and one not orthonormal. We now first introduce these bases and show in
Lemma 2.8 that they are indeed bases for the canonical rational Krylov subspace.

DEFINITION 2.4. Let ()32, be such that Re(ay) > 0 for all j. We define the
corresponding convolution system (¢;)32;, ¢; € L?(0,00) by

70(1t

pr:=tre ,

o —ay
pji=e 7 xpi-n,

where x denotes the convolution product, i.e. (g*h)( fo (t—71)h(T)dr.
REMARK 2.5. Let (aj)é?:l be a tuple of numbers in the open mght complex half

plane, let ((pj);?zl be the corresponding convolution system. Let @; be the Laplace
transform of ;.
a) Since the Laplace transform turns convolution into multiplication, we obtain

~ 1 ~

P1(s) = ) Pj(s) = s+o¢J “©j-1(8),

and therefore

1) H s+ap

=1
b) Assume that the numbers qi,...,q; are pairwise different with {q1,...,q;} =
{ou,...,ar}. Further, let {; be the number of times in which q; appears in (aj)le

(thusk:€1+...+€J). Then

J
Span{sﬂ17~~-790k}=@span{ t— tle— et | 1=0,....6—11}.
j=1
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The easiest way to see this is by considering (@j);‘?zl and using partial fractions.
In particular, if the numbers aq, ..., ap are distinct, then

span{1, ...,k =span{e” ¥ ... e Y}

¢) It follows from b) that, if (oz]) _1 is a permutation of (oz]);C 1 and ((p])J 1 and
(cpj) _1 are the corresponding convolution systems, then

span{Q1, ..., Pk} = span{p1, ..., Yk}

DEFINITION 2.6. Let («;)32; be such that Re(a;) > 0 for all j € N. We define
the corresponding Takenaka-Malmquist system (1;)32,, ¢; € L*(0,00) by

¢ =t e Y1 =+/2Re(1) - ¢1,
(2.2) bj =dj—1 — (aj + ;1) - (e % * pj_1), Y =+/2Re(a;) - 95,

where * denotes the convolution product, i.e. (g h)( fo (t —7)h(r)dr.
REMARK 2.7.
a) The Takenaka—Malmquist system is orthonormal (see e.g. [9, Appendiz B] for a

proof ).
b) Laplace transformation of (2.2) yields that for all s € C with Re(s) > 0 there holds

$1(s) = =L, 1(s) = /2Re(ar) - 1(s)
(2.3)
65(s) =0j-1(s) = (o +@1) - i - dy-1(s),  s(s) =/2Re(ay) - 5(s)

Therefore we obtain by induction that

~ \/2Re ozj Hs—ng

(2.4) Yi(s) = Gtay) P

LEMMA 2.8. Let ()32, be such that Re(a;) > 0 for all j. Let (p;)5, be
the corresponding convolution system, let (wj);?‘;l be the corresponding Takenaka—
Malmaquist system and let #j(«) be the corresponding sequence of canonical rational
Krylov subspaces. Then

H (o) = span{p1, ..., oK} = span{i1, ..., Uk},
where we view a function in L?(0,00) as an element of L*>(R) by defining it to be zero
on (—o0,0).
Proof. We note that the extension D_; : L*(R) — H~(R) of the operator

defining the canonical rational Krylov subspace is also the first derivative operator.
We have

f=+D1)7'6 = pft+f =0
The unique solution of the latter ordinary differential equation is

f=t—e Mg (t) € L*(R).
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Therefore @1 = (a; + D_1)716 and so span{p;} = #](a). We have
fj = (aj + D_l)ilfj_l < Oéjfj + f]/ = fj_l.

Using that, as just shown, t +— e*“jtl(om)(t) is the fundamental solution of this
differential equation we have

fi=e Y 1,00) * fi-1-

Hence ¢; = f; and we conclude that span{e1, ..., pr} = Hi(a).

The relation span{p1, ..., vk} = span{iy, . .., ¥} follows most readily by considering

the partial fraction expansions of their Laplace transforms, see (2.1) and (2.4). O
Now we determine how the operators U* and F* act on the considered bases for

the canonical rational Krylov subspaces. We first define the following two operators
(for t > 0)

(2.5) ol LQ(O, 00;CP) = C", ®'z:= / eA*(T_t)C*z(T) dr,
t
(2.6) A : L*(0,00;CP) — L*(0,00;C"), Az:=t— / AT (7) dor
t

The significance of these operators is that ¥* = ®° F* = B*A and Az =t — ®!z.
The following lemma is the crucial technical result in determining how the opera-
tors ¥* and [F* act on the considered bases for the canonical rational Krylov subspaces.

LEMMA 2.9. Let A € C" ™ be stable, let C € CP*™ and define for t > 0 the
operator ®' by (2.5). Then for u € C with Re(n) > 0, v € CP and z € L?(0, 00; CP)
there holds

(2.7) Pl(e ™ v) = (n— A*) " 1C*ve M,
and
(2.8) dlle ™ x2) = (u— A)TC* (e x 2) (1) + (n — A*) 1D (2).

Proof. We first consider (2.7). We have by the change of variables 6 := 7 — ¢
Pl(e M) = / AT CrpeHT dr = / eI e e dp
t 0
= M /oo A=y 4,
0

and elementary integration then gives the result.
We now consider (2.8). We have

Pl(e M x 2) :/ eA*(T_t)C*/ e M=) 2 (o) dodr

t 0
:/ / et= A=) Cxe =19 5 () dodr.
¢ Jo
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Interchanging the order of integration gives that the above equals

t 00
/ / = AN C*e=1(t=9) 1 (o) drdo
o Ji

+/ / W= AN 01— 2 (5) drdo
t o

t oo
_ / [~ — A7) e A e ()]~
0 T=t
+/ {—(u—A*)71e("7‘4*)(th)C'*e*“(tfa)z(a)}Oo do
t T=0

t 0
= / (p— A 7LC e M= 2 (o) do + / (u— A*) "t ADNU=) Cre=nlt=9) 1 (5) do
0 t

S VoL te—,u(t—a)z o) do g\ —1 ooeA*(o'—t) *o (o) do
(1 A>c/0 (o) do + (s A>/t C*x(0)d
(4= AT)7IC (e % 2)(t) + (u — A7) LBY(2),

as claimed. O
COROLLARY 2.10. Let A € C"*" be stable, C € CP*", ()52, such that
Re(a;) >0 for all j, (p;)721 as in Definition 2.4 and v € CP.
a) Let t > 0. With ®¢ as in (2.5) there holds
B (p1v) = (a1 — A) 71 CTupn (1),
D (pjv) = (a; — A") T Cup;(t) + (o — A) 10 (gj10).
b) With U as in (1.4) there holds
T*(p1v) = (ay — A*) 100,
U (pj0) = (a; — A") 710" (p;-10).
c) With A as in (2.6) there holds

Alp1v) = (a1 — A*)'C* vy,
A(pjv) = (o5 — A*)1C*ug; + (o — A") T A(pj-1v).

Proof. We first prove part a). The first formula follows directly from (2.7)
with g := 3. The second formula follows from multiplying the iterative defini-
tion of (¢;)52; from Definition 2.4 by v, applying ®! to the result and using that by
Lemma 2.9,

O (™" % pj_1v) = (a — A%)T1C0p; (1) + (o — A") 710! () 10).

Part b) follows from part a) by using that ¥* = ®°, ¢(0) = 1 and ¢,(0) = 0 for
j > 1. Part c) follows from part a) using that Az =t — ®'z. O

COROLLARY 2.11. Let A € C"*" be stable, C € CP*", ()52, such that
Re(aj) >0 for all j, (¢;)72, and (¥;)32; as in Definition 2.6 and v € CP.
a) With U as in (1.4) there holds

U*(¢1v) = (ay — A*) 7 C*v,
U (pj0) = U*(¢j-10) — (a; + @ 1)(a; — A*) 710 (¢, 10).
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b) For j > 1 and with A as in (2.6) and ; := RF:(ec(y?i)l) there holds

A(pjv) = vjA(Wj_1v) — v;(a; + a5-7) -
[(aj = A) 7' CPve™ " way g + (o — A*) M A (- 1v)]

Proof. We first prove part a). The first equation follows from (2.7) with u:= ay
using that ¥* = ®°. The second equation is obtained by multiplying (2.2) by v,
applying ¥* to the result and using that by Lemma 2.9 (using that ¥* = @0),

(2.9) U (e™ % % gj1v) = (a5 — A*) 1 (¢j-10).
We now prove part b). From (2.2) we obtain
A(hjv) = A1) — yj(eg + @) Ale™" * 1hj1v).
From Lemma 2.9 we obtain that
Al % 1h;_1v) = (o — A*)EC*ve™ % % 1hj 1 + (o — A*) P A(h;_10),

and the desired result follows. O

The following lemma and the subsequent remark show in what sense the canonical
rational Krylov subspace is canonical: the other rational Krylov subspaces with the
same shift parameters can be obtained from it.

LEMMA 2.12. Let (a;)32; be such that Re(a;) > 0 for all j and let k € N. Let
H () be the canonical rational Krylov subspace from Definition 2.3. Let T € C™*™
be stable, b € C" and let (T, b, ) be the rational Krylov subspace from Definition
2.2. With

®: L*0,00) = C", du:= / eTtbu(t)dt,
0

there holds
D (e () = K (T, b, ).

Proof. From Corollary 2.10 b) with A = T*, v = 1 and C* = b, we have that for
(‘Pj)?:l as in Definition 2.4 there holds

B(p1) = (an = T)7'b,
O(p;) = (aj = T) 7' ®(pj-1).
From this and the definition of rational Krylov subspace (Definition 2.2) we have
J0.(T, b, ) = P(span{ 1, ..., ¢k}).
By Lemma 2.8 we have that
Span{gplv LRI @k} = Lji/k(a)7

so that we obtain the desired conclusion. O
REMARK 2.13. More generally, for b € C"*™ the operator ® : L*(0,00;C™) —
C™ defined as in Lemma 2.12 satisfies

O (. (o) @ C™) = span{ (T, bv, ) : v € C™}.
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As in the proof of Lemma 2.12, we obtain for v € C™
%C(Ta b’l), Oé) = (I)(Span{salva ceey (ka})v

from which the result follows. In the case where the o are distinct, this gives (1.9)
from the introduction.

PROPOSITION 2.14. Let A € C"*" be stable, B € C™*™, C' € CP*", (a;)52,

such that Re(a;) > 0 for all j and 4 (a) the sequence of canonical rational Krylov
subspaces from Definition 2.3. For k € N, define
(2.10) Ly = V(A («) @ CP),

where U is as in (1.4).
a) The following holds for all j € {1,...,k} and v € CP:

(o — A IC*0 € 2.
b) The following holds for all k € N:
(s — A1 2% C 2t
c) Witht >0 and ® as in (2.5), the following holds for all k € N:
' ( (o) @ CP) C 2.
d) With F as in (1.5) the following holds for all k € N:
F* (A (o) @ CP) C () © C™.

Proof. We first prove a). We have by (2.7) that (a; — A*)71C*v = ¥* (e~ "v).
Since by Remark 2.5 b) e~ %" € #(a), it follows that (a; — A*)~1C*v € 2.

We now prove b). Since (p;)5_, is a basis for .#;(a), every element of 2}, can
be written as a linear combination of elements of the form

U (pev),

forve CP and ¢ € {1,...,k}. We show that

(2.11) (gs1 — A*)_llll*(gow) C Lt
Let (dj)l;ill be a permutation of (ozj)fill such that &; = «; for j € {1,...,¢} and

Gpy1 = 1. Define for j=1,... k+1
25 =0 (H5(@) @ C7).

By Remark 2.5 ¢) we have J#j11(a) = Hiy1(@), so that 3/6\”;“ = Zk+1. Define

(cﬁ])fill as in Definition 2.4, but with parameters ¢&; rather than «;. Since &; = o

for j € {1,...,¢} we also have ¢; = ¢; for j € {1,...,¢}. Therefore (2.11) is
equivalent to

(o1 — A*) I (Gv) C Ly
From Corollary 2.10 b) we have

U (Pe41v) = (Ggp1 — A7) 7T (o).
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Since the left-hand side is in 21, the right-hand side is as well.
We prove part c¢) by induction on k. Let (¢;)32; be as in Definition 2.4 and let
v € CP. For k =1 we have by Corollary 2.10 parts a) and b)

' (p1v) = T*(1v)en (),

which proves the case k = 1.
For k > 1 we have by Corollary 2.10 a) for j € {1,...,k}

q)t(cpjv) = (o — A*)_lC*Uapj(t) + (o — A*)_1<I>t(<pj,1v).

By the induction hypothesis we have ®'(¢;_1v) € Z;_1. Part b leads to (a; —
A*) 710 (p;_qv) € Z; C 2. From part a we obtain that (a; — A*)~1C*v € 2 C
Z%. This proves that ®'(p,v) € 2.

We now prove part d). From Corollary 2.10 ¢), using that (gpj)?:l is a basis for
0 (a), we obtain by induction A (J#;(a) @ CP) C () @ C™. Using that F* = B*A
then gives the desired result. O

3. Matrix representations. In this section we develop matrix representations
of the operators ¥, and Fj from the introduction with respect to the Takenaka—
Malmquist system from Definition 2.6.

DEFINITION 3.1. Let (a;)32; be such that Re(a;) > 0 for all j € N. Let ()52,
¥; € L?(0,00) be the corresponding Takenaka—Malmquist system (2.2). For k € N,
the mapping i s defined by

e CF = L*0,00),
k
T ij ;.
j=1

Further, for the identity matriz I, € CP*P, we identify v, : C** — L%(0, 00; CP) with
the tensor product v, ® I,,. We omit an additional subindex for sake of brevity.

It follows immediately from the orthonormality of the Takenaka—Malmquist sys-
tem that ¢ defines an isometric embedding. In particular, the operator

(3.1)

Py =t} - L*(0, 00; CP) — L*(0, 00; CP)

is the orthogonal projection onto ¥, ® CP. With operators ¥ and F as in (1.4) and
(1.5), we define the matrices

Sp =1} € Chrxn
Fj, =1} Fuy, € Crpxkm,
Rey = 1j(I + FF*)yy, € Crpxkr,
It follows from (1.12) that
\I/k - Pk\IJ = Lkbz‘l/ = LkSk.

We conclude that the matrix Sy as in (3.2) is the matrix representation of Uy : C" —
(o) @ CP with respect to the basis given by the tensor product of {41, ..., } and
the canonical basis of CP.
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With the matrix Fj as in (3.3) and Fy as in (1.13) we have
Lka == PkFLk == ]FkLk,

which shows that F}, is the matrix representation of Fy| .z, (ayecm @ Hi(a) @ C™ —
() ® CP with respect to the basis given by the tensor product of {¢1,...,¢:} and
the canonical basis of C™ (respectively, CP).

By Proposition 2.14 d) we have

Pk-IF*Lk = F*Lk.
It follows that
Rc,k :Ikp + (]F*Lk)* . (F*Lk)
= Ikp + (]F*Lk)*Pk(]F*Lk)
(3.5) =Tnp + (F )"t (L F" 1)
=T+ (GF )" - (0 F k)
Note that, by
Po(I +FF3) ' Py = w1 + FuFy) "y,
we see that X as in (1.11) can be written as
(3.6) X = Ui R Vi = Si(1 + FF}) ™" S
By the same argumentation, we see that uzpt as in (1.15) reads
(3.7) u?" = —FiR Wi = —uFy R, Sk

Further details on the connection to the optimal control problem will be given in
Section 4.

We now proceed to develop an algorithm for efficiently computing S, and F}.
The algorithm for computation of Sy, is straightforward. Corollary 2.11 a) together
with the definition of the Takeneka-Malmquist system implies that

S, = [\/QRe(al) Vi ... /2Re(ay)- Vk]*,
where the sequence (V}) is recursively defined by
(3.8) Vi = (a1 — A*)_lc*, Vie=Ve_1— (Ckk + akfl) . (Olk — A*)_lkal.

We note that this was already established in [9], where the case B = 0 (for which the
Riccati equation becomes a Lyapunov equation) was considered.
Using that, by Proposition 2.14 d), the invariance F* (J#;_1 () ® CP) C A1 (a)®
C™ holds true, we see that
LkF*Lk_l = [Fk_1:| .

0

Thus we obtain that Fj has the form

(3.9) F, = [[F’”’Oq :
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for some Ny € CP**¥™  Note that Nj is determined by F*(¢pv) for v € CP and
that this in turn is determined by A(;v). Therefore we first express A(v;v) in an
appropriate form.

LEMMA 3.2. Let A € C™*" be stable, C € CP*", (a;)52, such that Re(a;) >0
forall j, (¢j)52, as in Definition 2.4, v € CP, ¥ as in (1.4) and A as in (2.6). Then,
for each k € N, there exists some Ly € CF** such that

k k
(3.10) A(prv) =D U (h0) Y (Le)jethe Vo € CP.
7j=1 =1

Moreover, the matriz Ly, can be calculated as in Algorithm 1.
Proof. We prove this by induction. For k = 1 we have by Corollary 2.10 ¢) that
A(1v) = 1 (a1 — A*)~1C*v and by Corollary 2.10 b) that ¥* (wlv) 2Re(ay) (o —

A*)~1C*v. Hence for k = 1, (3.10) is satisfied with L; = T()
el

With vy := R?Fo(z?f)l) we obtain from Corollary 2.11 b) that

(3.11)  A(Yrv) = YeA(Yr—1v) — ok + X—1)
(o — AF)TIC* 0 (67 1) + (ar, — A") T A (Pp—10)) -

From (2.7) with p := oy, and t = 0 (noting that ¥* = ®°) and (2.9), we have

(ap — AN TLO* = T* (e 0),

(3.12) 1 B )
(o — A") U () = T (e™F xhjv) Vv e CP, j=1..., k-1

By inserting (3.10) and (3.12) in (3.11), we obtain
(3.13)  A(Ywv) = M A(Yr—1v) — y(ar + ax=1)

k-1 k—1
U*(e™ % v) - (€™ *hp_1) + Z\P* T kv Z Li—1)je - e

j=1 =1
Utilizing the bases

(21500 2015 28) = (Y1, Ypo1, @7 g q),

(xh s 7$k717xk) = (e_ak‘ * wla cee 76_0%‘ * ¢k717e_ak~)7

this can be written as

E k
(3.14) A(Yrv) = WA (Wp-1v) = Yok + T1) D W (@50) Y (Li-1)jeze,
j=1 =1
where
> L Lk,1 0
Ao
At this point, we need a change of coordinates between the bases (11, , %) and

(7 s ahy, -+ ,e” % xhp_q,e”* ") as well as a transformation between the bases
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(1, ybp_1,e” % xgp_1) and (¢1,- - ,¥). Applying Laplace transform, this prob-
lem reduces to the determination of invertible matrices T}, M;, € C*** with

o~

(3.15) Ty {12)\1(5) TZk—l(S) 1/’1«(5)}T: {121(3) @k,l(s) 12;:(11(:)]T

(316)  [Bi(s) .. Beaa(s) Bule)] M= [ oo 1]
We can immediately conclude from the recursion formula (2.3) that

Iy 0
(317 = ] w,c(akfak_l)]

To obtain the matrix M}, we use an argumentation similar to the proof of [7, Propo-
sition 3.2.]. Namely, we show that

My = (M5 My aMy 3 My oMy 1) "

with
1 arton
2Re(ory) ap—ap  aztag
My, = . , Mo = . ,
. .
V/2Re(oy,) Qp—1—Q) Qp+ag
—+/2Re(
L vV (1)
Myz:=| - |, Mpa:=[00], Mis:= K

1 —+/2Re(ak—1)

1

We have, by (2.4),

By = [M Dals) 1 }
stay e sty s+
_ Re(al) «/2Re(ak 1 H S— 047[ 1
T | (stap)(star)? T (stog)(stoak—1) st+op?  stag |
Consecutive application of the matrices (Mk,j)j:1 to I}, results in
[ 2Re(ar;) 2Re(ay 1) . 1
_ — 1 — k—1 s—ay
ExMis = (stap)(sta1)? 777 (stop)(stak—1) el:[ stag? S+O”“:| '
[ 2Re(ar) Me(ar_1) %o ar
_ — 1 — k—1 s—ay
Ep My sMy s = stoi?  (stag)(stai)’ 777 (stak)(stak—1) 51:11 S+a‘5} ’
_ 1 —ar 1 s—ag
ExMysMpaMy3 = | 5550 GraoGra 0 GFed H Z+Zf]
_ _2Re(o¢ ) 2Re(a2)(s—aq) 2Re(ay) oy
EpMysMpaMysMio = | =305, TraiGran 0 (star) H :+gﬁ} ~
E M71 - _\/2Re(041) \/2R€(OL2)(S*O(71) v/ 2Re(ak) 1—[ s—ag
kMg - s+aq ’ (staz)(s+ar) > " (stak) s+ayp |7

= [01s) o Beals) s
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which establishes (3.16).
Denote by (e¢) the standard basis in CP and in C™ (which space is intended will
be clear from the context). Define the tensors Ry, W, € C"***P by

n k

(3~18) A("/}k@)eq) :ZZ Ry, quwj ® e, g=1,...,p,
i=1 j=1

(3.19) V(1 @eg) = > (Wi)ijgei» j=1,....k q=1,....p.
i=1

In terms of these tensors, the induction hypothesis (3.10) can be written as

k
(3'20) Rk ijq — Z Wk ilq Lk
(=1

We now write all the terms in (3.14) in terms of these tensors.
We have by (3.18)

m k—1

A1 ®eg) =D > (Rie-1)ijg¥j @€, g=1,...,p,

1=15=1

which by (3.20) can be written as

m k—1k—1
A(wkfl(g)eq)zzzz Wk 1 qu Lk 1)[]’1/)] ®61, q:]-vap
i=1 j=1 ¢=1
Defining
>~  |Lg1 O kxk
Lk—l - |: 0 O:| G (C’ )
and using that (Wyi_1)ieg = Wi)igg fori=1,...,n,¢=1,...,pand £ =1,...,k—1,
we then have
m k k
(321)  Alo1®e)) =D D> (Wi)ieg(Li—1)ejtyj ® i, q=1,....p.
i=1 j=1 (=1

We now consider the term ¥*(z;v) in (3.14). By (3.16) we have for v € C?

k

T QU= Z(Mg)jﬂl)e ®v.
=1

Substituting this in (3.19) gives

n k
(Mk )JZLIJ 1/}5 ®6q = ZZ Mk ]K Wk zquz
=1 ¢=1

Mw

Uz @ eq) =

~
Il
=

k

§ Wk z[q Mk Z]ez
(=1

I
MS

(3.22)

@
Il
-
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By (3.15) we have

k
2= (Te)epths
f=1
It follows that
k k k k ~
(3.23) Z Ly—1)jeze = ZZ (Lr—1)je(Tw)estos = Y (Li1Tk) jats-
—1 =1 p=1 B=1

From (3.22) and (3.23) we obtain that

k k
Z\Il*(mj ®eq) Z Li—1)jeze =
=1

Jj=1

3

M=

k
(W)ieg(Mi)ejes Y (Lu—1Tk) ;505
B=1

<.
I M o~
-
-
I
—
~
I
—-

3

M=

k
Z Wi)itg(My) e (Li—1Tx) 505 © e
B=1

I

.
i
i

i

Il

i

~

Il

;

3

I
M=
M=

(3.24) (Wk)wq(MkEk_lTk)zg’(/Jﬁ & e;.

1

s
I
-
o~
I
-
b

Substituting (3.18), (3.20), (3.21) and (3.24) in (3.14) gives

n k k m k k
(325) ZZZ Wk ilq Lk eﬂ/fg Qe = kzzz Wk ilq Lk 1 431/}3 ® e;
i=1 j=1 =1 i=1 j=1 =1

kok
— Yi(og +aK—1) ZZZ Wi)ieq( MkLk 1Tk)ej s @ e;.

i=1 (=1 j=1

We conclude that (3.25) is satisfied if Ly, satisfies

(3.26) Lie = W (Lr_1) — yelon + 1) My Ly, T

This recursively defines L and therefore, with this choice of L, the proof by induction
of (3.10) (or equivalently (3.20)) is complete. Note that (3.26) is implemented in
Algorithm 1. O

COROLLARY 3.3. The matriz Ny, from (3.9) is given by Algorithm 1.

Proof. We use the notation of the proof of Lemma 3.2. To complete the description
of the algorithm, it only remains to re-formulate the tensors Ry and W} and their
relation (3.20) in matrix terms. Define the matrices

Ra. W,

_ |Ra | wa

Ri=| | eCmr W= |ech
R W

where (R.;.)iq = Rijq, (W.j.)ig = Wijqfori=1,...,nand ¢ =1,...,p. Then (3.20)
is equivalent to

(3.27) (LT ® I,)W), = Ry.
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We have that Ny, from (3.9), satisfies

Algorithm 1 doesn’t store W, but instead the matrix Qr € CP*F™ defined through

B*W.4.]
B*W.,.

B*W.. |

The relation (3.27) gives rise to (LY @ I,,)Q; = N}, or equivalently (as it appears in
Algorithm 1)

Ni = Qr(Li ® I,),

where Lj, is the complex conjugate matrix of Ly,.
From Corollary 2.11 a) we have

V(15 ® eq) = \/2Re(az) Y (Vi )iges,
i=1

where V; (j =1,...,k) is as in (3.8). When compared with (3.19) this shows that

(Wi)ijq = \/2Re(a;)(V)ig,

ie. W, = /2Re(a;)V;. Combining all of the above results gives Algorithm 1. O

4. The optimal control problem. In this section we consider the optimal
control problem (1.2) & (1.3) and the optimal control problem (1.10) & (1.3).

LEMMA 4.1. Let A € C™"*™ be stable, B € C"*"™, C € CP*". Define ¥, F and R,
by (1.4), (1.5), (1.6). The optimization problem (1.2) & (1.3) has a unique solution
given by

uPt = —F*R W,
The optimal cost is given by

(Xxg,20), X =UV*"R;'0.

Proof. Tt is proven in [14, Proposition 7.2] that the optimal control is unique and
is given by

uPt = —(I + F*F) "' F* Uz,
and that the operator given the optimal cost is given by

X =00 — U*F(I + F*F)"'F* 0.
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Using that (I + F*F)~'F* = F*R_ !, the given formulas follow. O

LEMMA 4.2. Let A € C"*™ be stable, B € C**™, C € CP*"™. Define ¥y, Fy
and Re, by (1.12), (1.13), (1.14), where Py : L?(0,00;CP) — L?(0,00;CP) is the
orthogonal projection onto () @ CP and () is the canonical rational Krylov
subspace from Definition 2.3.

The optimization problem (1.10) & (1.3) has a unique solution given by

up?t = —FiR_ V.
The optimal cost is given by

(Xpzo, x0),  Xi = UiR_ V.

Proof. Noting that Pyy = Vpxo+Fiu, we use a “completing the square” argument
similar to [14, Proposition 7.2]. That is, we make use of

FiRow = Fi(l + FiFj)~! = (I + FiFe) ' Fj,

to see that

lullZz +1Peyll7e = llullfz + (Ykzo + Fru, Wpzo + Fru) 2
= (UiR_ ko, To) + (I + FiFp)(u +FiR_  Wrao), (u+ FiR_ Wrto)) L2

In particular, we have for Xj, = \IIZRC_;\I/k that ||ul|2. + | Pryll2. > (Xkzo, z0). In the
case where the input reads u = fFZR;,i\I/kxo, the second summand vanishes. Thus,
we have equality between |[ul|3, + || Pyy||3. and the quadratic form (Xyzg,zo) in this
case. O

COROLLARY 4.3. Under the assumptions and with the notation of Lemma 4.2,
we have

Pt € Hp(a) @ C™,

Proof. By Lemma 4.2 we have uzpt =F*z for z := —PkR;i\I/kaco € (o) @ CP.
From Proposition 2.14 d) we see that F* maps J#; (a) @ CP into J# (a)@C™. Therefore
uP" € K (a) ® C™, as desired. O

THEOREM 4.4. Let A € C™*"™ be stable, B € C"*™, C € CP*". Define ¥, F
and R, by (1.4), (1.5), (1.6) and X = U*R_'V. Define ¥y, Fi, and R, by (1.12),
(1.13), (1.14), where Py : L*(0,00;CP) — L?(0,00;CP) is the orthogonal projection
onto #(a) @CP and i («) is the canonical rational Krylov subspace from Definition
2.3. Define Xj, = ViR _ Wy, Then

X < Xgp1, Xp <X

Proof. For xg € C" and u € L?(0,00;C™) with corresponding output y defined
through (1.3) we have

1Pyl Z2(0.00:0r) < 1Prt19l172(0,00:Cr)»
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since (o) C Hpy1(a). It follows that

(Xkwo, T0) = [[ul|? + || Peyl|?

inf
u€L2(0,00;C™)
< inf

2 2
P = (X .
S veraa ;(Cm)HUH + [[1Petryll” = (Xe4120, 7o)

Similarly, using that

1PeyllZ2(0.00:cr) < NYl172(0,00:r)s
we obtain

<Xk£C0, $0> S <X£E07£L'0>.

5. Convergence of Riccati-ADI. In this section we prove convergence of the
Riccati-ADI method.

THEOREM 5.1. Let A € C"™™ be stable, B € C"*™, C € CP*™. Let (a;)32; be
such that Re(a;) > 0 for all j. For k € N, let Xj, be the operator obtain by Riccati-
ADI. Then Xy, converges as k — oo. If («;)32, satisfies the non-Blaschke condition
(1.17), then X} converges to X, the nonnegative definite solution of the algebraic
Riccati equation (1.1).

Proof. This is a special case of Theorem 5.2 where by finite-dimensionality the
topology in which convergence occurs is irrelevant. O

We formulate the following theorem in the infinite-dimensional context. In the
finite-dimensional case it simply reduces to Theorem 5.1. We refer to [12] for the
terminology used in the statement of the following theorem (readers not familiar with
this may simply consider the proof of the following theorem as a proof of Theorem
5.1).

THEOREM 5.2. Consider a well-posed linear system on Hilbert spaces % , % and
Z that is output stable and input-output stable and whose semigroup is uniformly
bounded. Denote its output map by ¥ and its input-output map by F. Let (aj)J‘?’;l be
such that Re(a;) > 0 for all j and for k € N let Py, : L*(0,00;%) — L?(0,00;%)
be the orthogonal projection onto (o) @ %', where J¢,(«) is the canonical rational
Krylov subspace from Definition 2.5. Define X, by (1.11). Then X}, converges in the
strong operator topology as k — oo. Let X be given by (1.7) and assume that ()52,
satisfies the non-Blaschke condition (1.17). Then Xy converges to X in the strong
operator topology as k — oo. If moreover X is compact, then X converges to X in
the uniform operator topology and if X is in the Schatten class Sp(Z") for p € [1,00],
then Xy, converges to X in the topology of Sp(Z).

Proof. We first note that the results proven in the earlier parts of this article hold
in the setting of this theorem (with essentially the same proofs).

Since, by Theorem 4.4, X}, is a non-decreasing sequence which is bounded from
above, we obtain convergence in the strong operator topology.

Since () C Hj11() we have Py, < Pj.11. Since Py, is an orthogonal projection,
we have P, < I. It follows that Py converges in the strong operator topology to some
orthogonal projection P. It was shown in [9, Lemma 4.4] that P = I if and only
if the non-Blaschke condition is satisfied (this result is shown there actually only
for the case % = C, but the behavior of tensor products under the strong operator
topology [5, Theorem 1 part b] gives the general case).
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From now on we assume the non-Blaschke condition, so that P = I. Then
Rex = I+FP,F* — I +FF* = R, in the strong operator topology. It follows from [3,
Theorem 7.6.1] that Rc_i — R.! in the strong operator topology. By sequential
continuity of the strong operator topology we then have

Xy =V PR, PV — TR = X,

in the strong operator topology.

If X is compact, then (since R. is self-adjoint and invertible), ¥ is compact.
As above we have that P;gR;,iPk converges in the strong operator topology to R, .
From [9, Theorem A.2 part a] (which is a slight modification of [4, Thm. I11.6.3]) we
then obtain that PkR;,iPk\I/k converges to R, W in the uniform operator topology.
It follows that X — X in the uniform operator topology. The argument for Schatten
class convergence is similar (see e.g. [9, Appendix A] for the needed relation between

Schatten class membership of X and of ¥). O

6. Comparison with the rational Krylov—Galerkin method. More gener-
ally than in the introduction (to allow for non-distinct «;), we choose the Galerkin
space

(6.1) Ly = V" (A (o) @ CP),

which we characterized in terms of rational Krylov subspaces for A* in Lemma 2.12
and Remark 2.13. We recall that in this section we make a dissipativity assumption
on A (rather than just a stability assumption as done previously) so as to ensure
stability of the Galerkin approximation A,.

LEMMA 6.1. Let A € C™*™ be dissipative (i.e. A+ A* < 0), B € C"*™,
C € CP*". Let Zi be the rational Krylov-Galerkin trial space from (6.1). For
zo € 21 and u € L*(0,00;C™), let y, be the output of (1.18) and let y be the output
of (1.3). Let Py : L%*(0,00;CP) — L?(0,00;CP) be the orthogonal projection onto
() @ CP. Then Py = Pyy,.

Proof. We first note that Pry = Py, holds if and only if for all v € CP and
ji=1,...,k

(Y, 150) = (Ya, ¥50),

where (%‘)?:1 is the Takenaka—Malmquist system defined in Definition 2.6. This in
turn is equivalent to

(Y, v) = (Yg> p50),

where (g@j)?:l is the convolution system defined in Definition 2.4.

Let ¥ be the output map and F be the input-output map of (1.3). For ¥, the
output map and F, the input-output map of (1.18), we have y = Uz + Fu and
Yq = Y Wyzo + Fyu so that the above equalities are implied by

(6.2) U (pjv) = WeWy(psv),  Fr(pjv) =F;(p;v).
Both of these equalities are implied by

(6.3) O (pv) = W, P (p;v),



22 A. MASSOUDI, M.R. OPMEER AND T. REIS

for all £ > 0, where ® is defined in (2.5) and ®! is defined similarly. The first
equation in (6.2) is obtained by putting ¢t = 0 in (6.3) and the second equality in (6.2)
is obtained from

Fy(pjv) =t — B;fbfl(gojv) =t B*qu)fl(gpjv) =t B*®'(p,v) = F*(p;v).
We now show that (6.3) is implied by
(6.4) W' (pv) = Pglp;v).
This can be seen by applying W, to (6.4) to obtain
WqW;q)t((pjv) = qu)tq(apjv),

using that W, W is the orthogonal projection onto 2} and that P! (p,v) € 25 by
Proposition 2.14 ¢), so that (6.2) is obtained as desired.

We now prove (6.4) by induction. By Proposition 2.14 a) we have (a1 —A*)~1C*v €
Z. Using that W, W is the orthogonal projection onto 2} we then obtain

Wilar = AW W7 (an — AN TICre = Wy C*.
Using that WyW, = I and the definitions of A, and C, this gives

(a1 — A)Wi(ag — A*)7'C*v = Cjw.
It follows that
Wi(ay — A )7 C* 0 = (q — Ag) "' Civ.
We have by Corollary 2.10 a)
P (p1v) = (a1 = A)TICT (1), Pglprv) = (a1 — A7) T Couepn(t),

so that by the earlier computations we have Wr®*(p,v) = @ (¢1v), as desired.
Utilizing ¢; rather than ¢, we similarly obtain

Wi(a; — A)TLOM 0 = (ay — AZ)AC’;‘U.

By Corollary 2.10 a), to show Wr®*(p;v) = ®!(p;v) it therefore only remains to
show that

(6.5) W, (o — A) 710N pj1v) = (o — A7) 7104 (0j-10).
Define
2= (o — A) 71 (p-1v).

Since ®'(p;_1v) € Z;_1 by Proposition 2.14 ¢) and using Proposition 2.14 b), we
have z € Z; C Zj. Since W, W is the orthogonal projection onto 2} we then have
z =W Wz and WWrd'(p;_1v) = ®(p;_1v). We therefore have

W Wy(ay — A YW, Wy z = @t(goj,lv),
which by definition of A, and the fact that W W, = I is equivalent to

Wy(aj — ApWyz = ' (pj-10).
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Applying W, and using that W;W, = I we obtain
(aj — AWz =W;d(p;_1v),
which gives
Wiz = (aj — AZ)_lVV;fI)t(%_lv).
By the induction hypothesis we have W(;‘(I)t(goj,lv) = @Z((pj,lv); using this and the
definition of z we obtain from the above

Wi(a; — A )10 pj_1v) = (a; — A5) 1Pl (9;-1v),

which is (6.5). O
REMARK 6.2. Lemma 6.1 in particular implies that applying Riccati-A DI with pa-
rameters (aj);?:l to the original system and applying it to the rational Krylov—Galerkin

approzimation (with Galerkin space obtained using the same parameters (o;)%_, ) gives
the same answer.

THEOREM 6.3. Let A € C"™*™ be dissipative (i.e. A+ A* < 0), B € C"*™,
CeCP*™. Letk €N, (aj)?:l be such that Re(cj) > 0 for all j, let X}, be the operator

obtained by Riccati-ADI and let X, € C™" be the operator obtained from solving

the Riccati equation for the rational Krylov—Galerkin approzimation with parameters
(aj)é?:l. Then

X < Xp.

Proof. For xg € 2}, u € L*(0,00; C™), y the output of the original system (1.3),
y, the output of the rational Krylov—Galerkin system (1.18), and Py : L?(0, 00; CP) —
L?(0, 00; CP) the orthogonal projection onto .#;(a) ® CP, we have from Lemma 6.1

||UH%2(O,OO;Cm) + ||P]€y||%2(0,oo;(cp) = HUH%Q(O,OC;(CM) + ||PkyQH%2(0,oo;(C1’)
< ||UH%2(O,OO;(C7") + ||yq||%2(0,oo;(CP)‘
By infimizing over u € L?(0, 00; C™) we conclude that for zq € 2}
(6.6) (Xxzo,z0) < (Xpwo, o).

We note that R, maps %5 (a) ® C? into itself and that hence Rc_i maps #(a) @ CP
into itself as well. Since U}, C™ C (o) @ CP, it follows that R;,i\I/kC” C (o) @CP
and therefore \IIZR;,i\Ilk(C” C Zp. So X maps C" into Z3. We conclude that

(Xgx0,20) = 0 for zg € 25+

By definition of X}, we also have ()?kxo, zo) = 0 for zg € Z;-. Combined with (6.6)
this gives the desired conclusion. O

THEOREM 6.4. Let A € C"*™ be dissipative (i.e. A+ A* < 0), B € C"*™,
CeCP™. Letk €N, (aj)?:l be such that Re(cj) > 0 for all j, let X}, be the operator

obtained by Riccati-ADI and let X, € C™" be the operator obtained from solving
the Riccati equation for the rational Krylov—Galerkin approzimation with parameters
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(ozj)le. Let XqG € C?*9 be the nonnegative definite solution of the Riccati equation
for the rational Krylov-Galerkin approximation. We have

Xk = X—ka

ifa= —U(A;’pt), where Agpt = A, —BqB;XqG and eigenvalues are repeated according
to algebraic multiplicity. The converse holds provided that XqG 18 positive definite.

Proof. By standard optimal control theory, the optimal output of (1.2) & (1.18)
for g € Zj is given by:

(6.7) Yo (t) = Cped™ by

So if a = —o(AJP"), we have yoP* € (o) @ CP. It then follows that PryoP® = yo*
and from the proof of Theorem 6.3 we then obtain that (Xyzo,zo) = <Xk$07 Zo). In
that same proof it was already remarked that equality holds for 2y € 2, kJ- (both sides
being equal to zero), so that we have X = )~(k.

For the converse, we see from the proof of Theorem 6.3 that X = X . implies
that ygpt € (o) ® CP for all initial conditions zg € Z). From that proof we
also see, by infimizing over u € (o) ® C™ instead and using Corollary 4.3, that
ugpt € 1 (a)@C™. Let xo be an eigenvector of Agpt with corresponding eigenvalue \.
Then, using (6.7) and the similar formula ugP*(t) = —B;‘XquAzpttxo for the optimal
control, we have

Yt () = Cqmoe™,  uPt(t) = — By X{zoe™.

Since X f is positive definite it follows that at least one of Cyzo # 0 and B X, qG xo # 0
holds true (since otherwise the optimal cost for initial condition xzy would be zero).
We conclude that ¢ — e is in J# (), which implies that —X € a. If A" is not
diagonalizable, then a similar argument using generalized eigenvectors shows that an
eigenvalue must occur in the sequence « according to its algebraic multiplicity. O
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7. Algorithm.

Algorithm 1 ADI iteration for Riccati equations.

Input: A € C"*" a stable matrix, B € C"*™, C' € CP*" and shift parameters
a1, ...,qr € C with Re(a;) > 0.

Output: S, € CFP*n [y € Ckrxkm guch that Sk kp —l—FkF,:‘)*lSk ~ X, where X
is the unique nonnegative definite solution of the algebraic Riccati equation

A X+ XA+C"C—-XBB*X =0.

1: Vi = (ap — A*)~LC*
2: 51 = /2Re(ay) - VI
3: Ql = \/QRQ(OQ) . Vl*B
4 Ly = L
2Re(a1)
5 F1 =011y
6: fori=2,3,...,k do
7 Vi=Vii1— (0 + @) - (e — A*) 71V,
8 S, =[S, v2Re(q;)- Vi]*
9: Qi =[Qi—1, /2Re(a;) - V;*B]
9- o Re(a;)
’ Vi Re(oyj—1) ~
V2Rela1) el wtas
10 Mi,l - . ) Mz 2 — )

. ) .
V2Re(a;) | Q10 Qi+
—1/2Re(a1)

1.1 1
Mi,3=[ '..:], Mi,4:|:(1) é , M5 = -
i - —\/2Re(a7~,_1)

1

11: M; =M, 1':11 M, ij21 M, iTSl M, iT41 M, 1:51

. _|viLier O | Licr Of [vi(lew+@—1)I 0
L Ll—[ 0 0} Ml[ 0 1 [0, 7] -1

[Fiflvo]
13: F;, = -
{Qi (Li @ 1)

14: end for

REMARK 7.1. For the optimal control problem (1.2) subject to
(7.1) Ei(t) = Ax(t) + Bu(t), z(0) =9, y(t)=Cz(t),

with invertible E € C"*"™, the above procedure can be done without explicit inversion
of E: We have to make the replacements
1: Vi= (OzlE — A*)*IC’*
7: Vi=Vii— (s +@—1) - (E — A*)'EV;4
in the above algorithm (cf. [7, Remark 3.3]).
REMARK 7.2. The choice of shift parameters is essential for the speed of conver-
gence. In [T, Section 3.2] it is stated that a choice based on the stable eigenvalues of

the Hamiltonian
A —BB*
= [—C*C A }
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is effective. Our approach gives an alternative interpretation of this fact as follows.
Since the stable eigenvalues of the Hamiltonian H are the eigenvalues of A — BB*X
[15, Chap. 13], we have, in case where the first n shifts are (counted by multiplicity)
the stable eigenvalues of H, that the output corresponding to the optimal control for
the optimal control problem (1.2) & (1.3) fulfills

Pt € Ay () ® CP.

As a consequence, this particular choice gives rise to the fact that our projected opti-
mal control problem (1.10) coincides with the original optimal control problem, which
gives X = X, (for this particular choice of shift parameters).

In [7, Section 5] the following reasonable approach to shift parameter selection is pro-
posed. Choose N € N. Then perform N iterations with N shift parameters chosen by
using the method of WACHSPRESS [13] on the basis of the eigenvalues of A. Thereafter,
determine N Wachspress parameters on the basis of the eigenvalues of A — BB* Xy,
and perform the next N iterations with these shift parameters. After that, compute N
Wachspress parameters on the basis of the eigenvalues of A— BB*Xon, and perform
the next N iterations with these shift parameters; repeat this approach any N steps.
By convergence of (Xy) to X (established in Section 5), these parameters converge to
the eigenvalues of A— BB*X.

The efficient numerical computation of dominant stable eigenvalues of a Hamiltonian
matriz seems not to have been explored so far. The ADI method for Riccali equations
would be an application for this research area.

8. Numerical Results. We present two numerical examples to show the ap-
plicability of our algorithm and to demonstrate the expected performance of the
Riccati-ADI iteration in terms of monotonicity and convergence behavior. All the
calculations are done using MATLAB 7.10.0 (R2010a).

8.1. Two Dimensional Convection-Diffusion Equation. Let Q := [0, 1] x
[0, 1] be the unit square with boundary 92 := ' UT',UT'3UTy, where 'y := {0} x [0, 1]
Ty :=10,1] x {0}, '3 :=[0,1] x {1}, and I'y := {1} x [0, 1].

We consider the two-dimensional convection-diffusion equation

(8.1) Gr(6.t) = Da(&,1) +bTVa(61),  (€1) € 2 x R,

with Robin boundary conditions

\ |
ﬁ:
S~—"

_|
<

8
o
AN
=

o

8
—
™

~
:—/

) (f,t) € (Fl U FQ) X RZO&
0= (£>Tv:v<£7t> +az(6,t), (&) € (M3UTy) x Rsg.

and two-dimensional output

w0 = [ e i)

where o¢ denotes the surface measure and v(§) denotes the outward normal.

We consider b = [1)] and set o = 1. To discretize the PDE (8.1), we apply a finite
element discretization with uniform triangular elements of fixed size h = ﬁ, where
N € N is the number of points in each coordinate direction. In addition, we define the
subspace Vj, C H'(Q) using piecewise-linear basis functions. As a result, we obtain a
finite dimensional dynamical system (7.1) with state-space dimension n = N2. The
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matrix £ € R" ™ is a symmetric positive definite mass matrix, A € R"*" is a non-
symmetric stiffness matrix, B € R"*! is the input matrix, and C' € R2X" the output
matrix.

In order to find an approximate solution of the corresponding algebraic Riccati
equation, we apply Algorithm 1 with the modifications in Remark 7.1.

The choice of the shift parameters has a major effect on the convergence speed of
the Riccati-ADI algorithm. In this example, we show that if the shift parameters do
not satisfy the non-Blaschke condition (1.17), then the matrix X} obtained by Algo-
rithm 1 may converge to a nonnegative matrix which is not the solution of algebraic
Riccati equation corresponding to the system (7.1) (cf. Theorem 5.1). To this end,
we choose the following two different sets of shift parameters to use in our example.

1. The first set of shift parameters is chosen using Penzl’s heuristic procedure
[10] on the matrix pencil AE — A. By this choice we generate a set of 10
shift parameters, which we re-use every 10 iterations. We sort these 10 shift
parameters in an increasing order with respect to the values of their real parts
in order to obtain a smooth convergence in Algorithm 1. This cyclic choice
of shift parameters satisfies the non-Blaschke condition (1.17).

2. As a second set of shift parameters, we choose the infinite sequence p; = i3,
i=1,2,..., for which the non-Blaschke condition is not satisfied.

We have performed the simulation using several values of the state space di-

107
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-6

10

_‘
< 1
&

Absolute residual norm
1
3

L
S

-
o

10 Shift parameters satisfying the non—Blaschke condition
= = = Shift parameters not satisfying the non—Blaschke condition

-18 ! ! ! ! ! !

0 10 20 30 40 50 60 70
Iteration

FIGURE 1. Comparison of two sets of shift parameters for Riccati-ADI: convection-diffusion
equation with the state space dimension n = 3600



28 A. MASSOUDI, M.R. OPMEER AND T. REIS

mension and with the two sets of shift parameters which we introduced above. At
each iteration k, we observe the residual norm using the approach proposed in [7,
Sec. 3.3]. That is, we exploit the low-rank form of the approximate solution X =
Se(I+FLE} )_15’; to calculate the residual norm. Figure 1 shows the absolute residual
norm with respect to the iteration for problem dimension n = 3600.

Considering Figure 1, we observe that by choosing the second set of shift pa-
rameters, p; = >, our sequence converges to a matrix which is not the solution of
the corresponding algebraic Riccati equation. In addition, with a tolerance of 10~
on the residual norm, the first choice of shift parameters provides convergence to
the desired solution in less than 45 iterations for state space dimensions satisfying
n < 3600. We use the first set of shift parameters to continue with further analyses
in our example.

In order to illustrate Theorem 6.3, we have implemented the rational Krylov
subspace method (RKSM) based on [16,17] and compared the iteration history of
this method with that of Riccati-ADI by using the same set of shift parameters for
both algorithms. Specifically, we use the first set of shift parameters which we have
already computed in the previous analysis. At each iteration k, we compute the
traces of X}, (the solution obtained using Riccati-ADI) and X}, (the solution obtained

using RKSM) denoted by tr (X}) and ¢r (3(\;), respectively. The trace of X}, (and

x 10
25
trace of X, (RKSM)
= = = trace of X} (Riccati-ADI)
2F i
151 b
o
s
=
1k i
Pl
0.5 v i
’
O | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Iteration

FIGURE 2. Trace of the solution using RKSM and Riccati-ADI: convection-diffusion equation
with the state space dimension n = 3600
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similarly that of Xvk) can be computed efficiently as follows. We compute the Cholesky
factorization of Iy, + FjF}; = U; U}, and therefore we obtain

* — * — —k Q¥ — 2
tr (Xi) = tr (Se(UgUp) 71 S5) = tr (SeUy UL SE) = 156Uy s

where || - || » denotes the Frobenius norm.
Figure 2 illustrates the traces of Xj and X} at each iteration. We observe that

for all £ € N there holds tr (Xy) < tr ()/(;) (consistent with Theorem 6.3). Note

that in our example, by setting a tolerance of 1072, RKSM terminates in less than 23
iterations for state space dimensions satisfying n < 3600. In addition, from Figure 3,
we observe that ¢r (X}) is a non-decreasing function of the iteration k. This illustrates
the monotonicity of Riccati-ADI which we have proven in Theorem 4.4.

8.2. Euler-Bernoulli beam. As a second example, we consider the Euler-
Bernoulli beam problem taken from [18]. Discretization of this PDE gives small
enough matrices for a direct method for the solution of Riccati equations to be uti-
lized; this allows for comparison of Riccati ADI with this “true solution”. For ease
of reference, we briefly present the problem in the following. The beam is clamped
at one end (r = 0) and is free to vibrate at the other end (r = R); the control acts
at the free end. The deflection of the beam from its rigid body motion at time ¢ and
position r is denoted by w(r,t). As a result, the corresponding partial differential

6500

T
\

6000

5500 |-

Trace

5000 -

4500

= = = trace of Xk (Riccati—ADI)

4000 Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50
Iteration

FIGURE 3. Monotonicity of Riccati-ADI: convection-diffusion equation with the state space

dimension n = 3600
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equation model with Kelvin-Voigt and viscous damping is
82
[CdIbwrrt (r7 t) + Elyw,, (Ta t)] =0,

pw (1, t) + Cpwe(r,t) + 52

(8.2)
with boundary conditions and controls
w(0,t) =0,
-(0,t) =0,
(8.3) wr(0,2)
[Calpywyri(r,t) + Elywy,(r,t)],._p = ui(t),
t)]r:R = UQ(t)

[Cdlbwrrrt (’I", t) + EIbwTT’I‘(r)
where we have used the notations w; := %w and w, = %w. In addition, we consider
a two dimensional boundary observation at the free end (r = R) described by
Wi (R, t)
t) = .
y( ) Lﬂrt( R, t)

The values of the physical parameters are chosen as in Table 1. These values coincide
with [18, Table 11], with modifications in the values of C, and Cy (instead of the
values C, = 2 and Cy = 5 x 108 from [18, Table 11], we use C, = 20 and Cy = 10%).
We partition the interval [0, R] into N uniform subintervals and consider a finite
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38!
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FIGURE 4. Trace of the solution using Riccati-ADI and the “care” routine in MATLAB: Euler-

Bernoulli beam with the state space dimension n = 96
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Parameter Value
FE 2.68 x 1010 N/m?
I 1.64 x 1072 m*
p 1.02087
Cy 20 Ns/m?
Cy 108 Ns/m?
L 1m
TABLE 1

Physical parameters of the Euler-Bernoulli beam

element discretization of (8.2) using standard cubic B-splines. As a result, we obtain
the following finite dimensional dynamical system in H?N x H?N:

Ei(t) = Az(t) + Bu(t),

&4 y(t) = Cald),

with the state-space dimension n = 4N. The matrix £ € R™*" is a symmetric positive
definite mass matrix, A € R"*" is a non-symmetric stiffness matrix, B € R"*? is the
input matrix, and C' € R?*" the output matrix.
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FIGURE 5. The relative error of the solution obtained by Riccati-ADI with respect to the solution
obtained by the “care” routine in MATLAB: Euler-Bernoulli beam with the state space dimension
n = 96
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We consider N = 24 and solve the algebraic Riccati equation corresponding to the
system (8.4) once using the “care” routine of MATLAB and once using Algorithm 1
with the modifications in Remark 7.1. The shift parameters are chosen similarly to
the first set of parameters in the previous example. That is, we apply Penzl’s heuristic
method to the matrix pencil AF — A. By this procedure we generate a set of 20 shift
parameters, which we re-use every 20 iterations. For this example, we sort these
20 shift parameters in a decreasing order with respect to the values of their real parts
in order to obtain a smooth convergence in Algorithm 1. Note that this cyclic set of
shift parameters satisfies the non-Blaschke condition (1.17).

We denote by X the solution obtained from the “care” routine and we use it as a
reference for the comparisons with the solution obtained by Algorithm 1 (denoted by
X}). Also note that the modifications in the values of C, and Cy that we mentioned
earlier, ensure that the associated Hamiltonian pencil has eigenvalues far from the
imaginary axis and therefore we obtain a more accurate solution using the “care”
routine in MATLAB.

In order to illustrate Theorem 4.4, we consider the traces of X and X denoted
respectively by ¢r (X) and ¢r (Xx). Note that ¢r (Xx) can be computed efficiently
by considering the Cholesky decomposition of Iy, + Fi,F} as we have already shown
in the previous example. Figure 4 shows that tr (Xy) < ¢tr(X) for all k € N. In
X5 — X

X1
convergence behavior of the Riccati-ADI algorithm. Figure 5 shows the relative error
of the solutions obtained by Algorithm 1 with respect to the solution obtained by the
“care” routine in MATLAB.

addition, we observe the relative error at every iteration to show the
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