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Abstract

The Kalman-Yakubovich-Popovlemma is a central result Bieasys and control theory which relates the positive senmiiefiess
of a Popov function on the imaginary axis to the solvabilitgdinear matrix inequality. In this paper we provefstient conditions
for the existence of a nonpositive solution to this inegydbr differential-algebraic systems. Our conditions are givenrimse
of positivity of a modified Popov function in the right complbalf-plane. Our results also apply to non-controllablstemns.
A consequence of our results are bounded real and positVéeremas for dierential-algebraic systems.
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1. Introduction replaced by-1). ¥(-) is, in contrast to the Popov function, nei-
) ) o ) ) ) ) ther rational nor meromorphic. We characteri#g) > 0 on
We consider linear time-invariantfiérential-algebraic con- e open complex right half plane. This is strongly related t

trol systems _ the feasibility of infinite time horizon linear-quadratiptimal
EX(t) = AX(t) + Bu(t), (1) control problems wittzero final statdd].
where sE — A e K[g™" is assumed to beegular (i.e., For standard state space systems (i.e., Withl,), the above

det(SE — A) is not the zero polynomial) anl e K™". The set  Property can be checked by the famous Kalman-Yakubovich-
of such systems is denoted By,(K) and we write £, A,B] ¢~ Popov (KYP) lemma, see [2, 3, 4, 5]. The lemma states that if
Tnm(K). The functionu : R — K™ is acontrol input whereas ~ [In. A B]is controllable, ther¥(iw) > 0 holds for alliv ¢ o(A)
x : R — K" denotes the state of the system. The set of alif: and only if, the so-calletYP inequality

. ) ) : hagiuing .
solution trajectoriesx, u) : R — K"x K™ induces théehavior AP+PA+Q PB+S

>0 (3)
B*P + S* R i
Bleap = {(x, u) € £2.(R,K") x £2 (R, K™ :
Ex = Ax+ Bu}, has a Hermitian solutioR € K™", - .
On the other hand, there are modifications of this lemma for
wherex denotes the distributional derivative xf special choices 0@, S, andR. For instance, foQ = O,
We consider the so-calledodified Popov function S = C*, andR = D + D7, one can show that iflf, A, B] is

controllable, then witlG(s) = C(sl, — A)™'B + D it holds
¥:C\o(E A —»C™M (2a)
YY) =G)+G)" >0 YaeC™\o(A)
whereo(E, A) = {1 € C : det(lE — A) # 0} (see the subsequent
section for the notation) and if, and only if, the KYP inequality (3) witlQ = Onxn, S = C*,
andR = D+D* has a solutiof® < 0. This is callegositive real
"1Q S|[E-A)B (2b) lemmaand is of great importance in the context of passivity [6].
ST R Im The KYP lemma states that positive semi-definitene849f
) on iR \ o(A) is equivalent to the existence afsolution of the
with Q = Q" € K™, S € K™, andR = R € K™™. Note  kyp inequality, whereas for the positive real lemma, pusiti
that ¥(-) is takes Hermitian values and coincides &with  gemi-definiteness OF(-) in C*\ o(A) is equivalent to the exis-
the classical Popov function (where thén the first factor is  tence of anonpositivesolution of the KYP inequality.
Thus, a natural question is wheth&¢) > 0 in C* \ o(A)
c - is equivalent to the existence of a solutiBrn< 0 of the KYP
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systems. However, in a quite immediately successionaiema ~ RHE™ the space of rationap x m matrix-valued

[7], this claim has been disproved by himself with the aid of functions which are bounded i©i*

a counter-example. Wiewms further stated in this erratum [7] ~ £2 (7,K")  the set of measurable and locally square in-

that the equivalence holds, if an inertial decomposition tegrable functions : 7 — K" on the set
ITcR

Q* S _ Ci_Cl C’iDl 3 CéCz CéDz ’ (4a)
s* R|7|Dic; DiDi| |DiC, DjD,
is admitted, wher€; € K™", C; € K", D; € K™™ D5 €
KP™ and 2.1. Differential-Algebraic Systems

G1(9) := Ci(Sh — A)IB + D1 € Gln(K(9)). (4b) We first introduce some systems theoretic concepts for
. ) differential-algebraic system&[A, B] € Z,m(K). First we
However, no proof of this statement has been carried out. 4qnsider notions related to controllability and stabltitiay, see
further condition for the larger class of behavioral systéras ;54 [10, 11] and [12, Def. 5.2.2] for the definition and the re

been examined byrEnTeLMaN and Ripisaroa in [8, 9]. Under  ghotive algebraic conditions in terms of the system meric
an additional assumption which translatestg) > 0 on iR,

the existence of nonpositive solutions has been charaeteri Definition 2.1 (Controllability and stabilizability) A system
by means of an associatBitk matrix In this paper, we revisit [E, A, B] € Z,n(K) is called

WiLLems' condition (4) and prove it fqr dferentlal-algebralc a) behaviorally (beh.) stabilizablié for all (xy, uy) € Beag,
systems. Thereby we are also dealing with non-controllable” i,ere exists someq(u) € Bjeag With

systems. We further present conditions for all solutions of o

the KYP inequality being nonnegative. We will apply our re-  (X(t), u(t)) = (x¢(t), us(t)), if t <0, and tEr()rg(x(t), u(t)) = 0;
sults to formulate positive real and bounded real lemmas for

2. Preliminaries

differential-algebraic systems. b) behaviorally (beh.) controllabléd for all (X, uz), (X2, Up) €
Biea g, there exists somex(u) € Bjg ag and somel > 0
Notation with

_ o uoy < 1 G u(®), ift<0,
We use the standard notationstj,A*, A™*, I, Onxn, for the (x(V). u(®)) = (X(t), ux(t)), ift>T;
imaginary unit, the complex conjugate ok C, the conjugate
transpose of a complex matrix and its inverse, the identdy m
trix of sizen x n and the zero matrix of size x n (subscripts

c) completely controllablef for all xo, i € K", there exists
some &, u) € Beapg and somer > 0 with x(0) = X and

may be omitted, if clear from context). The symiidlstands X(T) = x.

for either the fieldR of real numbers, or the fiel@ of complex Moreover, we also consider ftérential-algebraic systems

numbers. The closure & c C is denoted bys. [E, A B] € Z,m(K) which have an additionalutput equation
By writing A > (<) B we mean that for two Hermitian ma-

tricesA, B € K™, the matrixA — B is positive semidefinite y(t) = CX(t) + Du(t),

(negative semidefinite). The following concept, namelyaqu
ity and semidefiniteness on some subspace will be frequentl
used in this article.

hereC € KP"andD e KP*™. We denote the set of all such
ystems by, m p(K) and we write E, A, B,C, D] € Xnmp(K)
(or [E, A, B,C] € Znmp(K) if D = 0). The behavior is given by
Definition 1.1 (Equality and semidefiniteness on a subspace)
LetV ¢ K’_‘ be a subspace aml B € K™" be Hermitian. BlEABCD] (= {(x, U,y) € Beag X L2(R,KP) :
Then we write

A=y (2v, <v) B, y=Cx+ Du},
The following sets are further used in this article: B _1 pxm

No the set of natural numbers including zero G(s) = C(sE-A) "B+ D € K(3)
ctC the open sets of complex numbers with posi- is called thetransfer function of E, A, B, C, D] € X m p(K).

tive and negative real parts, resp. Behavioral detectability means that the state can be asymp-
K[g, K(S the ring of polynomials and the field of ratio- totically reconstructed from the knowledge of input anctmni_

nal functions with cofficients ink, resp. cf. [12, Def. .5.3._16]_. See also [12, Thm. 5.3.17] for an equiv
Gln(K) the group of invertiblen x n matrices with lent algebraic criterion.

entries in a fieldk Definition 2.2 (Behavioral detectability) The system
a(A) spectrum ofA e K™" [E,AB,C,D] € Zymp(K) is called behaviorally (beh.)
o(E,A) = {1 € C: detdE — A) = 0}, the set of gener- detectablef

Iz:llzeﬂg[:]%?nvalues of the matrix pensit — (X1, U,Y), (X2, U, Y) € Beapco = t“_Tc x1(t) = Xo(t) = 0.



2.2. System Equivalence Form, System Space, and SpacelLeinma 2.8. [15, 14] Assume thdtE, A, B] € X, n(K) with the

Consistent Initial Dfferential Veriables system spacé/sys € K™™ and the space of consistent initial
In this paper we consider systents A, B] € Z,n(K) under differential variablesVgir C K" is given. Moreover, let WI' €
system equivalence which is defined as follows. Gln(K) and letVsys ¢ K™™ and Vgir < K" be the system

space and the space of consistent initigfetential variables
Definition 2.3 (System equivalence)[10] Two systems of [ WET, WAT,WH| € X, n(K), respectively. Then it holds
[Ei, A, B] € Z,m(K), i = 1, 2, are calledsystem equivalent a)

if there existW, T € GI,(K) such that T o] =
Veys = [0 Im} *Veys
[sEa—A; Bp|=W[sEs—A1 B [(T) IO}. b) B
" Vg = T - Vi
Remark2.4. Beh. stabilizability, beh. controllability and com- Finally, we give an explicit form of the system space and
plete controllability are invariant under system equinate the space of consistent initialftérential variables for systems

The following system equivalence foris basically consist- given in system equivalence form.

ing of a Kalman decomposition of the infinite eigenvalues of, o 1yma 2.9 Letthe systerfE, A, B € Em(K) be given in sys-
SE - Aand will be of greatimportance in our proofs. tem equivalence forifh). Letv € Np be the index of nilpotency

Proposition 2.5 (System equivalence form)[13] Let ©f Ez2- Thenitholds
[E, A B] € Z,m(K) be given. Then there exist W € Gl (K) a)

such that :
(Vsys =1m M(Vsys’
= ~ =. T O
|[sE-A B|:=W[sE-A B where
0 In
|
Sk, — A1 0 SEis—-Aiz B 81 _%2 —Engz —qule
= 0 SExn—1ln, SEx—Axs By, My, = 22 (6)
0 0 2 B 0 y 0 0 0 0
s3Iy O Im O .. O
(5)
b)
where B; € K™ and B3 € K™*™ are nilpotent and Ei3
Vaig = K x ker| Exal .
[6 &[5 el s
22 2 2 Proof. Statement a) can be concluded from the fact that the
is completely controllable. equationEssxs(t) = xa(t) implies x3(t) = 0, whereas from

Exo%o(t) = %2(t) + Bou(t) we obtain
Remark2.6. The system, A, B]is beh. stabilizable (beh. con- 1
trollable) if, and only if, the ODE system{, Aq1, B1] is stabi- Xo(t) = — Z E2,Bou®(t).
lizable (controllable) [14]. =

Next we introduce two fundamental spaces of a systenstatement b) is a consequence of [15, Prop. 2.9]. 0
[E, A, B], namely the system space and the space of consistent
initial differential variables. 2.3. Differential-Algebraic Kalman-Yakubovich-Popov Lemma

We recall a version of the KYP lemma for firential-

Definition 2.7 (System space, space of consistent initi#flea algebraic equations which has recently been shown in [14y Th

ential variables) Let [E, A, B] € Z,n(K) be given.

4.1].
a) The system spacef [E. A B] is the smallest subspace tpeqrem 2. 10(KYP lemma for diferential-algebraic systems)
(Vsys c K™M such that for all K, U) € %[E,A,B] it holds Let[E, A B] c En,m(K) with the system Spacgsys c K™M and
x(t) Q=Q € K_”_X”, Se K™ R = R e Kmxm be give_n. Further,
(u(t)) € Vsys foralmost allt € R. let the modified Popov functio#(-) be defined as if2). Then

the following statements hold:
b) The space of consistent initial glerential variablesof  a) If the KYP inequality

[E,A, B] is defined by A*PE+E*PA+Q E‘PB+ S

N ) >v.,.0, P=P" (7)
Vairr 1= {Xo € K" : A(x, u) € Bie.ag With EX(0) = Exo}. B'PE+S R ’
) _ has a solution e K™", then

In the next lemma we consider the behavior of the two above

spaces under systems equivalence. Y(iw) >0 VYweRwithiw ¢ o(E,A). (8)



b) If (8) and at least one of the two properties
i) rank¥(iw) = m for somew € R withiw ¢ o(E, A),
and max{rank[/lE -A B] , rank[—iE -A B]} =n
forall 2 € C;
i) [E, A B]is beh. controllable
is satisfied, then there exists some K™" that solves the
KYP inequality(7).

3. Main results

In this section we investigate the existence of nonposiie
lutions of the KYP inequality (7). First, we define what we
mean by nonpositivity.

Definition 3.1 (Nonpositive solution) Let [E, A, B] € Znm(K)
with the space of consistent initialftgrential variableSV g C
K" be given. Then we call a solutidh of the KYP inequality
(7) nonpositiveif

E'PE <y, O. 9)

First we show the simpler part: The positive semidefinitenes
of (1) in C* \ o(E, A) is necessary for the existence of a non-
positive solution. This requires the following technicaiima.

Lemma 3.2. Let [E, A, B] € Zpn(K) with the systems space
Vsys € K™™M and the space of consistent initial variables
Vair € K" be given. Then for all € C\ o(E, A) the following
statements hold:

a)
[A B] [(/lE - A)_lB] -2 [E 0] |:(/1E - A)_lB}
Im Im
b) .
im [(/lE _I:) B c (Vsys
c)

im(AE - A)7'B € Vi

Proof. Statements a) and b) have been shown in [14]. It re
mains to show c): Assume that € C \ o(E,A) and let
W T € GIp(K) be transformation matrices leading to system
equivalence form (5). Then

im(AE - A)'B=imT(1E - A) 'B

(Aln, — A11) 1By

=imT (/lEzz - |nz)7le

0
Eis
CT-|K"*"™ x ker|Exs|| = Vaisr.
Eass

O

Theorem 3.3. Let[E, A, B] € Znm(K) with the systems space
Vsys € K™™M and the space of consistent initial variables
Vag € K" be given and assume that @ Q* € K™"

S e K™ and R= R* ¢ K™™, Suppose that B K™" is

a nonpositive solution of the KYP inequal{z). Then the mod-
ified Popov functiorf2) fulfills

Y1) >0 YieCH\o(E A). (10)

Proof. By using Lemma 3.2 a), for all € C\ o(E, A) we have

= |

Im
_ [(E - A)1B]

(1E - A)'B

Im

A'PE+ E*PA EPB
B*PE 0

E*P
0

|

][PE 0]+/1[

A:} [PE 0]+ [

[
iy oI )
' [(/IE -AB

Im
= 2ReQ) - B*(AE* - A") 'E*PE(1E - A) 'B.

i« el
(1E - A)‘lB]

Im

Im

E*
0

E*P

Im

|

The KYP inequality (7) and Lemma 3.2 b) yield the inequality

¥(1) > -2 Re(l) - B*(AE* - A") 'E*PE(IE - A 'B
VieC\o(E A).

Now plugging in somel € C* \ o(E, A) and using (9) and
Lemma 3.2 c), we obtain the desired result. O

We now show that, under an additional assumption, the non-
negativity of the modified Popov function also implies thésex
tence of a nonpositive solution. For this we need the foltawi
two lemmas.

Lemma 3.4. Let[E, A, B,C, D] € X, mp(K) be beh. stabilizable
and beh. detectable and assume that its transfer functifitisfu
G(s) € RHY™. Then it holdsr(E, A) c C~.

Proof. Since generalized state-space transformations preserve
beh. stabilizability and beh. detectability, we can wg.oas-
sume thasE — A is given in quasi-Weierstrafl3 form [16], i.e.,

)+

SEx — Inr

whereE,, € K™™' is nilpotent,B; € K™™, B, ¢ K"™™™
Cy € KP*' andC, € KP"', This corresponds to a decompo-
sition

_Islk = A
- 0

B
=73

,C= [c1 Cz]

G(9) = Gsp(s) + Gpoly(s)

whereGgy(s) = Ci(sh — Au1) 1By € K(s)P™is strictly proper
and Gpoy(s) = Ca(SExz — Inr) 1Bz € K[g]P™™. The as-
sumptionG(s) € RHE™ then impliesGey(s) = Ca(sk —
A1) 1By € RHEZ™. Beh. stabilizability and beh. detectabil-
ity of [E, A, B,C, D] imply stabilizability and detectability of
[1v, A1z, B1,Cq1, D]. Then [17, Lem. 8.3] yieldsr(A11) ¢ C,
and hencer(E,A) c C™. O

Lemma 3.5. Let two system$E, A, B,Cy,D1] € Znmm(K),
[E, A B,Cy, D] € Znmp,(K) given with transfer functions

Ga(s) = C1(SE— A)"B + Dy € GlIn(K(9)),
Ga(S) =Ca(SE— A)IB + D, € K(5)PP™

" ol

Then the pencil
-se+A B
Ci D,



is regular and the transfer function of the system

[EE9 Ae, Be, Ce]

N L -

(1)
is Ge(9) = Ga(9G;1(9).

Step 1.1: We show that under assumptions of Theorem 3.6 and
C; = 0, D; = I, we have G(s) € RHZ*™ By C; = 0 and
D; = I we obtainG;y(s) = In. Hence,

P(1) = I~ Gy()G2(1) =0 Ve T\ o(E A).
As a consequence, we obtaia(s) € RHIM,

Step 1.2: We show that under the additional assumption that
C, =0, D1 = Iy and(13), the solution set of the KYP inequal-

Proof. Regularity ofsE. — Ac has been shownin [18, Lem. 8.9] ity (7) is nonempty. Moreover, all its solutions are nonposi-
for E = In. Our more general result follows by the same argu-ive: First, by a continuity argument and the fact that the Popov

mentation. The remaining result follows from

-B

sE-A
-Dy

e 1[ 0 ]: [(sE—A)lBGll(s)]’

G119

_|m
and consequently

Ge(s) = Co(SEe — Ae) 'Be

_ [CZ DZ] [(SE— A)_lBGzl(S)

GIl(S) ] = GZ(S)GIl(S) O

Theorem 3.6. Let [E,A,B] € X, m(K) with system space
Vsys € K™™ and space of consistent initial gitrential vari-
ablesVgig € K" be given and assume that © Q* € K™,

functions coincides with the modified Popov function @ i
we obtain that the Popov function is pointwisely positivense
definite on R. Then, by Theorem 2.10, the KYP inequality (7)
has a solutior? € K™". We now show that this solution fulfills
E*PE < 0: C; = 0 andD; = I, implies that

-lE+A B
0 Im
C D,

AE-A

n+ m=rank = m+ rank } VaeC.
C

(14)
Then, by [12, Thm. 5.3.17]H, A, B, C,, D,] is beh. detectable.
We further know from Step 1.1 th&y(s) € RHZ". Since
[E, A, B] is beh. stabilizable by assumption, Lemma 3.4 gives

S € K™™ and R= R € K™™, Suppose that the modified o(E,A) c C. LetW T € GIy(K) be matrices leading to sys-

Popov function(2) fulfills (10). Further, assume that at leas
one of the following two assumptions holds:

¢+ tem equivalence form (5). Then(Aq1) = o(E, A) c C". Since

P andC, can be accordingly transformed, and, in particular,
nonpositivity is preserved under this transformation, eethat

I) [E, A, B] is beh. stabilizable and the modified Popov fUﬂC-it is no loss of genera"ty to assume tvdlt=T = I,,. Let

tion (2) satisfiesrank¥(iw) = m for somew € R with
iw ¢ a(E,A);
i) [E, A, B] is beh. controllable.
Let G € K™N C, € KP2X" D; € K™™ and D, € KPX™M pe
given such that

Q s|_ [cc
s* R| " |DiC

C;D;

C:D:| [CiCa
g 53}

D;Di1| |D3C>
and

Ga(s) := C1(SE— A) 1B+ D1 € Gln(K(9)).
Then the solution set of the KYP inequali®) is nonempty.
Furthermore, the following holds:

a) There exists a nonpositive solution of the KYP inequéfity
b) If, furthermore,

-AE+A B
rank| C; Di|=n+m VieC", (13)
Cx D,

then all solutions of the KYP inequalify) are nonpositive.

Proof. DefineGy(s) := Co(SE— A)1B + D, € K()P™. In the

first part of the proof we show the theorem for a special case

and then turn to the more general situation.

Step 1: We show that Theorem 3.6 holds under the additional

assumption that C= 0and Dy = I

P11
P

P12
P22

P13
P23
P33

P= , C2=[C21 Cx Czs]

be partitioned according the block structure of (5). Asstima¢
v € Ny is the index of nilpotency oz,. With M, as in (6),
we obtain from Lemma 2.9 a) thatsys = im Mo, .. Thus, the
KYP inequality (7) reduces to

A*PE + EXPA-C:C, E*PB-C:D,]
0<Mv..| BPE-DC, I — D3D, | Vs
K11 Kiz 0] Nis N1,-1
KIZ Koo 0 N1 .. N2, -1
0 0 0 0 ... 0
=1 Nigg Ny, Of My Mz,-1 (15)
[ Ni,.p N3,y O ML, My_1,-1 |
where

K11 = A}1P11 + P1iAg; — C5,Co,

Ki2 = P11B1 — Cleg + CZlCZQBz - A’£1P12E2282»

K2z = —B;C5,C22B2 + B,C5,D2 + D5C22B2 + I
- D5D2 - B3E5,P1,B1 — BiP12E22B2,



and,forl<i<j<v-1,
Nii = —P12E5,By + C5,CoEb,Bs — A;,P1oEbH By,
Nzi = —B3C35,C22EL,B2 + D3C22Eb,Bs
+ B3E;,P1,E),B1 — BjP1oES, By,
Mij = B3(E5)""Po2E}, By + B(E5) PooE ' By
~ By(E3,)'C5,C0EL,Bo.
We will now show by induction that
1) P1oE, B, =0fori=1,...,v-1,and
2) By(Es,)'P2E),By =0fori,j=1,...,v-1.
First note that by properness@(s) we obtain

C22E22B22 = ... = CpoE}, Bpo = 0.

Together with the fact tha}, = 0 this impliesM,_1,_; = 0.

Since (15) is positive semidefinite, this yields

Ni,-1=0, Nz,_1=0,

This however implie®1,E,1B, = 0 andBj(E;,)' P2 E}, B, =

Myy-1=...=M,2,.1=0.

where Eii, Ai1, B1, Ca1] € Zn, mp,(K) with the system space
Vsys1 € K™*™ and the space of consistent initiafféirential
variablesVgiz1 € K™*™ is beh. detectable. Then we obtain
G2(9) = Ci(SEr1 — A11)™'B; + D,. By the assumptions and
Theorem 2.10, there exists some solut®n € K" of the
KYP inequality

Al P11E11 + E11P11A1 - C5,Co1
B;P11E11 — D3C21

E:,P11B1 - C5,D;
I — DD,

Z(vsysl 0.

Since E, A, B, C,, Do] is beh. stabilizable and beh. detectable,
we can make use of the results of Step 1.2 to see that
EilpllEll Va1 0.

Using the block triangular structure Bf A, andB, we obtain

X1
X2

Vsys C (T/sys =
u

c Kner : ()l(j-) € (Vsysl} , (18)

0,i =1, ..., v—1. Repeating this process inductively leads to

statements 1) and 2).
Now define the controllability matrix

¢ = [BQ E,.B, EEEJ'BQ]

By the system equivalence form (5) the systdtg| 1y, B] €
>, m(K) is completely controllable. Thus by [19, Thm. 2-2.1]

we obtain
rank®, = n,.

By statements 1) and 2) it holdBi2E2C; 0
€3 E3,P22E22€, = 0, hence by (16) this already implies

P1oEse =0, E5,P2Ez =0.
Moreover, since

0 < Ki1 = A};P11 + P11A1; — C5,Coy,

17)

~ X
Vit € Vdig = {(Xi) eK':x e (Vdiff,l}.
Now define
P= [Pél g} e K™,

ThenE"PE <3 0Oand
diff

[A*PE+ E'PA-C;C; E'PB- CZDz}

B"PE - D;C> Im— D5Do.
(16) Al P1iE1 + Ef P11A11 - C5,C1 0 EJ;P11B1 - C5,D>
and B’iPllEllO— D;C21 8 Im— SZDZ-
Z:‘}sys 0.

Hence, by (18), we see thBtsolves the KYP inequality (7).
Step 2: We infer the overall result:

Using Lemma 3.2 b), we obtain that the modified Popov
function fulfills

the Lyapunov inequalityA],(—P11) + (-P11)A11 < 0 holds.

Using o(A11) ¢ C-, we obtain from [20, Lem. 3.18] that
—P11 = 0, i.e.,Py1 < 0. This, together with (17) and the repre-

sentation of Vg as in Lemma 2.9 b) implies

[ln, O O][P11 P12 Pas][ln, O
E'PE=4,,| 0 E;, Of[P;, P2 P23|{0 Ex
|1 0 0 O]|P;; P5; Ps3f[0 0
[Py O O
=g | O 0 0} <y 0.
L0 0 O

Step 1.3: We prove that statement a) holds fer € 0 and

D1 = Iy

_[QE-A1B]'[Q S|[E-A)'B
=[S A
_[@E-A1B|'[CiC, C;Di|[(UE-A)'B
; = sl
0 (AE-A)B['[CiC, CiD|[(AE - A)IB
0 - Im D;C, D;D; Im

= G1(4)G1(4) = Gx()G2().

In particular, the functio®e(s) = Ga(s)G;(s) € K(s)P*™ ful-
fills

lm — G5(1)Ge() > 0 (19)

By the Kalman decomposition [19, Sect. 2.5], it is no loss of OF &ll 1 € C* \ o(E, A) which are no poles dBe(s). Consider

generality to assume that

0

sk - Aur B1
, B= , C=|C
SEx — Azz] [Bz} 2 [ 2

SE-A=
[SE21 - A

the matrice€,, Ae, Be, Ce asin (11). By Lemma 3.5 we obtain
that the pencibE — Ac € K[g]™™ ™M is regular and

0|,

6

Ce(SEe — Ae) 1Be = G2(9G;1(9) = Ge(9).



The structure ok, A, andBe yields
rank[/lEe - Ae Be] = rank[/lE -A B] +m VYaeC.

Hence, we can use [12, Thm. 5.2.30] and beh. stabilizalaifity

[E, A, B] to see thatlEe, A, Be] is as well beh. stabilizable.

Hence we are in the situation of Step 1.2, which leads to

= EZPeEe S(Vd\ll'.e O’

E*PE O
0 0

and thereforeE*PE <, 0. This completes the proof. O

Let Vsyse and Vi e be the system space and the space of

consistent initial dierential variables of the system (11), re-

spectively. Consider the KYP inequality

PPeEe+ EcPeAc+ Qe EPeBetSel. o o _ o
BIPeE. + S; Re |TWoe ™ TET @
(20)
where
_[cc CiDs ~ _
Qe - |:DZC2 D;D2 ) Se - 09 Re - Im-

The modified Popov function associated to the KYP inequality

(20) then read¥e(2) = Im—G;(1)Ge(4). By (19) and the results
from Step 1, there exists a nonpositive solutigne Kn+mn+m
of (20). Partition
P
P. =
¢ [Pe,21

with P € K™". Then the equatiofE;PeEe <v,,. O implies

Pe12
Pe 22

E*PE <+,, 0. Hence, it sffices for the desired statement a) to

prove thatP indeed solves the KYP inequality (7).
By definition of Vsyse, Ee, Ae, andBe, we have

X
Vsyse = {{u] e Kmam - (L() € Vsysandz = Cix + Dlu}.
z

Thus, the matrix

lhn O
Te=|0 Im
C, D

fulfills TeVsys = Vsyse. Thereby, we obtain

ALPeEe + EZPeAc + Qe EZPeBe + Se
BiPeEe + S¢ Re

_ [A*PE+E*PA+C;C,-CiC, E*PB+C:D;-C;D;

“Vss|  B'PE+DjCi-D;C, D;D; - D;D,

_ A'PE+ E*PA+Q EPB+S

“Ves|  B'PE+S R

0 <yg,.Te [ Te

Finally, for statement b) it remains to be shown that all Sohs
of the KYP inequality are nonpositive, if (13) holds.
Now let P € K™" be a solution of the KYP inequality (7).

Then
P O
Pe = [0 0]

solves the KYP inequality (20). Further, by elementary omtu
operations, we obtain

-AEe+ A Be -lIE+A B
rank Ce O|l=rank] C; Di|+m
0 Im Co D,

=n+2m VYaieC-.

4. Positive real and bounded real lemma

Now we apply our results to characterize positive realness
and bounded realness of transfer functions.

Definition 4.1 (Positive realness, bounded realnegsyational
functionG(s) € K(s)™™Mis called

a) positive realif p=m, G(s) has no poles ilt* and

GA)+G'(1)=0 VaeCH

b) bounded reaif G(s) € RH>™ and
Im—G*(A)G(1) =0 VieC.

Remarkd.2

a) Boundedrealnessis equivalent to#ite norm[20, Sec 4.3]
of G(s) being less or equal to one.

b) The notions of positive realness and bounded realness are
quite traditional in linear systems theory [6]. Note that,
though the terminology suggests, we actually do not im-
pose any realness assumption in the previous definition. Re-
alness actually does not feature any noteworthy additional
property, whence we use the traditional notion also for the
complex case.

Theorem 4.3(Differential-algebraic positive real lemmad)et
[E, A B,C,D] € Znmm(K) with the system spac¥sys € K™™,
the space of consistent initialfgBrential variablesVgiz € K",
and the transfer function &) € K(s)™™ be given.

a) If there exists some Hermitian @K™" with E*PE >4, 0
and

<Vqs 0, (21)

B*PE-C -D*-D
then ) is positive real.
b) Assume that (®) is positive real and least one of the follow-
ing properties holds:
(i) [E, A, B] is beh. stabilizable and &w)* + G(iw) > 0
for somew € R withiw ¢ o(E, A);
(ii) [E, A, B]is beh. controllable.
Then there exists some HermitiareBK™" fulfilling (21).
c) If, in addition to the assumptions in b)E, A, B,C, D] is
beh. detectable, then all HermitianPK™" with (21) fulfill
E*PE 2, O.

[A*PE+ E*PA EPB-C*

Proof. Statement a) follows from Theorem 3.3 wi¢h = 0O,

S = C*, R= D + D* and a substitutio® ~» —P.

To prove b), we simply check whether we meet the assumptions
of Theorem 3.6 after the above substitution: In the terntggl

of Theorem 3.6 we hav€; = C, = VAEC, D; = %(D + Im)



and D,

Im), Gu(8) = J5(G(9) + Im), andGa(s) =

(P -

systems. The general results on the KYP inequality have fur-

(G(s) — Iy). Invertibility of Gl(s) is a consequence of the ther been used to formulatefidirential-algebraic versions of

fact that for allt € C* andu € C™ it holds
u*(Im + G(D))u = [Ul® + 3u*(G*(A) + G(A))u > u*u.

To prove c), it stffices to translate and check that (13) is true.
This however is a consequence of [12, Thm. 5.3.17] together)
with

-JE+A B -AE+ A B [2]
rank| C; D, | = rank %C %(D +1m) 3]
Cz D> %C %(D = Im)
= m+ rank —AE+A YaeC. 4l
C O

Remarkd4.4. We note that in [21], a similar version of the posi-
tive real lemma has been elaborated. For the existence of a sdsl
lution of someP > O fulfilling (21), minimality (which implies
complete controllability and the respectively dual prapéor 7]
observability) of E, A, B, C, D] has however been presumed.

By using substitution® ~~» —P, C; = Opxn, D1 = Im, C2 = (8]
C, Dy = D, Gi(s) = ImandGy(s) = G(s) in Theorem 3.3, and
further making use of (14), we can analogously conclude the
differential-algebraic bounded real lemma.

[9]
Theorem 4.5(Differential-algebraic bounded real lemmagt
[E, A B,C, D] € Xpmp with the system spacksys € K™™, the [10]
space of consistent initial flerential variablesVg¢ € K", and
the transfer function &) € K(s)™™ be given.
a) If there exists some Hermitian PK™" with [11]
T ePEaDC DDl |0 @D m
[13]
then ds) is bounded real.
b) Assume that ) is positive real and least one of the follow- [14]
ing properties hold:
(i) [E, A, B]is beh. stabilizable andd- G(iw)*G(iw) > 0
for somew € R withiw ¢ o(E, A); [15]
(ii) [E, A, B]is beh. controllable.
Then there exists some HermitiareBK™" fulfilling (22). [16]
c) If, in addition to the assumptions in b)E, A, B,C, D] is
beh. detectable, then all Hermitian®K™" with (22)fulfill "]
E*PE 2q,, O.
[18]
5. Conclusions [19]
In this paper we have proven a newfistient condition  [20]
for the existence of nonpositive solutions of the Kalman-[Zl]

Yakubovich-Popov (KYP) inequality. This condition, going
back to WiLLems, has been extended tofidirential-algebraic

the bounded real and positive real lemma.
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