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Abstract

The Kalman-Yakubovich-Popov lemma is a central result in systems and control theory which relates the positive semidefiniteness
of a Popov function on the imaginary axis to the solvability of a linear matrix inequality. In this paper we prove sufficient conditions
for the existence of a nonpositive solution to this inequality for differential-algebraic systems. Our conditions are given in terms
of positivity of a modified Popov function in the right complex half-plane. Our results also apply to non-controllable systems.
A consequence of our results are bounded real and positive real lemmas for differential-algebraic systems.
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1. Introduction

We consider linear time-invariant differential-algebraic con-
trol systems

Eẋ(t) = Ax(t) + Bu(t), (1)

where sE − A ∈ K[s]n×n is assumed to beregular (i.e.,
det(sE− A) is not the zero polynomial) andB ∈ Km×n. The set
of such systems is denoted byΣn,m(K) and we write [E,A, B] ∈
Σn,m(K). The functionu : R → Km is acontrol input, whereas
x : R → K

n denotes the state of the system. The set of all
solution trajectories (x, u) : R→ Kn×Km induces thebehavior

B[E,A,B] :=
{
(x, u) ∈ L2

loc(R,K
n) × L2

loc(R,K
m) :

Eẋ = Ax+ Bu
}
,

whereẋ denotes the distributional derivative ofx.
We consider the so-calledmodified Popov function

Ψ : C \ σ(E,A)→ C
m×m
, (2a)

whereσ(E,A) = {λ ∈ C : det(λE − A) , 0} (see the subsequent
section for the notation) and

Ψ(λ) =

[
(λE − A)−1B

Im

]∗ [
Q S
ST R

] [
(λE − A)−1B

Im

]
(2b)

with Q = Q∗ ∈ Kn×n, S ∈ Kn×m, andR = R∗ ∈ Km×m. Note
thatΨ(·) is takes Hermitian values and coincides on iR with
the classical Popov function (where theλ in the first factor is
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replaced by−λ). Ψ(·) is, in contrast to the Popov function, nei-
ther rational nor meromorphic. We characterizeΨ(·) ≥ 0 on
the open complex right half plane. This is strongly related to
the feasibility of infinite time horizon linear-quadratic optimal
control problems withzero final state[1].

For standard state space systems (i.e., withE = In), the above
property can be checked by the famous Kalman-Yakubovich-
Popov (KYP) lemma, see [2, 3, 4, 5]. The lemma states that if
[ In,A, B] is controllable, thenΨ(iω) ≥ 0 holds for all iω < σ(A)
if, and only if, the so-calledKYP inequality

[
A∗P+ PA+ Q PB+ S

B∗P+ S∗ R

]
≥ 0, (3)

has a Hermitian solutionP ∈ Kn×n.
On the other hand, there are modifications of this lemma for

special choices ofQ, S, andR. For instance, forQ = 0n×n,
S = C∗, andR = D + D∗, one can show that if [In,A, B] is
controllable, then withG(s) = C(sIn − A)−1B+ D it holds

Ψ(λ) = G(λ) +G(λ)∗ ≥ 0 ∀λ ∈ C+ \ σ(A)

if, and only if, the KYP inequality (3) withQ = 0n×n, S = C∗,
andR= D+D∗ has a solutionP ≤ 0. This is calledpositive real
lemmaand is of great importance in the context of passivity [6].

The KYP lemma states that positive semi-definiteness ofΨ(·)
on iR \ σ(A) is equivalent to the existence ofa solution of the
KYP inequality, whereas for the positive real lemma, positive
semi-definiteness ofΨ(·) in C+ \ σ(A) is equivalent to the exis-
tence of anonpositivesolution of the KYP inequality.

Thus, a natural question is whetherΨ(·) ≥ 0 in C+ \ σ(A)
is equivalent to the existence of a solutionP ≤ 0 of the KYP
inequality. The great Jan C. Willems first casually claimed in
his seminal article [1] that this statement holds for controllable
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systems. However, in a quite immediately successional erratum
[7], this claim has been disproved by himself with the aid of
a counter-example. Willems further stated in this erratum [7]
that the equivalence holds, if an inertial decomposition

[
Q S
S∗ R

]
=

[
C∗1C1 C∗1D1

D∗1C1 D∗1D1

]
−

[
C∗2C2 C∗2D2

D∗2C2 D∗2D2

]
, (4a)

is admitted, whereC1 ∈ Km×n, C2 ∈ Kp2×n, D1 ∈ Km×m, D2 ∈
Kp2×m, and

G1(s) := C1(sIn − A)−1B+ D1 ∈ Glm(K(s)). (4b)

However, no proof of this statement has been carried out. A
further condition for the larger class of behavioral systems has
been examined by Trentelman and Rapisarda in [8, 9]. Under
an additional assumption which translates toΨ(·) > 0 on iR,
the existence of nonpositive solutions has been characterized
by means of an associatedPick matrix. In this paper, we revisit
Willems’ condition (4) and prove it for differential-algebraic
systems. Thereby we are also dealing with non-controllable
systems. We further present conditions for all solutions of
the KYP inequality being nonnegative. We will apply our re-
sults to formulate positive real and bounded real lemmas for
differential-algebraic systems.

Notation

We use the standard notations i,λ, A∗, A−∗, In, 0m×n for the
imaginary unit, the complex conjugate ofλ ∈ C, the conjugate
transpose of a complex matrix and its inverse, the identity ma-
trix of sizen × n and the zero matrix of sizem× n (subscripts
may be omitted, if clear from context). The symbolK stands
for either the fieldR of real numbers, or the fieldC of complex
numbers. The closure ofS ⊂ C is denoted byS.

By writing A ≥ (≤) B we mean that for two Hermitian ma-
trices A, B ∈ Kn×n, the matrixA − B is positive semidefinite
(negative semidefinite). The following concept, namely equal-
ity and semidefiniteness on some subspace will be frequently
used in this article.

Definition 1.1 (Equality and semidefiniteness on a subspace).
Let V ⊆ Kn be a subspace andA, B ∈ Kn×n be Hermitian.
Then we write

A =V (≥V, ≤V) B,

if v∗(A− B)v = (≥, ≤) 0 holds for allv ∈ V.

The following sets are further used in this article:
N0 the set of natural numbers including zero

C+, C− the open sets of complex numbers with posi-
tive and negative real parts, resp.

K[s], K(s) the ring of polynomials and the field of ratio-
nal functions with coefficients inK, resp.

Gln(K) the group of invertiblen × n matrices with
entries in a fieldK

σ(A) spectrum ofA ∈ Kn×n

σ(E,A) = {λ ∈ C : det(λE − A) = 0}, the set of gener-
alized eigenvalues of the matrix pencilsE−
A ∈ K[s]n×n

RH p×m
∞ the space of rationalp × m matrix-valued

functions which are bounded inC+

L2
loc(I,Kn) the set of measurable and locally square in-

tegrable functionsf : I → Kn on the set
I ⊆ R

2. Preliminaries

2.1. Differential-Algebraic Systems

We first introduce some systems theoretic concepts for
differential-algebraic systems [E,A, B] ∈ Σn,m(K). First we
consider notions related to controllability and stabilizability, see
also [10, 11] and [12, Def. 5.2.2] for the definition and the re-
spective algebraic conditions in terms of the system matrices.

Definition 2.1 (Controllability and stabilizability). A system
[E,A, B] ∈ Σn,m(K) is called

a) behaviorally (beh.) stabilizableif for all ( x1, u1) ∈ B[E,A,B],
there exists some (x, u) ∈ B[E,A,B] with

(x(t), u(t)) = (x1(t), u1(t)), if t < 0, and lim
t→∞

(x(t), u(t)) = 0;

b) behaviorally (beh.) controllableif for all ( x1, u1), (x2, u2) ∈
B[E,A,B] , there exists some (x, u) ∈ B[E,A,B] and someT > 0
with

(x(t), u(t)) =


(x1(t), u1(t)), if t < 0,

(x2(t), u2(t)), if t > T;

c) completely controllableif for all x0, xf ∈ Kn, there exists
some (x, u) ∈ B[E,A,B] and someT > 0 with x(0) = x0 and
x(T) = xf .

Moreover, we also consider differential-algebraic systems
[E,A, B] ∈ Σn,m(K) which have an additionaloutput equation

y(t) = Cx(t) + Du(t),

whereC ∈ Kp×n andD ∈ Kp×m. We denote the set of all such
systems byΣn,m,p(K) and we write [E,A, B,C,D] ∈ Σn,m,p(K)
(or [E,A, B,C] ∈ Σn,m,p(K) if D = 0). The behavior is given by

B[E,A,B,C,D] :=
{
(x, u, y) ∈ B[E,A,B] × L2

loc(R,K
p) :

y = Cx+ Du
}
,

and the expression

G(s) = C(sE− A)−1B+ D ∈ K(s)p×m

is called thetransfer function of[E,A, B,C,D] ∈ Σn,m,p(K).
Behavioral detectability means that the state can be asymp-

totically reconstructed from the knowledge of input and output,
cf. [12, Def. 5.3.16]. See also [12, Thm. 5.3.17] for an equiva-
lent algebraic criterion.

Definition 2.2 (Behavioral detectability). The system
[E,A, B,C,D] ∈ Σn,m,p(K) is called behaviorally (beh.)
detectableif

(x1, u, y), (x2, u, y) ∈ B[E,A,B,C,D] ⇒ lim
t→∞

x1(t) − x2(t) = 0.
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2.2. System Equivalence Form, System Space, and Space of
Consistent Initial Differential Veriables

In this paper we consider systems [E,A, B] ∈ Σn,m(K) under
system equivalence which is defined as follows.

Definition 2.3 (System equivalence). [10] Two systems
[Ei ,Ai , Bi] ∈ Σn,m(K), i = 1, 2, are calledsystem equivalent,
if there existW, T ∈ Gln(K) such that

[
sE2 − A2 B2

]
=W

[
sE1 − A1 B1

] [T 0
0 Im

]
.

Remark2.4. Beh. stabilizability, beh. controllability and com-
plete controllability are invariant under system equivalence.

The followingsystem equivalence formis basically consist-
ing of a Kalman decomposition of the infinite eigenvalues of
sE− A and will be of great importance in our proofs.

Proposition 2.5 (System equivalence form). [13] Let
[E,A, B] ∈ Σn,m(K) be given. Then there exist W, T ∈ Gln(K)
such that

[
sẼ − Ã B̃

]
: =W

[
sE− A B

] [T 0
0 Im

]

=



sIn1 − A11 0 sE13 − A13 B1

0 sE22 − In2 sE23 − A23 B2

0 0 sE33 − In3 0

 ,

(5)

where E22 ∈ Kn2×n2 and E33 ∈ Kn3×n3 are nilpotent and

[[
In1 0
0 E22

]
,

[
A11 0
0 In2

]
,

[
B1

B2

]]
∈ Σn1+n2,m(K)

is completely controllable.

Remark2.6. The system [E,A, B] is beh. stabilizable (beh. con-
trollable) if, and only if, the ODE system [In1,A11, B1] is stabi-
lizable (controllable) [14].

Next we introduce two fundamental spaces of a system
[E,A, B], namely the system space and the space of consistent
initial differential variables.

Definition 2.7 (System space, space of consistent initial differ-
ential variables). Let [E,A, B] ∈ Σn,m(K) be given.

a) The system spaceof [E,A, B] is the smallest subspace
Vsys⊆ Kn+m, such that for all (x, u) ∈ B[E,A,B] it holds

(
x(t)
u(t)

)
∈ Vsys for almost allt ∈ R.

b) The space of consistent initial differential variablesof
[E,A, B] is defined by

Vdiff :=
{
x0 ∈ Kn : ∃(x, u) ∈ B[E,A,B] with Ex(0) = Ex0

}
.

In the next lemma we consider the behavior of the two above
spaces under systems equivalence.

Lemma 2.8. [15, 14] Assume that[E,A, B] ∈ Σn,m(K) with the
system spaceVsys ⊆ Kn+m and the space of consistent initial
differential variablesVdiff ⊆ Kn is given. Moreover, let W, T ∈
Gln(K) and let Ṽsys ⊆ Kn+m and Ṽdiff ⊆ Kn be the system
space and the space of consistent initial differential variables
of [WET,WAT,WB] ∈ Σn,m(K), respectively. Then it holds

a)

Vsys=

[
T 0
0 Im

]
· Ṽsys;

b)
Vdiff = T · Ṽdiff .

Finally, we give an explicit form of the system space and
the space of consistent initial differential variables for systems
given in system equivalence form.

Lemma 2.9. Let the system[E,A, B] ∈ Σn,m(K) be given in sys-
tem equivalence form(5). Letν ∈ N0 be the index of nilpotency
of E22. Then it holds

a)

Vsys= im MVsys,

where

MVsys =



In1 0 0 . . . 0
0 −B2 −E22B2 . . . −Eν−1

22 B2

0 0 0 . . . 0
0 Im 0 . . . 0


(6)

b)

Vdiff = K
n1+n2 × ker



E13

E23

E33

 .

Proof. Statement a) can be concluded from the fact that the
equationE33ẋ3(t) = x3(t) implies x3(t) = 0, whereas from
E22ẋ2(t) = x2(t) + B2u(t) we obtain

x2(t) = −
ν−1∑

i=0

E22B2u
(i)(t).

Statement b) is a consequence of [15, Prop. 2.9].

2.3. Differential-Algebraic Kalman-Yakubovich-Popov Lemma
We recall a version of the KYP lemma for differential-

algebraic equations which has recently been shown in [14, Thm.
4.1].

Theorem 2.10(KYP lemma for differential-algebraic systems).
Let [E,A, B] ∈ Σn,m(K) with the system spaceVsys⊆ Kn+m, and
Q = Q∗ ∈ Kn×n, S ∈ Kn×m, R= R∗ ∈ Km×m be given. Further,
let the modified Popov functionΨ(·) be defined as in(2). Then
the following statements hold:

a) If theKYP inequality
[
A∗PE+ E∗PA+ Q E∗PB+ S

B∗PE+ S∗ R

]
≥Vsys 0, P = P∗ (7)

has a solution P∈ Kn×n, then

Ψ(iω) ≥ 0 ∀ω ∈ R with iω < σ(E,A). (8)
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b) If (8) and at least one of the two properties
i) rankΨ(iω) = m for someω ∈ R with iω < σ(E,A),

and max
{
rank

[
λE − A B

]
, rank

[
−λE − A B

]}
= n

for all λ ∈ C;
ii) [ E,A, B] is beh. controllable

is satisfied, then there exists some P∈ K
n×n that solves the

KYP inequality(7).

3. Main results

In this section we investigate the existence of nonpositiveso-
lutions of the KYP inequality (7). First, we define what we
mean by nonpositivity.

Definition 3.1 (Nonpositive solution). Let [E,A, B] ∈ Σn,m(K)
with the space of consistent initial differential variablesVdiff ⊆
Kn be given. Then we call a solutionP of the KYP inequality
(7) nonpositive, if

E∗PE ≤Vdiff 0. (9)

First we show the simpler part: The positive semidefiniteness
of Ψ(·) in C+ \ σ(E,A) is necessary for the existence of a non-
positive solution. This requires the following technical lemma.

Lemma 3.2. Let [E,A, B] ∈ Σn,m(K) with the systems space
Vsys ⊆ Kn+m and the space of consistent initial variables
Vdiff ⊆ Kn be given. Then for allλ ∈ C \ σ(E,A) the following
statements hold:

a)
[
A B

] [(λE − A)−1B
Im

]
= λ

[
E 0

] [(λE − A)−1B
Im

]

b)

im

[
(λE − A)−1B

Im

]
⊆ Vsys

c)
im(λE − A)−1B ⊆ Vdiff

Proof. Statements a) and b) have been shown in [14]. It re-
mains to show c): Assume thatλ ∈ C \ σ(E,A) and let
W, T ∈ Gln(K) be transformation matrices leading to system
equivalence form (5). Then

im(λE − A)−1B = im T
(
λẼ − Ã

)−1B̃

= im T



(λIn1 − A11)−1B1

(λE22− In2)
−1B2

0



⊆ T ·

K
n1+n2 × ker



E13

E23

E33



 = Vdiff .

Theorem 3.3. Let [E,A, B] ∈ Σn,m(K) with the systems space
Vsys ⊆ Kn+m and the space of consistent initial variables
Vdiff ⊆ Kn be given and assume that Q= Q∗ ∈ Kn×n,
S ∈ K

n×m, and R= R∗ ∈ K
m×m. Suppose that P∈ K

n×n is
a nonpositive solution of the KYP inequality(7). Then the mod-
ified Popov function(2) fulfills

Ψ(λ) ≥ 0 ∀λ ∈ C+ \ σ(E,A). (10)

Proof. By using Lemma 3.2 a), for allλ ∈ C \σ(E,A) we have
[
(λE − A)−1B

Im

]∗ [
A∗PE+ E∗PA E∗PB

B∗PE 0

] [
(λE − A)−1B

Im

]

=

[
(λE − A)−1B

Im

]∗ ([
A∗

B∗

] [
PE 0

]
+

[
E∗P

0

] [
A B

])

·
[
(λE − A)−1B

Im

]

=

[
(λE − A)−1B

Im

]∗ (
λ

[
E∗

0

] [
PE 0

]
+ λ

[
E∗P

0

] [
E 0

])

·
[
(λE − A)−1B

Im

]

= 2 Re(λ) · B∗(λE∗ − A∗
)−1E∗PE

(
λE − A

)−1B.

The KYP inequality (7) and Lemma 3.2 b) yield the inequality

Ψ(λ) ≥ −2 Re(λ) · B∗(λE∗ − A∗
)−1E∗PE

(
λE − A

)−1B

∀λ ∈ C \ σ(E,A).

Now plugging in someλ ∈ C+ \ σ(E,A) and using (9) and
Lemma 3.2 c), we obtain the desired result.

We now show that, under an additional assumption, the non-
negativity of the modified Popov function also implies the exis-
tence of a nonpositive solution. For this we need the following
two lemmas.

Lemma 3.4. Let [E,A, B,C,D] ∈ Σn,m,p(K) be beh. stabilizable
and beh. detectable and assume that its transfer function fulfills
G(s) ∈ RH p×m

∞ . Then it holdsσ(E,A) ⊂ C
−.

Proof. Since generalized state-space transformations preserve
beh. stabilizability and beh. detectability, we can w.l.o.g. as-
sume thatsE− A is given in quasi-Weierstraß form [16], i.e.,

sE− A =

[
sIr − A11 0

0 sE22 − In−r

]
, B =

[
B1

B2

]
, C =

[
C1 C2

]

whereE22 ∈ Kn−r×n−r is nilpotent,B1 ∈ Kr×m, B2 ∈ Kn−r×m,
C1 ∈ Kp×r , andC2 ∈ Kp×n−r . This corresponds to a decompo-
sition

G(s) = Gsp(s) +Gpoly(s)

whereGsp(s) = C1(sIr − A11)−1B1 ∈ K(s)p×m is strictly proper
and Gpoly(s) = C2(sE22 − In−r )−1B2 ∈ K[s]p×m. The as-
sumptionG(s) ∈ RH p×m

∞ then impliesGsp(s) = C1(sIr −
A11)−1B1 ∈ RH p×m

∞ . Beh. stabilizability and beh. detectabil-
ity of [E,A, B,C,D] imply stabilizability and detectability of
[ Ir ,A11, B1,C1,D]. Then [17, Lem. 8.3] yieldsσ(A11) ⊂ C−,
and henceσ(E,A) ⊂ C−.

Lemma 3.5. Let two systems[E,A, B,C1,D1] ∈ Σn,m,m(K),
[E,A, B,C2,D2] ∈ Σn,m,p2(K) given with transfer functions

G1(s) =C1(sE− A)−1B+ D1 ∈ Glm(K(s)),

G2(s) =C2(sE− A)−1B+ D2 ∈ K(s)p2×m

Then the pencil [
−sE+ A B

C1 D1

]

4



is regular and the transfer function of the system

[Ee,Ae, Be,Ce]

:=

[[
E 0
0 0

]
,

[
A B
C1 D1

]
,

[
0
−Im

]
,
[
C2 D2

]]
∈ Σn+m,m,p2(K)

(11)

is Ge(s) = G2(s)G−1
1 (s).

Proof. Regularity ofsEe−Ae has been shown in [18, Lem. 8.9]
for E = In. Our more general result follows by the same argu-
mentation. The remaining result follows from

[
sE− A −B
−C1 −D1

]−1 [
0
−Im

]
=

[
(sE− A)−1BG−1

1 (s)
G−1

1 (s)

]
,

and consequently

Ge(s) = Ce(sEe− Ae)
−1Be

=

[
C2 D2

] [(sE− A)−1BG−1
1 (s)

G−1
1 (s)

]
= G2(s)G−1

1 (s).

Theorem 3.6. Let [E,A, B] ∈ Σn,m(K) with system space
Vsys ⊆ Kn+m and space of consistent initial differential vari-
ablesVdiff ⊆ Kn be given and assume that Q= Q∗ ∈ Kn×n,
S ∈ Kn×m, and R= R∗ ∈ Km×m. Suppose that the modified
Popov function(2) fulfills (10). Further, assume that at least
one of the following two assumptions holds:

i) [ E,A, B] is beh. stabilizable and the modified Popov func-
tion (2) satisfiesrankΨ(iω) = m for someω ∈ R with
iω < σ(E,A);

ii) [ E,A, B] is beh. controllable.

Let C1 ∈ Km×n, C2 ∈ Kp2×n, D1 ∈ Km×m, and D2 ∈ Kp2×m be
given such that

[
Q S
S∗ R

]
=Vsys

[
C∗1C1 C∗1D1

D∗1C1 D∗1D1

]
−

[
C∗2C2 C∗2D2

D∗2C2 D∗2D2

]
, (12)

and
G1(s) := C1(sE− A)−1B+ D1 ∈ Glm(K(s)).

Then the solution set of the KYP inequality(7) is nonempty.
Furthermore, the following holds:

a) There exists a nonpositive solution of the KYP inequality(7).
b) If, furthermore,

rank



−λE + A B
C1 D1

C2 D2

 = n+m ∀λ ∈ C+, (13)

then all solutions of the KYP inequality(7) are nonpositive.

Proof. DefineG2(s) := C2(sE− A)−1B+ D2 ∈ K(s)p×m. In the
first part of the proof we show the theorem for a special case
and then turn to the more general situation.
Step 1: We show that Theorem 3.6 holds under the additional
assumption that C1 = 0 and D1 = Im:

Step 1.1: We show that under assumptions of Theorem 3.6 and
C1 = 0, D1 = Im we have G2(s) ∈ RH p2×m

∞ : By C1 = 0 and
D1 = Im we obtainG1(s) = Im. Hence,

Ψ(λ) = Im−G∗2(λ)G2(λ) ≥ 0 ∀ λ ∈ C+ \ σ(E,A).

As a consequence, we obtainG2(s) ∈ RH p2×m
∞ .

Step 1.2: We show that under the additional assumption that
C1 = 0, D1 = Im and (13), the solution set of the KYP inequal-
ity (7) is nonempty. Moreover, all its solutions are nonposi-
tive: First, by a continuity argument and the fact that the Popov
functions coincides with the modified Popov function on iR,
we obtain that the Popov function is pointwisely positive semi-
definite on iR. Then, by Theorem 2.10, the KYP inequality (7)
has a solutionP ∈ Kn×n. We now show that this solution fulfills
E∗PE ≤ 0: C1 = 0 andD1 = Im implies that

n+m= rank



−λE + A B
0 Im

C2 D2

 = m+ rank

[
λE − A

C2

]
∀λ ∈ C.

(14)
Then, by [12, Thm. 5.3.17], [E,A, B,C2,D2] is beh. detectable.
We further know from Step 1.1 thatG2(s) ∈ RH p2×m

∞ . Since
[E,A, B] is beh. stabilizable by assumption, Lemma 3.4 gives
σ(E,A) ⊂ C−. Let W, T ∈ Gln(K) be matrices leading to sys-
tem equivalence form (5). Thenσ(A11) = σ(E,A) ⊂ C−. Since
P andC2 can be accordingly transformed, and, in particular,
nonpositivity is preserved under this transformation, we see that
it is no loss of generality to assume thatW = T = In. Let

P =



P11 P12 P13

P∗12 P22 P23

P∗13 P∗23 P33

 , C2 =
[
C21 C22 C23

]

be partitioned according the block structure of (5). Assumethat
ν ∈ N0 is the index of nilpotency ofE22. WithMVsys as in (6),
we obtain from Lemma 2.9 a) thatVsys = imMVsys. Thus, the
KYP inequality (7) reduces to

0 ≤ M∗Vsys

[
A∗PE+ E∗PA−C∗2C2 E∗PB−C∗2D2

B∗PE− D∗2C2 Im− D∗2D2

]
MVsys

=



K11 K12 0 N1,1 . . . N1,ν−1

K∗12 K22 0 N2,1 . . . N2,ν−1

0 0 0 0 . . . 0
N∗1,1 N∗2,1 0 M1,1 . . . M1,ν−1

...
...

...
...

. . .
...

N∗1,ν−1 N∗2,ν−1 0 M∗1,ν−1 . . . Mν−1,ν−1



(15)

where

K11 = A∗11P11 + P11A11 −C∗21C21,

K12 = P11B1 −C∗21D2 +C∗21C22B2 − A∗11P12E22B2,

K22 = −B∗2C
∗
22C22B2 + B∗2C

∗
22D2 + D∗2C22B2 + Im

− D∗2D2 − B∗2E∗22P
∗
12B1 − B∗1P12E22B2,
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and, for 1≤ i ≤ j ≤ ν − 1,

N1,i = −P12E
i
22B2 +C∗21C22E

i
22B2 − A∗11P12E

i+1
22 B2,

N2,i = −B∗2C
∗
22C22E

i
22B2 + D∗2C22E

i
22B2

+ B∗2E∗22P
∗
12E

i
22B1 − B∗1P12E

i+1
22 B2,

Mi, j = B∗2(E
∗
22)

i+1P22E
j
22B2 + B∗2(E

∗
22)

iP22E
j+1
22 B2

− B∗2(E
∗
22)

iC∗22C22E
j
22B2.

We will now show by induction that

1) P12Ei
22B2 = 0 for i = 1, . . . , ν − 1, and

2) B∗2(E
∗
22)

iP22E
j
22B2 = 0 for i, j = 1, . . . , ν − 1.

First note that by properness ofG2(s) we obtain

C22E22B22 = . . . = C22E
ν−1
22 B22 = 0.

Together with the fact thatEν22 = 0 this impliesMν−1,ν−1 = 0.
Since (15) is positive semidefinite, this yields

N1,ν−1 = 0, N2,ν−1 = 0, M1,ν−1 = . . . = Mν−2,ν−1 = 0.

This however impliesP12Eν−1
22 B2 = 0 andB∗2(E

∗
22)

iP22Eν−1
22 B2 =

0, i = 1, . . . , ν − 1. Repeating this process inductively leads to
statements 1) and 2).

Now define the controllability matrix

C2 :=
[
B2 E22B2 . . . Eν−1

22 B2

]
.

By the system equivalence form (5) the system [E22, In2, B2] ∈
Σn2,m(K) is completely controllable. Thus by [19, Thm. 2-2.1]
we obtain

rankC2 = n2. (16)

By statements 1) and 2) it holdsP12E22C2 = 0 and
C
∗
2E∗22P22E22C2 = 0, hence by (16) this already implies

P12E22 = 0, E∗22P22E22 = 0. (17)

Moreover, since

0 ≤ K11 = A∗11P11 + P11A11 −C∗21C21,

the Lyapunov inequalityA∗11(−P11) + (−P11)A11 ≤ 0 holds.
Using σ(A11) ⊂ C−, we obtain from [20, Lem. 3.18] that
−P11 ≥ 0, i.e.,P11 ≤ 0. This, together with (17) and the repre-
sentation ofVdiff as in Lemma 2.9 b) implies

E∗PE =Vdiff



In1 0 0
0 E∗22 0
0 0 0





P11 P12 P13

P∗12 P22 P23

P∗13 P∗23 P33





In1 0 0
0 E22 0
0 0 0



=Vdiff



P11 0 0
0 0 0
0 0 0

 ≤Vdiff 0.

Step 1.3: We prove that statement a) holds for C1 = 0 and
D1 = Im:

By the Kalman decomposition [19, Sect. 2.5], it is no loss of
generality to assume that

sE−A =

[
sE11 − A11 0
sE21 − A21 sE22 − A22

]
, B =

[
B1

B2

]
, C2 =

[
C21 0

]
,

where [E11,A11, B1,C21] ∈ Σn1,m,p2(K) with the system space
Vsys,1 ⊆ Kn1+m and the space of consistent initial differential
variablesVdiff,1 ⊆ Kn1+m is beh. detectable. Then we obtain
G2(s) = C21(sE11 − A11)−1B1 + D2. By the assumptions and
Theorem 2.10, there exists some solutionP11 ∈ Kn1×n1 of the
KYP inequality

[
A∗11P11E11 + E11P11A11 −C∗21C21 E∗11P11B1 −C∗21D2

B∗1P11E11 − D∗2C21 Im − D∗2D2.

]

≥Vsys,1 0.

Since [E,A, B,C2,D2] is beh. stabilizable and beh. detectable,
we can make use of the results of Step 1.2 to see that
E∗11P11E11 ≤Vdiff,1 0.

Using the block triangular structure ofE, A, andB, we obtain

Vsys⊂ Ṽsys :=





x1

x2

u

 ∈ K
n+m :

(
x1

u

)
∈ Vsys,1


, (18)

Vdiff ⊂ Ṽdiff :=

{(
x1

x2

)
∈ Kn : x1 ∈ Vdiff,1

}
.

Now define

P =

[
P11 0
0 0

]
∈ Kn×n

.

ThenE∗PE ≤Ṽdiff
0 and

[
A∗PE+ E∗PA−C∗2C2 E∗PB−C∗2D2

B∗PE− D∗2C2 Im− D∗2D2.

]

=



A∗11P11E11 + E∗11P11A11 −C∗21C21 0 E∗11P11B1 −C∗21D2

0 0 0
B∗1P11E11 − D∗2C21 0 Im− D∗2D2.



≥Ṽsys
0.

Hence, by (18), we see thatP solves the KYP inequality (7).
Step 2: We infer the overall result:

Using Lemma 3.2 b), we obtain that the modified Popov
function fulfills

Ψ(λ) =

[
(λE − A)−1B

Im

]∗ [
Q S
S∗ R

] [
(λE − A)−1B

Im

]

=

[
(λE − A)−1B

Im

]∗ [
C∗1C1 C∗1D1

D∗1C1 D∗1D1

] [
(λE − A)−1B

Im

]

−
[
(λE − A)−1B

Im

]∗ [
C∗2C2 C∗2D2

D∗2C2 D∗2D2

] [
(λE − A)−1B

Im

]

= G∗1(λ)G1(λ) −G∗2(λ)G2(λ).

In particular, the functionGe(s) = G2(s)G−1
1 (s) ∈ K(s)p2×m ful-

fills
Im−G∗e(λ)Ge(λ) ≥ 0 (19)

for all λ ∈ C+ \ σ(E,A) which are no poles ofGe(s). Consider
the matricesEe, Ae, Be, Ce as in (11). By Lemma 3.5 we obtain
that the pencilsEe − Ae ∈ K[s]n+m×n+m is regular and

Ce(sEe − Ae)−1Be = G2(s)G−1
1 (s) = Ge(s).
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The structure ofEe, Ae, andBe yields

rank
[
λEe− Ae Be

]
= rank

[
λE − A B

]
+m ∀λ ∈ C.

Hence, we can use [12, Thm. 5.2.30] and beh. stabilizabilityof
[E,A, B] to see that [Ee,Ae, Be] is as well beh. stabilizable.

Let Vsys,e andVdiff,e be the system space and the space of
consistent initial differential variables of the system (11), re-
spectively. Consider the KYP inequality
[
A∗ePeEe + E∗ePeAe+ Qe E∗ePeBe+ Se

BT
ePeEe + S∗e Re

]
≥Vsys,e 0, Pe = P∗e,

(20)
where

Qe = −
[
C∗2C2 C∗2D2

D∗2C2 D∗2D2

]
, Se = 0, Re = Im.

The modified Popov function associated to the KYP inequality
(20) then readsΨe(λ) = Im−G∗e(λ)Ge(λ). By (19) and the results
from Step 1, there exists a nonpositive solutionPe ∈ Kn+m×n+m

of (20). Partition

Pe =

[
P Pe,12

Pe,21 Pe,22

]

with P ∈ Kn×n. Then the equationE∗ePeEe ≤Vdiff,e 0 implies
E∗PE ≤Vdiff 0. Hence, it suffices for the desired statement a) to
prove thatP indeed solves the KYP inequality (7).

By definition ofVsys,e, Ee, Ae, andBe, we have

Vsys,e =





x
u
z

 ∈ K
n+2m :

(
x
u

)
∈ Vsys andz= C1x+ D1u


.

Thus, the matrix

Te :=



In 0
0 Im

C1 D1



fulfills TeVsys= Vsys,e. Thereby, we obtain

0 ≤VsysT
∗
e

[
A∗ePeEe+ E∗ePeAe+ Qe E∗ePeBe+ Se

B∗ePeEe + S∗e Re

]
Te

=Vsys

[
A∗PE+ E∗PA+C∗1C1 −C∗2C2 E∗PB+C∗1D1 −C∗2D2

B∗PE+ D∗1C1 − D∗2C2 D∗1D1 − D∗2D2

]

=Vsys

[
A∗PE+ E∗PA+ Q E∗PB+ S

B∗PE+ S∗ R

]
.

Finally, for statement b) it remains to be shown that all solutions
of the KYP inequality are nonpositive, if (13) holds.

Now let P ∈ Kn×n be a solution of the KYP inequality (7).
Then

Pe =

[
P 0
0 0

]

solves the KYP inequality (20). Further, by elementary column
operations, we obtain

rank



−λEe+ Ae Be

Ce 0
0 Im

 = rank



−λE + A B
C1 D1

C2 D2

 +m

= n+ 2m ∀λ ∈ C+.

Hence we are in the situation of Step 1.2, which leads to
[
E∗PE 0

0 0

]
= E∗ePeEe ≤Vdiff,e 0,

and therefore,E∗PE ≤Vdiff 0. This completes the proof.

4. Positive real and bounded real lemma

Now we apply our results to characterize positive realness
and bounded realness of transfer functions.

Definition 4.1 (Positive realness, bounded realness). A rational
functionG(s) ∈ K(s)p×m is called

a) positive realif p = m, G(s) has no poles inC+ and

G(λ) +G∗(λ) ≥ 0 ∀ λ ∈ C+;

b) bounded realif G(s) ∈ RH p×m
∞ and

Im −G∗(λ)G(λ) ≥ 0 ∀ λ ∈ C+.

Remark4.2.

a) Bounded realness is equivalent to theH∞ norm[20, Sec 4.3]
of G(s) being less or equal to one.

b) The notions of positive realness and bounded realness are
quite traditional in linear systems theory [6]. Note that,
though the terminology suggests, we actually do not im-
pose any realness assumption in the previous definition. Re-
alness actually does not feature any noteworthy additional
property, whence we use the traditional notion also for the
complex case.

Theorem 4.3(Differential-algebraic positive real lemma). Let
[E,A, B,C,D] ∈ Σn,m,m(K) with the system spaceVsys⊆ K

n+m,
the space of consistent initial differential variablesVdiff ⊆ Kn,
and the transfer function G(s) ∈ K(s)m×m be given.

a) If there exists some Hermitian P∈ Kn×n with E∗PE ≥Vdiff 0
and [

A∗PE+ E∗PA E∗PB−C∗

B∗PE−C −D∗ − D

]
≤Vsys 0, (21)

then G(s) is positive real.
b) Assume that G(s) is positive real and least one of the follow-

ing properties holds:
(i) [ E,A, B] is beh. stabilizable and G(iω)∗ + G(iω) > 0

for someω ∈ R with iω < σ(E,A);
(ii) [ E,A, B] is beh. controllable.

Then there exists some Hermitian P∈ Kn×n fulfilling (21).
c) If, in addition to the assumptions in b),[E,A, B,C,D] is

beh. detectable, then all Hermitian P∈ Kn×n with (21) fulfill
E∗PE ≥Vdiff 0.

Proof. Statement a) follows from Theorem 3.3 withQ = 0,
S = C∗, R= D + D∗ and a substitutionP −P.
To prove b), we simply check whether we meet the assumptions
of Theorem 3.6 after the above substitution: In the terminology
of Theorem 3.6 we haveC1 = C2 =

1√
2
C, D1 =

1√
2
(D + Im)
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and D2 =
1√
2
(D − Im), G1(s) = 1√

2
(G(s) + Im), andG2(s) =

1√
2
(G(s) − Im). Invertibility of G1(s) is a consequence of the

fact that for allλ ∈ C+ andu ∈ Cm it holds

u∗(Im+G(λ))u = ‖u‖2 + 1
2u∗(G∗(λ) +G(λ))u ≥ u∗u.

To prove c), it suffices to translate and check that (13) is true.
This however is a consequence of [12, Thm. 5.3.17] together
with

rank



−λE + A B
C1 D1

C2 D2

 = rank



−λE + A B
1√
2
C 1√

2
(D + Im)

1√
2
C 1√

2
(D − Im)



= m+ rank

[
−λE + A

C

]
∀λ ∈ C.

Remark4.4. We note that in [21], a similar version of the posi-
tive real lemma has been elaborated. For the existence of a so-
lution of someP ≥ 0 fulfilling (21), minimality (which implies
complete controllability and the respectively dual property for
observability) of [E,A, B,C,D] has however been presumed.

By using substitutionsP −P, C1 = 0m×n, D1 = Im, C2 =

C, D2 = D, G1(s) = Im andG2(s) = G(s) in Theorem 3.3, and
further making use of (14), we can analogously conclude the
differential-algebraic bounded real lemma.

Theorem 4.5(Differential-algebraic bounded real lemma). Let
[E,A, B,C,D] ∈ Σn,m,p with the system spaceVsys ⊆ Kn+m, the
space of consistent initial differential variablesVdiff ⊆ Kn, and
the transfer function G(s) ∈ K(s)p×m be given.

a) If there exists some Hermitian P∈ Kn×n with
[
A∗PE+ E∗PA+C∗C E∗PB+C∗D

B∗PE+ D∗C D∗D − Im

]
≤Vsys 0, (22)

then G(s) is bounded real.
b) Assume that G(s) is positive real and least one of the follow-

ing properties hold:
(i) [ E,A, B] is beh. stabilizable and Im−G(iω)∗G(iω) > 0

for someω ∈ R with iω < σ(E,A);
(ii) [ E,A, B] is beh. controllable.

Then there exists some Hermitian P∈ Kn×n fulfilling (22).
c) If, in addition to the assumptions in b),[E,A, B,C,D] is

beh. detectable, then all Hermitian P∈ Kn×n with (22) fulfill
E∗PE ≥Vdiff 0.

5. Conclusions

In this paper we have proven a new sufficient condition
for the existence of nonpositive solutions of the Kalman-
Yakubovich-Popov (KYP) inequality. This condition, going
back to Willems, has been extended to differential-algebraic

systems. The general results on the KYP inequality have fur-
ther been used to formulate differential-algebraic versions of
the bounded real and positive real lemma.
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