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Abstract

We study disturbance decoupling for linear differential-algebraic systems which are not necessarily regular. Compared to
previous approaches, where state feedback is used, we use the concept of behavioral feedback which allows to study a larger class
of systems. We derive geometric characterizations for solvability of the disturbance decoupling problem following the classical
approach. Exploiting the freedom in the choice of the behavioral feedback we show that whenever disturbance decoupling can
be achieved by behavioral feedback we may additionally achieve autonomous zero dynamics. Finally we solve Lebret’s twenty
year old open problem concerning disturbance decoupling with output uniqueness using behavioral feedback.
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1 Introduction

We study linear time-invariant systems given by
differential-algebraic equations (DAEs) of the form

L Ex(t) = Az(t) + Bu(t), 1)
y(t) = Cul(t),
where E, A € R>*" B € R>™ C € RP*™. Systems
of that type are also called descriptor systems. The
set of systems (1) is denoted by X;,, ., and we write
[E,A,B,C] € X y,mp- DAE systems of the form (1)
occur for example when modeling dynamical systems
subject to algebraic constraints; for a further motiva-
tion we refer to [5, 18, 26, 27, 31] and the references
therein. In the present paper we put special emphasis
on the non-regular case, i.e., we do not assume that
sE — A is regular, which would mean that [ = n and
det(sE — A) € R[s] \ {0}.
The functions u : R — R™ and y : R — RP are called
input and output of the system (1), resp. The tuple
(z,u,y) : R > R™ x R™ x RP is said to be a solution
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of (1), if it belongs to the behavior of (1):

Bip,a,B,0) =
Er € AC(R—RY) and
(z,u,y) € :
(z,u,y) satisfies (1)
LL (R—R"xR™ xRP)

for almost all t € R

Based on the above behavior, DAE control systems have
been studied in detail e.g. in [5]. We assume that the
states, inputs and outputs of the systems in ¥ ,, ,, , are
fixed a priori by the designer. This is different from other
approaches based on the behavioral setting, see [13,20].
Our aim in the present paper is to characterize the influ-
ence of disturbances on the system (1), i.e., for a given
disturbance matrix Q € R/ we consider the disturbed
System

L Ex(t) = Az(t) + Bu(t) + Qu(t), @)
y(t) = Cult),
where w € C>°(R — R?) represents a smooth distur-
bance, which may be due to noise, modeling or measur-
ing errors, or by higher terms in linearization.
In the case of ODE systems, the disturbance decoupling
problem (DDP) is the problem of finding, for a given
system [I, A, B, C] and disturbance matrix @), a propor-
tional state feedback u = Fx with F € R™*™ for (2)
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such that the transfer function of the closed-loop system
satisfies C(sI — (A + BF))~'Q = 0. This problem has
first been treated and solved by Wonham and Morse [42],
see also the classical textbooks [3, 34, 41]; several other
versions have been considered by Willems [36,37]. In or-
der to pursue a similar approach for DAEs, it must be
required that the closed-loop pencil sE— (A4 BF) is reg-
ular. Then the transfer function C'(sE — (A+ BF))™'Q
exists and the DDP can be investigated; this has been
done in [22] where additionally derivative feedback is al-
lowed and it is required that the closed-loop system has
index at most one. Extensions of this problem have been
considered e.g. in [21] and [24].

However, the class of regular DAE systems is not closed
under the action of a feedback group [1], thus requiring
sE —(A+ BF) to be regular is a restriction in the choice
of F'. The first version of the DDP for DAEs, which has
been formulated by Fletcher and Aasaraai [23], does not
impose any regularity assumptions. However, it was as-
sumed that the output is independent of the disturbance
in the sense that there is a set of admissible initial condi-
tions such that the output vanishes. But admissibility of
an initial condition depends on the disturbance, which
is usually unknown, and hence it is not known a priori if
a given initial condition is admissible. The appropriate
version of the DDP with proportional state feedback for
DAEs has been introduced and solved by Banaszuk et
al. [2]; some alternative characterizations have also been
given in [28]. However, the definition of the DDP in [2]
already requires a zero output, which does not reflect
the intuitive notion of a disturbance not influencing the
output.

To define disturbance decoupling we follow an intuitive
approach. In the case B = 0 we may treat the distur-
bance w as the input of system (2) and define disturbance
decoupling in terms of the set-valued input-output map
of the system [E, A, Q,C] € 3 q.p-

Definition 1 For a system [E, A, B,C] € ¥, m p, we
call the set-valued map

Pip apc): CC(RSR™)—=P(C*(R—RP)),
3z € C°(R—R") : }

U { y € C¥(R—RP)
(z,u,y) € Big,a,B,0)

the input-output map of [E, A, B,C]. Here P(M) de-
notes the power set of a set M.

Definition 2 Let [E,A,0,C] € ¥;,0, and Q € R4,
Then we call [E, A, @, C] disturbance decoupled, if

le,’IUQ S COO(R%RQ) :
Qe,4,0,c1(w1) = Pe, 4,001 (W2).

Roughly speaking, [E, A, Q, C] is disturbance decoupled,
if any two disturbances cannot be distinguished using

knowledge of the output. In Section 3 we show that this
is equivalent to the concept introduced in [2].
Compared to the approaches in [2,23,28], we do not con-
sider proportional state feedback of the form v = Fx
for the solution of the DDP. Instead, we consider a be-
havioral feedback of the form Kix + Kou = 0, where
K = [K1, K] € RF*" x RFX™ which is not always solv-
able for uw in general. The concept of feedback in the be-
havioral sense has its origin in the works by Willems,
Polderman and Trentelman [4, 30,35, 38, 39], where dif-
ferential behaviors and their stabilization via control by
interconnection is considered. The latter means a sys-
tematic addition of some further equations such that
a desired behavior is achieved. The interconnection of
system (2) with the behavioral feedback is depicted in
Figure 1.

4 Ex(t) = Az(t) + Bu(t) + Qu(?)

dt

u(t) y(t) = Ca(t) x(t)

Fig. 1. Interconnection of system and behavioral feedback

The closed-loop system of (2) with the behavioral feed-
back Kix 4+ Keu = 0 is given by

“ o

0

€ Yitkntmagp  (3)

A B
K, Koy

E0
[EK7AK’QK7CK] = ) k)
00

with state (1), input w and output y. If [Ky, K3] =
[F,—1I,], then [EX AK QK CK] is equivalent to
[E, A+ BF,Q,C] and we are in the case of proportional
state feedback. In Theorem 9 we derive a geometric char-
acterization of solvability of the DDP with behavioral
feedback. This result is displayed in Figure 2 and com-
pared to the classical ODE result, see [41], and to the
DAE result from [2], which both consider proportional
state feedback.

Note that the behavioral feedback allows to avoid the
“cumbersome” dimensionality condition (D2) derived
in [2] for the characterization of solvability of the DDP.
In our framework, solvability of the DDP can be char-
acterized by a single geometric condition on the gener-
alized Wong sequences (introduced in Section 2).

The vast freedom in choosing the control matrix K =
[K1, K>3 for the behavioral feedback can be exploited to
obtain several additional properties such as autonomous
zero dynamics of the (undisturbed) closed-loop system
[EX AKX 0,CK]. Roughly speaking, the zero dynamics
of a system are those dynamics which are not visible at
the output; they are called autonomous, if every trajec-
tory is is uniquely determined by its values on any open
interval, see Section 4 for more details. Furthermore, the



i : Thm. 9 3 compatible K € RF*(tm) .
mQc BV + AW, +im B
o e [EKa AK, QK7 CK] is disturbance decoupled
(D1) imQ € EVipap.c) + WV ape F By oy 50 [S 5 e groen
1 * 3 < di * 5 .
7 e (ER* . HII @ =ant . [E, A+ BF,Q,(C] is disturbance decoupled
where R* = V(g 4 15.01,c) VWB,A,(B,0,0]
: * [41, Thm. 4.2] | 3 € R™*™ .
HnQ g V[LA,B,C] ]

[I, A+ BF,Q,C] is disturbance decoupled

Fig. 2. Theorem 9 compared to earlier results on disturbance decoupling. The spaces V{z 4 p o) and W[ 4 p ) are introduced
in Section 2. For compatibility of a control matrix K see Definition 8.

behavioral feedback approach allows to solve Lebret’s
twenty year old open problem [28], that is disturbance
decoupling with output uniqueness. In the present pa-
per we present two possible solutions: One is to derive
additional conditions on [E, A, B, C] and @ which guar-
antee output uniqueness, see Theorem 19. For the sec-
ond solution we relax the compatibility assumption on
the control matrix K — a trade-off between requirements
on the data and properties of the control — see Theo-
rem 22. These results and their relations are depicted in
Figure 3.

We like to stress that the behavioral feedback approach
is new even for ODE systems and its power may be il-
lustrated by the following simple example. Consider the
ODE system & = x4+u+w,y = x, wherew € C*(R—R)
is a disturbance. If we seek a state feedback u = F'z such
that the closed-loop system & = (14 F)ax +w, y = =z,
is disturbance decoupled, then this problem is not solv-
able. However, if we consider the larger class of behav-
ioral feedback laws Kiz + Kou = 0, then the choice
[K1, K3] = 0 € R"*2 guarantees that disturbances are
not distinguishable at the output, i.e.,

Vwy,we € C(R—=R) : rpy 07,11,17,11,1,00 (1)
= ®p1,0),[1,13,1),1,00) (w2) = C=(R—=R).

In this example it is important that we have the possi-
bility of not restricting the input u, which then serves
to compensate the disturbance in the system so that the
outputs corresponding to two different disturbances are
not distinguishable anymore.

The present paper is organized as follows: In Section 2
we introduce the generalized Wong sequences as the cru-
cial geometric tool for the characterization of solvability
of the DDP. Disturbance decoupled systems are charac-
terized in Section 3 and we investigate when disturbance
decoupling can be achieved by behavioral feedback. The

considerations in Section 3 reveal that there is a lot of
freedom in the choice of the behavioral feedback. In Sec-
tion 4 we exploit this freedom. We recall the concept
of zero dynamics and show that whenever disturbance
decoupling can be achieved by behavioral feedback we
may additionally achieve autonomous zero dynamics. In
Section 5 we investigate Lebret’s open problem [28] and
solve it using the concept of behavioral feedback.

We close the introduction with the nomenclature used
in this paper:

N, Ny set of natural numbers, Ng = NU {0}

R[s],R(s) the ring of polynomials with coeffi-

cients in R and its quotient field, resp.

Rxm the set of n x m matrices with entries
in a ring R

Gl,(R) the group of invertible matrices in
RTLXTL

MS :{MxGRl |x€S },theimageof
S C R™ under M € RI*"

M-S = {zeR" | MzxeS}, the pre
image of S C R! under M € R*"

C>*(R—R"™)  the set of infinitely times differen-
tiable functions f : R—R"; f is also
called smooth

AC(R—TR™) the set of absolutely continuous func-
tions f : R—R"

Li (R—R™) the set of locally (Lebesgue) inte-
grable functions f : R—R"

f=y means that f,g € Ll (R — R")

are equal “almost everywhere”, i.e.,
f(t) = g(t) for almost all t € R

fl; restriction of the function f : R—R™
tol CR



3 compatible K € RF*(n+m) .
[EK, AK QK. CK] is disturbance decoupled

Thm. 9

3 compatible K € RF*(n+m) . 3 K € RFX(+m) compatible for
(£, 4,0, %) i o v [l 22 ] 2],08),00: 84,0,
disturbance decoupled and is disturbance decoupled and
ZDgx ax ,cx] are autonomous [EX, AX] is autonomous

3 compatible K € RF*(+m)

(D1) + additional [_Thm.19 | [E", A" Q" C*]is
assumption disturbance decoupled and
[EX, A¥] is autonomous

Fig. 3. Disturbance decoupling results and their relations. (Autonomous) zero dynamics ZD(gx ax o,ck] are defined in

Section 4. Autonomy of DAEs [EX | AX] is defined in Section 5.

2 Generalized Wong sequences

In this section we introduce the crucial geometric tools
for the characterization of disturbance decoupling. Since
the seminal work by Wonham and Morse [42] the exis-
tence of a feedback which achieves disturbance decou-
pling is usually characterized by a geometric condition
involving the limits of certain subspace sequences. For
DAE systems [E, A, B,C] € X m, we define the se-
quences

V[OE,A,B,c] = ker C,

V[i];;’Byc] = A’l(EV[iE’Avac] +im B) Nker C,
Wig.a5.0 = {0},
W[Z;:r,{q,B’C] = E_l(AWfEA,B’C] +im B) Nker C.

Thg sequence (V[lE A B,C])iENO is non-increasing and
(WEE AB c])ieNo is non-decreasing and both sequences
terminate after finitely many steps, thus we may set

* _ 7
Visasc = [ Vieascp
1€Np

WEE,A,B,C] = U W[iE,A,B,C]'
1€Np

We will call the sequences (V[ZE A,B,c))ien, and

(W[ZE,A,B.C])iENo generalized Wong sequences. In [10,15,
16] the Wong sequences for matrix pencils (i.e., B = 0
and C' = 0) are investigated, the name chosen this way
since Wong [40] was the first who used both sequences
for the analysis of matrix pencils. In [11,13,17] the case

C = 0 is considered and the sequences (V[iE,A,B,o])ieNo
and (W[iE,A,B,O]>i€N0 are called augmented Wong se-
quences. Similarly, in [14] the sequences (V[iE,A,O,C])iGNO
and (WEE,A,O,C])iGNO (i.e., B = 0) are called restricted
Wong sequences. Using the invariance concepts intro-
duced in [29], Vi 4 g I8 the supremal (A, E,B)-
invariant subspace of ker C| i.e., the largest subspace V C
ker C' with the property AV C EV +im B. Furthermore,
Wig 4,5,c) is the infimal restricted (E, A, B)-invariant
subspace of ker C, i.e., the smallest subspace W C ker C'
with the property W = E~1(AW + im B) N ker C.
For more details on the Wong sequences see the sur-
veys [11,14] and the references therein.

Note that in geometric control theory for ODE systems
(i.e., E =1I), see e.g. [41], the sequence (V[iI,A,B,C])iGNO
is called invariant subspace algorithm, and the sequence

(W[ZI,A,B,C])iENo is called controllability subspace algo-
rithm.

In the remainder of this section we derive some impor-
tant relations for the generalized Wong sequences which
are the basis for the results on disturbance decoupling.

Lemma 3 Let [E, A, B,C| € ¥ m,p and choose T €
R™%k with vk T = k such that im T = ker C'. Then

(ET)VFET,AT,B,O] = EV[*E,A,B,C]
and (AT)W[*ET,AT,B,O] = AW[*E,A,B,C]'

PROOF. First we prove that

Vi€ No: ETV{gr ar,po = EVip sl



For ¢ = 0 we have EV[OEAB c) = ElkerC) = im ET =
ETVPET’ ar,p,0)- Suppose that the assertion is true for
some i € Ng. Then

41
ETV[;T,AT,B,O]
= ET(AT)" (ETV{pr ar,p,0 +im B)
= ET(AT)"Y(EV{g 4 p.c) +im B)
—ET{ccR ’ ATz € BVip 4 .oy +mB |

= E(A™ (EV{g a,p,c) +imB) Nker O) = EV{FY) 1 .
The proof for ATW[iET,AT,B,O] = AW[iE,A,B,C} for all
i € Ny is analogous and omitted. O

Lemma 4 Let [E, A, B,C| € ¥,.mp. Then
(2, 0] [12.01,14,B1,0,0]

and [A, B] [[E,O],[A,B]’O’O

= EV[*E,A,B,O]

] = AW[*E,A,B,O] + lm B

PROOF. First we prove that

Vie N : [E,O]VZ'[[E’OHA,BLO)O] = EV{p 5.0
For i = 0 we have EV[OEABO] = imFE =
[E,0]V?

. Suppose that the assertion is true
[12.01,14,B1,0,0]

for some ¢ € Ny. Then

[ ] i+1
T [12.01,04,81.0,0]

= [E,0)([4,B)~! (WOW" )

[1£.0),14,B1,0,0]
= [E70]([A7B])_l(EV[iE,A,B,O])

= [E,0] { <$1> € R

=F {xl cR"” ’3.%2 e€R™: Axq + Bxy € EV[iE,A,B,O]}

= BATN(EV]y o po) +imB) = EViEY 1.

Now we prove that
C g i
(£,01,[4,B],0,0] ~ AWVip.a,p.0+im B

C [A, B)WiH! :
=0 [12.01,14,B1,0,0]

Vie N : [A,B]Wi[

For 7+ = 0 we have

A, B]W([) = {0} C AW/ 4 o +imB

[£,00,[4,5,0,0]

C Aker E +im B = [A, B)W¢ .
[12.01,14,B1,0,0]

Suppose that the assertion is true for some i € Ny. Then

[A, B)Wit!
[12.01,14,B1,0,0]

~ 14 B0E 0 (4B, )

C (A, BB, 0) " (AWig .50 +im B)

A, B] { <x1> € R

xr1 € Rn, To € Rm,
Axy + Bz |z € E_l(AW[iE,A,B,O] +im B)

o i+1
=Wiz.a.80

Exy € AW[g 4 p g +im B}

= AW

(,4,8,0 T1im B

and analogously, just with the opposite inclusion sign, we

: i1 i :
obtain VLB]W[[E,O],[A,B],O,O] 2 AWig 4 potimB. O

3 Disturbance decoupling

In this section we derive a characterization of distur-
bance decoupled systems. Furthermore, we recall the
concepts of behavioral feedback and compatible control
and characterize solvability of the DDP by behavioral
feedback.

Recall Definition 2 of disturbance decoupled systems.
We derive the following characterization of disturbance
decoupled systems which matches the definition for the
DDP used in [2], but differs from the concepts used
in [21-24] where regularity is required.

Proposition 5 Let [E,A,0,C] € X ,0,p and Q €
R4, Then [E, A, Q,C) is disturbance decoupled if, and
only if,

Vw e C*(R—-R?) Jz € C*°(R—-R"):
Cx=0AN Eit=Az+Quw. (4)

PROOF. =: Let w € C®R — RY). Then
Q(g,4,0,c1(w) = P a,0,0)(0) and the assertion follows
from 0 € (I)[E,A,Q,C] (0)

<: It suffices to show that ®(pa.c(w) =
@(£,4,0,c)(0) for all w € C*(R—RY). Let w € C*(R—
R?) and observe that @[z 4.¢,c)(w) # 0 by (4). We show
Pp,a,0,00(w) € Ppa,q,c)(0). Let y € Y 40,c1(w).



Then there exists z; € C*°(R — R™) such that E2; =
Az + Qw and y = Cz;. By assumption, there exists
zo € C®(R — R") such that Fzy = Az + Qw and
Czy = 0. Setting x := 21 — 29 € C*°(R—R") yields

Eit= Az +Quw — Az — Quw = Ax

and Cx = Cz —Czy = y. Therefore, y € g 4,q,c1(w).
The opposite inclusion can be shown analogously and
this finishes the proof. O

Remark 6 Consider [E,A,0,C] € £, 0,p with regu-
lar sE — A and let Q € R'¥9. Using Laplace transform
and Proposition 5 it is immediate that [E, A, Q,C| is
disturbance decoupled if, and only if, the transfer func-
tion from the disturbance to the output is zero, i.e.,
C(sE — A)7'Q = 0. In particular, the concept intro-
duced in Definition 2 generalizes the classical concept of
disturbance decoupled ODE systems, see e.g. [41].

We are now in the position to derive a geometric charac-
terization for [F, A, @, C] being disturbance decoupled.

Theorem 7 Let [E,A,0,C] € $1n0, and Q € R4,
Then

[E, A,Q,C)| is disturbance decoupled
— ImQC EVE 400 T AWVE 10,01

PROOF. Step 1: We reduce the problem to a prob-
lem of existence of solutions for a certain DAE. Let
Ty € R™*" T, € R™("=7) be such that im 7y = ker C
and T = [T, Ty] is invertible. Then CT = [0,CTy] =
[0,C5), where Cy € RP*(™=7) has full column rank:
Cor = 0 = CTyx for some x € R"™" implies Tox €
imTy Nker C = im7Ty Nim Ty = {0}, thus Tox = 0 and
hence * = 0 by full column rank of T5. By Proposi-
tion 5, [E, A, Q, C] is disturbance decoupled if, and only
if, (4) holds. Applying the coordinate transformation
z =T~'x, (4) is equivalent to

Vwe C®(R—-RY) Iz C®(R—-R"):
CTz=0 N ETZ= ATz + Quw.

Partitioning z = (2] , 29 )T with 2; € C*(R—R"), 2 €
C>®(R — R™ ") and invoking that 0 = CTz = Cazs
implies zo = 0, we find that, with £y = ETy, A; = AT},
[E, A, Q, C] is disturbance decoupled if, and only if,

Vw e C®(R—-R?Y) F2C°R—-R"):
Elz"l = A12’1 + Qw

Step 2: We prove (5). Choose full rank matrices P; €
R™*™ Ry € R™*"2, Py € R Ry € RM%2 such that

imP1 = V[*<E17A170’0] + Wfkli'l,Al,O,O]’
imP1 EBlle = Rn,

im PQ = ElVFEl,Al,O,O] + AlW@17A170’0]7
im P, @ im Ry = R,

Then, by [15, Thm. 2.3], with V = [P}, R;] and W =
[Pz, Ro] ™! we have

sE11 — Aqy sE1p — Ax

W(SEl — Al)V = s
0 SE22 — A22

where

(1) Eq1,Aq € Rllxnl, l1 < nq, satisfy I‘kR(S)(SEH —
An) =y,

(11) EQQ,AQQ S ngxrm’ lg > N9 Or lz = Ng = 0, satisfy
rk E9s = ng and rke(AFE22—Age) = na forall A € C.

By [15, Lem. 3.1] there exists a unimodular matrix

[A[g((:))} e R[S](n2+(l27n2))><lz (i.e., {J\I;]((:))] is invertible

over R[s]) such that
[ 6B - 4an) = ]

Then [15, Thm. 3.2] yields that for given w € C*°(R —
RY?) the DAE E12; = A;z1 + Qw has a solution 21 €
C>*(R—R") if, and only if,

K($)(w) =0, where ® = [0, ,]WQu.

This implies that there exists a solution for all w €
C*>° (R —R9) if, and only if, [0, I;,]WQ = 0; sufficiency
is clear and for necessity observe that K (S)LO, I,JwQ =
0 implies that im[0,[,,]WQ C ker[K|,...,K,]T,
where K(s) = K; + sKy + ... + s» 'K, and
ker[K|",...,K,]T = {0} as shown in Step 3a of the
proof of [15, Lem. 4.17].

Finally, we have that [E, A, @, C] is disturbance decou-
pled if, and only if,

I
im Q C ker[0, I,]W = W~ im l "= im P
0

= EWVip, 4,00 + AWE, 4,00

From Lemma 3 we may deduce that Elv[’h_’Aho o T
A1W[*E1’A1,O7O] = EV[?;’A’O,C}—FAWF‘E,A’O’C] and this con-
cludes the proof. O



As mentioned in the introduction, the solution of the
DDP with proportional state feedback has been derived
in [2] for DAEs, where it is shown that for [E, A, B, C| €
i n,m,p and disturbance matrix @ € R*4 there exists
F € R™*" such that [E, A+ BF,Q,C] is disturbance
decoupled if, and only if, conditions (D1) and (D2) as
depicted in Figure 2 hold true. However, condition (D2)
has no intuitive interpretation and is unsatisfactory from
the point of view that something similar does not ap-
pear in the ODE case, see Figure 2.

In contrast to the approach in [2], we seek a feed-
back in the behavioral sense, i.e., a control K =
[K1, Ka] € RFX™ x REX™ guch that the closed-loop sys-
tem [EX AK Q% CX] as in (3) (cf. also Figure 1) is
disturbance decoupled. In the undisturbed case w = 0,
the control K has to be compatible with the system in
a certain sense, cf. also [11] and the references therein.
Here we introduce a slightly different notion of compat-
ible control which uses smooth solutions only.

Definition 8 Let[E, A, B,C| € £;,,.m,p. A control ma-
triv K = [K1, Ka] € R¥*" x R¥*™ s called compatible
for [E, A, B,C], if

V({E,U,y) S %[E,A,B,C] OC(’O(R—HR” x R™ x R;D)
3 (i’,'&) e %[EKyAKyolX(]yOOXTL] OCM(R—)Rn X Rm) :
Ex(0) = B(0).

The concept of a compatible control is important from a
practical point of view. If we assume that the controller
is switched on at time ¢t = 0, then it must be guaranteed
that there actually exists a closed-loop trajectory (Z, a)
such that the initial differential variables EZ(0) match
those of the open-loop trajectory (z,u,y). Otherwise, a
jump from Exz(0) to FZ(0) would occur which must be
avoided. Note that our concept of compatible control is
a slight modification of the concept introduced in [25].

The following theorem is the analog of [2, Thm. 5.2] for
the case of behavioral feedback. In this more general
setting we can avoid the dimensionality condition (D2).

Theorem 9 Let [E, A, B,C]| € ¥, .m, and Q € R4,
Then there exists a control K = [K1, Ka] € RFXn xRF*m
compatible for [E, A, B, C] such that [EX, AK QK CX]

is disturbance decoupled if, and only if,

lmQ g EV[*E,A,B,C] + AW[*E,A,B,C] + im B.

PROOF. Let Ty € R™*" Ty € R"*("=7) he such that
imTy = kerC and T = [T3,T3] is invertible. As in
Step 1 of the proof of Theorem 7 we may show that

for some compatible control K € R9*("+™) the system
[BE, AKX QK CK]is disturbance decoupled if, and only

if,

Vw e C®(R—R?) I(z,u) € C*(R—-R" x R™) :
ETy2=ATiz+ Bu+Qw N K\Tiz+ Kou=0. (6)

Writing

ET, 0
0 0

AT, B
B, A = Ao :
KTy K,

(6) is equivalent to

Vw € C®(R—RY) v € C®(R-R™™) :
By = AKy+ [9] w.

<: Choosing ¢ =0 (i.e., K =0 € ROX(”“‘W)}% and invok-
ing the above statement, [EX, AKX QK CX] is distur-
bance decoupled if, and only if| [[ETl, 0], [ATy, B],Q, 0]
is disturbance decoupled. By Theorem 7 this is equiva-
lent to

mQ € [BT5 0VE L o1 ams,51,00]

+ [ATy, B]W[[ETMOL[ATuBLOvO] @

and invoking Lemmas 3 and 4 we find that

EVip,a..c) = [ET1,0] [[BT1,0,[AT1,B],0,0]

AWg.a.5,c) T1m B = [ATh, B] [[ET1,01,[AT1,B].0,0]7

(8)

which yields the claim.

=: If K = [Ki,Ky] € RF" x RF*™ s a com-
patible control for [E, A, B,C] such that the system
[EE AK QK CX]is disturbance decoupled, then (6) in
particular implies

Vw e C®(R—-RY) I (z,u) e C°(R—-R" xR™):
ET\ 2= ATz + Bu+ Qu,

which means that [[ET},0], [AT), B],Q,0] is distur-
bance decoupled. Then (7) and (8) hold true and the
claim follows. O

Remark 10 We consider an ODE system [I, A, B,C| €
Y n,mp With disturbance matriz @ € R**? and com-
pare the classical result in [41, Thm. 4.2] to Theorem 9,
see also Figure 2. The main difference is that in [41,
Thm. 4.2] proportional state feedback w = Fx is consid-
ered to achieve disturbance decoupling, whereas we con-
sider behavioral feedback K1x+ Kou = 0. Roughly speak-
ing, in the latter the input variables are not completely



determined by the state variables in general, but are free
variables in the closed-loop system. These input vari-
ables can be used to cancel the disturbances in the closed-
loop system. Exemplary, we consider the case C = I in
more detail. In this case, the condition im Q) C V[*LA,BC]
from [41, Thm. 4.2] implies Q = 0, which may also be
verified by investigating the solutions of

t=(A+BF)z+Quw, y==
for some feedback matriz F' € R™*™. The output admits
the representation

¢
y(t) = e(A+BF)tm(0) +/ e(A+BF)(t_S)Qw(s) ds
0

for all t € R, and is independent of w if, and only if,
Q = 0. If we consider a behavioral feedback instead and
choose K = [K1, K] = 0 € RO*("+™) “then the output of
the corresponding closed-loop system [I*, AK Q¥ CK],
namely

&= Ax+ Bu+ Quw, y=u,

reads
t

y(t) = eAtx(O)—k/ A=) (Bu(s)+Qu(s)) ds, tER,
0

and it is independent of w if, and only if, for any w
there exists u such that Bu = —Quw. This is equivalent
to im @ C im B or, what is the same, to the condition
imQ@ C V[*I,A,B,C] —I—AW[*LA’B,C] +im B from Theorem 9.

4 Disturbance decoupling and zero dynamics

The proof of Theorem 9 does not exploit any freedom in
choosing the control [K7, K3]. In view of Proposition 5
the closed-loop system [EX | AK Q% K] has, for every
smooth “input” w, a solution which generates zero out-
put. We show that an appropriate additional condition
yields uniqueness of this solution in the sense

Vw e C*(R—RY)
V(zl,w70), (Zg,w,O) € %[EK,AK’QK76K] :

a.e

EX2(0) = EX%(0) = 2= 2.

By linearity of the behavior the above statement is equiv-
alent to

V(Z,0,0) S %[EK7AK70)CK] :

EX2(00=0 = 220

and therefore independent of the disturbance matrix Q).
In fact, the above property means that the zero dynam-
ics of [EK,AK,O,C’K] € Yitkn+m,0,p are autonomous.
Loosely speaking, the zero dynamics are those dynamics

which are not visible at the output. For ODE systems
this concept has been introduced in [19]. The zero dy-
namics are, for [E, A, B,C| € X m.p, defined by

ZD(g,A,B,C) = { (z,u,y) € Bip,a,B,0] ‘ y=0 }

For linear DAE systems the zero dynamics have been
well investigated, see [6-9]. The zero dynamics of (1) are
called autonomous, if

Vw € ZD(g a,B,c) VI C R open interval :

a.e.
w = 0.

w; =0 =
The definition of autonomous zero dynamics is a special
case of the definition of autonomy, as it has been intro-
duced in [30, Sec. 3.2] for general behaviors.
Recall the following characterization of autonomous zero
dynamics from [7].

Lemma 11 For[E, A, B,C| € ¥}, m,p we have

ZD\E,A,B,C) 0T€ QULONOMOUS
sE— A —-B

— rkR[S] o 0

=n-+m.

In the following we show that under the condition in The-
orem 9 we may choose [K7, Ks| such that, additionally
to the disturbance decoupling, we achieve autonomous
zero dynamics of the undisturbed closed-loop system.

Theorem 12 Let[E, A, B,C] € ¥ m,p and Q € R4,
Then there exists a control K = [K1, K3] € RF>n xRExm
compatible for [E, A, B, C] such that [EX, AKX Q¥ CK]
is disturbance decoupled and ZD|px ax o cx) are au-
tonomous if, and only if,

lmQ g Ev[*E,A,B,C] + AW[*E',A,B,C] + lm B

PROOF. =: Follows from Theorem 9.

<: Step 1: Let Ty € R™", T, € R (™" be such
that im T} = kerC and T = [T}, Ty] is invertible. As
in the proof of Theorem 9 we may show that for any
control K = [Ky, K] € RF*" x REX™ compatible for
[E, A, B,C], the system [EX AK QK CK] is distur-
bance decoupled if, and only if,

Vw € C¥(R—RY) Jv € C°(R—R™™) :
By = Ay + (2w, (9)

where

ET, 0
0 0

ATy B
KT Ks

[EIK,A{{] = .

)




In particular, this implies that

Vw e C®(R—RY) I (z1,u) € C°(R—=R" xR™) :

Furthermore, it is a straightforward calculation to see
that for any (z,u) € C*°(R = R" x R™) with () :=
[Ty, T3]tz we have

((IZL) ) 070) € ZD[EK,AK,O,CK]
<~ ((4),0,0) € ZDpx ax g0 N 22 =0.

Therefore, it suffices to find a control K =
[K1, K] € RFX™ x RFX™ compatible for [E, A, B, C]
such that [FE, AK QX 0] is disturbance decoupled and
ZD(px ax 0] are autonomous.

Step 2: In order to construct K, we consider a Kalman
controllability decomposition of [ETy, AT}, B] according
to [17]. This means that there exists W € GL(R) and
V € GI,(R) such that

[WET\V,WAT\V, W B|
L1 Erp B3 A Aig Ass B,

= 0 FEs Eaz|,| 0 Agy Aog|, | 0[], (11)
0 0 Es 0 0 Ass 0

where

(i) [E11, A1, Bi] € ¥, ny,m with I3 = 1k[Eyq, By] <
n1 + m is completely controllable,

(11) [EQQ,A227O} € Elg,ng,m with Iy = ny and Fgs is
invertible,

(111) [E33,A33,0} S 2137”377” with l3 > ns satisfies
rke(AE33 — Ass) = ng for all A € C.

Recall that [E11, A11, Bi] is completely controllable (see
e.g. the survey [11]) if, and only if,

* * — ni
V[E117A11731,0] N W[Eu,Au,Bl,O] =R"™.

Partitioning WQ = [Q,Q,Q4]" according to the
block structure in (11), it follows from (10) that

Vw e C®(R—R?Y) J23 € C°(R—-R™) :
E332’3 = A3323 + ng. (12)

For the investigation of [E11, A1, B1] we put this system
into so called feedback form, see e.g. [11]. To this end we
introduce the following notation: For j € N let

0[N e

and, for some multi-index o = (ay,.. o) € NI we

define
9 Ka j )7

J

al—4(a «
La,) € RUaI-@)xlal,

K, = diag(Ka,,- -
L, = diag(Lq,, - -

where ((a) = j and |a| = >~7_; o; are the length and ab-
solute value of the multi-index «, resp. Now, by complete
controllability of [E11, A11, B1] and rk[Fy1, B1] = 13 it
follows from [11, Thm. 3.3 & Cor. 3.4] that there exist
W e Gl;(R),V € Gl,, R),U € Gl,,(R), F € Rmx™
such that

[WELV, WALV +WB,F,WB,U|

I,, O A 0 By 0 0
=|lo K,|,|0 L,|,| 0 o ofll|, (13)
0 0 0 0 0 Ip, 0

where A;; € RM1Xmi1 By € RMiXmi oy — )+ mg +
mg and a € N" is some multi-index. We may now
observe that for

S SR N

the system

0

has a smooth solution z(-) with Ez(0) = Ex° for every
initial condition x°. Therefore, K is a compatible control
for [E, A, 0, 0]. Define

I I « [O‘na] al|Xng
Eafdlag(e[all],...,ea - ) € Rlalxna

n

where eEj J € R7 is the ith canonical unit vector in Ri.

Blockwise application of this argument yields that the

System
Kol
MECE

has a smooth solution z(-) with K,z(0) = K,z° for
every initial condition 2°. Therefore, E is a compatible
control for [K,, L, 0,0]. We may now define

La

BT x(t)

00 I, 00
Ki=10 0|, Ko:=|0 01,
0E] 000



and conclude that [f(}, K] is a compatible control for
[WEH VWAV +WB{F,WB,U, 0] Defining
Kl = f{lf/*l + f(QUivail,
K, = [[Klakang,okxng]vilaka(n—r) [Tl,TQ]ilv
f(g = }T(QU'_l7 K2 = XQ,

it is then easy to see that [K7, Ks] is compatible for
[E, A, B,C].

Step 3: It remains to show that K = [Ki, K3 sat-
isfies the requirements. By Step 1 and Lemma 11
we find that ZDpx gx g are autonomous if,
and only if, rkR[S](sElK — AF) r + m. The lat-
ter follows from the fact that by Step 2 we have

sE1 — Ay sEyp — Aig sE13 — A3 —By

gy 0 SFEoo — Aoy sEo3 — Asz 0
0 0 sFE33 — A3z 0
—K 0 0 ~K>
[sL,,, — 4, 0 By 0 0]]
0 $Ko—Lo| [sEu—AwpsEs—Aap] [ 0 0 0
0 0 0 1, 0
- 0 sEg9 — Aoy sEy3 — Ass 0 —rm
0 sFE33 — Ass

0 0 [ I,, 0 0 |

0 0 0 0 -1,

—ET I 0 0 |

since
Eog — Aoy 8F9s — A
kg sFEa9 22 SEas3 23| _ g+ 13
0 sl — Az
4 1k sK, — Ly B
and  rkpg g = |al.

We show that (9) holds. This is clearly equivalent to
showing that for all w € C>*(R — RY) there exists
(21,22, 23,u) € C*(R —=R™ x R" x R" x R™) such
that

Eq 512 513
0 22 Ea3 ;
0 0 Eg|\Z
0 0 0
Aqr ﬁlZ ;4113 R B, Q1
o 0 22 Aag 1 0
= 0 0 Ass <§§)+ 0 u+ 82 w.
Ky O 0 K> 0

By (12) there exists z3, and z3 is then the solution of an
ODE as FE», is invertible. In order to find (21, u) we need

10

[
to find a solution to the equation

(1) ), (F0
u(t) u(t) 0
for any given inhomogeneity f € C®(R — RY). In
view of (13), this is equivalent to finding a solution

(v1, v, U1, ug, ug) € C®(R—=R™M1 xRl x R™ x R™2 x
R™s3) of

Ei 0
00

An By
K, K»

47 A, 0 ~B, 0 0
o k.1, o o o0 v1 I
dtre He v f2
0 0 0 —Inm, O ui | = | fs
u 0
0 0 ~Im, O 0 w2 9
0 0 0 0 Iy, 0

0 —-E] 0 0 0

for (f1, fa, f3) € C®(R — R™1 x Rlal=na x R™2). Set,
up = 0,uz = f3,us = 0 and choose vy such that v, =
Aq1v1 4 f1. It remains to find vy such that

K, L,

) Vo + f2 .
0 E] 0

0 =




By a permutation of variables in vy, the above system

can equivalently be written as
v
2\ f2
V22 0

I\a|7na 0 V21 -
0 0 \ 922
and this equation obviously has a solution for every fs.
This completes the proof of the theorem. O

Lq1 Lo
0 I

Note that as a consequence of Theorem 12, for any
[E,A,B,C] € X, m,p there always exists a control
K € RFX(+m) compatible for [E, A, B,C] such that
ZD(pr K o,cK] are autonomous.

5 Lebret’s open problem

Lebret [28] pointed out that solvability of the DDP with
proportional state feedback does not guarantee distur-
bance rejection in general. This is still true when we
consider behavioral feedback. The following example is
taken from [28].

Example 13 Consider the system

[1,0]2(t) = [0, ~1] () +u(®) +w(t), y(t) = [1,00x(?).
It is straightforward to check that the condition in The-
orem 12 is satisfied and hence there exists a compatible
control [K1, Ka| which achieves disturbance decoupling
and autonomous zero dynamics of the closed-loop sys-
tem. For the present example we may choose, e.g.,

[1]

and hence the closed-loop system reads

Kl = [070}7 K2 =

#1(t) = —22(t) +w(t), ult) =0,

However, y still depends on w as

y(t) = 21(0) Jr/o w(s) —xa(s) ds, teR,

but the disturbance is canceled by the free variable xo in
the sense that two different disturbances are not distin-
guishable at the output. The dependence of y on the dis-
turbance is therefore hidden.

To exclude a hidden dependence on the disturbance an
additional assumption for disturbance decoupling sug-
gested by Lebret [28] is uniqueness of the output of the
closed-loop system. This justifies the following defini-
tion.

Definition 14 Let [E, A,0,C] € X} 0, and Q € R4,
Then we call [E, A,Q,C] disturbance decoupled with

11

output uniqueness (DDOU), if [E, A, Q,C] is distur-
bance decoupled and

Yw € COO(R*)R(]) V(Ilaw7y1)a (IQawayQ)
S %[E,A,Q,C] mCOO(Rg)Rn x R? x R‘D)
VI CR openinterval: yi|,=1y2|;, = w1 =2

Note that by linearity, [E, A, @, C] is DDOU if, and only
if, [E, A, Q, C] is disturbance decoupled and

V(z,9) € BB, 4,0,40,c) NCT(R—=R" x RP)

VI CRopeninterval: y|, =0 = y=0.
Therefore, compared to disturbance decoupling, the ad-
ditional condition of output uniqueness in the property
DDOU is independent of Q.
In the context of feedback in the behavioral sense, and
using the notation from Theorem 12, we may now seek
for a compatible control K such that [EX, A% QK CK]
is DDOU and ZDgx ax g cx) are autonomous. Le-
bret [28] conjectures a characterization of this problem
(without the additional property of the zero dynamics)
where proportional state feedback u = Fx is considered
— a proof or counterexample to this conjecture has not
been found so far. In Subsections 5.1 and 5.2 we derive
two different solutions using the more general behavioral
feedback.
First, we show that the problem of achieving a unique
output is the same as the problem of achieving a unique
state. The latter means that the underlying DAE is au-
tonomous. To define this we consider the set of homoge-
neous DAEs

%Em(t) = Ax(t), (14)

where E, A € R™*" which is denoted by ¥, and we
write [E, A] € ¥;,. The behavior of [E, 4] € ¥, is
given by

Bip 4 = {z € LL.(R—>R") | Ex € AC(R—R),
x satisfies (14) for almost all t € R },

Similar to autonomous zero dynamics, a DAE [E, A] €
Y n is called autonomous, if

V1,22 € Bp.a VI C R open interval :

a.e. e.
|, = x|, = = 9.
For characterizations of autonomy see also [13]. Here we
need the following algebraic characterization which is an

immediate consequence of [11, Cor. 5.2].

Lemma 15 A DAE[E, A] € ¥, is autonomous if, and
only if, tkg(q (s — A) = n.

In the following result we show that a system is DDOU
with autonomous zero dynamics if, and only if, it is dis-



turbance decoupled and autonomous.

Proposition 16 Let [E,A,0,C] € Y n0p and Q €
R>2. Then [E, A,Q,C|] is DDOU and ZD(p,a0,c) are
autonomous if, and only if, [E, A, Q,C] is disturbance
decoupled and [E, A] is autonomous.

PROOF. «: First, by autonomy of [E,A] and
Lemma 15 we have
sE— A
rkR[s] (SE - A) =n, thus rk]R[s] =n,

which, by Lemma 11 is equivalent to ZD(g ,0,c) being
autonomous. Choose V' € Gl,(R) such that VC = [ ]
where C7; € RP1*™ hag full row rank. Then, invoking
that [E, A, @, C] is disturbance decoupled, [E, A, Q, C]|
is DDOU, if

V(a:,y) S sB[E,A,O,Cl] n COO(R—HRn X Rpl)

VI C R openinterval : y|, =0 = y=0.
Clearly, ZD|g 4,0,c,) are autonomous as well, so we may
apply [7, Thm. 4.3] to find S € GL(R), T € Gl,(R)
such that

I,, 0 0 A A 0
SET=|0 Ep N|,SAT=1]0 0 I,|,
0 Eup Eus 0 Agp 0
CyT = [0,1,,,0], (15)

where N € R™*"s ig nilpotent with NV = 0, NV~ £
0. Seeking a contradiction, assume that there exists an
open interval I = (a,b) C R and (2,%) € Big 40,0, N
C®(R — R™ x RP1) such that y|, = 0 and y # 0. Let
(x{,y",24)" = T~ 'z, then

v—1
T3 = Z EggNiy(iH) and
i=0

t
z1(t) = e =D () —|—/ e =) A hy(s) ds

for all t € R, and hence z3|, = 0. Since Z;(t) :=
eA1t=9g (a), t € R, and 7 := T(x{,0,0)" satisfy
(%,0) € B(g,4,0,0,), by linearity of the behavior we find
(r —Z,y) € Big a,0,c,) and we have (z — Z)|; = 0. Au-
tonomy of [E, A] now implies x — & = 0, thus, in partic-
ular, y = 0.

=: We only need to show that [E, A] is autonomous.
Again we assume that (15) holds for some invertible S
and T'. Then, invoking Lemma 15, [E, A] is autonomous
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if, and only if,

-SI — A11 —A12 0
rkR[s] 0 sE3o sN—-1I|=n
0 sEyp — Agp sEus
[ SE32 sN — 1
<~ I’kR[S] = p1 +n3.
|5FE42 — Asa sEys3
Seeking a contradiction, assume that

kg [SEjf_Sf442 SS%:SI] < p1 + n3 and hence the DAE

[[gi; EJL] , [A[lz 6]] is not autonomous. Therefore,
there exists (y,z3) € C*°(R —RP* x R") and an open
interval I C Rsuch that (y,z3)|; = 0 and (y, z3) # 0. If
y = 0, then x5 = Z?:_Ol F35Niy(+1) = 0 which cannot
be, thus y # 0. Chosse 1 € C*(R — R"*) such that
&) = Apxy + Ajy, then, with z := T(x{ ,y",z1)" we
have (z,y) € Bg,a,0,c,) NCP(R — R™ x RP1). Since
y|l; = 0 and y # 0 this contradicts the assumption of
unique output. O

Using state feedback w = F'z, the problem of finding F'
such that the closed-loop system is disturbance decou-
pled and the output is unique has been called DDP in [28]
and the problem of finding F' such that the closed-loop
system is autonomous and disturbance decoupled has
been called DDPU in [2,28]. Proposition 16 shows that
in the case of behavioral feedback the DDP (where we
can always achieve autonomous zero dynamics) is equiv-
alent to the DDPU.

In the remainder of this section we present two differ-
ent solutions to the DDP with unique output. In the
first approach we seek for an additional condition on
[E, A, B,C] and @ compared to that in Theorem 12 that
ensures autonomy of the closed-loop system. In the sec-
ond approach, we keep the condition from Theorem 12
and relax the assumption on the behavioral control K.
Instead of requiring K to be compatible for [E, A, B, C],
we require K to be compatible for the system which con-
sists of those trajectories which produce zero output.

5.1 Solution by additional assumption

We start with a characterization of all compatible con-
trols K which render [EX | A%] autonomous.

Proposition 17 Let [E,A,B,C] € X nmp and let
K € RF*X(+m) " Choose, according to [16, Cor. 2.5],
S € GL(R) and T € Gl 4 (R) such that

SInl — All —A12 O

0 0 sEy — Ay’

(16)

where All c Rnlxnl,AIQ c Rn1><n2’E22,A22 c
RU=mXns ith tke(AE2s — Ago) = ng for all A €

S[sE—A,—B]T =



C, and let KT = [K, K>, K3] according to the par-
titioning in (16). Then K is a compatible control for
[E, A, B,C] such that [EX, AK] is autonomous if, and
only if, im K1 C im Ky and Ko has full column rank ns.

PROOF. =:Let z; € C*(R—R") be such that i1 =
Ajrzy. Then (z,u) := T(z{,0,0) T satisfies (z,u, Cx) €
B(g,4,B,0]- Since K is compatible for [E, A, B, C] there
exists (Z,4) € %[EK Ax 0,0 NC®(R — R™ x R™) such
that Ez(0) = E(0). Write (%] ,35,75 )" = T~ 1% ac-
cording to the decomposition (16). If follows from the
condition rke(AF2s — Aaz) = ng for all A € C that
x3 = 0, see e.g. [15, Thm. 3.2]. Then Ez(0) = EZ(0) if,
and only if, z1(0) = Z1(0). As furthermore

K131(0) 4 Ka(0) = 0

and x1(0) is arbitrary it follows that im K7 C im Ko.
Then, in particular, there exists Z € R™2*"t guch that
K, =KyZ.

In order to show that K5 has full column rank, we assume
that rk K5 < ns. Note that we have

S0 sl —A11 —A 0
(SEK — AK)T = |: 10 " 012 SE22A22:|
0 I -K2Z —K> —K3

If rk [A”] < ng, then there exists y € R™ such that
Ay = 0 and Ksy = 0. Therefore,

s8Iy, —A11 —Ai2 0 0
0 0 sEao—Ag (y) =0,
—KoZ —Ks —K3 0

which contradicts the fact that rkgp, (sEX — AK) = n+
m by autonomy of [EX, AX] and Lemma 15. Assume
that rk [ 432 ] = ny and let § = [ §12] € Gli(R),

where S1; € R™2%! Gy, € RUFTk—12)xk and S5, S5 are
of appropriate sizes, be such that

— In2

ol
We show that ker So1 # {0} by contradiction. So assume
that ker So1 = {O} Then S21A12 + Soo K> = 0 implies

S11 S12
Sa1 S22

Aqo

Ap = —(5;1521)715;1522K2,

and, since ker Ky # {0}, we arrive at

= ker l_

Aro
Ky

(S;SQl)_IS;SQQKQ
Ky

ker # {0},
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a contradiction. Now let v € ker S21\{0} and set p1 (s) :=
(sT — (A1; — A12Z)) " 'v € R(s)™ \ {0}. Then

521 (SI — (AH — A1QZ))p1 (S) =0
— So1(sI — A11)pi1(s) + Sa1A12Zpi(s) =0
Sa1A21
+S22K2 =0
So1(sf — A11)pi(s) — S22K2Zp1(s) =0
s — A
e [521, 522] t pl(s) =0.
—KyZ

= [S11, S12] [*f

) }fél]pl(s) € R(s)™ and
0 € R(s)™. Then

Set pa(s
pa(s) :=

-511 Si2 sl — Aqy In2
pi(s) — p2(s) =0
_521 522 —KsZ 0
[sT— A A
— s 1 p1(s) — 12 p2(s) =0
| —KyZ K>
-SI — A11 —A12 0 pl(s)
— 0 0 sEx —Axp| | p2As) | =0,
| —K2Z K,  —K; p3(s)

and hence kg (sEX — AK) = rkg(,)(sEX
n + m, a contradiction.

«: Let Z € R™*™ be such that K; = K9Z. First we
show that K is compatible for [E, A, B, C]. Let (z1,x2) €
C>®(R—R™ x R™) be such that &; = Ajj21 + Aja2s.
Then, for the solution #; of

— ARy <

%‘%1 = (All - AlQZ)i'l, fi’l(o) = 1'1(0)’
and Ty := —Zx; we find
%:h = A11%1 + A12T2, KoZZy + KoZs =0,

and, furthermore,

0 71(0
1., 0] (9“( )> = [1,,.0] (“j‘( )> ,
1‘2(0) xz(O)
which proves that [Kj, Ko, K3] is compatible for

[E, A, B, C]. For autonomy, by Lemma 15 it remains to
show that

sl — A11 —A12 0
rkp(y] 0 0 sFEy — Ay
-KyZ —-Ky —-K3

=n-+m



or, what is the same because of the rank property of
$E22 — A22, that

sl — Ay —Aqg

={0}.
—KsZ —Ks 0}

kerR[S]

Let p1(s) € R[s]™, pa(s) € R[s]™ be such that

(p 1s) ) - 0.

p2(s)

Since K3 has full column rank it follows pa(s) =
—Zp1(s). Therefore,

sl — Ay —Agn
—KyZ —Ks

0: (SI—All)p1(8)+A12p2(S) = (SI—(All—A12Z))p1(S)

and hence p;(s) = 0 and pa(s) = 0. This completes the
proof. O

For the proof of the main result of this section we need
some preliminaries on disturbance decoupling for ODE
systems with a feedthrough term, i.e., systems of the
form

La(t) = Az(t) + Bu(t) + Qu(t),

y(t) = Cx(t) + Du(t).

We seek a state feedback u = F'x such that the closed-
loop system [I, A+ BF,Q,C + DF] is disturbance de-
coupled. This problem has been treated in [32] and in a
more general form in [33]. To find a geometric character-
ization of solvability of this problem, we need to intro-
duce the following modification of the generalized Wong
sequences which incorporates the feedthrough term. De-

)

and, since this is a non-increasing sequence of subspaces
which terminates after finitely many steps, we may set

(17)

z/’[OA,B,C,D] =R",

-1
A
C

i+1 o
Ux o) =

((u[iA,B,C,D] X {0}) +im

UQ,B,C,D] = ﬂ u[iA,B,C,D]'
1€Np

By [32, Lem. 2.5], Z/l[’;"B’cyD] is the largest subspace U C
R"™ such that there exists F' € R™*" which satisfies

(A+BFYUCU and (C+ DFU = {0}.

The following result is a simple modification of [34,
Thm. 4.8] or [32, Thm. 2.17], resp.

Lemma 18 Let A € R*™" B € R"™*™ C € RP*™", D €

RP*™ and @ € R™"*4. Then there exists F € R™*™ such
that [I,A+ BF,Q,C + DF] € X, , 4.p 15 disturbance
decoupled if, and only if, im Q C L{[*AJ3 c.D]-

Theorem 19 Let [E, A, B,C] € % .m.p and Q € R4,
Choose S € GL(R), T € Gl,4m(R) such that (16)
holds and let, accordingly, SQ = [gﬂ and [C,0]T =
[Cy,Cs,C3]. Then there exists a control K € RFEX(n+m)
compatible for [E, A, B, C] such that [EX, AKX QK CK]
is disturbance decoupled and [E™, AK] is autonomous if,
and only if,

(i) imQ € BV 4 p.cy + AW ap.c) +im B,

(ii) im@Q € u[’t‘\u,Aw,Cl,Cz]'

PROOF. = (i) follows from Theorem 9. Let KT =
[K1, K2, K3] according to the decomposition (16). Then
Proposition 17 gives that im K; C im K5 and K5 has
full column rank. In particular, K1 = KyZ for some
Z € R"2*™  From Proposition 5 we may deduce that

Vw e CP®(R—RY) I (z1,22) € C°(R—R™ x R™) :
Cix1 +Coxo =0 A o1 = A1y + A9 + Qlw
N KoZxi + Koxg = 0.

By rk K5 = ng we find z9 = —Zx; and hence

Yw € CP(R—RY) Ja1 € CP(R—R™) :
(C1 —C22)x1 =0 A i1 = (A1 — AaZ)xy + Qlﬂ(i- )
18

This means that [I, 411 — A12Z, Q1,C1 — C2 Z] is distur-
bance decoupled. Then Lemma 18 implies (ii).

<: By (ii) and Lemma 18 there exists Z € R"2*" such
that (18) holds. By (i) and the decoupling of the sys-
tems in (16) we find that, using the same argument as
in Step 1 of the proof of Theorem 12,

Yw € C®(R—RY) Tz € C°(R—R™) :
Egpig = Agpxs + Qow. (19)

Choosing Ky = I,,,, K1 = Z and K3 = 0 we obtain that,
invoking (19),

Y € C®(R—RY)
3(1'1,1'2,253) S COO(R—”Rnl x R™ x Rn3) :

47— Ay —Ap 0 x1 @
0 0 LBy —Agp| |z | =|Q2] w
-7z -1, 0 T3 0

This shows that [EX, AX QK CX] is disturbance de-
coupled. Compatibility of K and autonomy of [E¥ | AX]



is an immediate consequence of the choice of K and
Proposition 17. O

5.2 Solution by relaxing compatibility

In this subsection we present a different solution for
DDOU where condition (ii) in Theorem 19 is avoided.
However, the drawback is that the control is not com-
patible in general. This is a trade-off between require-
ments on the data and properties of the control. For a
motivation we revisit Example 13.

Example 20 Use the notation from Example 13. By im-

plementing the condition y = 0 as an additional con-
straint in the system itself, i.e., extending [K;, K] to

ARt

we achieve the closed-loop system

K =

0=a(t) +w(t), x1(t) =
where now the output is independent of the disturbance.
Furthermore, we still have existence of a solution for
every w € C*°(R—R). However, the control [K1, Ka] is
not compatible anymore for the system [E, A, B, C], but

it is compatible for the system [[E],[4].[5],0].

Example 20 motivates to relax the assumption of com-
patibility of the control K. This may be justified by the
fact that for disturbance decoupling only solutions (x, u)
of the disturbed system with Cxz = 0 are considered,
cf. Proposition 5. Therefore, it is sometimes sufficient
to restrict the compatibility of K to those solution
trajectories, i.e., only require K to be compatible for
[[£],[4],[5],0]. In other words, this means that K is
a compatible control for the zero dynamics ZD|g a,p ¢y
The above motivation justifies the following ansatz
for K,

c 0
Zy Zy

for Z; € R¥*" Z, € R¥*™, The idea is that putting
C into the control K does not change solvability of the
DDP since the constraint Cxz = 0 is present anyway. Fur-
thermore, this “superfluous” constraint makes it easier
rather than harder to find Z; and Z, such that [EX, AX]
is autonomous. This structure of K allows to derive some
crucial connections.

K =

)

Proposition 21 Let [E,A,B,C] € Eimp and Q €
R4, There exists a control K € R¥*("+m) compatible
for([E1,[A],[8].,0] such that [EX, AK QK C*] is dis-
turbance decoupled and [EX | AX] is autonomous if, and
only if, there exists a control [Z1, Zs] € RFX™ x Rkxm

15

compatible for [[§], [4],18],0] such that, with K =

[% 202]3 [EK,AK,QR,O] 18 disturbance decoupled and

[EX, AK] is autonomous.

PROOF. For = set [Z1,Z2] = K and for < set
K= [ ZC1 Z()Q].The remaining calculations are simple and
straightforward. O

Under this relaxed compatibility assumption on K the
DDP with output uniqueness is solvable if, and only
if, the DDP is solvable. That is, using this larger class
of controls, the output uniqueness (in fact, the state
uniqueness by Proposition 16) can always be satisfied
when disturbance decoupling can be achieved. In this
sense, the disturbance decoupling problem (called IDDP
in [28]), the disturbance decoupling problem with state
uniqueness (called DDPU in [28]) and the disturbance
decoupling problem with output uniqueness (called DDP
in [28]) are all equally hard problems.

Theorem 22 Let [E, A, B,C] € ¥ .mp and Q € R4,
Then there exists a control K € R¥*("+m) compatible
for([E1,[4],[8],0] such that [EX, AK QK C*] is dis-
turbance decoupled and [E¥ | AX] is autonomous if, and
only if,

imQ € EVig 4 o)+ AWig 4 5oy +im B.

PROOF. By Proposition 21 the problem of finding
K is equivalent to finding a control Z = [Z1,Z5] €
RFX7 x ka’” compatible for [{], [&],[5],0] such
that, with K = [ £ 2 ], [EX, AK QK 0] is disturbance
decoupled and [EX, AK] is autonomous. Observe that
[EXAK QK 0] is disturbance decoupled if, and only
if, [EZ, A% ,Q7,C?] is disturbance decoupled. Further-

more, [EX | AK] is autonomous if, and only if,

sE—A —B
k() —C 0 [|=n+m
-2 —Z

and this is equivalent to ZD[gz 4z o0z being au-
tonomous. Therefore, the problem of finding K
is equivalent to finding a compatible Z such
that [EZ, AZ Q%,C%] is disturbance decoupled and
ZD(gz, Az 0,07 are autonomous. The assertion now fol-
lows from Theorem 12. O

6 Conclusions

In the present paper we have derived a geometric charac-
terization for solvability of the DDP by behavioral feed-
back. It turns out that behavioral feedback achieves dis-
turbance decoupling for a larger class of systems than



proportional state feedback. Exploiting the freedom in
the choice of the behavioral feedback we have shown
that whenever disturbance decoupling can be achieved
we may additionally achieve autonomous zero dynamics.
Furthermore, the behavioral feedback approach allowed
us to solve Lebret’s twenty year old open problem [28§]
of disturbance decoupling with output uniqueness.

The behavioral feedback approach to disturbance de-
coupling presented in this paper opens the door for the
study of various related problems and extensions, among
them disturbance decoupled state estimation and distur-
bance decoupling by dynamic feedback controllers us-
ing behavioral feedback as well as almost disturbance
decoupling by behavioral feedback. One may consider
cases where the disturbances influence the measurement
and controlled output, resp., and study the additional
stabilization of the closed-loop system. In the absence
of disturbances some of these problems have already
been treated using the framework of behavioral feed-
back, see [6,11,12]. In the present paper we took the first
step at incorporating disturbance decoupling.
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