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ERROR ESTIMATES AND CONVERGENCE RATES
FOR FILTERED BACK PROJECTION

MATTHIAS BECKMANN AND ARMIN ISKE

ABsTrACT. Computerized tomography allows us to reconstruct a bivariate function from Radon
samples. The reconstruction is based on the filtered back projection (FBP) formula, which gives an
analytical inversion of the Radon transform. However, the FBP formula is numerically unstable
and suitable low-pass filters with a compactly supported window function and finite bandwidth
are employed to make the reconstruction by FBP less sensitive to noise.

The objective of this paper is to analyse the intrinsic FBP reconstruction error which is
incurred by the use of a low-pass filter. To this end, we prove L2-error estimates on Sobolev
spaces of fractional order. The obtained error bounds are affine-linear with respect to the distance
between the filter’s window function and the constant function 1 in the L°°-norm. With assuming
more regularity of the window function, we refine the error estimates to prove convergence for
the FBP reconstruction in the L?-norm as the filter’s bandwidth goes to infinity. Further, we
determine asymptotic convergence rates in terms of the bandwidth of the low-pass filter and the
smoothness of the target function.

1. INTRODUCTION

The term filtered back projection (FBP) refers to a well-known and commonly used reconstruction
technique in computerized tomography (CT), which deals with the generation of medical images.
The classical reconstruction problem in CT consists in recovering the interior structure of a scanned
object from given measurements of X-ray scans. This X-ray data can be interpreted as a finite set
of line integrals of the (unknown) attenuation function of the scanned object which describes the
amount of energy that is absorbed by the medium. Thus, the CT reconstruction problem requires
the reconstruction of the scanned object’s attenuation function from its line integrals.

In order to formulate this basic reconstruction problem mathematically, we regard for f € L (R?)
its Radon transform

Rf(t,0) = / f(z,y)dady  for (t,0) € R x [0, 7).
{z cos(0)+ysin(0)=t}

Here, the set {(x,y) | zcos(f) + ysin(d) = t} C R? describes the straight line ¢; y with distance ¢

to the origin that is perpendicular to the unit vector ng = (cos(6),sin(#))?. Note that the Radon

transform R maps a bivariate function f = f(xz,y) in Cartesian coordinates onto a bivariate function

Rf =Rf(t,0) in polar coordinates.

Now the CT reconstruction problem reads as follows.
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Problem 1.1 (Basic reconstruction problem). Let Q C R? be bounded. Reconstruct a bivariate
function f = f(x,y) with compact support supp(f) C Q from its Radon data

(RF(,0) |t R, 6€[0,7)}.

Therefore, the basic reconstruction problem seeks for the inversion of the Radon transform R.
For a comprehensive mathematical treatment of the Radon transform and its inversion, we refer to
the textbooks [3, 9].

The outline of this paper is as follows. In §2 we address the inversion of the Radon transform
by the classical FBP formula. Since the FBP formula is highly sensitive with respect to noise, we
also describe how to stabilize the reconstruction formula by using suitable low-pass filters with a
compactly supported window function and finite bandwidth. This standard approach leads us to an
approximate reconstruction formula, whose approximation quality strongly depends on the chosen
low-pass filter.

The evaluation of the reconstruction quality requires a rigorous analysis of the approximation
error, where error bounds depending on the low-pass filter’s window function, on its bandwidth
and on the regularity of the target function are of particular interest. To this end, we first recall
in §3 an error estimate from our previous work [1] concerning the FBP reconstruction error in the
L2-norm for relevant cases of target functions from Sobolev spaces of fractional order.

That error estimate from [1] allows us to show convergence of the approximate reconstruction
to the target function as the filter’'s bandwidth goes to infinity, but only under rather strong
assumptions. In contrast, due to a result by Madych [4], convergence can be shown under much
weaker assumptions. This has motivated us to investigate the refinement of our previous L?-error
estimate, as detailed in §4. On the basis of our refined error estimates we are able to prove
convergence under much weaker conditions. Furthermore, this allows us to determine asymptotic
convergence rates in terms of the bandwidth of the low-pass filter and the smoothness of the
target function. In §5 and §6 we show that the convergence rate saturates with respect to the
differentiability order of the filter’s window function. Our theoretical results are supported by
numerical simulations.

2. FILTERED BACK PROJECTION

The inversion of the Radon transform R is well understood and involves the (continuous) Fourier
transform, here taken as

Fg(S,0) = / g(t,0)e™ 5 dt  for (S,0) € R x [0,7)
R

for g = g(t,0) in polar coordinates satisfying g(-,0) € L}(R) for all § € [0,7), as well as the back
projection

1 ™

Bh(z,y) = f/ h(z cos(f) + ysin(h),0) d§  for (x,y) € R?

T Jo

for h € L}(R x [0,7)). Note that the back projection B maps a bivariate function h = h(t,#) in

polar coordinates onto a bivariate function Bh = Bh(x,y) in Cartesian coordinates.
Later in this work we also use the (continuous) Fourier transform on R?, defined as

FIX,Y)= [ f(z,9)e  @X) dzdy  for (X,Y) € R
R2

for f = f(x,y) in Cartesian coordinates, where f € L*(R?).
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Now the inversion of the Radon transform is given by the classical filtered back projection formula
(see e.g. [2, Theorem 6.2.])

2.1) fla,y) = %B(}'fl[\SI]’(Rf)(S ) (z,y) V(x,y) €R?,

which holds for any function f € L'(R?) N C(R?).

We remark that the FBP formula is numerically unstable. Indeed, by applying the filter |S| to the
Fourier transform F(Rf) in (2.1), especially the high frequency components of Rf are amplified
by the magnitude of |S|. Therefore, the filtered back projection formula is in particular highly
sensitive with respect to noise. Needless to say that this is critical in many relevant applications,
where a reconstruction by FBP would lead to an undesired corruption of the image.

To reduce the sensitivity of the FBP formula with respect to noise, we follow a standard approach
and replace the filter |S| in (2.1) by a low-pass filter Ay, of the form

AL(S) = [SIW(5/r)
with finite bandwidth L > 0 and an even window function W : R — R with compact support
supp(W) C [—1, 1]. Further, we assume W € L*°(R).

Therefore, the scaled window function Wp,(S) = W(S/L) is even and compactly supported with
supp(Wr) C [-L, L]. In particular, W, € L}(R), and so, unlike |S|, any low-pass filter of the form
Ap(S) = |S|WL(S) is in L}(R). When replacing the filter |S| in (2.1) by a low-pass filter A (9),
the reconstruction of f is no longer exact. However, we can simplify the resulting approximate FBP
formula as

1
(2.2) fo =5 B(F AL« Rf),
where * denotes the usual convolution product. Relying on the standard relation
By [ =B(g+Rf),
which holds for f € L}(R?) and g € LY(R x [0,7)), see [9, Theorem II.1.3], we can rewrite the
approximate FBP reconstruction fr in terms of the target function f via
1
L= §B(f—1AL «Rf) = f*Kp,
where we define the convolution kernel Kj : R? — R as

1
KL('rvy) = §B(F_1AL)(I7y) for (xvy) € Rz'

For the sake of brevity, we call any application of the approximate FBP formula (2.2) an FBP
method. Therefore, each FBP method provides one approximation fr, to f, fr ~ f, whose quality
depends on the choice of the low-pass filter Ay .

In the following, we analyse the intrinsic error of the FBP method which is incurred by the use
of the low-pass filter A, i.e., we wish to analyse the reconstruction error

(2.3) er =f—fL
with respect to the filter’s window function W and bandwidth L.

We remark at this point that pointwise and L°°-error estimates on ey were proven by Munshi
in [5] and by Munshi et al. in [6]. Their theoretical results were further supported by numerical
experiments in [7]. Error bounds on the LP-norm of ey, in terms of an LP-modulus of continuity of
f, were proven by Madych in [4].
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In the following sections, we prove L2-error estimates on ey, for target functions f from Sobolev
spaces of fractional order. Here, the Sobolev space H*(R?) of order a € R, defined as

(2.4) H*(R?) = {f € §'(®?) | | flla < o0},

is equipped with the norm || - ||, where

1 o
112 = 5 [ [ @ +0)" 17 ) dedy,

and where S’ in (2.4) denotes the Schwartz space of tempered distributions.

In relevant applications of (medical) image processing, Sobolev spaces of compactly supported
functions,

HG(Q) = {f € H(R?) | supp(f) € O},

on an open and bounded domain Q C R2, and of fractional order a > 0 play an important role
(cf. [8]). In fact, the density function f of an image in  C R? has usually jumps along smooth
curves, but is otherwise smooth off these curve singularities. Such functions belong to the Sobolev
space Hy(R?) for o < % Thus, we can consider the density of an image as a function in a Sobolev
space H{ (©2) whose order « is close to %

We remark that the approach taken in this paper is essentially different from previous approaches,
in particular different from that in [4].

3. ERROR ANALYSIS

In this section we prove an L2-error estimate for e;, = f — f1,, where the upper bound on the
L2-norm of ey, is split into two error terms, a first term depending on the filter’s window function
W and a second one depending on its bandwidth L > 0. Although the results of this section are
already published in [1], it will be quite instructive for the following analysis in this paper to recall
the details of our previous error estimates in [1].

Theorem 3.1 (L2-error estimate, see [1, Theorem 1]). Let f € LY(R?) N H®(R?), for some o > 0,
W € L*(R) and K1, € L'(R?). Then, the L?-norm of the FBP reconstruction error e, = f — f1, is
bounded above by

(3.1) llerllLzmey < 11— Wlloo, =117 I fllzzy + L7 [ flla-

Since we will use some parts of the proof for a refined error analysis, we recall the proof of the
theorem for the reader’s convenience.

Proof. For f € L'(R?) N L2(R?), we get, by using the Rayleigh-Plancherel theorem,
1
lepllfz@ey = IIf — f * KLllf2ge) = o |Ff—Ff - FEL|F2gz.c)
1
=9 IFf =W Ffliz@ec)

since, by letting Wi (z,y) := Wr(r(x,y)) for r(x,y) = /22 +y? and (v,y) € R?, we have the
identity

WL(I7y) = ]:KL(ZE,]J) V(I7y) € R?
for K, € L*(R?) (in consequence of [9, Theorem II.1.4]).

We split the above representation of the L2-error into a sum of two integrals,

(3.2) ||6L||iZ(R2) :Il+12,
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where we let

(3.3) L= (Ff =Wy Fi) )P d(z,y).

2m r(z,y)<L

(3.4) L o= - \F [z, y)? d(z,y).

27 r(x,y)>L
For W € L*°(R), integral I; can be bounded above by

1
L < gnl —Wells co o IF 2 mecy = 11 = W o0 11172 ze)

and, for f € H*(R?), with o > 0, integral Iy can be bounded above by

1
L < — (1+ 2% +y»)" L72|Ff(z,y)* dla,y) < L2 f|I2,
2 r(z,y)>L

which completes the proof. g

The above theorem shows that the choices of both the window function W and the bandwidth L
are of fundamental importance for the L2-error of the FBP method. In fact, for fixed target function
f and bandwidth L, the obtained error estimate is affine-linear with respect to the distance between
the window function W and the constant function 1 in the L*-norm on the interval [—1,1]. This
behaviour has also been observed numerically in [1].

Moreover, the error term |1 — Wi|o —1,1) can be used to evaluate the quality of the window
function W. Note that the window W = x|_; 1) of the Ram-Lak filter is the unique minimizer of
that quality indicator, so that the Ram—Lak filter is in this sense the optimal low-pass filter.

Finally, the smoothness of the target function f determines the decay rate of the second error
term by

L™ flla =O(L™%) for L — oo.
However, the right hand side of our L2-error estimate can only tend to zero if we choose the Ram—
Lak filter, W = x|_1,1], and let the bandwidth L go to oco.

Nevertheless, the following theorem of Madych [4] shows that we get convergence of the FBP
reconstruction fr, in the LP-norm under weaker assumptions, for target functions f € LP(R?) with
1<p<oo.

Theorem 3.2 (Convergence in the LP-norm, see [4, Proposition 5|). Let the convolution kernel
K = K, : R? — R satisfy K € LY(R?) with

//K(x,y)dmdy:l.
R JR
Then, for f € LP(R?), 1 < p < oo,

lellLrrey — 0 for L — oo.

For the reader’s convenience, we give a proof of the theorem, which relies on Lebegue’s theorem
on dominated convergence.

Proof. For f € LP(R?), 1 < p < o0, and (X,Y) € R?, we define
Af(X?Y) = ”f( - Xa' - Y) - f”LP(Rz)-

Then, we have
Ay(X)Y)— 0 for (X,Y)— (0,0),



6 MATTHIAS BECKMANN AND ARMIN ISKE

since this holds for continuous functions f with compact support, i.e., f € C.(R?), and C.(R?) is
dense in L?(R?) for 1 < p < oo.
Relying on the scaling property

(3.5) Ki(r,y) = L* K(Lz,Ly) V(v,y) € R?

/R/]RKL(ac,y)da:dy:/]R‘/]I{I((gc,y)dacdy:17

and can rewrite the pointwise error

eL(x,y) = (f = fu)(z,y) for (z,y) € R?

we get

q(w)z(f—f*m)(w)=/R/R[f(x,y>—f(x—X,y—YnKL(X,Y) dx av.

Using Minkowski’s integral inequality we can estimate the LP-norm of ey, by

p Yp
lerllLe ey = (/R/R dxdy)
l/p
g/R/R(/R/Rf(xxij)f(r7y)|”|KL(X7Y>|”dxdy> X v

:/R/R(/R/Rf(z—X,y—Y)—f(x,y)V’ da:dy)l/pKL(X,YﬂdXdY
:/R/RAf(X,Y) KL (X,Y)| dX dY

/R / @ — Xy —Y) — fle.g) KL(X,Y) dX dY

Again, by using the scaling property (3.5), we get

ez lim@e) < / / Ag(X/1,Y/r) |[K(X,Y)] dX dY.
RJR

Since
1A (X, Y/)| |K(X,Y)| < 2| fllue ey [K(X,Y)]
and, by assumption,

//|K(X,Y)|dXdY<oo7
RJR

in combination with
Ay(X/L,Y/L) — 0 for L — oo,

we finally obtain
||6LHLP(R2) S / / Af(X/L,Y/L) ‘K(X, Y)| dXdY — 0 for L — oo
R JR

by Lebesgue’s theorem on dominated convergence. 0
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4. REFINED ERROR ANALYSIS

According to Theorem 3.2, the L2-norm of the FBP reconstruction error f — f7, tends to zero as
L goes to co. On the grounds of our error estimate in (3.1), however, convergence follows only for
the Ram-Lak filter, where W = x|_1,1). To obtain convergence under weaker conditions, we need
to refine our error estimate.

As in Theorem 3.1 we assume f € L'(R?) N H*(R?), for a > 0, W € L*(R) and K, € L'(R?).
For the sake of brevity, we set r(z,y) = /22 + y2 for (x,y) € R2. Recall the representation of the
FBP reconstruction error e;, = f — f1, with respect to the L2-norm in (3.2), by the sum of two
integrals, I; in (3.3) and I in (3.4), where integral I3 can be bounded above by

(4.1) L <L |f| %

In Theorem 3.1 we derived an upper bound for integral I; in terms of the L2-norm of the target
function f. To obtain convergence for a larger class of window functions, we bound I; from above,
now also with respect to the H*-norm of f. Indeed, for f € H*(R?), with a > 0, we can estimate
integral I in (3.3) by

1

-[1:27 |17WL(xvy)‘2‘}—f(xvy)‘2 d(.T,y)
T Jr(zy)<L
1 |1 7WL($7y)|2

" or e (L2 + )" | F () d(a,
2 oer Axa2 4y T V) Ff@ylday)

(1 - WL(S))2 1 2 2\« 2
(s;[:EBL] (1+52)a> %/]R/]R (4 +97) 17yl dedy.

IN

Now note that
(1-Wr(S))* _ (1-W(5/r))? (1-Ww(s))?

SUp —( (e~ = SUPp g = SUD 5 o a-
se-r,r) (1+85?%) sel-L,r] (1452) se[-1,1] (14 L252)

Therefore, with letting
(1-Ww(9))*
Qo w(l)= sup ——5= forL>0
() se[-1,1] (1+L25?)
we can express the above bound on I as

(1-W(S))? 5 _ 2
I < (SGS[EII)J] (1+L25,2)a> I flla = @aw (L) || fIIZ-

Combining our bounds for integrals I; and I, this finally leads us to the L2-error estimate

L-W(S)?* ., Con
lerlises) < (S sup 1]((1“2(53))&% ’ )Ilfi = (Zaw (L) + L) IF113-
el—-1

In summary, we have just established the following result.

Theorem 4.1 (Refined L2-error estimate). Let f € L}(R?) NH*(R?), for a >0, W € L>°(R), and
K1, € LY(R?). Then, the L2-norm of the FBP reconstruction error er, = f — fr, is bounded above by

(42) ezl < (@3 (L) +L7) 1 flla-
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Our next result shows that, under suitable assumptions on the window W, the function @, w (L)
tends to zero as L goes to oo.

Theorem 4.2 (Convergence of O, w ). Let the window W be continuous on [—1,1] and W(0) = 1.
Then, for any a > 0,
(1-W(s))*

Do (L) = L= W)
wil) = max G Tage)

— 0 for L — .

Proof. For the sake of brevity, we define the function ®, w1 : [-1,1] — R via
(1-w(S))*
(14 L252)*

Because W is continuous on [—1, 1] and even, @, 1, attains a maximum on [—1, 1], and we have

O w,r(S) = for S € [—1,1].

S w(Ll)= s d, S) = o, S) = o, S).
WD = S e 8) = gy, ot (5) = Jgg, Boawia(S)

In the following, let S} v, ; € [0, 1] be the smallest maximizer of the even function ®4 w,z, on [0, 1].
Case 1: S}, v 1, is uniformly bounded away from 0, i.e.,

Je=c(la,W)>0VL>0: S, wp >
in which case we get

; 2
(1=W(Shwr)) 11— W|‘f2>0,[71,1] L—00

< 0.
(14 L2c2)”

0< Py w,r (S;,W,L) = 1+ LZ(SZ,W,L)z)a
Case 2: S;’W’L tends to 0 as L goes to oo, i.e.,
Sowr—0 for L — o0
Because W is continuous on [—1, 1] and satisfies W (0) = 1, we have
W(Sawr) — W(0O)=1 for L-— o0

(e}

and, consequently,

(1-W(Stwyp)
1+ L2(S§,W,L)2)a

0 < ®ow,r(Sa,w,) = ( < (1=W(St )’ 2220,

Hence, in both cases we have
(I)(Lw(L) = (pa,W,L (SZ,W,L) — 0 for L — 00,
which completes our proof. O

By combining Theorems 4.1 and 4.2, we can now conclude convergence of the FBP reconstruction
fr in the L%-norm for a larger class of window functions W.

Corollary 4.3. Let f € L}(R?) N H*(R?), for some o > 0, let K7, € LY(R?), and W € C([-1,1])
with W (0) = 1. Then, the L2-norm of the FBP reconstruction error e;, = f — f1, satisfies
lerlltz ey < (®aw (L) + L) [ flIG — 0 for L — oc.

In particular,
lerllzmey = o(1)  for L — oo.
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We are now interested in the rate of convergence for the FBP reconstruction error ||er |12 (r2) as
L goes to oo. Thus, we need to determine the decay rate of @,y (L). To this end, let S}, iy, € [0, 1]
again denote the smallest maximizer in [0, 1] of the even function

(1-W($))?

owr(5) = (1 Tag2y

for S e [-1,1].
In the following analysis, we rely on the following assumption.

Assumption 4.4. S}y, is uniformly bounded away from 0, i.e., there exists a constant co,w > 0,
such that

S;,W,L > Ca,w VL >0.

Under this assumption, we can conclude

11— WIZ,
11] —2(1 Hl_WHZ 1 L~ 2a

Do w(L)=0 o < —a =
aw(L) = @aw,r(Saw,r) < (1+ 222 ) Ca, W

in which case we obtain
lewBeqeey < (ca30 I1 = W oo +1) L2 112,

ie.,

||eL||%2(R2) =O(L™%*) for L — oo.

In summary, we can, under the above assumption, establish asymptotic L2-error estimates for
the FBP reconstruction with convergence rates as follows.

Theorem 4.5 (Rate of convergence). Let f € L*(R?) N H*(R?), for some a > 0, K1, € L'(R?),
and W € C([—1,1]) with W(0) = 1. Further, let Assumption 4.4 be satisfied. Then, the L2-norm
of the FBP reconstruction error e, = f — fr, is bounded above by

(4.3) lecllize) < (cag 11 = Whoe o1 +1) L7 |1 fllas

i.e.,
lerllrzmey = O(L™)  for L — oc.

Note that the decay rate of the L2-error in (4.3) is determined by the smoothness « of the target f.

We remark that Assumption 4.4 is satisfied for a large class of window functions. For example,
let the window function W € C([—1, 1]) satisfy

W(S)=1 VS e[—¢¢]

for e > 0 and
IR e[0,1]: W(R) # 1.
Then, Assumption 4.4 is fulfilled with c,w = €.
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(a) a=0.5 ) a=1 (¢) a=2

10 10° 10° 10°
L L

(d) a =25 (e) a=3 f) a=4

FIGURE 1. Decay rate of @, y for the Shepp-Logan filter.

Numerical Observations. We investigate the behaviour of S7 1, and @, w numerically for the
following commonly used choices of the filter function Ay (S) = |S| W (5/L):

Name W(S) for |S| <1 | Parameter
Shepp-Logan sinc(75/2) -
Cosine cos(™5/2) -
Hamming B+ (1 —pB)cos(nS) | B € [Y2,1]
Gaussian exp(—(79/5)?) g>1

Note that each of these window functions W is compactly supported with supp(W) = [—1,1].

In our numerical experiments, we calculated S7, y;, ; and @, w (L) as a function of the bandwidth
L > 0 for the above mentioned window functions W and for different parameters o > 0, reflecting
the smoothness of the target function f € H*(R?). Figure 1 shows the behaviour of ®, w in log-
log scale for the Shepp—Logan filter and for smoothness parameters o € {0.5,1,2,2.5,3,4}. For
a € {0.5,1,2} we observe that ®, 1 (L) behaves exactly as L~2%, see Figure 1(a)—(c), whereas for
a € {2.5,3,4} the behaviour of ®, (L) corresponds to L=*, see Figure 1(d)—(f). In the latter
case, however, ®, (L) decreases at increasing values a > 2. We remark that the same behaviour
was observed in our numerical experiments for the other window functions W mentioned above.

We summarize our numerical experiments (for all windows W listed above) as follows.
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For o < 2, we see that Assumption 4.4, i.e.,
Jeaw >0VL>0: S, wr > caw,
is fulfilled, where in particular,
Oy w(L)=0O(L™2) for L — oco.
For o > 2, we have
g*

«

wr —0 for L-—o0

and the convergence rate of ®, y stagnates at

O, w(L)=0(L"") for L— oco.

5. ERROR ANALYSIS FOR C2-WINDOWS

Note that all window functions W mentioned above are in C?([—1,1]). Therefore, in the following
analysis we consider even window functions W with compact support in [—1, 1] that additionally
satisfy W € C%([—1,1]) and W(0) = 1. As a first result, we obtain the following convergence rate.

Theorem 5.1 (Convergence rate of ®, 1y for C2-windows). Let the window function W satisfy
W € C?([-1,1]) with W(0) = 1. Moreover, let o > 0. Then, we have

Co lW"|2 iy L% fora>2nL> 22

Voa—2
Caw(l) =9 s VL >0,
: ||W//||C2>07[7171] 2 fora <2V (a >2AL < \/ﬁ)

i.e.,
Doy (L) = O(L— min{4=20}) for L — oo,

where the constant
B (a o 2)a72

aO(

Ca
is strictly monotonically decreasing in o > 2.

Proof. Since the window function W is assumed to be continuous on [—1, 1], we have

(1-w(9))?
aw (L) seloty (11 L28%)%  seloi a,w,L(5)

Let S € [-1,1] be fixed. By assumption, W satisfies W € C?([—1,1]) with W(0) = 1. Thus, we can
apply Taylor’s theorem and obtain

W(S)=WwW(0)+W'(0)S + % W (€) 8% =1+ % W’ (€) S?

for some £ between 0 and .S, where we use that the window W is even and, consequently, W' (0) = 0.
This leads to

O P L (3) S IV S
oWk 4 (141282 = 4 (1+L2S52)™
Hence,
Wz, [~1,1] sS4 w2, [~1,1]
o, L)< — a = — ey .
wi(l) < 1 Sg[lffl] (1+ L2 S?) 1 Sg[lﬁifl] ba,L(S)
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We now need to analyse the function
S4
S)=———"——=%
¢a,L( ) (1+L2 52)(1
which is independent of the window function W. Since ¢, 1, is an even function, we have

o,L(5) = o, L (S
sg[liiﬁ]d) () ng[%?iﬁ) L(S)

for S e [-1,1],

and so it suffices to consider S € [0,1]. A necessary condition for a maximum of @, 1 on (0,1) is
¢;,L(S) =0.
From the first derivative
, 253 (24 (2— a)L? S5?)
¢a,L(S) = a+1
(14 L2 5?)
it follows that ¢/, ; can vanish only for S = 0 or for (a —2)L?5? = 2.

Now since ¢4 1(0) = 0 and ¢4, (S) > 0, for all S > 0, it follows that S = 0 is the unique global
minimizer of ¢, 1, on [0, 1].

Case 1: For 0 < a < 2 the equation
(= 2)L*S* =2
has no solution in [0, 1] and, moreover,
bo.0(S) >0 VSe(01]
This means that ¢, 1, is strictly monotonically increasing on (0, 1] and, thus, it is maximal on [0, 1]
for S* =1, i.e.,

1
0 r(S)=ar(l) = ——— 0 < L2,
Srg[%§]¢,L() $a,(1) Ao =

Case 2: For a > 2 the unique positive solution of the equation

( —2)L*S* =2

is given by
VP
C Lya -2
where
S* e [0,1] = L> V2
a—2

For convenience, we define the function g,z : R — R via
Ga,L(S) =2+ (2—a)L? 5>
Then, gq,1, is a down open parabola with vertex in S = 0 and we obtain
9o, 1.(51) > ga.1(S2) V0 <51 < Ss.
In particular, we have
9o.1(82) < ga.(S*) =0 < ga.r.(S1) V0O< S < S5* <5,
and, consequently,

Go.(S2) < ¢l (S*) =0 < ¢, [(S1) VO< S <8 <8,
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Thus, ¢4, 1, is strictly monotonically increasing on (0, 5*) and strictly monotonically decreasing on
(S*,00). Therefore, S* is the unique maximizer of ¢, and it follows that

1 for L < 2
arg max ¢, r,(S) = o2
S€f0.1] A for L>
Since .
(20)
a— — )2«
d)oz,L(S*) — L 2 N — 4 (O[ a) L74
(1 +12 () > “
Ly/a—2
we finally obtain (for o > 2)
e 6o (S) = ¢a,(1) for L < :fz . L%« for L < \/%
sefo) T ) 2 S ) a2 Vi
¢a,r(S*) for L > NG 4 5—=—1L for L > e
Combining our results yields
1
ow(L) <~ |W"2 L (S
w(l) < 1 | Hoo,[fl,l] Srél[%ﬁ] ba,1(9)
1 ZLWL_4 fora >2AL> X2
< IV Ly
4 L2« fora§2\/(a>2/\L< ‘0{22)
a—2)2"% _
(o= " jc)v ||W”HC2>O’[7171] L% fora>2AL> %ﬁQ
%HW”H?}O’PL” L2 for o <2V (a>2AL< £2) ,
as stated.
Let us finally regard the constant
Co = Cla) = M
aa
as a function of a > 2. Then,
d —2)a—2 2
£C(a):% log(la) <0 Va>2
and, consequently, C, is strictly monotonically decreasing in o« > 2.
d ly, C,, i ictl ically d ing i 2 O

We remark that the results of Theorem 5.1 comply with our numerical observations from the
previous section. We have in particular observed saturation of the convergence rate of ®, w for
a>2at

Sow(L)=0O(L™*) for L— o0
through our numerical experiments. Therefore, our numerical results show that the proven order
of convergence for @, w is optimal for C?-windows.

By combining Theorems 4.1 and 5.1, we finally get the following result for the convergence order
of FBP reconstruction with C2-windows.
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Corollary 5.2 (L%-error estimate for C2-windows). Let f € LY(R?) N H*(R?), for some a > 0,
K1 € LY(R?), and W € C?([-1,1]) with W(0) = 1. Then, the L2-norm of the FBP reconstruction
error e, = [ — fr is bounded above by

(c"z'2 W |0, =1,1] L2+ L“’) Iflla fora>2AL>L*

ler |z me) < . .
(5 W oo =1, L™ + L*O‘) I1fla fora<2V(a>2ANL<L¥Y

with the critical bandwidth L* = \/‘o{%, for a > 2. Moreover, the constant

2 fa—2\"
ca’2_a—2 «

is strictly monotonically decreasing in o > 2. In particular,

||€LHL2(R2) < (C”W//”oo,[—l,l] L~ min{2,a} + L—cx) Hf”a _ O(L_ min{2,a}) )

We close this section by the following two remarks.

Firstly, note that the bound on the inherent FBP reconstruction error in Corollary 5.2 is affine-
linear with respect to |[W"|| [—1,1). Therefore, the quantity in the upper bound can be used to
evaluate the approximation quality of the chosen C?-window function W.

Secondly, for o < 2 the convergence order of the approximate reconstruction f, is given by the
smoothness of the target function f. But for o > 2 the convergence rate of the error bound saturates
at O(L~2). Nevertheless, the FBP reconstruction error continues to decrease at increasing o > 2,
since the involved constant ¢, is strictly monotonically decreasing in o > 2. This matches our
perceptions, as the approximation error should be smaller for target functions of higher regularity.

6. ERROR ANALYSIS FOR C*-WINDOWS

In this section, we generalize our results from the previous section to C*-windows whose first
k — 1 derivatives vanish at the origin. Therefore, we now consider even window functions W with
compact support in [—1,1] that additionally satisfy W € C*([—1,1]) for some k > 2 and

W(O0)=1 and WYD0)=0 VI<j<k—1.

According to Theorem 4.2, ®, w (L) tends to zero for L — co. In Theorem 5.1 we obtained
convergence rates for ®, yw with C2-windows W. We can prove convergence rates for CF-windows
by following along the lines of the presented proofs for k = 2, see Theorem 5.1 and Corollary 5.2.
We formulate our results for £ > 2 as follows.

Theorem 6.1 (Convergence rate of ®, 1 for C*-windows). Let the window function W satisfy
W e CH([-1,1]), for k > 2, with

WO)=1 and WPD0)=0 V1<j<k-1
Moreover, let o> 0. Then, ®, w(L) can be bounded above by

C
(k!

@ WO Ly 720 fora <kV(a>kAL <L)

2
o

O, (L) < ¥ W®Z L7 fora>kAL>L*
a,W ~

with the critical bandwidth L* = J%’ for a >k, and the strictly increasing constant
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Coc,]c:( i )W(a_k)ah for a > k.

a—k «

In particular,
O, w(L) = (’)(L’Qmi“{k’a}) for L — oc.

Combining Theorems 4.1 and 6.1, we obtain the following result concerning the convergence
order of the FBP reconstruction with C*-windows.

Corollary 6.2 (L2-error estimate for C*-windows). Let f € L'(R?) N H*(R?), for a > 0, and
K, € LY(R?). Moreover, let W € C*([~1,1]), for k > 2, with

W(O)=1 and WOD0)=0 V1<j<k-1
Then, the L2-norm of the inherent FBP reconstruction error er, = f — f1, is bounded above by

(St WO o mi L+ L) flla fora>kAL>L*
llerllLe < )
(G WP o1y L7+ L) flla fora<kV(a>kAL<L").
In particular,

lerlluee) < (Wl oay Lm0 4 L7 ) | flla = O(L7minlke ).

Note that our concluding remarks after Corollary 5.2 concerning the approximation order of the
FBP reconstruction fr, continue to apply in the situation of C¥-windows W. Indeed, the convergence
order in Corollary 6.2, for o < k, is determined by the smoothness of the target function f, whereas
for a > k the convergence rate saturates at O(L~*). But in this case the error bound decreases
at increasing «, since the involved constant c, j is strictly monotonically decreasing in o > k.
Thus, a smoother target function allows for a better approximation, as expected. Nevertheless, the
attainable convergence rate is limited by the differentiability order k of the filter’s C*-window W.

Finally, note that the bound on the inherent FBP reconstruction error in Corollary 6.2 is affine-
linear with respect to ||W(k)||oo,[_1,1] and this quantity can be used to evaluate the approximation
quality of the chosen C¥-window function W.

Numerical Experiments. We investigate the behaviour of ®, y numerically for the generalized
Gaussian filter Ay (S) = |S| W (5/r) with the window function

W(S) = exp (- (“’;)3 for S € [~1,1]

for k € N> and 3 > 1. In this case, W € C*([—1,1]) is even and compactly supported in [—1,1].
Moreover,

k
WO0)=1 and WU0)=0 V1<j<k—1 and W<k>(o)=—’f’<g> # 0.

In our numerical experiments, we evaluated ®, (L) as a function of the bandwidth L > 0 for
the Gaussian’s window W, using various combinations of parameters k € N>o, 5 > 1, and o > 0.
Figure 2 shows the behaviour of @,y in log-log scale for the generalized Gaussian filter with k = 4
and 8 = 4, for the smoothness parameters o € {2,3,4,4.5,5,6}. For o € {2,3,4} we observe that
@, (L) behaves as L™2%, see Figure 2(a)—(c), whereas for a € {4.5,5,6} the behaviour of ®, (L)
corresponds to L8, see Figure 2(d)—(f). But ®, v (L) continues to decrease at increasing o > k.
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10 10° 10° 10° 10° 10°
L L L

(d) a =45 (e) a=5 f) a=6

FIGURE 2. Decay rate of ®, y for the generalized Gaussian filter with k = 4, 8 = 4.

We can summarize the results of our numerical experiments as follows. For a < k, we observe
Qo w(L)=0(L*) for L — o0.
For o > k, the convergence rate of ®, y saturates at
Sow(L)=O(L?%) for L — oo

Note that the results of Theorem 6.1 entirely comply with our numerical observations (for the
generalized Gaussian filters). So have we, in particular, observed the saturation of the convergence
rate of @, v for a > k at

Oow(L)=O(L7%*) for L — cc.
Our numerical results show that the proven convergence order of @, w is optimal for C*-windows.
Asymptotic Error Estimates. In this subsection, we take a different approach to prove asymp-
totic error estimates for the proposed FBP reconstruction method with window functions which
are k-times differentiable only at the origin. To this end, we now consider an even window function

W e L*(R), with compact support on [—1,1]. Moreover, W is required to have k derivatives at
zero, for some k > 2, with

W(O0)=1 and WD0)=0 VI<j<k-—1.

As in the previous sections, we consider target functions f € L'(R?) N H%(R?), for some o > 0,
and assume K, € L}(R?). For the sake of brevity, we again set 7(x,y) = /22 + 32 for (z,y) € R2.



ERROR ESTIMATES AND CONVERGENCE RATES FOR FILTERED BACK PROJECTION 17

Recall the representation of the FBP reconstruction error e;, = f — fr with respect to the
L2-norm in (3.2), by the sum of two integrals, I in (3.3) and I in (3.4), where integral I, can be
bounded above by (4.1).

As regards integral I;, we have

1
27 Jr(e )<L
1

21 Joey<r

I |17WL(r(a:,y))|2 |]:f(1’7y)|2 d(xmy)

- W(WL?’)) ‘ Ff(a,y)? d(, ).

Because W : R — R is k-times differentiable at zero, we can apply Taylor’s theorem and, thus,
there exists a function hy : R — R satisfying

kG ,
W(S) = W _,(0) ST+ hp(S)S* VS eER
= 7
and
lim hy,(8) = 0.

By assumption, W satisfies
WO0)=1 and WOW0)=0 V1<j<k-1
Hence, for (x,y) € R? and L > 0 follows that

()= (R () () ()

so that we obtain the representation

2

=2 (0O (")) (MDY e .

I r(z,y)<L

For convenience, we define

2k
(T(ozy)) 52K
N S S P c L (N S e
Then, I; can be bounded above by
2

w® (0 : o
<t [ (T (M) ) e d)

We now regard the integral

[ [ (%)) 4wy s asay

For S # 0, the function hj can be written as

W) (0)

hi(S) = (W(8) = 1) 72 = =
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Since the window W is even and has compact support in [—1, 1], hy is also even and satisfies

W (0
hi(S) = =872 — % VS| > 1,

which implies
~w®(0)

I for S — Fo0.

hk(S) —

From W € L*°(R) and
hp(S)—0 for S —0

it follows that hj is bounded on R, so that there exists some constant M > 0 satisfying
2
‘hk<”(xLy)>‘ <M V(z,y) €R* L>0.

Hence, for all L > 0, the integrand

ot = (e (22)) (1 re0) 1E s

is bounded on R? by the function
®(z,y) = M (1+7(z,)°)" |Ffz.y)P,

which is integrable over R? due to the assumption f € H*(R?). Moreover, we have

r(x, r(x,
hk((Ly)> — 0 for % — 0,

which implies that, for any (z,y) € R?, hi 1 (z,y) tends to zero as L goes to co. Thus, we can apply
Lebesgue’s theorem on dominated convergence to get

nggo/R/R(hk<r("zy)>>2(1+r(a:,y)2)“ff(x,y)dedyzo,

/R/R(’“(W))Q<1+r<x7y>2)°‘|ff<x,y>|2dxdy—o<1> for L —s o0

ie.,

This leads us to the estimate

1 W® (0 D\ «
Dty [ (T em (M) Q) R

<2 (%)2+2 (hk(w)>2

.1 W (0) > o
<20y [ (FE) 04 el )

ronnat [ (")) () s e

™

Wk 0)\”
<200 (g ) IR+ 0ol
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Using the same technique as in the proof of Theorem 5.1, we can bound ¢7, | , by

(20 (522 fora>kAL> L

Ghik < = O(L2mintke)

L2« fora<kV(a>kANL<L")

with the critical bandwidth L* = \/\a/% for aw > k. Thus, it follows that

i 2 (WO L2 |2 +o(L2%)  fora>kAL>L*
iz W) L2 (IfII2 + o(L72) for a <kV(a>kAL<L"),

where the constant

I; <

Ca,kz( F )W(a_k)a/z fora > k

a—k @
is strictly monotonically decreasing in o > k (cf. Theorem 6.1).
By combining our derived bounds for the integrals I; and I, we finally get the L2-error estimate

2 ) .
lexllfaqes) < (2 (Can IW®(0)])" L-2minthel 4 L2a> 1% + o L2minthet).
In conclusion, we have proven the following error theorem for the FBP reconstruction method.

Theorem 6.3 (Asymptotic L2-error estimate). Let f € L'(R?) N H*(R?), for some a > 0, and
K1, € LY(R?). Moreover, let W € L®°(R) be even, with supp(W) C [~1,1], and k-times differen-
tiable at the origin, k > 2, with

WO)=1 and WD0)=0 VI<j<k-L
Then, for o < k, the L?-norm of the FBP reconstruction error er, = f — f1, is bounded above by

(6.1) lerllrz ey < (f |W<k)(o)| L=+ L—a> 1f e + o(L™).

If a > k, the L2-norm of er, can be bounded above by

(4 car WO L+ L) || flla+o(L)  for > L*

(6.2) lecllLze) < P
(W [W® (0)] L= + L_O‘) [l flla +o(L™%) for L < L*
with the critical bandwidth L* = %ﬁ = and the strictly monotonically decreasing constant
kN2 —k\°/?
Ca,k = a—k) ( o ) for a > k.

In particular,
||6L||L2(]R2) < (C|W(k)(0)‘ L~ min{k,a} —I—L_a) ||f||a +O(L—min{k,o¢}) .

We wish to draw the following conclusions from Theorem 6.3.

Firstly, the flatness of the filter’s window function W determines the convergence rate of the error
bounds (6.1), (6.2) for the inherent FBP reconstruction error. Indeed, if W is k-times differentiable
at the origin such that the first &k — 1 derivatives of W vanish at zero, then the convergence rate
in (6.1) is given by the smoothness « of the target function f as long as o < k. But for a > k the
order of convergence in (6.2) saturates at O(L~F).
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Secondly, the quantity [W*)(0)|, i.e., the k-th derivative of W at the origin, dominates the error
bound in both (6.1) and (6.2). Therefore, the value [W*)(0)| can be used as an indicator to predict
the approximation quality of the proposed FBP reconstruction method.

To conclude our discussion, we finally consider the following special case. Let the window function
W fulfil the assumptions of Theorem 6.3 with k£ > 2 and let the smoothness « of f € H*(R?) satisfy

a>k.
Then, the asymptotic L2-error estimate of the FBP method reduces to

1f = frlle@e) < V2ean IWE Q) L7 | flla + o(L7F).

Consequently, the intrinsic FBP reconstruction error is proportional to |W(k>(0)\, if we neglect
the higher order terms. For k = 2, this observation complies with the results of Munshi [5] and
Munshi et al. [5, 6], where they assumed certain moment conditions on the convolution kernel K
and differentiability of the target function f.

7. CONCLUSION

We have analysed the inherent FBP reconstruction error which is incurred by the use of a low-
pass filter with a compactly supported window W and finite bandwidth L. We refined our L2-error
estimate from [1] to prove, under reasonable assumptions, convergence of the FBP reconstruction
f1 to the target function f as the bandwidth L goes to infinity. Moreover, we developed asymptotic
convergence rates in terms of the bandwidth L and the smoothness « of the target function f.

By deriving an asymptotic error estimate, we observed that the flatness of the filter’s window
function is of fundamental importance. Indeed, if the window W is k-times differentiable at the
origin, such that the first £ — 1 derivatives vanish at zero, then the convergence rate of the obtained
error bound saturates at O(L~*), and the quantity [ *)(0)| determines the approximation quality
of the chosen low-pass filter.
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