Hamburger Beitrage
zur Angewandten Mathematik

Improved Estimates for Condition Numbers of
Radial Basis Function Interpolation Matrices

Benedikt Diederichs and Armin Iske

Nr. 2016-16
Juni 2016






Improved Estimates for Condition Numbers
of Radial Basis Function Interpolation Matrices

Benedikt Diederichs and Armin Iske

University of Hamburg, Department of Mathematics,
Bundesstrafie 55, 20146 Hamburg, Germany
{benedikt.diederichs,armin.iske}@uni-hamburg.de

Abstract

We improve existing estimates for the condition number of matrices arising in
radial basis function interpolation. To this end, we refine lower bounds on
the smallest eigenvalue and upper bounds on the largest eigenvalue, where our
upper bounds on the largest eigenvalue are independent of the matrix dimension
(i.e., the number of interpolation points). We show that our theoretical results
comply with recent numerical observations concerning the condition number of
radial basis function interpolation matrices.
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1. Introduction

Radial basis functions (RBF), or, radial kernel functions, are powerful tools
for meshfree interpolation from multivariate scattered data [5, 6, 19]. In order to
explain RBF interpolation only very briefly, assume we are given function values
fx = (f(z1),..., f(zn))T € RY sampled from a target function f : R — R,
for d > 1, at a set X = {x1,...,2x} C R of pairwise distinct interpolation
points. According to the RBF reconstruction scheme, an interpolant s : R* — R

to f is required to be of the form

N
s(z) = Zc]@(x —z;)+p(z) for z € RY, (1)
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where @ is a radially symmetric kernel function, i.e., ® = ¢(|| - ||2) for a radial
kernel ¢ : [0,00) — R, and where ||-||2 is the Euclidean norm on R%. Moreover, p
in (1) is assumed to be a d-variate real-valued polynomial, whose degree m—1 is
determined by the order m € Ny of the kernel ®. To be more precise, we require
that ® is conditionally positive definite of order m on R?, & € CPD(m), i.e.,

for any point set X = {1,...,2x} C R? of size N = | X|, the kernel matriz

ACI’,X = ((D(.’L'] — xk))lfj,kSN S RNXN (2)

is positive definite on the linear subspace

N
Lx={c=(c1,...,cn)T eRY : chp(xj) =0forallpell? |, » cRY,
j=1
where an_l is the space of all d-variate polynomials of degree at most m—1. For
m = 0 we have Lx = RY, in which case ® is positive definite on R¢, & € PD.
We remark that for ® € CPD(m) the interpolation problem sx = fx has a
unique solution s of the form (1), under constraints ¢ = (cy,...,cn)? € Lx and
under the assumption that the interpolation points X are an_l—unisolvent. In
fact, the interpolation problem sx = fx leads us, for a fixed basis {p1,...,pq}

of 1% | to the linear system

N Q
ché(xk—xj)—l—Zbgpg(xk) = f(zy) fork=1,...,N
j=1 =1 (3)

N
chpg(xj)zo fort=1,...,Q
=1
with unknown coefficients ¢ = (c1,...,cn)? € RY for the major part of p in (1)
and coefficients b = (b1, ...,bg)T € R for its polynomial part. We can rewrite

the system (3) in matrix form as

Ao x Px c Ix
P o) \b 0

where the polynomial matrix

Px = (pe(75))1<jenn<ecq € RV



is injective, due to the assumed I1¢,_,;-unisolvence of the interpolation points X.

Now the goal of this paper is to investigate the numerical stability of the
linear system (4). Note that for & € CPD(m) there are positive eigenvalues
A>X>0of Ag x satisfying

Mela < cfAg xe < Al for all ¢ € Lx,

where the spectral condition number ka(As x) = A/ accounts for the sensitivity
of the system (4), see [16]. Therefore, to analyze the numerical stability of (4),
we are interested in both good lower bounds for A and good upper bounds for A.

We remark that the analysis concerning spectral properties of RBF matrices
Ag x has already a long history, where earlier results concerning lower bounds
on A are dating back to the 1992 papers of Ball [1, 2]. Somewhat later, more
refined estimates by Narcowich & Ward [11, 12, 13] and by Schaback [15] were
celebrated to be near-optimal due to Schaback [14]. A more recent and very
concise account concerning the stability of RBF interpolation has been provided
by Schaback [16] in 2002, with focus on lower bounds for A. Although upper
bounds for A, relying on Gerschgorin’s theorem, are also provided in [16], these
are rather crude, and, moreover, they essentially dependent on the number
N = | X] of interpolation points.

Very recently, numerical estimates for the condition number of Ag x were
obtained by Boyd & Gildersleeve [4]. But there is still a large gap between
the bounds from their numerical experiments and the theoretical bounds in the
RBF literature. For the special case of uniform grids, optimal bounds on A and
A are due to Baxter [3], where there is also a large gap between his bounds in [3]
for gridded data and those bounds from the RBF literature for scattered data.

This paper reduces existing gaps between those bounds quite significantly.
To further explain this, we remark that existing lower bounds on A are of the

form

A > G(g), (5)



where
r .
0= a(X. | 2) = 5 min [l =

is the (Euclidean) separation radius of X, and where G : [0,00) — [0,00) is a
monotonically increasing function depending on ®, but not on X and not on
N = |X]|. Due to the monotonicity of G and the norm equivalence in finite
dimensional normed linear spaces, it is clearly possible to express the bound
in (5) also for separation radii in other norms on R%. In fact, it will be convenient
to express our results w.r.t the separation radius in the co-norm,

L.
o0 = 4(X, | - [l) = 5 min la; — el

To discuss one of our results only very briefly, we regard the Gaussian kernel
B(z) = e Pl=ll3 for 8 > 0.
In this case, the best bound on A of the form (5) known so far is given by
G(q) = Cuq e Mi/(Ba)

where C; and M3 = 40.71d? are constants depending on d (cf. [19, Table 12.1]).
In this paper, we will reduce this best bound (up to an arbitrarily small € > 0)
to My = dr/4 for the Euclidean separation radius ¢ and to My = v/dr /4 for
the separation radius ¢~.. We detail our results by Example 2.6.

The outline of this paper is as follows. We improve currently known best
bounds on the spectral condition number ro(As x) = A/A by refining existing
lower bounds of the form (5) for the smallest eigenvalue A (in Section 2), on the
one hand, and by improving existing upper bounds for the largest eigenvalue A
(in Section 3), on the other hand. The latter leads us to refined upper bounds
on A that are independent of N = |X|. In Section 4 we finally discuss the
theoretical bounds of this paper in comparison with bounds obtained from the

numerical experiments in [4].



2. Improved lower bounds for the smallest eigenvalue

In our subsequent analysis, we assume that ® : R¢ — R is continuous and of
at most polynomial growth around infinity, so that ® has a generalized Fourier
transform @ in the sense of tempered distributions [7, 8]. Moreover, we assume
that @ is non-vanishing and non-negative on R%\ {0}, with allowing an algebraic
singularity at zero. In this case, it is well-known that the identity

2

> cyadle; o) = Gy | ch ()

7,k=1

holds for all (cy,...,cn)T € Ly (see e.g. [19, Corollary 8.13)).

We remark that the above assumptions on ® and & are highly relevant as
they hold for large classes of radial kernel functions (cf. [19, Section 8.2]). Now
the identity (6) plays a central role in the ground-breaking work of Narcowich
and Ward [11, 12, 13], where they construct a suitable minorant U : R? — R,

whose Fourier transform ¥ : R — R satisfies

A

d(w) > T(w) >0 for all w € R%\ {0}, (7)

so that they can conclude the estimate

2 2

YR R K

= Z CjCk\I/($j - .%‘k)

jk=1

Using Gerschgorin’s theorem, the smallest eigenvalue A of the kernel matrix

Ag x in (2) could be bounded from below by

> — .
A 13}1€1£1N Z |D(z; — )| (8)
J?ék

Note that the estimate for A in (8) can only be rather crude, unless Ag x is

diagonally dominant. But Narcowich & Ward were able to construct a minorant



U satisfying (7), such that the matrix

By x = (Y(%j — k)< pen € RV

is diagonally dominant.

The following result of Komornik & Loreti [9, Theorem 8.1] leads us to
improved lower bounds on A by dropping the restriction ¥ >0in (7), in which
case it is possible to construct ¥ such that By x is diagonal. To this end, we
let

BY :={z eR:|z|, <r} CR? forr >0and 1 <p<oo

denote the closed ball around zero with radius » with respect to the p-norm.

Moreover, it will be convenient to let B, := B? = {z € R%: ||z|| < r} for r > 0.

Theorem 2.1 (Komornik & Loreti). For g > 0 and 1 <p < oo let p, > 0
be the smallest eigenvalue of —A in the Sobolev space H} (BY). Moreover, let
X ={z1,...,any} C R? be a finite point set with separation radius a9 > q.

Then, the inequality
2

N
/ S e | dw > ky(q Rl VeeRY
B

R |j=1
holds for every R > /@, where ky(q, R) is a positive constant depending only
on p,q,d and R, but not on X or N = |X|. O

To obtain improved lower bounds on A, the key idea is the construction of
a minorant W whose support supp(V) is contained in the (Euclidean) ball Bsy,,

i.e., supp(V¥) C By, and whose Fourier transform U satisfies
XBp (W) > (W) for all w € RY, 9)

where x g,, is the indicator function of Bg. In this case, we have, for any ¢ € RV,
2 2

/ che”j'w dw > / che”cj“" U (w) dw
Br |j=1 Br |j=1
N
= (2n)¢ Z cicrV(z; — )
Jk=1
= (2m)*e(0)]c]3. (10)



Now we use the result of Theorem 2.1 to improve existing lower bounds on .

Theorem 2.2. Let X C RY be a finite point set with separation radius g, > q.
Then, the bound

A > (27) %k, (¢, R)po(R/2) (1)

holds for every R > \/p,, where g is the monotonically decreasing function

r):= inf ®W).
©o(r) lwlla<ar ( )

Proof: For the kernel matrix Ag x in (2), where X = {x1,...,2n}, by using

the representation (6) and the assumption ® > 0, we obtain the inequality
2 2

N
(2m)%c! Agp xc = /]Rd d(w) che”j'w dw > po(R/2) / Zc e
j=1

Br |21
for all ¢ € Lx, so that the stated bound in (11) follows from Theorem 2.1. [

We remark that for p = 2 the values for ps and ko(q, R) are rather difficult
to compute. For pio, we find the identity u3 = pa/q, where pg is the first positive
root of the Bessel function J;/o_; (cf. the second remark after [9, Theorem 8.1]),
whereas k, (g, R) has (to the best of our knowledge) not been calculated so far.

But the case p = oo is much easier, where we obtain the following results.

Corollary 2.3. Let X = {z1,...,any} C R? be a finite point set with separation

radius qso. Then, for any R > \dr/(2¢x) we have the estimate

2
2 2d

1T W dm —d aT N
/B Zc] dw2(1—42R2)q (2m) 42gl||c||2 Ve e RY.

R j 1

Proof: The eigenfunction of —A in Hy(B:°) corresponding to the smallest
eigenvalue fio, = dn?/(4¢%) > 0 is given by

f B .
Hcos <2qoo) or r &€ doo

We extend H to a function on R? by letting H(z) = 0 for z € R*\ B° . Then,
the function G = (R® 4+ A)(H * H) has compact support with supp(G) C Bsy__
We denote the Fourier transform of G by g, so that

g(w) = (R? — |Jw||3) H?(w) for all w € R%.



This is exactly the construction of Komornik and Loreti. Note that g(w) < g(0)
for all w € R?, since H? > 0. We define ¥ as required in (9) by

U(w) = g(w)/g(0) < xBa(w)  forweR™

By rather elementary calculations, we obtain

2 42d
g(0) = R2< H(sc)dx) T
Rd T
2
GO) = (B —po) [ Ho)de= (R~ )t
R4 4qgo

and, finally, by using (10),

o) = (20900 = (1= 150 ) aom

We can now give explicit constants in the lower bound (11) for A.

Corollary 2.4. Under the assumptions of Theorem 2.2 we have the estimate

2d%/? 724 (d+ 1w d (d+ 1w d
> —— —— ¢ = —]q .
Az d+ 2424 %0 ( 4q ) ¢ Cld)eo ( 4q ) 1 (12)

Proof: Note that qo > ¢/V/d, i.e., X is separated by ¢/+/d in the oo-norm.
Applying Corollary 2.3 with R = \/d(d + 2)7/(2q) and by using the same idea
as in the proof of Theorem 2.2 we obtain the stated estimate (12), where we

used the inequality d + 1 > \/d(d + 2) and the monotonicity of pq. UJ

Remark 2.5. If we choose R = (dw+¢)/(2q) in the application of Corollary 2.3
(rather than R = \/d(d + 2)7/(2q) ), then the lower bound for A in (12) becomes

d7r+5> —d
4 q
q

A= Cle, d)gpo (

for some constant C(e,d) > 0 satisfying C(e,d) = O(e), for e — 0.
If the separation radius qoo in the co-norm is of interest, then this simplifies
our calculations. In this case, a direct application of Corollary 2.4 gives the

bound

1 x4 (\/d—i—lﬂ') _d

> —_— .
S A 14240\ Ty ) e



With letting R = (Vdr +¢)/(2qs0) (in the application of Corollary 2.3), we find
Vidr + 5) —d

A > C(&d)SOO ( 4q e

for some constant C(e,d) > 0 satisfying C(e,d) = O(e), for e — 0. O

Let us finally consider relevant examples. For the situation of radial ker-
nels ® whose (generalized) Fourier transforms $ have algebraic decay around
infinity, e.g. for polyharmonic splines and for compactly supported RBFs, the
optimal asymptotic order for the estimate (5) is already known (see the discus-
sion around [19, Corollary 12.8]), where the optimal orders, as stated in [19,
Table 12.1] comply with our results. But for the Gaussians and for the multi-
quadrics, our result in Corollary 2.4 improves the currently known best lower

bounds on A. Details are given in the following two examples.

Example 2.6. The Fourier transform of the Gaussian ®(x) = e_ﬂ”“”"é, 8 >0,

is given as ®(w) = (w/B)Y/2e~1l3/(4B) " Therefore, we have
_ p2
po(R) = (m/B)"2e /0.

Using Corollary 2.4, we obtain the estimate

/2 (d+1)2 72
A > CO(d)g® (%) e e

Following along the lines of Remark 2.5 concerning the choice of R, we get

A\Y? _nie?
A>Cle,d)g™? (B) e 16475 fore>0 (13)
for some constant C(e,d) > 0 satisfying C(e,d) = O(e), for e — 0. O

Example 2.7. For the (inverse) multiquadrics ®(x) = (v + ||z||3)?/2, where
B € R\ 2N and v # 0, we have

oo(R) > C(d, B)yBHd=D/2=2vR p=(6+d+1)/2,

with an explicitly known constant C(d,~,3) (see [19, Corollary 12.5]).

From Corollary 2.4, we obtain

A > O(d, B)y F+a-D/2g=(d=B=1)/2=2v(d+1)m/4q

for some constant C(d,3) > 0. O



3. Improved upper bounds for the largest eigenvalue

Now let us turn to upper bounds for the largest eigenvalue A of the kernel
matrix Ag x in (2). To this end, we restrict ourselves to ® € PD. It has been
common practice to estimate A by using the Gerschgorin theorem,

N
A < max D (z1 — ;)] (14)
=1

T 1<k<N 4
]_

whose straightforward application immediately yields the estimate A < N®(0).
But this estimate can only be very crude, as the Gerschgorin theorem gives good
estimates (14) only for diagonally dominant matrices. On the other hand, the
other estimate A < N®(0) can only be good for ®(zy — ;) =~ ®(0), in which
case Ag x is not at all diagonally dominant.

Moreover, note that the estimate A < N®(0) depends on the size N = | X| of
the point set X, but not on the separation radius ¢. To combine upper bounds
on A with our lower bounds on A (from the previous section), we want to trade
the dependence on N for a dependence on ¢. To this end, one can evaluate the

sum of the upper bound in (14) more carefully, as this has been done in [13].

Lemma 3.1. Let ¢ : R>9 = R>q be a monotonically decreasing function, and

let X C R? be a finite point set with separation radius q. Then, we have

> ollly —ala) <(0)+ > 3d(n+2)""p(ng)  for everyy € X. (15)
zeX n=1

Proof: For ¢(r) = e=P" this is covered by [13, Lemma 2.1]. The general

case works in exactly the same way. O
Remark 3.2. The bound given in (15) is finite if and only if
o(z) = o(|lz) € L*(RY).

In this case, ® is continuous on RY. As shown in [18] for ® € PD on R? for
all d € N, an upper bound for A can only be obtained independently of X and
N = |X]|, iff ® € L'(R?). O

10



For the Gaussian kernel, where ¢(r) = 6_57"2, for g > 0, the infinite sum on
the right hand side in (15) is convergent. More explicitly, in this case we obtain
the bound .

A<1+43d) (n+2)i e, (16)

n=1

For the multiquadrics kernel, where (1) = (v2 4+ 72)#/2 for f € R\ 2N and
v # 0, the infinite sum on the right hand side in (15) is convergent for § < —d,
and the resulting upper bound on A in (15) is independent of N. But for 5§ > —d
there is no upper bound on A independent of N (see Remark 3.2).

Although we can obtain bounds on A via (15) that are independent of N,
they are rather crude. Moreover, the infinite sum in (15) is usually difficult to
evaluate. A more comprehensive analysis concerning the asymptotic behaviour
of the sum in (15) is given in [13].

We now derive upper bounds on A by using Fourier techniques that are
similar to those for our lower bounds on A from the previous section. We start

with the following upper bound for exponential sums.

Lemma 3.3. Let X = {xy,...,ox} C R? be a finite point set with separation
radius ¢oo. Then, the estimate

2
N d
/ che”j'“’ dw < (2R—|— 1) cll3 Ve € RY (17)
[—R.R]

et Goo

holds for every R > 0.

Proof: The special case d = 1 goes back to Selberg [17], see also [18]. Selberg

constructs a function ¢ : R — R satisfying

~

w(x) > X[-R,R]» Supp<¢> - [_QOoa qOO]J ¢<0) =2R+ 7T/q00°

The cases d > 1, related to [10], are treated as follows. By basic calculations,

we find that the tensor

Yo (T1,...,xa) == P(x1) - Y(xa) > X[—Rr,R)2 (¥1; -+, Td)

11



is localized in the frequency domain in [—guss, ¢oo]? and 15 (0) = (2R + 7/qs0)?,
so that we can proceed as in the proof of Theorem 2.1. O
Note that the bound in (17) continues to hold, if we translate [~R, R]¢ by

an arbitrary vector. This observation leads us to the following key result.

Theorem 3.4. Let & : R? = R be a continuous function with monotonically
decreasing ®(x) = ¢(||z||2). Then, for X = {x1,...,zx} C R% with separation
radius goo the estimate

2

d
/ Zc T B (w) dw < 2¢ (R-I— l) Z (RE)| |3 Ve € RN
7j=1

7 kend
(18)
holds for every R > 0.
Proof: We regard the point sets
Qr = {Rk+ R(ey1,...,eq)" :e; € ]0,1)} for k = (ki,...,kq) € N¢.
Note that R>0 = U, eNd Qr. Therefore, we can cover R? by the union of
Qr,; = diag(j)Qx for k € N¢ and j € {+1}%.
Note that ming, , [|z][2 = R||k||2.
Now by using Lemma 3.3, we obtain for any ¢ € RY the estimate
2 2
N . X N . A
/ chemj'“’ (w)dw = Z / che”j'w O (w) dw
R = keNd Qk,j |j=1
je{x1}4
=\
< 24 d(w) (R+ —
< 2 Y mypd (ne )
keNd
d
= 2" &(Rk) (R+ —) .
keNd o
O

We remark that it is possible to obtain the result of Theorem 3.4 also for

non-decreasing ®. To this end, the right-hand side in (18) should be replaced by

12



a sum over the maxima of ® on Q. Another possibility is to find a decreasing
upper bound for d. Finally, we recall that for smooth ® we have fast decay for
® around infinity, so that in this case the convergence of the sum in the right

hand side of (18) is fast.

Remark 3.5. The result of Theorem 3.4 cannot apply to a conditionally posi-
tive definite radial kernel ® € CPD(m), since its generalized Fourier transform
® = (|- ||2) has an algebraic singularity at zero, and so in this case the sum in
the right hand side of (18) is divergent. Yet it is possible to obtain an estimate
of the form (18) by a more refined evaluation of the integral over Q. Indeed,

for ¢ € Lx that integral is finite, i.e.,

/C;O Z Cmeix-w

zeX

2
P (w) dw < co.

3.1. Optimal upper bound for the Gaussian kernel

We apply our result of Theorem 3.4 to the Gaussian kernel ®(x) = e*/’)““’””g,
for 5 > 0. By using (18), we obtain the estimate

R 1\ - R 1\ /m\"? 22

A< _+_) H(RE) — <_+_) (_) ¢~ FIHI3/(46)

(W o) 2emEn=(Tr o) (5) 2
keNG keNg

(19)

where we have used the representation (6).
Without loss of generality we may assume go, = 1/2 (which then agrees with
the separation radius for the integer grid). Otherwise we may rescale 3 by ¢2.

Letting R = 2m in (19), this gives the estimate
A < 4 (E)d/z S elink/ (20)
- b keNd |
We compare our estimate in (20) with that of Baxter [3] who proved that
for the special case X C Z? the optimal bound is given by

m d/2 2
A< (5) DR

kezd

13



Therefore, we can conclude that our estimate in (20) is optimal up to a
constant depending only on d.

One possibility to further estimate the sum on the right hand side of (20) is

o0 d d
—MNrkll? — 72k _\/B
Y erlimkla/s — <k§—0:e k /6> < (1+ 2ﬁ> ;

keNd

which gives the estimate

A< (%)d/z 2d (2 + %)d (21)

We finally remark that for large ¢ (i.e., for large 3) the estimate in (21) is
worse than that in (16), as the upper bound in (21) does, unlike that in (16), not
tend to one for 8 — oo. However, we are usually interested in small separation

radii ¢ (i.e., in small ().

3.2. Upper bounds for inverse multiquadrics

Now we turn to the inverse multiquadric ®(z) = (y2 + ||=||3)?/2, for B < —d

and v # 0, whose Fourier transform is given by

>(ﬁ’+d)/2

A ’LU| 2
() = () (1212 Kasi /2 lule)
Here C(f) is a constant, depending only on 3, and K, is the modified Bessel

function. From the estimates

Kaipe0llwl) < CB,d)(y|wlls) T/
2m

= Mwllz (B+)/(Bylwla)
Ywll2

Kayp) 2(rlwllz) <
to be found in [19, Lemma 5.13-5.14]. we obtain

max ®(w) < C(B3,d)y+
weQo

man i)(w) < C(B)(|RK|2 + R\/E)_(5+d)/2]|Rk||2_1/27(5+d—1)/2
wek

« e~ VIRKll2 o(B+d)?/ (8[| Rk]|2)

14



If we let R =~~! in the second inequality, this yields

max d(w) < CEN (ks + V)OO 2 Ml Sl

= OB n(lkll2, 8. d).

Note that 7(||k||2, 3, d) is summable for all 8,d. Altogether, we obtain

d
A§<vr‘1+l) | cg.a)+c8) S n(lkl5.4) |
kENG
k0

where v# = ®(0).

4. Comparison with numerical estimates

We finally compare our theoretical estimates on spectral condition numbers

A

R2 (A<1>,X> = X

with those from the numerical experiments in [4]. We remark that the numerical
results in [4] are restricted gridded data in dimensions d = 1,2. Moreover, the

condition numbers in [4] are measured in the co-norm,
fioo(Aa.x) = [[Aa x| - |45 xloo-

On the basis of their numerical observations, several conjectures concerning
the analytic expression of condition numbers ko (Ag x) are given in [4]. We

compare with their conjectures for the Gaussian and for the multiquadric kernel.

4.1. Estimates on condition number for the Gaussian kernel

According to the numerical observation in [4] concerning the univariate case,
d = 1, the condition number ko (Ag x) is independent of N, where they con-

jecture the representation
1 x2/(p)
Roo (Aq)’X) = 56

for equispaced interpolation points X with separation radius g., = 1/2.

15



This compares with our theoretical estimates for ¢, = 1/2 as follows.

e By using (13), we obtain for any ¢ > 0 the estimate
ka(Ap x) < C(e)e(™e)/(48),

where the constant C'(¢) is independent of 3 for 5 small enough.

e By using (21) we obtain the estimate

5
ka(Asp x) < e /(28 <10 + %) )
For the bivariate case, d = 2, the numerical observations in [4] on regular

grids lead them to conjecture
Foo(Ap x) ~ (1/4)e™ /3P,

whereas, by using (13) and (21), we obtain for g, = 1/2 the estimates

d
ia(dey) < (d1)2t (24 VP etrvmias
’ e

ko(Aep x) = O (e(\/a““LE)Q/(w)) for 5 — 0.

4.2. Estimates on condition numbers for inverse multiquadrics
For the case of inverse multiquadrics ®(z) = (2 +||z[|3)?/2, for 8 < —d and

~v # 0, we obtain for any £ > 0 the estimate

~ (B—d+1)/2 ~ d
ka(Ag.x) < C(8,d, ) (q—) (W—l + q-) 2 (Vir+)/(das)

For d = 1 and uniformly distributed points X with g, = 1/2, the numerical

results in [4] lead them to conjecture
Koo(Ap x) ~ (1/2)e™™
for 8 = —2, whereas we obtain in that case the estimate
ko(Ag x) = O(™))  for v — .

This matches (up to constant ¢) the order of the asymptotic growth for v — oc.
Altogether, we can conclude that for all cases discussed in this section, our
theoretical estimates (concerning spectral condition numbers k5 ) are remarkably

close to those in the conjectures of [4] (for ko).
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