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Abstract The McMillan degree of an implicit network transfer function de-
fines the minimum number of dynamic elements which are necessary to fully
describe the network. It is therefore a measure for the complexity of a network.
Using modified nodal analysis models, which are linked directly to the natural
network topology, we show that the McMillan degree equals the sum of the
number of capacitors and inductors minus the number of fundamental loops of
capacitors and fundamental cutsets of inductors. Exploiting this representa-
tion we derive a minimal realization of a RLC network, that is one where the
number of involved (independent) differential equations equals the McMillan
degree.
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1 Introduction

In the present paper we consider the McMillan degree as a complexity measure
for RLC networks. We investigate models of RLC networks (without sources)
which arise from modified nodal analysis (MNA), see [10] and the survey [17],
and can thus be described by a linear differential-algebraic equation of the
form

Ei(t) = Ax(t), (1)
where
sACCACT + ARQA;E Ap

sE—A= —AL sL

c R[s]nxn7 (2)
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n
s

C 6 Rncxncvg 6 Rngxn(_;’ﬁ 6 IRTLLXTLL7
Ac e R™e*nc Ap € R"e*"9 A, € RMeX"c, (4)

and

n="ne+ng,.

Here R[s| denotes the ring of polynomials with coefficients in the set of real
numbers R. C, G and L are the matrices expressing the constitutive relations of
capacitances, resistances and inductances, 7)(t) is the vector of node potentials®
and i, (t) is the vector of currents through inductances. By n¢,ng,ng we
denote the number of capacitances, resistances and inductances in the network,
resp., and ne+1 is the number of nodes in the network graph. The matrix pencil
sE — A is regular, i.e., det(sE — A) € R[s] \ {0}, provided that the network is
connected and passive, cf. [4,14]. Then the implicit transfer function associated
with (1) exists and is given by G(s) = (sE — A)~L.

The complexity analysis of RLC networks is related to the problem of net-
work redesign, see [11,12], i.e., the desire to change the natural dynamics of the
network by modification of its elements and/or topology. In order to identify
appropriate changes it is necessary to have a measure for the complexity of the
network. Such a measure is provided by the McMillan degree of the implicit
transfer function G(s). Roughly speaking, the McMillan degree defines the
minimum number of dynamic elements which are necessary to fully describe
the network. A result which is intuitively known but not rigorously proven in
the circuit literature [8,19,20] is that the McMillan degree equals the number
of independent capacitors and inductors in the network. In order to rigorously
define what “independent” means, we use the concepts of fundamental loops
and cutsets and show that the McMillan degree equals the sum of the number
of capacitors and inductors minus the number of fundamental loops of capac-
itors and fundamental cutsets of inductors. This significantly improves earlier
results obtained in [16].

Network redesign problems are often considered in the context of impedance
and admittance models (see [21]) as discussed in [2,13,14,16]. In the present
paper we consider models arising from modified nodal analysis, which are
linked directly to the natural network topology. This allows to derive the rep-
resentation of the McMillan degree in terms of the network topology.

As a second main result, we exploit the representation of the McMillan
degree to derive a minimal realization of a given RLC network, that is one
where the number of involved (independent) differential equations equals the
McMillan degree. We illustrate our results by means of two examples.

1 The node potential 77; expresses the voltage between the ith node in the network graph
and the ground node.
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2 Graph theoretical preliminaries

In this section we introduce the graph theoretical concepts (cf. for instance [6])
on which the modified nodal analysis is based. We further introduce the notions
of fundamental loops and cutsets and characterize their number in terms of
the incidence matrix of the network graph.

Definition 1 A graph is a triple G = (V, E, ¢) consisting of a node set V and
a branch set E together with an incidence map

p:E—=VxV, e ple)=(pi(e),p2(e)),

where ¢1(e) # @a(e) for all e € E| i.e., the graph does not contain self-loops.
If p(e) = (v1,v2), we call e to be directed from vy to va; v; is called the initial
node and v9 the terminal node of e.

Let V/ C V and let E’ be a set of branches satisfying

E'CEl,:={ecE |pi(e)cV and pa(e) € V' }.

Further let |, be the restriction of ¢ to E’. Then the triple K := (V', E', ¢|/)
is called a subgraph of G. If V' = V, then K is called a spanning subgraph.
A proper subgraph is one with E # E'.

For each branch e, define an additional branch —e being directed from the
terminal to the initial node of e, that is p(—e) = (p2(e), ¢1(e)) for e € E. Now
define theset E={e |ec Eor —e€ E }. A tuple w = (wy,...,w,) € E7,
where for i =1,...,7r — 1,

vo == 1(v1), v = @a(w;) = p1(wiy1)

is called path from vy to v,; w is called elementary path, if vyi,...,v, are
distinct. A loop is an elementary path with vg = v,.. Two nodes v,v’ are
called connected, if there exists a path from v to v'. The graph itself is called
connected, if any two nodes are connected. A subgraph K = (V', E', ¢|z/) is
called a component of connectivity, if it is connected and K¢ := (V \ V', E\
E, <p|E\E,) is a subgraph.

A tree is a minimally connected graph, i.e., it is connected without having
any connected proper spanning subgraph. A spanning subgraph of a connected
graph G, which is a tree, is called a tree in G. If G is not connected, with k
components of connectivity, and 7; is a tree in any such component for i =
1,...,k, then T =Ty U... U7} is called a forest in G.

A spanning subgraph K = (V, E’, ¢|,) is called a cutset of G = (V, E, @),
if its branch set is non-empty, G — K := (V, E\ £, 9|\ p/) is a disconnected
subgraph and G—K' is a connected subgraph for any proper spanning subgraph
K’ of K.

In this work we consider only finite graphs, i.e., graphs with finite node set
and finite branch set.
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Definition 2 Let G be a graph, K, £ be spanning subgraphs of G, and ¢ be a
path of G.

(i) L is called a K-cutset, if £ is a subgraph of K and a cutset of G.
(ii) £ is called a K-loop, if £ is a loop of K.

A graph can have many K-loops and K-cutsets, resp., but not all of them
are independent. In the following we introduce the crucial notions of funda-
mental KC-loops and K-cutsets, which generalize the notions of fundamental
loops and cutsets given e.g. in [1].

Definition 3 Let G be a graph and K be a spanning subgraph of G. Further
let 77 be a forest in K and 75 be a forest in G — K. Then

(i) every branch in K — 77 closes a unique loop in K that consists of that
branch and branches from 7; only. These loops are called fundamental
KC-loops of G.

(ii) 72 can be completed to a tree T3 in G by adding branches from K (if
necessary). Every branch in 73 — 73 defines a unique cutset of G that
consists of that branch and branches which are common to G — 73 and K
only. These cutsets are called fundamental K-cutsets of G.

Similar to [1] we may show that any K-loop/K-cutset can be expressed
in terms of fundamental K-loops/K-cutsets, for any fix choice of trees/forests
T1, T2 and T3 as in Definition 3. Therefore, in particular, the number of fun-
damental K-loops/K-cutsets in a graph G is independent of the choice of the
trees/forests and we may define, using the notation from Definition 3,

FLi :=|{ ¢ | ¢ is a fundamental K-loop of G corresponding to 77 }|
=|{e |eisabranch of L —T; }|,

FCx :=|{ ¢ | ¢ is a fundamental K-cutset of G corresponding to 73 and T3 } |
=|{e | eisabranch of T3 — T2 }|.

In the following we introduce the notion of an incidence matrix, which is
helpful in describing the topology of RLC networks. In particular, we derive
formulas for FLx and FCx using incidence matrices.

Definition 4 Let a graph G = (V, E,¢) with | branches E = {e1,...,¢;}
and k nodes V = {vy,...,ux} be given. Then the all-node incidence matriz of
G is given by Ay = (a;;) € R¥*! where

1, if npl(ej) = V;,
aij = —1, lf @2(61‘) = V;,
0, otherwise.

Since the rows of Ay sum up to the zero row vector, one may delete an arbitrary
row of Ag to obtain a matrix A having the same rank as Ay. We call A an
incidence matriz of G. Usually, the chosen row corresponds to the ground node
from V.
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A spanning subgraph /C of the graph G has an incidence matrix Ax which is
constructed by deleting columns of the incidence matrix A of G corresponding
to the branches of the complementary spanning subgraph G — K. By a suitable
reordering of the branches, the incidence matrix reads

A= [Ax Ag_x]. ()

In the following result we derive the number of fundamental K-loops/K-
cutsets in terms of the incidence matrices Ax, Ag_x; this improves the result
in [18, Lem. 2.1 & Lem. 2.3].

Theorem 1 Let G be a connected graph with incidence matriz A € RFE—DxL,
Further, let IC be a spanning subgraph and assume that the branches of G are
sorted in a way that (5) is satisfied. Then the following holds true:

(i) FLx = dimker A,
(i) FCx = dimker Aj_ .
Proof Let T1, T2 and T3 be trees/forests as in Definition 3.
We show (i): Let m denote the number of branches of IC, n the number of

its node and p the number of its components of connectivity. Note that Ax €
RE=1Dxm GQince 77 is a forest in &, it has n — p branches, hence

FLx =m— (n—p).
By [17, Thm. 4.3] we have that rk Ax = n — p, and hence
FLix = m —rk Ax = dimker Ax.
We show (ii): Since T3 is a tree in G, it has k — 1 branches. Therefore, we have
FCe=k—-1-—r,
where 7 is the number of branches in 75. Since 7 is a forest in G — K, it has

k — g branches, where ¢ is the number of components of connectivity of G — K,
thus

FC;C:q—l.

By [17, Thm. 4.3] we have that rk Ag_x = k —¢q, where Ag_x € R(E=1)x(=m),
and hence

q=k—1kAl =k— (k—1—dimker AJ ) =dimker Aj_, +1,

which completes the proof of the theorem. a
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3 Network equations

It is well-known [5,10] that the graph underlying an electrical network can be
described by an incidence matrix A € R*=D*! which can be decomposed
into submatrices
A= [Ac Ar A[;]

for the quantities in (4), where n, = k—1 and | = n¢ 4+ ng + nc. Each subma-
trix is the incidence matrix of a specific subgraph of the network graph. A¢ is
the incidence matrix of the subgraph consisting of all network nodes and all
branches corresponding to capacitors. Similarly, Ax and A, are the incidence
matrices corresponding to the resistor and inductor subgraphs, resp. Then, us-
ing the standard MNA modeling procedure [10], see also the survey [17], which
is just a clever arrangement of Kirchhoff’s laws together with the character-
istic equations of the devices, results in a differential-algebraic equation (1)
with (2)-(4). C, G and L are the matrices expressing the constitutive rela-
tions of capacitances, resistances and inductances, 7(t) is the vector of node
potentials and i, (¢) is the vector of currents through inductances.

Definition 5 For a given RLC network, any differential-algebraic equation (1)
satisfying (2)—(4), which arises from the MNA modeling procedure [10], is said
to be an MNA model of the network.

It is a reasonable assumption that an electrical network is connected (see
also [14]); otherwise, since the components of connectivity do not physically
interact, one might consider them separately. Furthermore, in the present pa-
per we consider networks with passive devices. These assumptions lead to the
following assumptions on an MNA model (2)—(4) of the network (cf. [17]).

(A1) rk [Ac Ar Ac] = N,

(A2)C=C">0,L=L">0,G+G" >0.
It is shown in [4, Cor. 4.5] that under the conditions (A1) and (A2), the
pencil sE — A in (2) is regular.

4 The McMillan degree

In this section we investigate the McMillan degree of implicit network transfer
functions and derive a formula as well as a topological interpretation.

The McMillan degree of a rational matrix G(s) € R(s)"*", where R(s) is
the quotient field of R[s], is the total number of its poles, and can be defined
via its Smith-McMillan form

U=1(s)G(s)VL(s) = dia (51(8),..., 5r(8),o,...,o> e R(s)™™, (6
GV () = ding (S CLEN0
where U(s), V(s) € R[s]"*™ are unimodular (i.e. invertible over R[s]
tkG(s) = r, g,(s),¥i(s) € R[s] are monic, coprime and satisfy €;(s) | £;4+1(s),
Yiy1(s) | Yi(s) foralli=1,...,r — 1.

n><n)’
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Definition 6 Consider G(s) € R(s)™*™ with Smith-McMillan form (6). Then
we call

o G(s) := deg H 0;i(s)

the McMillan degree of G(s).

For the implicit transfer function G(s) = (sE — A)~! of a system (1) with
regular matrix pencil sE — A, it is a consequence of the Weierstrafl canonical
form (see [7]) that

0pG(s) = degdet(sE — A). (7)

We are now in a position to derive the first main result of the present
paper.

Theorem 2 Consider a MNA model (1) with (2)-(4) of a RLC network.
Then, for G(s) = (sE — A)™1, we have

0mG(s) =ng + 1k Ac — dimker [AR,AC]T.
Proof Choose matrices V, W with full column rank such that
imV =im[Ag, Ac], im W = ker [Ag, Ac]" = (imV)L,
and let m :=rk W. With

T [VW 0

00 Inj € Gl tne,

where GL,, denotes the set of invertible matrices from R™*", we obtain

VT (sAcCALl + ARGAL)V 0 VTA.
T (sE - AT = 0 0 WTALl. (8
—ALV —AW L

Then, the Schur complement formula (see e.g. [9, Lem. A.1.17]), yields
det(sE — A) = det (V" (sAcCAL + ARGAR)V)

WTA.

- det _ .
CLATW sL+ ATV (VT (sAcCAT + ArGAL)V) ' VT AL

Let
P(s)i=sL+ ALV (VT (sAcCAS + ARGAR)V) ' VT A,

then, again using the Schur complement formula,

det(sE — A)
=det (VT (sAcCA; + ARGAR)V) det P(s) det W' A P(s) AL W.
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We show that A W has full column rank: Let # € R™ be such that A} Wz = 0,
then
Wz € ker AL Nim W = ker AT Nker [Ag, Ac]T = ker [Ar, Ac, Ac]T ‘2 {01,

and the full column rank of W implies x = 0. Write P(s) = sL+ G,(s), where
Gp(s) is proper. Then

Ps)™ = (s£) " (I + (s£) 71 Gy(s)) ' = i(q)ks*’“*ltk*lc;p(s)k,
k=0

and

WTALP(s) PALW = s "W T AL LT AW + 571G (s),
where Gy, (s) is strictly proper. Since WT AL YALW € GL,,, the highest
power of s appearing in det W' Az P(s) 1AL W is s~™. Furthermore, the high-
est power of s appearing in det P(s) is s™4. By (7) and the above observations
we obtain

5 G(s) = degdet (V' (sAcCAS + ARGAR)V) + ng —m.
We consider the matrix pencil sE— A := VT (sAcCAL + ARGAL)V. We show
that ker E Nker (A4 A7) = {0}: Let = € ker ENker (A + AT), then
2" VTACAL V2 =0 and 2'V'AR(G+G ALV =0,
which implies, using (A2), that Al Vz =0 and A} Vz = 0. Therefore,
Va € ker [Ar, Ac]" NimV = ker [Ag, Ac]" Nim[Ar, Ac] = {0},

and full column rank of V' implies x = 0. Invoking that ker A C ker (A + flT)
by (A2), it now follows from [4, Cor 2.6 & Lem. 2.6] that sE — A is regular.
We show that its index (see e.g. [15, Def. 2.9] for a definition) is at most one.
Seeking a contradiction, assume that it is larger than one. Then [3, Prop. 2.10]
implies that there exist 2,y € R\ {0}, where ¢ = rk V, such that Ey = Az
and Ex = 0. Therefore,

2" (A4+ ANz =a"Ey+y Ex =0,

hence (A+ A7)z =0 which gives z € ker E Nker (A + AT) = {0}, a contra-
diction. Since the index of SE — A is at most one we find that (see e.g. [15])

degdet(sE — A) = rk E.

Furthermore,

- T T T
tkE=1kVT A =rk {V OAC} =rk [I‘A//Tiﬂ =rk [IEI//T} Ac =1k Ag,

and so we finally obtain

dmG(s) =1k Aec +ng —m =1k Aec + ny — dimker [Ag, AC]T.
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In the following we will use expressions like C-loop for a loop in the circuit
graph whose branch set consists only of branches corresponding to capacitors.
Likewise, a L-cutset is a cutset in the circuit graph whose branch set consists
only of branches corresponding to inductors. We present an interpretation of
Theorem 2 in terms of the network topology. By Theorem 1, dim ker A¢ equals
the number of fundamental C-loops and dimker [A%, Ac]T equals the number
of fundamental L-cutsets in the network, thus the following is an immediate
consequence of Theorems 1 and 2.

Corollary 1 Using the notation from Theorem 2 we have that

0mG(s) =ne +ng —FLe —FCp.

5 Minimal realization

In this section we derive a minimal realization of a given RLC network in the
following sense.

Definition 7 A system of the form (1) is called a minimal realization of a
RLC network, if its number of (independent) differential equations equals the
McMillan degree of the implicit transfer function G(s) of the network, i.e.,
rtk E = dpG(s), and there is a one-to-one correspondence to the solutions of
an MNA model of the network.

In order to obtain a minimal realization we start with an MNA model (1)
satisfying (2)—(4) of the RLC network and its transformation in (8), using the
notation from the proof of Theorem 2. Now let Y be a matrix with full column
rank such that

imY =kerW' A, = (imAZW)l,

and, recalling that A} W has full column rank,

I, 0 0
sl 08 G

Then

STTT(sE — A)TS

VT (sAcCAl + ARGAR)V 0 VIALALW  VTALY
_ 0 0 WTALALW 0
- —WTALAZV —WTALAZW SWTADCAZW SWTADCY ’
-YTAlV 0 sYTLALW  sYTLY

Obviously, WT Az AW € GL,, and hence there is a one-to-one correspon-
dence between the solutions of the MNA model (1) and the solutions of the
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system
VTACCALV iy (t) = —VTARGALV 21 (t) — VT ALY a4(2),
WTUALLY aq(t) = WTAL ALV a1 (t) + W T AL ALW a0(2),
YTLY @4(t) =Y TALV 21 (2).

Again using that WTA[;AZW € GL,,, the second equation can be solved for
x2 and we obtain a one-to-one correspondence to the solutions of the system

=y T~ . x1(t
Bi) = As0, a0 = (21(]). ©)
with
B A VT (sAcCAL + ARGAR)V VT ALY
s - —YTALV sYTLY |

The variables 27 in (9) may be interpreted as those corresponding to indepen-
dent capacitors in the network and x4 as those corresponding to independent
inductors.

Theorem 3 Consider a MNA model (1) with (2)—(4) of a RLC network. Then
the system (9) is a minimal realization of that network. In particular, for the
matrices in (9) we find

tk AV =ne —FLe and kY =n, — FCp.

Proof 1t is obvious that there is a one-to-one correspondence between the
solutions of (1) and (9). Furthermore,

tkE=1kVTA; + kY TLY =1k Ac + 1k Y,

where we have used that rk VT A¢ = rk A¢ as shown in proof of Theorem 2.
We may further calculate that

kY =dimker W' Az =ng —tk WAy =np — rkAZW =ng—m,
since A} W has full column rank m = rk W. Therefore,
kY =ng — kW =n, — dimker [Ag, Ac]"
and hence
rk E =1k Ac +ny — dimker [Ar, Ac]" = 60/ G(s)

for G(s) = (sE — A)~! by Theorem 2. The last statement is a consequence of
Corollary 1. O

6 Examples

We illustrate our obtained results by means of two examples.
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Fig. 1: RLC network

6.1 Example 1

Consider the RLC network depicted in Figure 1.

According to the numbering of the nodes, the element-related incidence
matrices are as follows:

1 0 1 0
00 0 0 1 11
Ar=1¢ 1 11| A=|o| 4=y
-1-10 0 —1 0 0

and

G =diag (R;',Ry", Ry ', Ry"), C=[C1], L =diag(Li,Ly).

An essential step is now to observe that one of the four node potentials can be
chosen freely. Therefore, we may, for instance, choose the potential at node 4
to be zero, which is equivalent to choosing this node as the ground node as in
Figure 1. As a result, the corresponding node potential is not relevant in the
modified nodal model and we may delete the corresponding row (here it is the
last row) in the incidence matrices, that is

101 1 0 10
Ar=1000 0], Ac=|1|, Az=]-11
01-1-1 0 0 -1
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Therefore, the matrix pencil (2) corresponding to the MNA model is
[sAcCAL + ARRAY Ar

sE— A= _ _AZ s
R7'+R3'+R;* 0 —Ry'-R;' 1 0
0 sC) 0 -1 1
=| -Ry'-R;' 0 R'+R;VHRT 0 -1
-1 1 0 sLy 0
I 0 ~1 1 0 sLy

We calculate
det(sE—A) = s3C1 L Lo(Ry 'Ry '+ Ry ' Ry "+ R Ry + Ry 'Ry Y + Ry 'Ry
+8%(..)+s(..)+ R+ Ry

and hence the McMillan degree of G(s) = (sE — A)~! is §,;G(s) = 3. This is
the same value as we obtain from Theorem 2:

ns +rk Ac — dim ker [AR,AC]T =2+1-0=3,

and we observe that the network neither contains C-loops nor L-cutsets. Since
rk E = 3, the MNA model itself is already a minimal realization.

6.2 Example 2

Consider the RLC network depicted in Figure 2.

3

Fig. 2: RLC network

After deleting the row corresponding to the ground node the incidence

matrices read
11 10
AC - |:0 O:| bl Al: - |:1 1:| I
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C :diag (01,02), L :diag (Ll,LQ).

Then
S(Cl+02) 0 1 0
0 0 -1 1
sk—A= —1 1 sLi 0
0 -1 0 slo
and

det(sE — A) = 52(01 + CQ)(Ll + Lg) + 1,
hence the McMillan degree of G(s) = (sE — A)~! is dG(s) = 2. From
Theorem 2 we obtain the same value:

ng +rk Ae — dimker [Ag, Ae]T =241 —-1=2,

and we observe that the circuit contains one fundamental C-loop and one
fundamental L-cutset. Since tk F = 3 # 2 = §3;G(s), the MNA model is not
a minimal realization. We see that sE — A is already in the form (8), so it
remains to choose

Y = H , imY =ker W' Ay = ker[—1,1].

Then, with
1000
01 00
5= loo-11| € Gl
0011
we obtain
S(Ol + 02) 0 -1 1
ST(sE— A)S = 0 0 2 0

—1 2 SL1 + SLQ —SL1 + 8L2 ’
1 0—sLy+sLy sLy+sly

and hence a minimal realization is given by (9) with

5 i |s(C1+Ca) 1
skE— A= 1 s(Li+Lo)|"

7 Conclusion

In the present paper we have shown that the McMillan degree of implicit
network transfer functions equals the sum of the number of capacitors and
inductors minus the number of fundamental loops of capacitors and funda-
mental cutsets of inductors; this defines the number of independent dynamic
elements which are necessary to fully describe the network. A minimal real-
ization of the RLC network is then derived, where the number of involved
(independent) differential equations equals the McMillan degree.
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The starting point for our analysis has been the modified nodal analy-
sis model, which preserves the natural graph topology of the network, but
in general leads to an implicit non-minimal representation. The results pre-
sented here provide an extension to the results derived in [16] based on the
impedance-admittance network description, which provides an appropriate
framework for network re-engineering. The corresponding integral-differential
rational description also leads to a state space description that is in general
non-minimal [14], but that preserves the natural nodal/loop topologies of the
network. Extending the results on the McMillan degree obtained in the present
paper to this alternative description is a topic of future research.
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