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Abstract

In continuation of Matsumoto’s paper [Mal2] we show that various subspaces are C°°-
dense in the space of orientation-preserving C'°-diffeomorphisms of the circle with rotation
number «, where o € S' is any prescribed Liouville number. In particular, for every odome-
ter O of product type we prove the denseness of the subspace of diffeomorphisms which are
orbit-equivalent to O.
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Introduction

Let F be the group of orientation-preserving C°°-diffeomorphisms of the circle. Furthermore,
for o € S' we consider the subspace F, of F consisting of all the C'*°-diffeomorphisms of the
circle with rotation number «. If « is irrational, for any f € F,, there is a unique orientation-
preserving homeomorphism H of the circle such that f = Hfo R, 0 HJT1 and H;(0) = 0, where
R, denotes the rotation by o on S'. J.-C. Yoccoz proved that the subspace O, of F, of all the
diffeomorphisms, for which H; are C'*°-diffeomorphisms, is C*°-dense in F,, ([Yo93]).

In the following, let o be a Liouville number. By [He79|, chapter IV, section 6, the unique
f-invariant probability measure ¢ is given by py = (Hy).m, where m is the Lebesgue measure
on S', and g is either equivalent to m (then Hy maps any Lebesgue null set to a null set and
Hy is called absolutely continuous) or singular to m (then H; maps some Lebesgue null set to
a conull set and Hj is called singular). In [Mal2] S. Matsumoto considered several subspaces of
F,, according to the regularity of H:

o Gosing: Hjy is singular and is not d-Holder for any d € (0,1).

e Go.ac: Hy is absolutely continuous and is not d-Hélder for any d € (0, 1).

For 5 € (0,1) Gg: Hy is bi-g-Holder, but is not d-Holder for any d € (3, 1).

G sing: Hy is singular and is bi-d-Holder for any d € (0,1).

G1,ac: Hy is absolutely continuous and is d-Hélder for any d € (0, 1), but is not bi-Lipschitz.

For k € N Gy: Hy is a C*-diffeomorphism, but is not a C**!-diffeomorphism.



Proof of Theorem 2

Then Matsumoto proved that Goging is C°°-dense in F, in [Mal3|. In [Mai2], Theorem 1,
the C'°°-denseness of all the other spaces is shown. In this paper we examine the subsequent
subspaces of Gg:

Theorem 1. For any Liouville number o and for any 8 € (0,1) the subspaces

o Gpgsing: Hy is singular, bi-5-Hélder, but is not d-Hélder for any d € (5,1)

o Ggac: Hy is absolutely continuous, bi-B-Holder, but is not d-Hoélder for any d € (5,1)
are C°-dense in F,.

This statement was conjectured in [Mal2|, Remark 1.6, but not pursued.

In the second part of this paper we study odometers of product type.

Definition 1. Let (dg)kren be a sequence of positive integers. We consider the compact metris-
able space X = [,y 10,...,dx — 1} with Borel algebra B on it. For x = (zx)rey € X we set
r(x) = inf {k : xx < dp — 1}. Hereby, we define the transformation T': X — X, Tz = (y&)zens
where

0 for k < r(x)
Y=zt +1 fork=r(z)
T for k> r(x)

e Let u be a continuous measure on (X, B) which is ergodic and quasi-invariant with respect to
T. Then (X, B, u, T) is called a measured odometer and we will denote it by O ((dk)keN ,,u).

e Let O ((dk)keN) be a measured odometer and assume that for every k € N vy, is a probability
measure on {0,1,...,dr — 1} such that the probability of every digit is positive and the
product measure v = [, o ¥ is non-atomic on O ((di),cy)- Then v is ergodic and quasi-
invariant under 7. We call O ((dj)cy »v) an odometer of product type and denote it also

by O ((di) gen s {vi})- We also use the notation v\ = vy ({i — 1}).

Moreover, we recall the notion of orbit equivalence (also referred to as “weak-equivalence”
or “Dye-equivalence”): The non-singular systems (Xi, By, p1,71) and (Xa, Ba, pe, Tz) are orbit-

equivalent if there is an isomorphism ¢ of (X1, By, j11) onto (X, Ba, yi2) such that 1 ({fo}iez> =

{le/)(:r)}z z almost everywhere. Y. Katznelson proved that for every odometer of product type
the set of C'*°-diffeomorphisms of the circle, which are orbit equivalent to this odometer, is C'*°-
dense in the set of all C*°-diffeomorphisms with irrational rotation number ([Ka79], Theorem
2.7). We obtain such a statement in the restricted space F, for any Liouville number «:

Theorem 2. Let o € S! be a Liouville number. For every odometer of product type O =
O ((dk)keN , {Vk}) the set of C'°°-diffeomorphisms of the circle which are orbit-equivalent to O is
C>®-dense in F,.

We point out that it is still an open problem to find a smooth realization of an odometer (cf.
[FKO04], Problem 7.10).

1 Proof of Theorem

The proof bases upon the “approximation by conjugation”method developed by D. Anosov and
A. Katok (JAKT70]): We construct the desired diffeomorphisms as limits of conjugates f, =
H,oR o H ', where a1 = 22 € Q, (ppi1,qns1) = 1 and H, = H,_ o h,, with an

A1 n o Gn+1
orientation-preserving circle diffeomorphism h,, satisfying h, o R1 = R1 o hy,.
an

an




Proof of Theorem 3

1.1 Denseness of G ging

Fix 8 € (0,1). We use a C*°-function ¢ : R — [0,1] satisfying ¢ ((—00,0]) = 0, ¢ ([3,00)) =1
and v is strictly monotone increasing on [0, ;]. For any ¢ € (0,1) we define the orientation-

preserving diffeomorphism hy of the circle as ’féllows
(1 —w(t_lm))tx—l—w(t_lx) t~ 1 if x € [O, ﬁ]

) 1y frel|t s

hu () = (1 — (t*lx _ t%)) tlz 4o (t*lx - H%) (-1 +1)  ifae |ty 3]
to(z—1)+1 ifre #ﬁi’l}

See figure |1| for a visualisation of such a map. In particular, hy is a smooth joining of the two

i I S

é
T 1

Figure 1: Qualitative shape of the function hy.

e | o T

affine functions x — ¢t~ 'z and x +— ¢ - (x — 1) + 1, which coincide at z = %_H Moreover, we
observe for any r € N

(1) Aelllr < Cp - t7™0

with some constant C(r) > 0 and an integer m(r) > r — 1 which are independent of ¢. The
notation ||| - |||, is the same as in [Mal2].



Proof of Theorem 4

We present step n of the inductive process of our construction. Hence, we have already defined
the orientation-preserving diffeomorphism H, 1 = hy o...o h,_1 as well as the numbers «,, 1 =
Bl eQ tpr = 3 - € Qand Q,—1 € N. We put

dn—1

(2) Qn=12-dy_ - (dnfl + Cnfl) “Qn-1"qn
and

(3) tn — }L*ﬂ;1 7

where the numbers g, and §,, € [B, 5,—1] will be determined later (see Lemma. In particular,
part 4 of Lemma [I.5] shows ¢,, € Q. Note that

(4) Q' = (t.Q1).

Let h, be the lift of hy by the cyclic Qn-fold covering map 7@, such that Fix(h,) # 0. In
particular, we have h, o R 1 = =R 4 ° hy. Since @, is a multiple of ¢,, this yields h, o R1 =

n an

R oh, as well as

an

|H Y - H,?

2ally = l(ht —id) o H

willo = hat —idl, < Q.1

Then we obtain

k
H n+k n 1H0 < Z H n+l H;Jilleo < ZQ;}rl
=0

Since Y27, Q' < oo by Lemma (L5} (H,")
convergence of (H, ') _. toa continuous map H~":S" — S'. Additionally, H~' is monotone
as a uniform limit of homeomorphlsms Due to Lemma[T.6] the sequence of C'*°-diffeomorphisms
fn=HpoR,, oH; 1 converges to a diffeomorphism f in the Diff**-topology. Hereby, we

conclude H ' o f = R, o H!. Hence, H~' is a homeomorphism.

is a Cauchy sequence. This shows the uniform

Moreover, we introduce the intervals

. 1 t2 t t . t, Tt
I, = Jp = n 21 dK, =2 2.
tn |:]-+tn+ 47 :|7 tn — |:]-+tn+ 4? :| an tn |:4a 12:|

By construction iLtn| 7, is an affine transformation with slope t,. Due to t, < 1 we have

I, c J,,. Additionally, we observe hy, (jtn> =1, and K;, C {tj, li"tn}

Finally, we define I,, = Q. (Itn), Jp = Q. (Jt ) as well as K,, = Q. (Kt ) By direct
t2

computation, m (J,,) = ﬁ — b >1-2t,, m(I,) = 11’% — = < t, (where m stands for the
Lebesgue measure) and every component of K, has length 3tQ

Now we are able to prove the singularity of H by an approach similar to [Mal2], section 3:
Lemma 1.1. H is singular.

Proof. Let C),, = ﬂ;;l J; and C' = ﬂfil J;. By construction of the number @Q),, any component
of J,—1 is a (Q,'Z) /Z-interval. Then

> ﬁ(l —2t;)
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Note that [[,2 ,(1—ay), a, > 0, converges to a positive number if and only if >~ 7 | a,, converges

([Kn64], section 28, Theorem 4). Since

-1

o) es} s -1
Ytu=Y Q" <Y Q" <
n=1 n=1 n=1

by part 3 of Lemma we obtain m(C') > 0. This yields
p(H(C)) = (Hom)(H(C)) = m(C) > 0.

By construction of h; with the aid of the @);-fold covering map (QT_L_LZ) /Z is pointwise fixed
under hj, j > n. Since any component of J, is a (Q;,},Z) /Z-interval, we get h;(J,) = J,, for
j > n. Then we obtain for any j > n:

Hj(‘]n) = Hn(Jn) = Hn—lhn(Jn) = Hn—l(ln)y

which yields J,, = Hj_lHn_l(In), where Hy = id. This shows that the uniform limit H~! of
H: ! satisfies .J,, = H~' (H,_1(I,,)) for any n € N. Hereby, we observe

H(C,)=H (ﬁ Ji) = ﬁH(Ji) = ﬁ H; 1 ().

=1

In order to have H; 1 (A) C H; o(I;_1) a set A C S! has to satisfy h; 1 (A) C I;_; which
implies the condition A C J;_1. Since m(I;) < t; and the slope of h;_1|,_, is equal to ¢;_1, this
yields m (H (C,)) < H?:_ll t; which converges to 0 as n — oo. Therefore, m(H(C)) = 0.

Finally, we note that pf is not equivalent to m because pus(H(C)) > 0 and m(H(C)) = 0. Hence,
H is a singular map. O

In the next steps, we examine the Holder continuity of H:
Lemma 1.2. H is not d-Hélder for any d € (8,1).

Proof. For any component K; of K; there is a component Ki+1 of K1 such that KiJrl c K;.
This proves the existence of a component K,, which is contained in ()}, K;. By construction,
Hy| . is an affine transformation of slope trte t-1. In the following, we denote K, = [z/,3/].
In particular, we have |y’ — 2| = 37,Q; L.

Moreover, we define z,y € S' by H"*+D(z) = 2/ as well as H™*1(y) = 4/ using the notation
HO+) — HZ1H. Tts inverse (H™*D) ™" is the uniform limit of h,L, o---ohyl, o hil as
m — oco. Since Zfim_l Q;l < 371t,Q;,! for any n € N by Lemma and the maps h; are
Q;l—cyclic, we have

ool =| () @) = () )

—1 —1
< ‘(H("“)) (@) =2 | +]a" =y | + |y - (H("“)) (v)
(oo} (oo}
<D QI -+ D ot
i=n+1 i=n+1

<37',Q + |2 — |+ 37,0t
=32 —v].
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With the aid of |y’ — 2’| = 371¢,Q,,! we estimate
[H(z) = H(y)| = [Ha(2') = Ha(y)| = t7" -t 2l =g/ =70 371,00
=374t t,ﬁl Q1
as well as
|z — |d<3d| 1% =38 (371 0~ 1) = pdp—d
Yyl = € y|_ ( nQn)_nQn

Using equationboth estimates together yield in case of 3,, < d (which is fulfilled for sufficiently
large n € N due to 8, — 5 < d):

|z,y‘d 23—1151*1 t;il -Qi_l~t;d
=37t QA Qggld_d
=37ttt Q%?ld*l
> 3_1t;1 . 'tﬁil-

Since this expression can be arbitrarily large, we conclude that H cannot be d-Holder for any
de(B,1). O

Lemma 1.3. H~! is 3-Hélder.

Proof. For any pair of z,y € S!, = # y, there is n € N such that thQ;il <z —vy| <t.Q; L
Since the Lipschitz constant of h;l is ti_l, we have

_ _ _ _ _ _ 1—
|Hn1($)—Hn1(y)}gtll.....tnl.|x_y|:t11.....tn1.|x_y| 5~|x—y|ﬁ
_ _ _1\1-8
< tl LERERE tnl ! (thnl) ! |I - y|ﬂ
_ _ 1—p-1\ F _
:t11""'tni1'( nﬁn) QE L |z —yl?
_ _ —1+86,*
:tll ..... tnilQ’ﬂ BB |x7y‘5

By Lemma [I.5] this shows
(5) |H (2) = Hy ' (9)] < e —yl”
There are two possible cases
o Case 1: |H,'(x) — Hy'(y)| > Qs
Since h;}rl is Q;}rl—cyclic, we get in this case ‘H;il(:c) — ngl(y)| <2 |H,jl(x) — H;l(y)|.
With the aid of Lemma we see that the numbers Q;, ¢ > n + 1, grow fast enough such
that
|H () — H (y)| < 3|H, () — H, ()] < 3la —y|”

using equation in the last step.

o Case 2: |H;'(z)— H7'(y)| < Qnis
Once again, we exploit the fact that h;}rl is @, il—cyclic. In the case under consideration,
this yields |H,, ', (z) — H, [, (y)| < @, 1,. With the aid of equation |4 we get

|H @) — H ' ()| < 2Q54, <2 (b1 Qi) < 2|2 —y)?
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Hence, H~! is B-Holder. O
Lemma 1.4. H is $-Holder.

Proof. As above, for any pair of x,y € S',  # y, there is n € N such that thQ;}rl <

|z —y| < t,Q;' Let 2’ = H™?(2) and vy = H"?(y). Recall H"*2 = H, ! H. Since
H is the uniform limit of H,, and the maps h; are Q;l—cyclic and the numbers @Q;, i > n + 1,
are sufficiently large due to Lemma we have |2’ —¢'| < 2|z — y|. Once again, we have to
examine two cases:

o Case l: [/ —y'| > Q1
Since hp41 is @, ;-cyclic, we get in this case |2” — y”| < 2|2’ — /| for 2" = hy,41(2") and
y" = hn11(y'). Since the Lipschitz constant of h; is ¢; ', we obtain by the same calculations

as in the first case of the previous Lemma

[H(x) = H(y)| = [Ha(2") = Ho(y")| <71t |2 =y
< tfl ..... t-1.2)2 — )
<tf1 ..... t-b 4z —y
< 4la—y|’

o Case 2: |2/ —y/| < Qn 1y
Since h,41 is Q;il—cyclic, we have

_ —1 \Bn n
2" — | = |hng1 (&) = b (V)] < Qrty = (tas1@Qpiy) " < o — y|Pme
Hereby, we conclude

|H(z) — H(y)| = |Hn (") — Hn(y")]

< tl—l L 't:Ll e — y//|1755;+11 e — y//‘ﬁﬂ;il

aa-1 —1
St (Quk) T g e
<le -yl

using Lemma [I.5] part 4, in the last step.
Hence, H is S-Hélder. O

Finally, we want to prove convergence of the sequence (f,,),, oy in Diff> (Sl). For this purpose,
we deduce the subsequent statement.

o0

Lemma 1.5. Let (), oy be a strictly increasing sequence of natural numbers with )~ | li < 00

and Cy, be the constants from [Mal2], Lemma 2.4. For any Liouvillean number o there are
sequences o, = z—" of rational numbers and (B, )nen of real numbers, such that B, \, B and the

following conditions are satisfied:
1. For every n € N:
1

2, Gy, (| Halm 3

o — o | <
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2. For every n € N:

oo
>R <37MQ,!
i=n+1
3. For everyn € N:
_ _ —14881 1-8;1 1
et Qn Phn” <1 and Qn <.

n
4. tn, € Q for every n € N.

Proof. Since the numbers ¢;, i < n, are independent of ¢, and 1 > 3,,_1 > 3, we can demand
the number ¢, to be sufficiently large such that

1(1_FPn=1
(6) tl_l ..... t;il-q5< s ) <1
as well as ) )
1-8,-
dn ! < -
n

Additionally, we can satisfy the second property of the Lemma by choosing the numbers ¢;
sufficiently large in each step.
By equations (1) and (3) we have

—1_p\m(7) .
Ikallly < Co- @70 (@) < €@ )

= Cr N (12 . dnfl : (dnfl + cnfl) : anl)ﬁ_ m(T) : qﬁilm(”‘)
S Cr,nfl . qﬁflm(r)

for any r € N due to the condition S, > . Using [Mal2], Lemma 2.3, we obtain

[ Halllr = [[[Hn-1 0 hulllr < Co - (1 Hus |17 IBalllE < Crme - g ™0,
where CA’T,n_l is a constant independent of ¢,. In particular, we can demand ¢, > CA'lnH,n_l.

Then we get

8- Ln(ln+1)-(La+ 1)+ < A,
<4,

using the notation 4, =[B! m(ln + 1) (ln+1)+1].
Since « is a Liouvillean number, we find a rational number a,, = %, Pn, qn relatively prime,
satisfying the above restrictions and

| — a1 1

< )
o+l . Oy .qﬁn-(lnﬂ) 1, Oy - IIIHnIIIﬁﬁ

Pn
n

la — ay,| = |a—

After the number ¢, is determined with respect to these restrictions we can choose a number
_p-1
Bn € [ﬂ + %LB, 5n_1) such that ¢, = Qb "" € Q. Then we have

U85t =5t (< (- (84 250 ) )

515 5n1_;( Bn1><0'
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By condition [f] this yields

_ 1 _ 1 1 1_13";1
tf1~----t;11-Qn1+ﬁBn <tf1----~t;i1~qn1+ﬁﬁ" <¢rlooo. 1 qn"’( B )<1.

= "1 n—1

The previous Lemma shows that the requirements of the following convergence result deduced
in [Kul6], Lemma 5.8, are fulfilled.

Lemma 1.6. Let ¢ > 0 be arbitrary and (1), oy be a strictly increasing sequence of natural
numbers satisfying > oo % < e. Furthermore, we assume that in our constructions the following
conditions are fulfilled:

o —aq] <e and lo — ap| <

1
or everyn € N
= 2:0n-C,, || Hal 171 f y ’

n+1

where Cy, are the constants from [Mal2], Lemma 2.4. Then the sequence of diffeomorphisms
fan=HpoR,,,, o H, ! converges in the Diff>*-topology to a smooth diffeomorphism f, for which
deo (f, Ra) < 3 - holds.

Hence, the rotation R, is contained in the C*°-closure of G'g 4ing. Since this closure is invariant
under conjugation by any h € F' and O, is C*-dense in Fy, ([Y095]), we obtain the C'°°-denseness
of G sing in Fi, by the same reasoning as in [Mal2], section 2.1.

1.2 Denseness of Ggac

Fix g € (0,1). We slightly modify the construction of the map h: from the previous chapter.
Once again, we use a C*-map ¢ : R — [0, 1] satisfying v ((—00,0]) = 0, ¢ ([$,00)) = 1 and

1 is strictly monotone increasing on [0, ﬂ Then, for any ¢ € (0,1) we define the orientation-

preserving diffeomorphism h : [0,1] — [0, 1] as follows

(1 —w(t_lx))x—l—w(t_lac) t~ 1z if x € [O,i]

t—lp ifx € i’%—kt}
he(@) =3 (1= (e = &) )t le+w (o — ) - (e = 1) + 1) o€ |t i+ 1]

t-(z—1)+1 ifze ﬁ;+g1—g

(-9t (z=14%)) -+ +o (7 (z-1+%))z fzel-51]

Note that h; coincides with the identity in a neighbourhood of the boundary. Using the maps C,, :
[O, Qn%] —[0,1], Cp(x) = 2" 1.2, we construct the orientation-preserving circle diffeomorphism
ht, as follows:

b

@ if x € [, 1

where we define the numbers Q,, = 2" - 12 -d,,—1 - (dp—1 + cn—1) - @n-1 - gn and ¢, as in the
previous section. This time, we demand the additional requirement

(7) ty, < 2-(n+2)

-147 i _1
hi, (x) = {Cn ohy, 0 Cn(w) if x € [0, 5]

which can be satisfied by choosing ¢, sufficiently large in the proof of Lemma [T.5]
Let h,, be the lift of by, by the cyclic Q,-fold covering map m¢, such that Fix(h,,) # 0. By the

same reasoning as above, the sequence (Hn_ 1)n oy converges to a homeomorphism H~!.

First of all, we prove the absolute continuity of H by the same method as in [Mal2], section 4:
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Lemma 1.7. H is absolutely continuous.

Proof. We introduce the sets
L,= [2_("“), 1} and L, = 71'{21 (ﬁn) .

According to our construction h, is the identity on L,. Let X = ﬂzo:l L,,. Then we have

m(X) > 1_Zm(Sl\Ln) _ 1_22_(n+1) _ %
n=1

n=1

Since H is the identity on the positive measure set X, we have for any Borel set B us(BNX) =
m(BNX) and ps(X) =m(X) > 0.

Assume that s is not equivalent to m. Then iy is singular to m and there is a Borel set B C S!
such that m(B) = 1 and p(B) = 0. But then we obtain the contradiction m(BNX) = m(X) > 0
but pp(BNX) < py(B) = 0.

Hence, H is absolutely continuous. O

We start to examine the Holder-continuity of H.
Lemma 1.8. H is not d-Holder for any d € (5, 1).

Proof. Let
tn Tty

Ko, = | T 13,9000

and K, =, (Ki,).

For any component f(z of K; there is a component Ki+1 of K;;1 such that Ki+1 C K’Z This
proves the existence of a component K, which is contained in (;_; K;. By construction, H,|z
is an affine transformation of slope t; ' ---- - '. In the following, we denote K, = [2/,3]. In
particular, we have |y’ — 2/| = 371¢,,Q,;* - 2~ (**1).

According to this we modify the second requirement of Lemma as follows 3% ., Q; !
371,Q; " -2~ (D Then we get for 2,y € S* defined by H"+1)(2) = 2’ as well as H"+1)(y) =
y': |z —y| < 3|2’ —y/|. With the aid of |y — 2’| = 37',Q; " - 2~ ("1 we estimate

IN

|H(z) — H(y)| = |Hn(2") — Ho(y)| = t71 - tola =y =ttt 37 9—(n+1)
as well as
d
d _ e—(n B o
|.’,U — y|d < 3d ‘I/ _ yll = 3d (3 1thn12 ( +1)) — tZQnd .9 ( +1)d'

Using equationboth estimates together yield in case of 3,, < d (which is fulfilled for sufficiently
large n € N due to 8, — 5 < d):

|H(|:r) - I|1;(y)| >3-4l 1 Qi g g(d- 1) (ntD)
r—=y

> 3_1t1_1 e .tgil .Qﬁrjldﬂ .9~ (n+1)

> 3—1751*1 e .t;EQ_

(where we used the additional requirement ¢,,_; < 2~ (1) from equation (7| in the last step).
Since this expression can be arbitrarily large, we conclude that H cannot be d-Hdélder for any
de(B,1). O
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Lemma 1.9. H and H™' are 5-Hélder.

Proof. Since the Lipschitz constants of h; and h;l are equal to t;l, we can copy the proofs of
Lemma [[.3] and Lemma [T.4l O

Then we conclude the C*°-denseness of Gg . by the same reasoning as in the previous section.

2 Proof of Theorem

For any n € N we use a C*°-map 1, : R — [0, 1] satisfying ¢, ((—00,0]) = 0, ¢y, ([;57,0)) =1
and 1 is strictly monotone increasing on [0, ;5= |. We define the orientation-preserving diffeo-
morphism £, of the circle as follows

o Ifz € [O,ﬁ}

B (2) = (1 = ¥ (dp)) duv/\¥) 2 + 1y, (dn) dpr D

e Fori=0,...,d,—1land z € {diJrﬁ,ij—l}:

7
~ . 2
hn(a:) = d7zl/'r(zl+1) ' (3} - d) + E V7(Lk)
" k=0

e Fori=1,...,d,—1land z € {di,di+4.2n1.d }:

= o (- ) (o ) - £0)

o VY (g (oo ) oS
e (i (o= 50)) - (ke (- ) < o)

using the notation l/r(LO) = 0. See figure [2| for a visualisation of such a map.

We present step n of the inductive process of our construction. Hence, we have already
defined the orientation-preserving diffeomorphism H,_; = h; o--- o h,_1 and the numbers

Pn—1
A1 — %771 GQ

Let h,, be the lift of h, by the cyclic g,-fold covering map 7y, such that Fix(h,) # 0 where the
number ¢,, will be determined later (see Lemma. In particular, we have h,oR1 = R oh,

and for any [ € N an an
(8) 1 Anllli < Cot - g2,

where the constant C),; is independent of g,. Then we can prove a statement analogous to
Lemma [[.5

Lemma 2.1. Let (), oy be a strictly increasing sequence of natural numbers with ZZOZI li < 00
and Cy, be the constants from [Mal2], Lemma 2.4. For any Liouvillean number o there are

sequences o, = % of rational numbers, such that the following conditions are satisfied:
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4 .
|

n

=
3

Figure 2: Qualitative shape of the function B

1. For every n € N:

1
a—ap| < .
! 2ntt . ln, - Cln . ||‘Hn|||§:i%
2. For every n € N:
1
o — ay| <

4201, q2"

As in the previous chapter we prove the denseness of constructed C'*°-diffeomorphisms and
observe that the sequence (H,jl)neN converges uniformly to a homeomorphism H~!:S! — S

In the following, we will consider systems induced on a set A:

Definition 2. Let (X, B, 1, T) be a non-singular system and A € B be a set of positive measure.
Then T induces a mapping T4 on A by T4 (z) = T™®)(2) where n(z) is the smallest positive
integer n for which 7" (z) € A. Then (A, B4, u?, T4) is called the induced system where B4 is
the algebra of B-subsets of A and u* is the normalized restriction of u to BA.

. @ [ 1 i+1 1 1
On each interval A}’ = [dfﬁ + 53agr ﬁ — m} CcSY,i=0,...,diq1 — 1, we choose
qu~(17%)

diqa

| intervals of type {qiz, t;—zl] contained in Agi) completely. In case ap < oy the right-
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most of these contained in Ago) is labelled by By = {2—;, th—jl] (in case as > ay the leftmost

of these contained in Ago) is labelled by B; analogously). The union of these chosen intervals

[q%, t;—l} will be denoted by Fy and they will be numbered serially by the dynamical order

determined by the induced map flhl(Fl), the first one being hi(B1). We note that there are
(1-3
N = L‘IZCSIITS)J - d1q; numbers on the first level.
We proceed by an inductive process describing the constructions on the level n > 2 under

the induction assumptions that B,_1 = {t”—*l, t”;il“} is the base level of level n — 1 and that

an
there are .
o Q1+1 : ]- - SL
Noa=a-[]L fl,q, ) |,
i=1 v

. Hpo1(Fuo)\! .
chosen intervals (fn71 ) (Hp—1 (Bn-1)) in H,_1(Fp—1).

We consider f,, = H, o R,

anss © Hyt with a1 > a,, (the proof in the case a1 < ay

o i (tn—1,8) _ |tn—1 i 1 tno1 | it 1 s
is similar). Let A = |\t oo tomae oo Y ae —Tzaq| C B,,_1 for i =

q . 1—% . 3 . . .
0,...,d, — 1. In each of these we choose L%J intervals [ﬁ, ;':11} contained in it

1

——-intervals is called
dn+1

and denote their union by FT(Ll’i). The collective union of these chosen

Fr(Ll) and the leftmost of all of these is labelled by B,, = [ by t"“].

qn+1’ qn+1

On each of the other chosen intervals [qi, t;—l] C F,—1\ By,—1 we consider the intervals Agf’i) =

[q% + dniqn + 4-2”<1dnqn , qin + ;:rqi] of size slightly bigger than Ag"’l’i) and on each of these we

s s+1
qn+1’ qn+1

chose all possible intervals [ } contained in it. Let F,SQ) denote their union. Moreover,

we put F, = Fr(Ll) U F,(f). Then we consider the iterates of H,(B,) under H n(Fn) put

lo = 0, lm = min {l Z lm,1 + Nn,1

(g (Hn(Bn)))l C H, (F,§1>)} for m > 1.

All the iterates (ff”(ﬁ")) (Hy (Bn))s @ = lmy-..ylm + Np—1 — 1 are numbered with “m” on
the n-th level and their union is denoted by BY”. Note that R (Bn) C Al implies

Qp41
R (By) € B N Uyep AV for every k=1,...,N,_; — 1 because
1

Npoi-|ants — an| < gn-2|a —an| < 4-27dygy

Qn+1'(1—ﬁ)

i | - d,, different numbers of the form [, and

due to Lemma Hence, there are |
we can choose

3

dn+1 - (1= 157)

nT. \T 42/ .4 .N._

L ann J " nt
iterates of B,, from the family F,. The complete union of chosen ﬁ intervals is called F,,.
More precisely, we introduce the clusters

A {Rl (I) ‘ TeFM) =0, Ny — 1} and A™ = H, (AE’”)

Q41
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fori =0,...,d,—1. Furthermore, let [15”) denote the set of the corresponding numberings in F,.

Lemma 2.2. We have

(in+1) n ) (1 — i)
A =gy (-z5)| .4
m( in q1 qn+1 l[[lt quZ J

Proof. In order to compute m (Agn)) we point out that

h([t—i— i N 1 t+i—|—1 1 ])C[t t—&-l}
" dn dngn 2'2n'ann’Qn dnqn 4-2"-duq, Qn7 qn

because h,, is a g,-cyclic covering. For every i = 0,...,d; — 1 there are ¢; intervals of type
3
4 it itl [ it i+l . ae+1-(1-5%)
[q1 + diq1’ @1 + dﬂh} and each domain [Qk + drqr’ qk + dek} C Fi—1 contains | drqk ]

many chosen intervals [(Iki -, q%rll} Everyone of these contains one domain of type

{ s i s i+1 ]
+ )
Q+1 Dep1Qr+1 Qe+1 Art1Qr+1

N
for each i = 0,...,dg+1 — 1. Since for any fixed i the iterates ( f"(F”)) (H,(I)), & =

dm + Np—1 —1of I € F,(Zl’i) meet every occurring domain Agf’i) exactly once, we get
|5, (Ba) € )

[
for B,(,? ) in the situation of Rim

Qn41
m (1)

dq do 3 dn—1 3
¢ (1-7%) 0 (1= g5=1) | (i) (i2) (in+1) 1
fr— _— =7 | e —_— d.y d.....]/nlﬂ dni
.21Q1 ZﬂL diqr | . Zﬂt dn—1Gn-1 Iy vy ds Gn+1
1= 12= In—1=
(in+1)
e (1-35), ¢ (- 5=r) vn
_ di -do - d, -
qlL d1Q1 J dn—lQn—l J ! 2 dn+1
Then we have
3 3 (in+1) 3
(n)) e (- g%) Gn - (1= g90=r) Vn dnt1 - (1= 37)
m(A") = di-dy----- dy, - .
( " ail diq: Joo dp—1qn-1 1, -z In+1 dnqn ]
N -
recalling that LWJ numbers belong to this cluster. O
By this Lemma we get for the set E,, = H,(F},)
dn—1
m(E,) = Z m (AE?)
in=0
g Uman)) 0o mer) g L G (L )
diqy dp—1Gn-1 " G dnn
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In particular, we observe

m(En)Ziljl<1—2li>.
E = ﬂEn

neN
F, C F,_q for every n € N implies F,, C E,_1 and we conclude

m(E)zﬁ(l—;i)>0.

By Dye’s Theorem (E,LF m¥ fF) is orbit equivalent to (S, L, m, f) (J[Ka79], Theorem
1.5), where L is the o-algebra of the Lebesgue measurable subsets of S!. Hence, it is sufficient
to examine the induced system:

Moreover, we introduce the set

Lemma 2.3. The induced system (E,LE mP | fE) is orbit equivalent to the odometer of product

(1—_3_ -
type O((Mkdk)keN7{VZ}), where M), = [WJ and vi(t) = Mk_luk(i) fort € Agk),
i=0,...dp — 1.

Proof. The element (tx)ren € [[1en {0, .., Mrdy — 1} corresponds to

{er v e ﬂHk(Bt(f)>}.

keN
The domains were introduced and labelled by numbers in such a way that f, imitates the
behaviour of the odometer up to level n and for the first ¢, iterates. By the same calculations

as above we get for B in the situation of Rl» |7 (Bn) C JolSr

Qn41
m (H, (BW) N E) J(in D)
m(E) - an+1'(1—ﬁ)J
dnqn

and
w(i08)
T mE) =Vn = vn ({in}).
Moreover, we have for BY) in the situation of Rlo::’j'rl |7 (Bk) C F,gl’i’“):

m (ﬂszl Hy, (B'Egk)) N E) N V](cik+1)

m(E) o (g |

drqx

O

Finally, we use the subsequent result on orbit equivalence of odometers stated in [Ka79],
Theorem 1.8:

Lemma 2.4. Let O ((dk)keN,{Vk}keN) be an odometer of product type. For every k € N let
My, be a positive integer and v; be a probability measure on A ={0,1,..., Myd, — 1} such that
there exists a partition A = Uj A; where #A; = My and vii(n) = Mk_lyk(j) for n € Aj,
j=0,...,di — 1. Then O ((Mydy) ey » {V;:}keN) is orbit equivalent to O ((di)yen » (Ve }pen)

Hereby, we conclude that (S, £, m, f) is orbit equivalent to O ((dy)en» {¥k})-
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