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✈❛r✐❛t✐♦♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ❬❘✉❞✐♥✱ ❖s❤❡r✱ ❋❛t❡♠✐ ✭P❤②s✐❝❛ ❉✱ ✶✾✾✷✮❪ ❢♦r ✐♠❛❣❡s ♦♥
s♠♦♦t❤ s✉r❢❛❝❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ q✉❛♥t✐t✐❡s ✐♥tr✐♥s✐❝ t♦ t❤❡ s✉r❢❛❝❡ ❛♥❞ ✐t ✐s
t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ ❛ r✐❣♦r♦✉s ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐s
❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s ♠♦❞❡❧ ❛♥❞ ✐ts ❋❡♥❝❤❡❧ ♣r❡❞✉❛❧✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ♣r❡❞✉❛❧ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥
♣r♦❜❧❡♠ ✐s ❛ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♣r❡❞✉❛❧ ✈❡❝t♦r ✜❡❧❞ p ∈ H(div;S) ✇✐t❤ ♣♦✐♥t✇✐s❡
✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ♦♥ t❤❡ s✉r❢❛❝❡✳ ❆s ✐♥ t❤❡ ✢❛t ❝❛s❡✱ p s❡r✈❡s ❛s ❛♥ ❡❞❣❡ ❞❡t❡❝t♦r✳ ❆ ❢✉♥❝t✐♦♥
s♣❛❝❡ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ❢♦r t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❞✐s❝r❡t✐③❡❞ ❜② ❝♦♥❢♦r♠✐♥❣
❘❛✈✐❛rt✕❚❤♦♠❛s ✜♥✐t❡ ❡❧❡♠❡♥ts ♦♥ ❛ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡✳ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❜❛rr✐❡r
♣r♦❜❧❡♠s ✐s ❡st❛❜❧✐s❤❡❞✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✐♥❝❧✉❞✐♥❣ ❞❡♥♦✐s✐♥❣ ❛♥❞ ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ ❜♦t❤
❣r❛②✲s❝❛❧❡ ❛♥❞ ❝♦❧♦r ✐♠❛❣❡s ♦♥ s❝❛♥♥❡❞ ✸❉ ❣❡♦♠❡tr✐❡s ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ❝♦♠♣❧❡①✐t② ❛r❡ ♣r❡s❡♥t❡❞✳

❑❡② ✇♦r❞s✳ t♦t❛❧ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✱ ❋❡♥❝❤❡❧ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠✱ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞s✱ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✱
✐♠❛❣❡ ❞❡♥♦✐s✐♥❣✱ ✐♠❛❣❡ ✐♥♣❛✐♥t✐♥❣✱ s✉r❢❛❝❡s

❆▼❙ s✉❜❥❡❝t ❝❧❛ss✐✜❝❛t✐♦♥s✳ ✾✹❆✵✽✱ ✾✷❈✺✺✱ ✻✽❯✶✵✱ ✹✾▼✷✾✱ ✻✺❑✵✺
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✭✶✮





▼✐♥✐♠✐③❡
1

2

∫

S
|Ku− f |2 ❞s+ α

2

∫

S
|u|2 ❞s+ β

∫

S
|∇u|

♦✈❡r u ∈ BV (S)

✇❤❡r❡ S ⊂ R
3 ✐s ❛ s♠♦♦t❤✱ ❝♦♠♣❛❝t✱ ♦r✐❡♥t❛❜❧❡ ❛♥❞ ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤♦✉t ❜♦✉♥❞❛r②✳

BV (S) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ S✱ ❛♥❞
∫
S |∇u| ✐s

∗❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❉❋● ❣r❛♥ts ❍❊ ✻✵✼✼✴✶✵✕✶ ❛♥❞ ❙❈❍▼ ✸✷✹✽✴✷✕✶ ✇✐t❤✐♥ t❤❡ Pr✐♦r✐t② Pr♦❣r❛♠
❙PP ✶✾✻✷ ✭◆♦♥✲s♠♦♦t❤ ❛♥❞ ❈♦♠♣❧❡♠❡♥t❛r✐t②✲❜❛s❡❞ ❉✐str✐❜✉t❡❞ P❛r❛♠❡t❡r ❙②st❡♠s✿ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❍✐❡r❛r❝❤✐❝❛❧

❖♣t✐♠✐③❛t✐♦♥✮✱ ✇❤✐❝❤ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳
†❏✉❧✐✉s✲▼❛①✐♠✐❧✐❛♥s✲❯♥✐✈❡rs✐tät ❲ür③❜✉r❣✱ ❋❛❝✉❧t② ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ▲❡❤rst✉❤❧ ❢ür

▼❛t❤❡♠❛t✐❦ ❱■✱ ❊♠✐❧✲❋✐s❝❤❡r✲❙tr❛ÿ❡ ✹✵✱ ❉✕✾✼✵✼✹ ❲ür③❜✉r❣✱ ●❡r♠❛♥② ✭▼❍✿ ♠❛r❝✳❤❡rr♠❛♥♥❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲
✇✉❡r③❜✉r❣✳❞❡❀ ❙❚❙✿ st❡♣❤❛♥✳s❝❤♠✐❞t❅♠❛t❤❡♠❛t✐❦✳✉♥✐✲✇✉❡r③❜✉r❣✳❞❡✱ ❤tt♣s✿✴✴✇✇✇✳♠❛t❤❡♠❛t✐❦✳✉♥✐✲✇✉❡r③❜✉r❣✳❞❡✴
∼s❝❤♠✐❞t✮✳

‡❚❡❝❤♥✐s❝❤❡ ❯♥✐✈❡rs✐tät ❈❤❡♠♥✐t③✱ ❋❛❝✉❧t② ♦❢ ▼❛t❤❡♠❛t✐❝s✱ Pr♦❢❡ss♦rs❤✐♣ ◆✉♠❡r✐❝❛❧ ▼❛t❤❡♠❛t✐❝s ✭P❛r✲
t✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✮✱ ❉✕✵✾✶✵✼ ❈❤❡♠♥✐t③✱ ●❡r♠❛♥② ✭❘❍✿ r♦❧❛♥❞✳❤❡r③♦❣❅♠❛t❤❡♠❛t✐❦✳t✉✲❝❤❡♠♥✐t③✳❞❡✱
❤tt♣s✿✴✴✇✇✇✳t✉✲❝❤❡♠♥✐t③✳❞❡✴❤❡r③♦❣✱ ❏❱✿ ❥♦s❡✳✈✐❞❛❧✲♥✉♥❡③❅♠❛t❤❡♠❛t✐❦✳t✉✲❝❤❡♠♥✐t③✳❞❡✱ ❤tt♣s✿✴✴✇✇✇✳t✉✲❝❤❡♠♥✐t③✳
❞❡✴♠❛t❤❡♠❛t✐❦✴♣❛rt ❞❣❧✴♣❡♦♣❧❡✴✈✐❞❛❧✮✳
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t❤❡ s✉r❢❛❝❡ ❛♥❛❧♦❣ ♦❢ t❤❡ t♦t❛❧✲✈❛r✐❛t✐♦♥ s❡♠✐♥♦r♠✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ f ∈ L2(S)✱ ♣❛r❛♠❡t❡rs β > 0✱ α ≥ 0 ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥
♦♣❡r❛t♦r K ∈ L(L2(S)) ❛r❡ ❣✐✈❡♥✳ ❇② K∗ ∈ L(L2(S)) ✇❡ ❞❡♥♦t❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❛❞❥♦✐♥t ♦❢
K✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t BV (S) →֒ L2(S) s♦ t❤❛t t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✶✮ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✳ ❲❡
❛ss✉♠❡ t❤r♦✉❣❤♦✉t t❤❛t ❡✐t❤❡r α > 0 ❤♦❧❞s✱ ♦r ❡❧s❡ t❤❛t K ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ ❤❛s ❝❧♦s❡❞ r❛♥❣❡✱
✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0 s✉❝❤ t❤❛t ‖Ku‖L2(S) ≥ γ ‖u‖L2(S) ❢♦r ❛❧❧ u ∈ L2(S)✳ ❚❤✐s
s❡❝♦♥❞ ❝❛s❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ K∗K ❜❡✐♥❣ ❛ ❝♦❡r❝✐✈❡ ♦♣❡r❛t♦r ✐♥ L(L2(S))❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✼✱
❈❤❛♣t❡r ❆✳✷❪✳

❚❤❡ ♠♦t✐✈❛t✐♦♥ t♦ st✉❞② ✭✶✮ ❣♦❡s ❜❛❝❦ t♦ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ✐♥ ❬✹✻❪✱ ✇❤❡r❡ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥
✭❚❱✮ s❡♠✐♥♦r♠

∫
|Du| ✇❛s ♣r♦♣♦s❡❞ ❛s ❛ r❡❣✉❧❛r✐③✐♥❣ ❢✉♥❝t✐♦♥❛❧ ✐♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✳

❉✉❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ♥♦r♠s ✐♥ t❤❡ ✜❞❡❧✐t② ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥s t❡r♠s✱ ♣r♦❜❧❡♠ ✭✶✮ ✐s ❛❧s♦
t❡r♠❡❞ ❛ ❚❱✕L2 ♠♦❞❡❧✳ ❆ ❧❛r❣❡ ❜♦❞② ♦❢ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s t♦♣✐❝ ❤❛s ❡♠❡r❣❡❞❀ s❡❡ ❢♦r ✐♥st❛♥❝❡
❬✶✺✱ ✶✻✱ ✶✼✱ ✹✽✱ ✺✶❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❚❤❡ ♦♣❡r❛t♦r K ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✮ ❡①♣r❡ss❡s
❛✈❛✐❧❛❜❧❡ ❛✲♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♠❛❣❡ u t♦ ❜❡ r❡❝♦♥str✉❝t❡❞ ❛♥❞
t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ f ✳ ❈♦♠♠♦♥ ❡①❛♠♣❧❡s ✐♥❝❧✉❞❡ K = id ❢♦r ❝❧❛ss✐❝❛❧ ✐♠❛❣❡ ❞❡♥♦✐s✐♥❣ ❬✹✻❪✱
K = masking ❢♦r ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s ❬✶✾✱ ❈❤❛♣t❡r ✻✳✺❪✱ K = blur ❢♦r ❞❡❜❧✉rr✐♥❣ ♣r♦❜❧❡♠s
❬✶✸✱ ✷✸❪✱ ❛♥❞ K = coarsen ❢♦r ✉♥✲③♦♦♠✐♥❣ ♣r♦❜❧❡♠s ❬✸✽❪✳

❚❤❡ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r❡st ✐♥ st✉❞②✐♥❣ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ♣r♦❜❧❡♠s ♦♥ s✉r❢❛❝❡s ✐s ❞✉❡ t♦ ✐ts
♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❬✸✸❪✱ ❣❡♦♣❤②s✐❝s ❬✸✷❪✱ ❛♥❞ ♠❡❞✐❝❛❧
✐♠❛❣✐♥❣ ❬✸✼❪✳ ❚❤✐s ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② t❤❡ ♦♥❣♦✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ✐♥ ✸❉ s❝❛♥♥✐♥❣✱ r❡♠♦t❡ s❡♥s✐♥❣
❛♥❞ ♦t❤❡r ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ❤❛r❞✇❛r❡✳ ■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ✉♥❛✈♦✐❞❛❜❧❡ s❛♠♣❧✐♥❣
❡rr♦rs ❢r♦♠ t❤❡ ✐♠❛❣✐♥❣ ❡q✉✐♣♠❡♥t✱ ♦r t❤❡ ♥❡❡❞ t♦ ❝♦♠♣r❡ss ❧❛r❣❡✲s❝❛❧❡ ✐♠❛❣❡s✱ ❡✳❣✳✱ ❢♦r ❧✐♠✐t❡❞✲
❜❛♥❞✇✐❞t❤ ✐♥t❡r♥❡t ❛♣♣❧✐❝❛t✐♦♥s✱ ❛r❡ ♣♦t❡♥t✐❛❧ s♦✉r❝❡s ♦❢ ♥♦✐s❡✱ ♥❡❝❡ss✐t❛t✐♥❣ ♣♦st ♣r♦❝❡ss✐♥❣✳
❚❤❡ ♣r❡❞♦♠✐♥❛♥t ❛♣♣r♦❛❝❤ ✐♥ s✉r❢❛❝❡ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ s♦ ❢❛r ✐s ❜❛s❡❞ ♦♥ ❡①t❡♥s✐♦♥s ♦❢ t❤❡
♥♦♥❧✐♥❡❛r✱ ❛♥✐s♦tr♦♣✐❝ ❞✐✛✉s✐♦♥ ♠❡t❤♦❞ ❣♦✐♥❣ ❜❛❝❦ t♦ ❬✹✵❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♠❡♥t✐♦♥ ❬✸✱ ✷✵✱ ✷✶❪
❢♦r s✉r❢❛❝❡ ✐♥tr✐♥s✐❝ ❝♦♥❝❡♣ts✱ ❛♥❞ ❬✽✱ ✾✱ ✸✾❪ ❢♦r ✈♦❧✉♠❡✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥s✳ ❲❡ ❛❧s♦ ♣♦✐♥t ♦✉t
❬✼❪ ✇❤♦ ❝♦♥s✐❞❡r ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ▼✉♠❢♦r❞✕❙❤❛❤ ✐♠❛❣❡ s❡❣♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡
❛❝t✐✈❡ ❝♦♥t♦✉r ♠❡t❤♦❞ ♦♥ s✉r❢❛❝❡s✱ ✇✐t❤ ❛ s✉❜s❡q✉❡♥t r❡st♦r❛t✐♦♥ ♣❤❛s❡ ♦♥ t❤❡ s❡❣♠❡♥t❡❞ ♣❛rts
❞r✐✈❡♥ ❜② ❧✐♥❡❛r ✐s♦tr♦♣✐❝ ❞✐✛✉s✐♦♥✳

❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❞✐✛✉s✐♦♥ ❞r✐✈❡♥ ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ♦✉r ❢♦❝✉s ❤❡r❡ ✐s ♦♥ ♣r♦❜❧❡♠ ✭✶✮✱
✇❤✐❝❤ ✇❛s r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ✐♥ ❬✸✺❪ ❛s ❛♥ ❛♥❛❧♦❣ ♦❢ t❤❡ ❚❱✕L2 r❡❝♦♥str✉❝t✐♦♥ ♠♦❞❡❧ ❢♦r ✐♠❛❣❡s
❞❡✜♥❡❞ ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s✳ ❖♥❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❝♦♥s✐❞❡r❡❞ ❢♦r ✐ts s♦❧✉t✐♦♥ ✇❛s ❈❤❛♠❜♦❧❧❡✬s
♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ❬✶✺❪✱ ❜❛s❡❞ ♦♥ t❤❡ ❢♦r♠❛❧ ❝♦♥✈❡① ❞✉❛❧ ♣r♦❜❧❡♠ ♦❢ ✭✶✮✳ ❚❤❡ ✐♥t❡♥t✐♦♥ ♦❢
t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t♦ ❡①t❡♥❞ t❤❡ ✇♦r❦ ♦❢ ❬✸✺❪ ✐♥ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s✳ ❲❡ ❡st❛❜❧✐s❤ ❛ r✐❣♦r♦✉s
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ♣r♦❜❧❡♠s ✐♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱
✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ♣r❡❞✉❛❧ ♦❢ ✭✶✮✱ ✇❤✐❝❤ ✐s ❛ q✉❛❞r❛t✐❝ ❝♦♥✈❡① ♣r♦❜❧❡♠ ✭✶✹✮ ✇✐t❤ ♣♦✐♥t✇✐s❡
❜♦✉♥❞ ❝♦♥str❛✐♥ts ✐♥ H(div;S)✱ t❤❡ ❛♥❛❧♦❣ ♦♥ s✉r❢❛❝❡s ♦❢ t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦r✲✈❛❧✉❡❞ L2 ❢✉♥❝✲
t✐♦♥s ✇❤♦s❡ ❞✐✈❡r❣❡♥❝❡ ✐s ❧✐❦❡✇✐s❡ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡✳ ❚❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ❞✉❛❧ ❛♥❞ ♣r❡❞✉❛❧
♣r♦❜❧❡♠s ✐s ♥❡❝❡ss❛r② ❞✉❡ t♦ BV (S) ❜❡✐♥❣ ♥♦♥✲r❡✢❡①✐✈❡✳ ❆ s✐♠✐❧❛r ❛♥❛❧②s✐s ❤❛s ♣r❡✈✐♦✉s❧②
❜❡❡♥ ♣✉rs✉❡❞ ✐♥ ❬✸✶❪ ❢♦r t❤❡ ✬✢❛t✬ ❝❛s❡✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ✐♥ ❬✸✶❪ t❤❡ BV s❡♠✐♥♦r♠ ✐s ❞❡✲
✜♥❡❞ ✐♥ ❛ ✇❛② ✇❤✐❝❤ ✐s ♥♦t r♦t❛t✐♦♥❛❧❧② ✐♥✈❛r✐❛♥t ❜✉t ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❧❡❛❞✐♥❣ t♦ ♣♦✐♥t✇✐s❡
s✐♠♣❧❡ ❜♦✉♥❞s −β 1 ≤ p ≤ β 1 ❢♦r t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡ p✳ ❚❤✐s str✉❝t✉r❡ ✐s ♣❛rt✐❝✉❧❛r❧② ❛♠❡♥❛❜❧❡
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t♦ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✈✐❛ ❛ ♣r✐♠❛❧✲❞✉❛❧ ❛❝t✐✈❡ s❡t ♠❡t❤♦❞✳ ❇② ❝♦♥tr❛st✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡
❛♥ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞✱ ✇❤✐❝❤ ❞❡❛❧s ♥✐❝❡❧② ✇✐t❤ ♣♦✐♥t✇✐s❡ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠
|p|2 ≤ β ❛r✐s✐♥❣ ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ ❢r❡❡ s❡tt✐♥❣ t❤❛t ♥❛t✉r❛❧❧② ❝♦♠❡s ✇✐t❤ s✉r❢❛❝❡s✳ ❲❡ ❡st❛❜❧✐s❤
t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❜❛rr✐❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r ♣♦s✐t✐✈❡ ❜❛rr✐❡r ♣❛r❛♠❡t❡r ❛♥❞ ♣r♦✈✐❞❡
♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❆♥♦t❤❡r ❞✐st✐♥❝t✐♦♥ ❢r♦♠
♣r❡✈✐♦✉s ✇♦r❦ ✐s t❤❛t ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠s ❛s ✐♥ ❬✸✶✱ ❙❡❝t✳ ✸❪✱
✇❤✐❝❤ ✇♦✉❧❞ ❧✐❢t t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ t♦ ♦♥❡ ✐♥ H1,2(S;R2) ❜✉t ❛❞❞ ❛rt✐✜❝✐❛❧ ❞✐✛✉s✐♦♥✳ ❚❤❡
❧❛st ❞✐✛❡r❡♥❝❡ ❝♦♥❝❡r♥s t❤❡ t②♣❡ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❡♠♣❧♦②❡❞✳ ❲❤✐❧❡ ❈❛rt❡s✐❛♥ ❣r✐❞s ❛r❡ ♥❛t✉r❛❧
✐♥ ✬✢❛t✬ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ t❛s❦s ❛♥❞ ❧❡♥❞ t❤❡♠s❡❧✈❡s t♦ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s✱ s✉r✲
❢❛❝❡s ❛r❡ ♥❛t✉r❛❧❧② tr✐❛♥❣✉❧❛r✐③❡❞✱ ❢♦r ✐♥st❛♥❝❡ ❜② ✸❉ s❝❛♥♥❡r s♦❢t✇❛r❡✳ ❇❛s❡❞ ♦♥ t❤❡ r✐❣♦r♦✉s
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ ✇❡ ❛r❡ ❧❡❞ t♦ ❝❤♦♦s❡ ❛ ❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛✲
t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ H(div;S) ❜② t❤❡ s✉r❢❛❝❡ ❛♥❛❧♦❣ ♦❢ ✭♣♦ss✐❜❧② ❤✐❣❤❡r✲♦r❞❡r✮ ❘❛✈✐❛rt✕❚❤♦♠❛s
✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✸❪✳ ◆♦t✐❝❡ t❤❛t ✐♥ ❬✸✺❪ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ▲❛❣r❛♥❣✐❛♥ ✜♥✐t❡
❡❧❡♠❡♥ts ✇❡r❡ ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ H(div;S) ❝♦♥❢♦r♠✐♥❣ ❜✉t ❞♦ ♥♦t ❡①❤❛✉st t❤❛t s♣❛❝❡✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦♣❡r ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②t✐❝
❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ✭✶✮ ❛♥❞ ✐ts ♣r❡❞✉❛❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ s♣❛❝❡s BV (S) ❛♥❞ H(div;S) ♦♥ ❛ s♠♦♦t❤ s✉r❢❛❝❡ S✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞②
♦❢ t❤❡ ❋❡♥❝❤❡❧ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❢♦r♠✉❧❛t❡ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✐♥t❡r✐♦r ♣♦✐♥t
❛♣♣r♦❛❝❤ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠✱ ❛♥❛❧②③❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❜❛rr✐❡r
❛♣♣r♦①✐♠❛t✐♦♥s✱ ❛♥❞ ♣r♦✈✐❞❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❉❡t❛✐❧s ❝♦♥❝❡r♥✲
✐♥❣ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❜② ❘❛✈✐❛rt✕❚❤♦♠❛s s✉r❢❛❝❡ ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
♦✉r ♠❡t❤♦❞ ❛r❡ ❛❧s♦ ❣✐✈❡♥ ✐♥ t❤❛t s❡❝t✐♦♥✳ ❙✉❜s❡q✉❡♥t❧②✱ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
s❡❝t✐♦♥ ✺✳ ❲❤✐❧❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❢♦❝✉s❡s ♦♥ s❝❛❧❛r ✭❣r❛②✲s❝❛❧❡✮ ✐♠❛❣❡ ❞❛t❛✱ ❛♥ ❡①t❡♥s✐♦♥ t♦
♠✉❧t✐✲❝❤❛♥♥❡❧ ✭❝♦❧♦r✮ ✐♠❛❣❡s ✐s r❛t❤❡r str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✐s ♣r❡s❡♥t❡❞✱ ❛❧♦♥❣ ✇✐t❤ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ❢♦r ❞❡♥♦✐s✐♥❣ ❛♥❞ ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s✱ ❧✐❦❡✇✐s❡ ✐♥ t❤❛t s❡❝t✐♦♥✳ ❲❡ ❡♥❞ ✇✐t❤ ❝♦♥❝❧✉s✐♦♥s
❛♥❞ ❛♥ ♦✉t❧♦♦❦ ✐♥ s❡❝t✐♦♥ ✻✳

✷✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②t✐❝ ❋r❛♠❡✇♦r❦✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❛❧②t✐❝❛❧
❢r❛♠❡✇♦r❦ t♦ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ✭❇❱✮ ❛s ✇❡❧❧ ❛s ❢✉♥❝t✐♦♥s
✐♥ H(div) ♦♥ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rn t♦ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s✳

✷✳✶✳ ❈♦♥❝❡♣ts ❢r♦♠ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ❛ s♠♦♦t❤ s✉r❢❛❝❡ S ✐s ❛ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ♦❢ ❝❧❛ss C∞ ❡♠❜❡❞❞❡❞ ✐♥ R

3✳ ■♥ t❤❡ ✐♥t❡r❡st ♦❢ ❦❡❡♣✐♥❣ t❤❡ ♣❛♣❡r
s❡❧❢✲❝♦♥t❛✐♥❡❞✱ ✇❡ ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡ r❡q✉✐r❡❞ ❝♦♥❝❡♣ts ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳ ❚❤❡
✐♥t❡r❡st❡❞ r❡❛❞❡r ✐s r❡❢❡rr❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ❬✷✷✱ ✸✹✱ ✹✶❪ ❢♦r ❢✉rt❤❡r ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ s✉❜s❡t S ⊂ R
3✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ r❡❧❛t✐✈❡ t♦♣♦❧♦❣② ♦❢ R3✱ ✐s ❛ s♠♦♦t❤ s✉r❢❛❝❡

✐❢ ❢♦r ❡✈❡r② ♣♦✐♥t p ∈ S t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t V ⊂ S ❝♦♥t❛✐♥✐♥❣ p✱ ❛♥ ♦♣❡♥ s❡t U ⊂ R
2 ❛♥❞

❛ ❤♦♠❡♦♠♦r♣❤✐s♠ x : U → V ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s t❤❛t x ∈ C∞(U ;R3) ❤♦❧❞s ❛♥❞

t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ x ❤❛s r❛♥❦ ✷ ♦♥ U ✳

❆ ♠❛♣♣✐♥❣ x ❛s ❛❜♦✈❡ ✐s ❝❛❧❧❡❞ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❛t p✳ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐③❛t✐♦♥s
❝♦✈❡r✐♥❣ ❛❧❧ ♦❢ S ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛t❧❛s ♦❢ S✳ ❲❡ ✇✐❧❧ ❛❧✇❛②s ❛ss♦❝✐❛t❡ ✇✐t❤ ❛ s♠♦♦t❤ s✉r❢❛❝❡ ❛♥



✹ ▼✳ ❍❊❘❘▼❆◆◆✱ ❘✳ ❍❊❘❩❖●✱ ❍✳ ❑❘Ö◆❊❘✱ ❙✳ ❙❈❍▼■❉❚ ❆◆❉ ❏✳ ❱■❉❆▲

❛t❧❛s ♦❢ ♣❛r❛♠❡tr✐③❛t✐♦♥s✱ ❛♥❞ ✐t ✇✐❧❧ ♥♦t ♠❛tt❡r t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❤✐❝❤ ♣❛rt✐❝✉❧❛r ❛t❧❛s
✐s ❜❡✐♥❣ ✉s❡❞✳

❆ ❢✉♥❝t✐♦♥ f : S → R ✐s s❛✐❞ t♦ ❜❡ ♦❢ ❝❧❛ss Ck ✐❢✱ ❢♦r ❛♥② ♣❛r❛♠❡tr✐③❛t✐♦♥ x ✐♥ t❤❡ ❛t❧❛s✱ t❤❡
❢✉♥❝t✐♦♥ f ◦x : U ⊂ R

2 → R ✐s ♦❢ ❝❧❛ss Ck✳ ❙✐♠✐❧❛r❧②✱ t❤✐s ♥♦t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❢✉♥❝t✐♦♥s f
❞❡✜♥❡❞ ♦♥❧② ♦♥ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ S ❜② ❛♣♣r♦♣r✐❛t❡❧② r❡str✐❝t✐♥❣ t❤♦s❡ ♣❛r❛♠❡tr✐③❛t✐♦♥s ✇❤♦s❡
✐♠❛❣❡ ✐♥t❡rs❡❝ts t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ f ✳

❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♥♦t✐♦♥s ♦❢ t❛♥❣❡♥t ✈❡❝t♦rs ❛♥❞ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t ❛ ♣♦✐♥t p ∈ S✳
❈♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❝✉r✈❡ γ : (−ε, ε) → S s✉❝❤ t❤❛t γ(0) = p✳ ❚❤❡♥X := γ̇(0) ∈ R

3 ✐s s❛✐❞
t♦ ❜❡ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ❝✉r✈❡ γ ❛t p✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t p✱ ❞❡♥♦t❡❞ ❜② Tp(S)✱ ❝♦♥s✐sts
♦❢ ❛❧❧ t❛♥❣❡♥t ✈❡❝t♦rs ♦❢ s✉❝❤ ❝✉r✈❡s γ ❛t p✳ ■t ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ ✷✳ ■❢ p ❜❡❧♦♥❣s t♦

t❤❡ ✐♠❛❣❡ ♦❢ s♦♠❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ x✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t
{

∂x
∂u1

(x−1(p)), ∂x
∂u2

(x−1(p))
}

❝♦♥st✐t✉t❡s ❛ ❜❛s✐s ❢♦r Tp(S)✳ ❚❤❡r❡❢♦r❡✱ ❛♥② t❛♥❣❡♥t ✈❡❝t♦r X ❛t p ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
X = Xi ∂x

∂ui
(x−1(p))✳ ❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✉s❡ ❊✐♥st❡✐♥✬s s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥✳ ❚❤❡

❝♦❡✣❝✐❡♥ts Xi ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r X ∈ Tp(S) ✐♥ t❤❡ ❧♦❝❛❧ ❜❛s✐s ✐♥❞✉❝❡❞
❜② t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ x✳

❚❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ S ✭❛s ❛ s❡t✮ ✐s ❞❡✜♥❡❞ ❛s T (S) :=
⋃

p∈S{p} × Tp(S)✳ ❆ ✭t❛♥❣❡♥t✐❛❧✮

✈❡❝t♦r ✜❡❧❞✶ ♦❢ ❝❧❛ss Ck ✭k ≥ 0✮ ✐s ❛ ♠❛♣ X : S → T (S) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

(i) X(p) ∈ {p} × Tp(S) ❢♦r ❛❧❧ p ∈ S✱ ✐✳❡✳✱ X ✐s ❛ s❡❝t✐♦♥✳
(ii) ❋♦r ❛♥② ♣❛r❛♠❡tr✐③❛t✐♦♥ x : U → V ✱ t❤❡ ❝♦♠♣♦♥❡♥t ❢✉♥❝t✐♦♥s p 7→ Xi(p) ✐♥ t❤❡

r❡♣r❡s❡♥t❛t✐♦♥

✭✷✮ X(p) = Xi(p)
∂x

∂ui
(x−1(p)), p ∈ V

❛r❡ ♦❢ ❝❧❛ss Ck ♦♥ V ✳

❋✐♥❛❧❧② ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ Ck ✈❡❝t♦r ✜❡❧❞ X ❢♦r k ≥ 1✳ ❙✉♣♣♦s❡ t❤❛t
X ❤❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✮ ✇✳r✳t✳ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ x✳ ❉❡✜♥❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs
(∂i ·)(p)✱ i = 1, 2✱ ❜②

(∂if)(p) :=
∂(f ◦ x)

∂ui
(x−1(p))

❢♦r C1 ❢✉♥❝t✐♦♥s f ❞❡✜♥❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ p ∈ S✳ ❋♦❧❧♦✇✐♥❣ ❬✹✺✱ ❈❤❛♣t❡r ✶✳✷✳✸❪✱ ✇❡ ❤❛✈❡

✭✸✮ (divX)(p) :=
1√

detG(p)
∂i

(
Xi

√
detG

)
(p), p ∈ V.

❍❡r❡ G ✐s t❤❡ ♠❡tr✐❝ t❡♥s♦r ❢♦r t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ x ❛t p✱ ❞❡✜♥❡❞ ❜② ✐ts ❡♥tr✐❡s

(gij)(p) :=

(
∂x

∂ui
(x−1(p))

)⊤(
∂x

∂uj
(x−1(p))

)
, p ∈ V,

✶❱❡❝t♦r ✜❡❧❞s ♦♥ t❤❡ s✉r❢❛❝❡ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ❜♦❧❞✲❢❛❝❡ s②♠❜♦❧s✳
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✇❤❡r❡ a⊤b ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ R
3✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦rs

∂x
∂ui

(x−1(p))✱ i = 1, 2 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ G(p) ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ ❛❧s♦ s②♠♠❡tr✐❝✳

❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❡✈❡r② t❛♥❣❡♥t s♣❛❝❡ t♦ ❛ ♣♦✐♥t p ♦♥ t❤❡ s✉r❢❛❝❡ ✐♥❤❡r✐ts t❤❡ st❛♥❞❛r❞
✐♥♥❡r ♣r♦❞✉❝t ❢r♦♠ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ R3✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ♣♦✐♥t✇✐s❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t✇♦
Ck ✈❡❝t♦r ✜❡❧❞s ❛s (X,Y )2 := X⊤Y ✱ r❡s✉❧t✐♥❣ ✐♥ ❛ r❡❛❧✲✈❛❧✉❡❞ Ck ❢✉♥❝t✐♦♥ ♦♥ S✳ ▼♦r❡♦✈❡r✱

t❤❡ ♣♦✐♥t✇✐s❡ 2✲♥♦r♠ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② |X|2 = (X,X)
1/2
2 ✳ ❲❤❡♥ X ❛♥❞ Y

❛r❡ ❣✐✈❡♥ ❜② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t②♣❡ ✭✷✮ ✇✳r✳t✳ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ x✱ t❤❡♥ t❤❡ ♣r♦❞✉❝t (X,Y )2
✐s r❡♣r❡s❡♥t❡❞ ❜② gij X

i Y j ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♥♦t✐♦♥s ♦❢ t❛♥❣❡♥t s♣❛❝❡✱ t❛♥❣❡♥t ❜✉♥❞❧❡✱ ✈❡❝t♦r
✜❡❧❞s ❛♥❞ t❤❡✐r ❞✐✈❡r❣❡♥❝❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥♥❡r ♣r♦❞✉❝t (·, ·)2 ❛♥❞ t❤❡ ♥♦r♠ | · |2 ❛r❡ ✐♥tr✐♥s✐❝
q✉❛♥t✐t✐❡s✱ ✐✳❡✳✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛t❧❛s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ s✉r❢❛❝❡ S✳

❆ss✉♠♣t✐♦♥ ✷✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ s♠♦♦t❤ s✉r❢❛❝❡ S ⊂ R
3 ✐s

❝♦♠♣❛❝t ❛♥❞ ❝♦♥♥❡❝t❡❞✳

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r s♠♦♦t❤ s✉r❢❛❝❡s✱ ❝♦♥♥❡❝t❡❞♥❡ss ✐♠♣❧✐❡s t❤❛t ❛♥② t✇♦ ♣♦✐♥ts ❝❛♥ ❜❡
❥♦✐♥❡❞ ❜② ❛ s♠♦♦t❤ ♣❛t❤✳ ❆s ❛ ❢✉rt❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✷ S ✐s ❛❧s♦ ♦r✐❡♥t❛❜❧❡❀ ❝❢✳ ❬✷✱
Pr♦❜✳ ✷✳✹✸❪✳ ❚❤❛t ✐s✱ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣ x−1 ◦ y ❜❡t✇❡❡♥ ❛♥② t✇♦ ✐♥t❡rs❡❝t✐♥❣
♣❛r❛♠❡tr✐③❛t✐♦♥s ❤❛s ♣♦s✐t✐✈❡ ❞❡t❡r♠✐♥❛♥t ♦♥ ✐ts ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥✳

✷✳✷✳ ❙♦❜♦❧❡✈ ❋✉♥❝t✐♦♥s ❛♥❞ ❋✉♥❝t✐♦♥s ♦❢ ❇♦✉♥❞❡❞ ❱❛r✐❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧
t❤❡ ♥♦t✐♦♥s ♦❢ ▲❡❜❡s❣✉❡ ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s Lp(S) ❛♥❞ H1,p(S) ♦♥ t❤❡ s✉r❢❛❝❡ S✱ ❛s ✇❡❧❧ ❛s
t❤❡ s♣❛❝❡s H(div;S) ❛♥❞ BV (S) r❡q✉✐r❡❞ ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s✳

❋♦r m ∈ N0✱ Cm(S) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ Cm ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s✉r❢❛❝❡ S✳ ▼♦r❡♦✈❡r✱
Cm(S;T (S)) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ Cm ✈❡❝t♦r ✜❡❧❞s✳ ❆s ✉s✉❛❧✱ t❤❡ s✉♣♣♦rt ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✐s
❞❡✜♥❡❞ ❛s

supp f := cl {p ∈ S : f(p) 6= 0}
✇✐t❤ clC ❞❡♥♦t✐♥❣ t❤❡ ❝❧♦s✉r❡ ♦❢ ❛ s❡t C ⊂ S✳

❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ r❡❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s Lp(S)✳ ▲❡t f ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ S
✇✐t❤ s✉♣♣♦rt ✐♥ t❤❡ r❛♥❣❡ V ♦❢ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ x : U → V ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥

∫

S
f ❞s :=

∫

U
f(x(u))

√
detG(x(u)) ❞u,

✇❤❡r❡ t❤❡ ♠❡❛s✉r❡ ❞s ✐s ❞❡✜♥❡❞ ❛s ❞s =
√
(detG) ◦ x ❞u✱ ✇✐t❤ ❞u ❞❡♥♦t✐♥❣ t❤❡ ▲❡❜❡s❣✉❡

♠❡❛s✉r❡ ✐♥ R
2✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❡①t❡♥❞s t♦ ❛r❜✐tr❛r② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥

S ❜② ✉s✐♥❣ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t②❀ ❝❢✳ ❬✷✾✱ ❈❤✳ ✶✳✷❪✳ ❆s ✐t ✐s s❤♦✇♥ t❤❡r❡ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❛
❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ✐ts ✐♥t❡❣r❛❧ ♦✈❡r S ❞❡♣❡♥❞ ♥❡✐t❤❡r ♦♥ t❤❡ ❛t❧❛s ♥♦r ♦♥ t❤❡ ♣❛rt✐t✐♦♥
♦❢ ✉♥✐t② ✉s❡❞✳

❋♦r 1 ≤ p < ∞ t❤❡ s♣❛❝❡ Lp(S) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ C∞(S) ✇✳r✳t✳ t❤❡ ♥♦r♠

✭✹✮ ‖f‖Lp(S) :=

(∫

S
|f |p ❞s

)1/p

.
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❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❛t L∞(S) ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

‖f‖L∞(S) := ess sup
p∈S

|f(p)| < ∞.

◆❛t✉r❛❧❧②✱ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❡①t❡♥❞ t♦ ✈❡❝t♦r ✜❡❧❞s f ∈ Lp(S;T (S))✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❤❛✈❡

‖f‖Lp(S;T (S)) :=

(∫

S
|f |p2 ❞s

)1/p

.

❚❤❡ s♣❛❝❡s L2(S) ❛♥❞ L2(S;T (S)) ❛r❡ ❍✐❧❜❡rt s♣❛❝❡s ✇✳r✳t✳ t❤❡ ✉s✉❛❧ ✐♥♥❡r ♣r♦❞✉❝ts (·, ·)L2(S)

❛♥❞ (·, ·)L2(S;T (S))✳

❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ♦♥ s✉r❢❛❝❡s s❛t✐s❢②✐♥❣
❆ss✉♠♣t✐♦♥ ✷✳ ❇❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧ ♦♥ ❇❱ ❢✉♥❝t✐♦♥s ♦♥ ✢❛t ❞♦♠❛✐♥s ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r
✐♥st❛♥❝❡✱ ✐♥ ❬✷✻❪✱ ❬✺✸✱ ❈❤✳ ✺❪ ♦r ❬✶✱ ❈❤✳ ✶✵❪✳

❉❡✜♥✐t✐♦♥ ✸ ✭s❡❡ ❛❧s♦ ❬✸✺✱ ❙❡❝t✳ ✸✳✶❪ ♦r ❬✻✱ ❙❡❝t✳ ✹❪✮✳ ❆ ❢✉♥❝t✐♦♥ u ∈ L1(S) ❜❡❧♦♥❣s t♦ BV (S)
✐❢ t❤❡ ❚❱✲s❡♠✐♥♦r♠ ❞❡✜♥❡❞ ❜②

✭✺✮

∫

S
|∇u| := sup

{∫

S
u div η ❞s : η ∈ V

}

✐s ✜♥✐t❡✱ ✇❤❡r❡

V := {η ∈ C∞(S;T (S)) : |η(p)|2 ≤ 1 ❢♦r ❛❧❧ p ∈ S} .

❲❡ ❡q✉✐♣ t❤❡ s♣❛❝❡ BV (S) ✇✐t❤ t❤❡ ♥♦r♠

✭✻✮ ‖u‖BV (S) = ‖u‖L1(S) +

∫

S
|∇u|, u ∈ BV (S).

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t✱ ❛s ✐♥ t❤❡ ♣❧❛♥❛r ❝❛s❡✱
∫
S |∇u| =

∫
S |∇u| ❞s ❤♦❧❞s ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s

u ∈ C∞(S) ❛♥❞ ✐♥❞❡❡❞ ❢♦r u ∈ H1,1(S)❀ s❡❡ ❬✹✺✱ ♣✳✶✽❪ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹ ❜❡❧♦✇✳ ◆♦t✐❝❡ t❤❛t ❜♦t❤
❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♥♦r♠ ‖ · ‖BV (S) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❲❡ ❛❧s♦ r❡♠❛r❦

t❤❛t t❤❡ s♣❛❝❡ C∞(S;T (S)) ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② C1(S;T (S)) ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥❀
❝♦♠♣❛r❡ ❬✶✱ ❉❡❢✳ ✶✵✳✶✳✶❪✱ ❬✺✸✱ ♣✳✷✷✶❪ ♦r ❬✻❪✳

❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✸✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ BV (S) →֒ L1(S) ❤♦❧❞s✳ ◆❡①t✱
✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ❡✈❡♥ BV (S) →֒ L2(S) ✐s ✈❛❧✐❞✱ ❛s ✐s ❦♥♦✇♥ ❢♦r t✇♦✲❞✐♠❡♥s✐♦♥❛❧
✢❛t ❞♦♠❛✐♥s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✱ ❚❤✳ ✶✵✳✶✳✸❪✳ ❚❤✐s r❡s✉❧t ✐s ❡ss❡♥t✐❛❧ t♦ ❡st❛❜❧✐s❤ t❤❡ ✇❡❧❧✲
♣♦s❡❞♥❡ss ♦❢ ✭✶✮ ✐♥ t❤❡ s❡q✉❡❧✳ ■ts ♣r♦♦❢ r❡q✉✐r❡s t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
BV (S) ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥❝❡♣t ♦❢ ✜rst✲♦r❞❡r ❙♦❜♦❧❡✈ s♣❛❝❡s H1,p(S)✳ ❲❡ s✉♠♠❛r✐③❡
♦♥❧② t❤❡ ❡ss❡♥t✐❛❧ ❝♦♥❝❡♣ts ❛♥❞ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✷✽✱ ✷✾❪ ❢♦r ❛♥ ✐♥✲❞❡♣t❤ ✐♥tr♦❞✉❝t✐♦♥ t♦
❙♦❜♦❧❡✈ s♣❛❝❡s ♦♥ ♠❛♥✐❢♦❧❞s✳
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❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t u ∈ C∞(S)✳ ❲❡ ❝❛❧❧ ∇u : S → R
3 t❤❡ ❣r❛❞✐❡♥t✱ ❞❡✜♥❡❞ ❧♦❝❛❧❧② ✐♥ t❡r♠s

♦❢ ❛♥② ♣❛r❛♠❡tr✐③❛t✐♦♥ x ❜②

∇u := gij (∂iu)
∂x

∂uj
.

❚❤❡ ❣r❛❞✐❡♥t ❛ss✐❣♥s t♦ ❡❛❝❤ ♣♦✐♥t p ∈ S ❛ ✈❡❝t♦r (∇u)(p) ✐♥ Tp(S) ⊂ R
3 ✈❡r✐❢②✐♥❣

(
(∇u)(p), v

)
2
= vi(∂iu)(p)

❢♦r ❛❧❧ v = vi ∂x
∂ui

(x−1(p)) ∈ Tp(S)✳ ❍❡r❡✱ gij ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❡tr✐❝

t❡♥s♦r G = (gij)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡

|∇u|2 :=
(
gij(∂iu)(∂ju)

)1/2
.

◆♦✇ ❢♦r 1 ≤ p < ∞ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ u ∈ C∞(S)✱ ❞❡✜♥❡ t❤❡ ♥♦r♠

✭✼✮ ‖u‖H1,p(S) :=

(
‖u‖pLp(S) +

∫

S
|∇u|p2 ❞s

)1/p

.

❚❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1,p(S) ✐s t❤❡♥ ❣✐✈❡♥ ❜②

H1,p(S) := cl (C∞(S))

✇❤❡r❡ t❤❡ ❝❧♦s✉r❡ ✐s ✇✳r✳t✳ t❤❡ ♥♦r♠ ✭✼✮✳

❚❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❢r❛♠❡✇♦r❦ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✱
❉❡✜♥✐t✐♦♥ ✶✵✳✶✳✸❪✳

❉❡✜♥✐t✐♦♥ ✺✳ ▲❡t {un} ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ BV (S) ❛♥❞ s✉♣♣♦s❡ u ∈ BV (S)✳ ❲❡

s❛② t❤❛t un → u ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♥✈❡r❣❡♥❝❡ ✐❢

(i) un → u str♦♥❣❧② ✐♥ L1(S) ❛♥❞

(ii)

∫

S
|∇un| →

∫

S
|∇u|✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛♥❛❧♦❣♦✉s❧② ❛s ✐♥ ❬✶✱ ❚❤✳ ✶✵✳✶✳✷❪✳ ❚❤❡ ♣r♦♦❢ ✉s❡s ❛
♣❛rt✐t✐♦♥✲♦❢✲✉♥✐t② ❛r❣✉♠❡♥t ❛s ✇❡❧❧ ❛s ♠♦❧❧✐✜❝❛t✐♦♥✳

▲❡♠♠❛ ✻✳ ❋♦r ❛♥② u ∈ BV (S)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {uk} ⊂ C∞(S) ✇✐t❤ uk → u ✐♥ t❤❡

✐♥t❡r♠❡❞✐❛t❡ s❡♥s❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❚❤❡ s♣❛❝❡ BV (S)✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ✭✻✮✱ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❡

❡♠❜❡❞❞✐♥❣

BV (S) →֒ Lp(S)

❤♦❧❞s ❢♦r ❛❧❧ 1 ≤ p ≤ 2✳
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Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠ ❝❛♥ ❜❡ s❤♦✇♥ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❬✶✱ Pr♦♣✳ ✶✵✳✶✳✶✱ ❚❤✳ ✶✵✳✶✳✶❪
t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ‖ · ‖Lp(S) ❣✐✈❡♥ ✐♥ ✭✹✮✳ ❍❡♥❝❡✱ ❧❡t ✉s ❢♦❝✉s ♦♥
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ❝❧❛✐♠✳ ❚♦ t❤✐s ❛✐♠✱ ❧❡t ✉s ❞❡✜♥❡ {un} ⊂ C∞(S) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦
u ∈ BV (S) ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❉✉❡ t♦ ❬✷✾✱ ❚❤✳ ✷✳✻❪✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡
❡♠❜❡❞❞✐♥❣ H1,q(S) →֒ Lp(S) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ q ∈ [1, 2) ❛♥❞ p = 2q

2−q ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r

q = 1 ❛♥❞ p = 2 ✇❡ ❤❛✈❡ H1,1(S) →֒ L2(S)✱ s♦ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t

(∫

S
|un|2 ❞s

)1/2

≤ c

(∫

S
|un| ❞s+

∫

S
|∇un|2 ❞s

)

s✐♥❝❡ {un} ⊂ C∞(S) ⊂ H1,1(S)✳ ❍❡♥❝❡✱

(∫

S
|u|2 ❞s

)1/2

=

(∫

S
lim
n→∞

|un|2 ❞s
)1/2

≤ lim inf
n→∞

(∫

S
|un|2 ❞s

)1/2

≤ lim inf
n→∞

c

(∫

S
|un| ❞s+

∫

S
|∇un|2 ❞s

)

= c

(
‖u‖L1(S) +

∫

S
|∇u|

)
= c ‖u‖BV (S).

❚❤❡♥✱ ❛♣♣❧②✐♥❣ ❬✷✾✱ ❈♦r✳ ✷✳✶❪✱ ✇❡ ❤❛✈❡ t❤❛t BV (S) →֒ Lp(S) ❤♦❧❞s ❢♦r ❛❧❧ p ∈ [1, 2]✳

❚♦ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s✱ ✇❤✐❝❤ ✇✐❧❧ ♣❧❛② ❛
❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱

H(div;S) :=
{
v ∈ L2(S;T (S)) : div v ∈ L2(S)

}
.

❲❡ ❡q✉✐♣ t❤✐s s♣❛❝❡ ✇✐t❤ t❤❡ ♥♦r♠

✭✽✮ ‖v‖H(div;S) :=
(
‖v‖2

L2(S;T (S))
+ ‖div v‖2L2(S)

)1/2
,

✇❤✐❝❤ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

(v, w)H(div;S) := (v, w)L2(S;T (S)) + (div v, divw)L2(S).

H(div;S) ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

✸✳ ❚❤❡ ❋❡♥❝❤❡❧ Pr❡❞✉❛❧ ♦♥ ❙✉r❢❛❝❡s✳ ❚❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ♦❢ ❚❱✕L2 ❤❛s ❜❡❡♥ st❛t❡❞ ✐♥
✈❛r✐♦✉s r❡❢❡r❡♥❝❡s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✹✱ ✶✺✱ ✶✽❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛♣♣❡❛rs ✐♥ ❬✸✺❪ ❡①❛❝t❧② ❢♦r
♣r♦❜❧❡♠ ✭✶✮ ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠
✐♥ t❤❡s❡ r❡❢❡r❡♥❝❡s ✇❡r❡ ❛❧❧ ❢♦r♠❛❧✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♥♦ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❛s ❛ss✐❣♥❡❞ t♦ t❤❡
♣r♦❜❧❡♠✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ ❬✸✶❪ ✐s t❤❡ ♦♥❧② r❡❢❡r❡♥❝❡ ✇❤❡r❡ t❤✐s ❛♥❛❧②s✐s ✐s ♠❛❞❡
r✐❣♦r♦✉s✳ ❉✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ r❡✢❡①✐✈✐t② ♦❢ ❇❱ s♣❛❝❡s✱ t❤❡ ❞✉❛❧ ❛♥❞ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠s ❛r❡ ❞✐✛❡r✲
❡♥t✳ ❆s ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬✸✶❪ t❤❡ ♣r❡❞✉❛❧✱ ♣♦s❡❞ ❛s ❛ ♣r♦❜❧❡♠ ✐♥ H(div)✱ ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡
❝♦♥❝❡♣t✳
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■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛❞❛♣t t❤✐s r✐❣♦r♦✉s ❛♥❛❧②s✐s t♦ ♣r♦❜❧❡♠ ✭✶✮ ♦♥ t❤❡ s✉r❢❛❝❡ S✳ ❆s ❡①♣❡❝t❡❞
❢r♦♠ ❬✸✺❪ t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ ✐s ❛ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♣r❡❞✉❛❧ t❛♥❣❡♥t ✜❡❧❞
p ∈ H(div;S) ✇✐t❤ ♣♦✐♥t✇✐s❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ s✉r❢❛❝❡❀ s❡❡ ✭✶✹✮ ❜❡❧♦✇✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
❜♦t❤ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ t❤❛t t❤❡ ♣r✐♠❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ ♣r❡❞✉❛❧
s♦❧✉t✐♦♥✳ ❲❡ ✇✐s❤ t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❝♦♥str❛✐♥ts |p|2 ≤ β ❛r✐s✐♥❣ ✐♥ ♦✉r s❡tt✐♥❣ ❛r❡ ♥♦♥❧✐♥❡❛r✳
❚❤✐s ✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ ❬✸✶✱ ❡q✳ ✭✷✳✶✮❪✱ ✇❤❡r❡ s✐♠♣❧❡ ❜♦✉♥❞s −β 1 ≤ p ≤ β 1 ✇❡r❡ ♦❜t❛✐♥❡❞ ❞✉❡
t♦ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❚❱✲s❡♠✐♥♦r♠✱ ✇❤✐❝❤ ✐s✱ ❤♦✇❡✈❡r✱ ♥♦t ✐♥✈❛r✐❛♥t ✉♥❞❡r
❝❤❛♥❣❡s ♦❢ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✳

❙♦❧✈✐♥❣ t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ ❤❛s ❛ ♥✉♠❜❡r ♦❢ ❛❞✈❛♥t❛❣❡s ❝♦♠♣❛r❡❞ t♦ s♦❧✈✐♥❣ t❤❡ ♣r✐♠❛❧
♣r♦❜❧❡♠ ❞✐r❡❝t❧②✳ ❋✐rst✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥s♠♦♦t❤ t❡r♠∫
S |∇u| ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❝♦♥t❡①t✱ ♥♦r ❡♠♣❧♦② ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♥♦♥s♠♦♦t❤
♣r♦❜❧❡♠ ✭✶✮❀ ✇❡ ♠❡♥t✐♦♥ ❤♦✇❡✈❡r t❤❛t s✉❝❤ ❛ ♣r♦❣r❛♠ ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ ❞✐✛❡r❡♥t ❝♦♥t❡①t
✐♥ ❬✹❪✳ ❙❡❝♦♥❞✱ ❛s ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✺❪✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥ ♦❢ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s
✐♥ BV s♣❛❝❡s ♠❛② s✉✛❡r ❢r♦♠ ❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ❋✐♥❛❧❧②✱ ❛s ✇❛s ♦❜s❡r✈❡❞ ♣r❡✈✐♦✉s❧② ✐♥
❬✶✹✱ ✶✺✱ ✶✽✱ ✸✶❪✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♣r❡❞✉❛❧ ✈❛r✐❛❜❧❡ p s❡r✈❡s ❛s ❛♥ ❡❞❣❡ ❞❡t❡❝t♦r ✐♥ t❤❡ ✐♠❛❣❡✳

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❢r♦♠ ❝♦♥✈❡① ❛♥❛❧②s✐s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✷✱ ❈❤✳ ✷✳✽❪✳
●✐✈❡♥ t✇♦ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡s X✱ Y ✱ t✇♦ ♣r♦♣❡r ❝♦♥✈❡① ❢✉♥❝t✐♦♥s F : X →
R ∪ {∞}✱ G : Y → R ∪ {∞} ❛s ✇❡❧❧ ❛s ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♠❛♣ A : X → Y ✇❡ ❤❛✈❡✱ ❞✉❡ t♦ t❤❡
❋❡♥❝❤❡❧✲❨♦✉♥❣ ✐♥❡q✉❛❧✐t②✱ t❤❡ r❡❧❛t✐♦♥ ♦❢ ✇❡❛❦ ❞✉❛❧✐t②

✭✾✮ inf
x∈X

{F (x) +G(Ax)} ≥ sup
y∗∈Y ∗

{−F ∗(A∗y∗)−G∗(−y∗)} .

❍❡r❡ F ∗ : X∗ → R ❛♥❞ G∗ : Y ∗ → R ❛r❡ t❤❡ ❋❡♥❝❤❡❧ ❝♦♥❥✉❣❛t❡s ♦❢ F ❛♥❞ G✱ ❞❡✜♥❡❞ ❜②

✭✶✵✮ F ∗(x∗) = sup
x∈X

{〈x, x∗〉 − F (x)} ❛♥❞ G∗(y∗) = sup
y∈Y

{〈y, y∗〉 −G(y)}

❛♥❞ X∗ ❛♥❞ Y ∗ ❛r❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ s♣❛❝❡s ♦❢ X ❛♥❞ Y ✳ ▼♦r❡♦✈❡r A∗ : Y ∗ → X∗ st❛♥❞s
❢♦r t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ A✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥

✭✶✶✮ A(domF ) ∩ {y ∈ Y : G ✐s ❝♦♥t✐♥✉♦✉s ✐♥ y} 6= ∅

str♦♥❣ ❋❡♥❝❤❡❧ ❞✉❛❧✐t② ❤♦❧❞s✱ ✐✳❡✳✱

✭✶✷✮ inf
x∈X

{F (x) +G(Ax)} = max
y∗∈Y ∗

{−F ∗(A∗y∗)−G∗(−y∗)} .

❲❡ ♥♦✇ ❛♣♣❧② t❤✐s t♦ ♦✉r s♣❡❝✐✜❝ s❡tt✐♥❣✳ ❆s ✐♥ ❬✸✶❪ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r B ❛s

✭✶✸✮ B := α id+K∗K ∈ L(L2(S)),

✇❤❡r❡ id ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣♣✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡

‖w‖2B−1 = (w,B−1w)L2(S) = (w,w)B−1

❢♦r ❛♥② w ∈ L2(S)✳ ◆♦t✐❝❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ♦✉r st❛♥❞✐♥❣ ❛ss✉♠♣t✐♦♥s ✭α > 0 ♦r K∗K ❝♦❡r❝✐✈❡✮✱
‖w‖B−1 ✐s ❛ ♥♦r♠ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st❛♥❞❛r❞ ♥♦r♠ ♦❢ L2(S)✳
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❚❤❡♦r❡♠ ✽✳ ❚❤❡ ❋❡♥❝❤❡❧ ❞✉❛❧ ♣r♦❜❧❡♠ ♦❢

✭✶✹✮





▼✐♥✐♠✐③❡
1

2
‖div p+K∗f‖2B−1

♦✈❡r p ∈ H(div;S)

s✉❜❥❡❝t t♦ |p|2 ≤ β ❛✳❡✳ ♦♥ S

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✭✶✹✮ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♣r❡❞✉❛❧

♦❢ t❤❡ ♣r✐♠❛❧ ♣r♦❜❧❡♠ ✭✶✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❬✸✶✱ ❚❤✳ ✷✳✷❪✳ ❲❡ ✐♥✈♦❦❡ t❤❡ ❋❡♥❝❤❡❧ ❞✉❛❧✐t②
t❤❡♦r② ✐♥ t❤❡ s❡tt✐♥❣ X = H(div;S)✱ Y = L2(S) ❛♥❞ A = − div : X → Y ✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦
✐❞❡♥t✐❢② Y ✇✐t❤ Y ∗ s♦ t❤❛t A∗ = − div∗ : Y → X∗✳ ❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s F : H(div;S) → R

❛♥❞ G : L2(S) → R ❛s

✭✶✺✮
F (p) :=

{
0 ✐❢ |p|2 ≤ β ❛✳❡✳ ♦♥ S,

∞ ♦t❤❡r✇✐s❡✱

G(v) :=
1

2
‖v −K∗f‖2B−1 .

❋r♦♠ ❬✸✶❪ ✇❡ ❤❛✈❡

✭✶✻✮ G∗(v∗) = sup
v∈L2(S)

{
(v, v∗)L2(S) −G(v)

}
=

1

2
‖Kv∗ + f‖2L2(S) +

α

2
‖v∗‖2L2(S) −

1

2
‖f‖2L2(S)

❢♦r v∗ ∈ L2(S)✳ ❲✐t❤ r❡❣❛r❞ t♦ F ∗ : H(div;S)∗ → R ✐t ✐s ❝❧❡❛r t❤❛t

F ∗(p∗) = sup
p∈B0

〈p, p∗〉H(div;S),H(div;S)∗

❤♦❧❞s✱ ✇❤❡r❡

B0 := {p ∈ H(div;S) : |p|2 ≤ β ❛✳❡✳ ♦♥ S} .

■t ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❛ ♣r♦❥❡❝t✐♦♥ ❛r❣✉♠❡♥t t❤❛t t❤❡ s❡t

B1 := {p ∈ C∞(S;T (S)) : |p|2 ≤ β ❛✳❡✳ ♦♥ S}

✐s ❞❡♥s❡ ✐♥ B0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ H(div;S)✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② u ∈ L2(S) ✇❡ ♦❜t❛✐♥

F ∗((− div)∗u) = sup{〈p, (− div)∗u〉H(div;S),H(div;S)∗ : p ∈ B1}
= sup{(u,− div p)L2(S) : p ∈ B1}
= β sup{(u, div p)L2(S) : p ∈ C∞(S;T (S)) : |p|2 ≤ 1 ❛✳❡✳ ♦♥ S}.

❚❤❡r❡❢♦r❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✸ ✇❡ ❣❡t

✭✶✼✮ F ∗((− div)∗u) =




β

∫

S
|∇u| ✐❢ u ∈ BV (S),

∞ ♦t❤❡r✇✐s❡✳
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❚❤✉s✱ s✐♥❝❡ F ❛♥❞ G ❛r❡ ♣r♦♣❡r ❛♥❞ ❝♦♥✈❡① ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✶✶✮ ✐s ❢✉❧✜❧❧❡❞ ❢♦r t❤❡♠✱ t❤❡r❡ ✐s
♥♦ ❞✉❛❧✐t② ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ ✭✶✮ ❛♥❞ ✭✶✹✮✱ ✐✳❡✳✱ ✭✾✮ ❜❡❝♦♠❡s ❛♥ ❡q✉❛❧✐t② ❛♥❞

inf
p∈H(div;S)

{F (p) +G(− div p)}

= sup
u∈L2(S)

{−F ∗((− div)∗u)−G∗(−u)}

= sup
u∈BV (S)

{−F ∗((− div)∗u)−G∗(−u)}

= sup
u∈BV (S)

{
−1

2
‖Ku − f‖2L2(S) −

α

2
‖u ‖2L2(S) − β

∫

S
|∇u |

}
+

1

2
‖f‖2L2(S).✭✶✽✮

❋✐♥❛❧❧②✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ t♦ ❝❤❡❝❦ t❤❛t ✭✶✽✮ ✐s ✐♥ t✉r♥ ❡q✉✐✈❛❧❡♥t t♦ ✭✶✮ ✳

❈♦r♦❧❧❛r② ✾✳ Pr♦❜❧❡♠ ✭✶✮ ❛♥❞ ✐ts ♣r❡❞✉❛❧ ✭✶✹✮ ❛r❡ s♦❧✈❛❜❧❡✳

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✹✮ ❢♦❧❧♦✇s ❢r♦♠ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✉s✐♥❣ t❤❡
❞✐r❡❝t ♠❡t❤♦❞ ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ BV (S) →֒ L2(S) ♣r♦✈❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥ ✼✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶ ❢♦r ❞❡t❛✐❧s✱ ✇❤❡r❡ t❤❡ s❛♠❡
❛r❣✉♠❡♥ts ❛r❡ ❛♣♣❧✐❡❞ t♦ ❛ ✈❛r✐❛t✐♦♥ ♦❢ ✭✶✹✮✳ ❘❡❣❛r❞✐♥❣ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ✭✶✮✱ s✐♥❝❡ ❝♦♥❞✐t✐♦♥
✭✶✶✮ ✐s ❢✉❧✜❧❧❡❞ ❢♦r F ❛♥❞ G ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s✉♣r❡♠✉♠
✐♥ t❤❡ ❘❍❙ ♦❢ ✭✶✽✮ ✐s ❛tt❛✐♥❡❞✱ s♦ ✭✶✷✮ ❤♦❧❞s ❛♥❞ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ✐s s♦❧✈❛❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❤♦✇s ❤♦✇ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ ✭✶✮ ❛♥❞ ✭✶✹✮ ❛r❡ r❡❧❛t❡❞ t♦ ❡❛❝❤
♦t❤❡r✳

❚❤❡♦r❡♠ ✶✵✳ ❙✉♣♣♦s❡ t❤❛t p ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ ✭✶✹✮ ❛♥❞ u ✐s ♦♣t✐♠❛❧ t♦ ✭✶✮✳ ❚❤❡♥

✭✶✾✮ B u = div p+K∗f.

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t p ❛♥❞ u ❛r❡ ♦♣t✐♠❛❧ t♦ ✭✶✹✮ ❛♥❞ ✭✶✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✺✱ Pr♦♣✳ ✹✳✶❪✱

✭✷✵✮
(− div)∗u ∈ ∂F (p) ✐♥ H(div;S)∗,

− div p ∈ ∂G∗(−u) ✐♥ L2(S),

✇❤❡r❡ ∂F st❛♥❞s ❢♦r t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥
F : H(div;S) → R✱ ❛♥❞ ∂G∗ ✐s ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✷✵✮ ✐s ❡q✉✐✈❛❧❡♥t
t♦

G∗(−u) +G(− div p)− (− div p, −u)L2(S) = 0.

❯s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ✭✶✺✮ ❛♥❞ ✭✶✻✮ ❢♦r G ❛♥❞ G∗✱ t❤✐s ❜❡❝♦♠❡s

1

2
‖K(−u) + f‖2L2(S) +

α

2
‖u‖2L2(S) −

1

2
‖f‖2L2(S) +

1

2
‖div p+K∗f‖2B−1 = (div p, u)L2(S),

♦r ❡q✉✐✈❛❧❡♥t❧②✱

1

2
‖Ku‖2L2(S) +

α

2
‖u‖2L2(S) +

1

2
‖div p+K∗f‖2B−1 = (div p+K∗f, u)L2(S).
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❆♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B✱ s❡❡ ✭✶✸✮✱ ✇❡ ♦❜t❛✐♥

1

2

∥∥u−B−1(div p+K∗f)
∥∥2
B
= 0

❛♥❞ ✭✶✾✮ ❢♦❧❧♦✇s✳

✹✳ ❆❧❣♦r✐t❤♠✐❝ ❆♣♣r♦❛❝❤ ❛♥❞ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❉✐s❝r❡t✐③❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡
❛ ♥♦✈❡❧ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ✭✶✮ ✈✐❛ ✐ts ♣r❡❞✉❛❧ ✭✶✹✮✳ ❖♥❝❡ ❛❣❛✐♥✱ r❡❝❛❧❧ t❤❛t t❤❡ ♣♦✐♥t✇✐s❡
❝♦♥str❛✐♥ts |p|2 ≤ β ❛r❡ ♥♦♥❧✐♥❡❛r✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ |p|∞ ≤ β ♦❜t❛✐♥❡❞ ✐♥ ❬✸✶❪ ❞✉❡ t♦ ❛
s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❚❱✲s❡♠✐♥♦r♠✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝♦♥str❛✐♥t ✇♦✉❧❞ r❡♥✲
❞❡r t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♣r✐♠❛❧✲❞✉❛❧ ❛❝t✐✈❡ s❡t ♠❡t❤♦❞ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ❛❧t❤♦✉❣❤
t❤✐s ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ♣✉rs✉❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✸✵✱ ✺✵❪ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✳

❖✉r s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ❧♦❣❛r✐t❤♠✐❝ ❜❛rr✐❡r ♠❡t❤♦❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✐♥❡q✉❛❧✐t②
❝♦♥str❛✐♥ts✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛♠✐❧② ♦❢ ❝♦♥✈❡① ♣r♦❜❧❡♠s ❢♦r ❛ ❞❡❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ♦❢ ❜❛rr✐❡r ♣❛r❛♠❡t❡rs µ ց 0✿

✭✷✶✮





▼✐♥✐♠✐③❡
1

2
‖div p+K∗f‖2B−1 − µ

∫

S
ln
(
β2 − |p|22

)
❞s

♦✈❡r p ∈ H(div;S)

s✉❜❥❡❝t t♦ |p|2 ≤ β ❛✳❡✳ ♦♥ S.

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥str❛✐♥t |p|2 ≤ β ✐s ❡①♣❧✐❝✐t❧② ❦❡♣t ✐♥ ✭✷✶✮ ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞
✐t ❛✈♦✐❞s t❤❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❜❛rr✐❡r t❡r♠ ❢♦r ♥❡❣❛t✐✈❡ ❛r❣✉♠❡♥ts✳ ❋♦r ❛♥② ✜①❡❞
❜❛rr✐❡r ♣❛r❛♠❡t❡r µ > 0✱ ♣r♦❜❧❡♠ ✭✷✶✮ ✇✐❧❧ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ❚❤❡ ❝♦♥str❛✐♥t
|p|2 ≤ β ✐s ♥♦t ❡♥❢♦r❝❡❞ ❡①♣❧✐❝✐t❧② ❜✉t ✐ts s❛t✐s❢❛❝t✐♦♥ ✇✐❧❧ ❜❡ ♠♦♥✐t♦r❡❞ t❤r♦✉❣❤♦✉t t❤❡ ◆❡✇t♦♥
✐t❡r❛t✐♦♥s✳ ▼♦r❡ ❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✺✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✉s❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥s

✭✷✷✮ H(p) :=
1

2
‖div p+K∗f‖2B−1 ❛♥❞ b(p) := −µ

∫

S
ln
(
β2 − |p|22

)
❞s

✐♥ t❤❡ s❡q✉❡❧✳

✹✳✶✳ ❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡♥❡ss ❢♦r t❤❡ Pr❡❞✉❛❧ ❇❛rr✐❡r Pr♦❜❧❡♠✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ✐♥t❡r✐♦r
♣♦✐♥t ♠❡t❤♦❞s ✐♥ Lp s♣❛❝❡s ✐♥❝❧✉❞✐♥❣ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛t❤ ❤❛s ❜❡❡♥
❛❞❞r❡ss❡❞ ✐♥ ❬✹✷✱ ✹✾❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢
t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❜❛rr✐❡r t❡r♠ ❤❡❧♣s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧❛❝❦ ♦❢ str✐❝t ❝♦♥✈❡①✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥
✭✶✹✮✳ ❲❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❋♦r ❡✈❡r② µ > 0✱ ♣r♦❜❧❡♠ ✭✷✶✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ p ∈ H(div;S)✳

Pr♦♦❢✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ H(p) + b(p) ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② b(0) =
−µ (areaS) ln(β2) ❜✉t ✐t ♠❛② ❛tt❛✐♥ t❤❡ ✈❛❧✉❡ ∞✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡
{pn}✳ ❖✇✐♥❣ t♦ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❜♦t❤ t❡r♠s ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❛s ✇❡❧❧ ❛s |pn|2 ≤ β✱ {pn} ✐s
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❜♦✉♥❞❡❞ ✐♥ H(div;S)✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ✭❛❣❛✐♥ ❞❡♥♦t❡❞ ❜② {pn}✮ s✉❝❤ t❤❛t
pn ⇀ p ✐♥ L2(S;T (S)) ❤♦❧❞s ✇✐t❤ |p|2 ≤ β ❛✳❡✳ ♦♥ S✱ ❛s ✇❡❧❧ ❛s div pn ⇀ div p ✐♥ L2(S)✳

❇② ✇❡❛❦ s❡q✉❡♥t✐❛❧ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ H✱

H(p) =
1

2
‖div p+K∗f‖2B−1 ≤ lim inf

n→∞

1

2
‖div pn +K∗f‖2B−1

❤♦❧❞s✳ ▲❡t ✉s ❛r❣✉❡ t❤❛t b ✐s ❛❧s♦ ✇❡❛❦❧② s❡q✉❡♥t✐❛❧❧② ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ L2(S;T (S))✳
❚♦ t❤✐s ❡♥❞✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t b ✐s s❡q✉❡♥t✐❛❧❧② ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ t❤❡ str♦♥❣
t♦♣♦❧♦❣② ♦❢ L2(S;T (S)) ♦♥

B := {q ∈ L2(S;T (S)) : |q|2 ≤ β ❛✳❡✳ ♦♥ S},

s✐♥❝❡ B ✐s ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡① ❛♥❞ b ✐s ❝♦♥✈❡① ✐♥ B✳ ❆r❣✉✐♥❣ s✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✹✾✱
Pr♦♣♦s✐t✐♦♥ ✷❪✱ s✉♣♣♦s❡ t❤❛t qn → q ✐♥ L2(S;T (S)) ❤♦❧❞s✱ ✇❤❡r❡ qn ∈ B✱ ❛♥❞ t❤✉s q ∈ B
❤♦❧❞s ❛s ✇❡❧❧✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ b(q) ≤ lim infn→∞ b(qn)✱ ✇❤✐❝❤ ✐s ❝❧❡❛r ✐❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡
✐s ∞✳ ■♥ ❝❛s❡ lim infn→∞ b(qn) < ∞✱ ✇❡ ❝❛♥ s❡❧❡❝t ❛ s✉❜s❡q✉❡♥❝❡✱ ❞❡♥♦t❡❞ ❜② {qj}✱ s✉❝❤ t❤❛t

lim
j→∞

b(qj) = lim inf
n→∞

b(qn) ❛♥❞ qj
j→∞−−−→ q ❛✳❡✳ ♦♥ S.

■♥ ♣❛rt✐❝✉❧❛r✱ b(qj) ≤ C ❤♦❧❞s ❢♦r ❛❧❧ j✳

▲❡t ✉s ❞❡✜♥❡

gn := −µ lnmax{β2 − |qn|22, 1}, hn := −µ lnmin{β2 − |qn|22, 1},
g := −µ lnmax{β2 − |q|22, 1}, h := −µ lnmin{β2 − |q|22, 1}.

❙✐♥❝❡ x 7→ lnx ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ✶ ♦♥ [1,∞)✱ ✇❡ ❤❛✈❡

|gn − g| ≤ µ
∣∣max{β2 − |qn|22, 1} −max{β2 − |q|22, 1}

∣∣ ≤ µ
∣∣|qn|22 − |q|22

∣∣ ≤ µβ2

❤♦❧❞s✳ ◆♦t✐❝❡ t❤❛t limj→∞ qj = q ❛✳❡✳ ♦♥ S ✐♠♣❧✐❡s limj→∞ gj = g ❛♥❞ limj→∞ hj = h ❛✳❡✳ ♦♥
S✳ ❍❡♥❝❡ ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s

lim
j→∞

∫

S
gj ❞s =

∫

S
g ❞s.

❈♦♥s❡q✉❡♥t❧②✱

lim
j→∞

∫

S
hj ❞s = lim

j→∞
b(qj)− lim

j→∞

∫

S
gj ❞s

❡①✐sts ❛s ✇❡❧❧✳

❯s✐♥❣ hn ≥ 0 ❛♥❞ |gn| ≤ µ
∣∣|qn|22 − β2 + 1

∣∣✱ ✇❡ ♦❜t❛✐♥

0 ≤
∫

S
hj ❞s ≤ C −

∫

S
gj ❞s ≤ C + µ

∫

S

∣∣|qj |22 − β2 + 1
∣∣ ❞s ≤ C + C ′
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❢♦r ❛❧❧ j✳ ❇② ❋❛t♦✉✬s ❧❡♠♠❛✱ ✇❡ t❤✉s ❝♦♥❝❧✉❞❡

0 ≤
∫

S
h ❞s =

∫

S
lim
j→∞

hj ❞s ≤ lim
j→∞

∫

S
hj ❞s ≤ C + C ′.

❚❤✐s ✐♠♣❧✐❡s

lim inf
n→∞

∫

S
(gn + hn) ❞s = lim inf

n→∞
b(qn) = lim

j→∞
b(qj) ≥

∫

S
(g + h) ❞s = b(q).

❈♦♥s❡q✉❡♥t❧②✱ ❜♦t❤ s✉♠♠❛♥❞s H ❛♥❞ b ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❛r❡ ✇❡❛❦❧② s❡q✉❡♥t✐❛❧❧② ❧♦✇❡r s❡♠✐✲
❝♦♥t✐♥✉♦✉s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p ✐s ❛ ✭❣❧♦❜❛❧✮ ♠✐♥✐♠✐③❡r ♦❢ ✭✷✶✮✳

❚♦ s❤♦✇ ✐ts ✉♥✐q✉❡♥❡ss✱ ✇❡ ✈❡r✐❢② t❤❛t t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ b ✐s str✐❝t❧② ❝♦♥✈❡①
✇❤❡r❡ ✐t ✐s ✜♥✐t❡✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t p1 ❛♥❞ p2 ❜❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ B ✇❤❡r❡ b(p1), b(p2) < ∞ ❛♥❞
p1 ♥♦t ❡q✉❛❧ t♦ p2 ❛✳❡✳ ♦♥ S✳ ❚❤❡♥ ❜② ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts t❤❡r❡ ❡①✐sts ❛ s❡t E ⊂ S ♦❢ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ♠❡❛s✉r❡ ❛♥❞ ε > 0 s✉❝❤ t❤❛t |p1 − p2|2 ≥ ε ❛✳❡✳ ♦♥ E✳

▲❡t ✉s ❞❡✜♥❡ g(p) := |p|22 ❛♥❞ h(z) := −µ ln(β2 − z)✱ ✇❤❡♥❝❡ b(p) =
∫
S h(g(p)) ❞s ❤♦❧❞s✳

❖♥ t❤❡ s❡t E✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡ ❞✉❡ t♦ t❤❡ str♦♥❣ ❝♦♥✈❡①✐t② ♦❢ g✱

✭∗✮ g
(
λp1 + (1− λ)p2

)
− λ g(p1)− (1− λ) g(p2) = −λ (1− λ) |p1 − p2|22 ≤ −λ (1− λ) ε2

❢♦r ❛❧❧ λ ∈ [0, 1]✳ ◆❡①t ✇❡ ✉s❡ t❤❛t h ✐s ❝♦♥✈❡① ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, β2)✳ ■ts ♠✐♥✐♠❛❧
s❧♦♣❡ ✐s ❛tt❛✐♥❡❞ ❛t z = 0 s♦ ✇❡ ❤❛✈❡ h′(z) ≥ h′(0) = µ/β2 ❢♦r ❛❧❧ z ∈ [0, β2)✳ ❈♦♥s❡q✉❡♥t❧②✱
✇❡ ❤❛✈❡ h(r) ≥ h(ℓ) + h′(ℓ)(r − ℓ) ≥ h(ℓ) + h′(0)(r − ℓ) ❢♦r ❛❧❧ 0 ≤ ℓ ≤ r < β2✳ ❆♣♣❧②✐♥❣ t❤✐s
❡st✐♠❛t❡ ✇✐t❤ ℓ = g

(
λp1+(1−λ)p2

)
❛♥❞ r = λ g(p1)+(1−λ) g(p2) ❛♥❞ ✉s✐♥❣ ✭∗✮✱ ✇❡ ♦❜t❛✐♥

h
(
g
(
λp1 + (1− λ)p2

))
≤ h

(
λ g(p1) + (1− λ) g(p2)

)
− µ

β2
λ (1− λ) ε2.

❯s✐♥❣ t❤❡ ❝♦♥✈❡①✐t② ♦❢ h ✇❡ ❝❛♥ ❡st✐♠❛t❡ ❢✉rt❤❡r

h
(
g
(
λp1 + (1− λ)p2

))
≤ λh

(
g(p1)

)
+ (1− λ)h

(
g(p2)

)
− µ

β2
λ (1− λ) ε2,

✇❤✐❝❤ ❤♦❧❞s ❛✳❡✳ ♦♥ E✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❡st✐♠❛t❡ ✇✐t❤♦✉t t❤❡ ❧❛st t❡r♠ ♦♥ S \E✳
■♥t❡❣r❛t✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ♦✈❡r S✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡

b
(
λp1 + (1− λ)p2

)
≤ λ b(p1) + (1− λ) b(p2)−

µ

β2
λ (1− λ) ε2 (areaE),

✇❤✐❝❤ ❝♦♥✜r♠s t❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢ b ♦♥ ✐ts ❞♦♠❛✐♥✳

◆❡①t ✇❡ ❛❞❞r❡ss t❤❡ ✜rst✲♦r❞❡r ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ✭✷✶✮✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❛rr✐❡r ♠❡t❤♦❞s ✐s t❤❛t ♦♥❡ ❝❛♥♥♦t ❛✲♣r✐♦r✐
❡①❝❧✉❞❡ t❤❛t t❤❡ ♠✐♥✐♠✐③❡r ❛♣♣r♦❛❝❤❡s t❤❡ ❜♦✉♥❞ |p|2 ≤ β ♦♥ ♣❛rts ♦❢ t❤❡ s✉r❢❛❝❡✱ ✇❤✐❝❤
❝♦♠♣❧✐❝❛t❡s t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ❜❛rr✐❡r t❡r♠✳ ❚❤❡ ♣r♦♦❢ ✉s❡s t❡❝❤♥✐q✉❡s
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✼❪✱ ✇❤❡r❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ ♣♦✐♥t✇✐s❡ s✐♠♣❧❡ ❜♦✉♥❞s ♦♥ t❤❡ ❝♦♥tr♦❧
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❛♥❞ ❛❧s♦ t❤❡ st❛t❡ ✇❡r❡ ❞✐s❝✉ss❡❞✳ ❆❧t❤♦✉❣❤ t❤❡ ♣r❡s❡♥t ♣r♦❜❧❡♠ ✐s ❣❡♥❡r❛❧❧② s✐♠♣❧❡r ❞✉❡ t♦ t❤❡
❛❜s❡♥❝❡ ♦❢ st❛t❡ ❝♦♥str❛✐♥ts✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝♦♥str❛✐♥t |p|2 ≤ β r❡q✉✐r❡s ♠♦❞✐✜❝❛t✐♦♥s✳
❲❡ t❤❡r❡❢♦r❡ ❞♦ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❜✉t ♣♦st♣♦♥❡ ✐t t♦ t❤❡ ❛♣♣❡♥❞✐①
t♦ str❡❛♠❧✐♥❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥✳ ✳

❚❤❡♦r❡♠ ✶✷✳ ❚❤❡ ✈❡❝t♦r ✜❡❧❞ p ∈ H(div;S) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ✭✷✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

|p|2 ≤ β ❤♦❧❞s ❛✳❡✳ ♦♥ S ❛♥❞

✭✷✸✮
(
div p+K∗f, div δp

)
B−1 + µ

∫

S

2 (p, δp)2

β2 − |p|22
❞s = 0

❢♦r ❛❧❧ δp ∈ H(div;S)✳

✹✳✷✳ ■♠♣❧❡♠❡♥t❛t✐♦♥✳ ❆❧❧ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ❛r❡ ❜❛s❡❞ ♦♥ t✇♦ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❡s ♦❜✲
t❛✐♥❡❞ ❜② s❝❛♥♥✐♥❣ ♣❤②s✐❝❛❧ ♦❜❥❡❝ts ✇✐t❤ t❤❡ ❆rt❡❝ ❊✈❛ ✸❉ s❝❛♥♥❡r✳ ❚❤❡ s❝❛♥♥❡r s♦❢t✇❛r❡
♣r♦✈✐❞❡s ❲❛✈❡❢r♦♥t ✳♦❜❥ ✜❧❡s✱ ✇❤✐❝❤ ❝♦♥t❛✐♥ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr② ✈✐❛ ✈❡rt✐❝❡s ❛♥❞
tr✐❛♥❣❧❡s✳ ■♥ ❜♦t❤ ❡①❛♠♣❧❡s t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❝❛♥♥❡❞ ♦❜❥❡❝t ✐s ❝❧♦s❡❞✱ ✐✳❡✳✱ ✇✐t❤♦✉t ❜♦✉♥❞❛r②✱
✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♦✉r ❛♥❛❧②s✐s✳ ❚❤❡ s✉r❢❛❝❡ t❡①t✉r❡ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ s❝❛♥♥❡r s♦❢t✇❛r❡ ❛s ❛
✷❉ ✢❛t ❜✐t♠❛♣ ✜❧❡ ✭s❡❡ ❋✐❣✉r❡ ✶✱ ❧❡❢t✮✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ♠❛♣♣✐♥❣ ♦❢ ❡❛❝❤ ♣❤②s✐❝❛❧ s✉r❢❛❝❡ tr✐✲
❛♥❣❧❡ ✐♥t♦ s❛✐❞ ❜✐t♠❛♣✳ ❚❤✉s✱ ♦r✐❣✐♥❛❧❧② t❤❡ t❡①t✉r❡❞ ♦❜❥❡❝t ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✈❛r②✐♥❣ ♥✉♠❜❡r
♦❢ ♣✐①❡❧s ❣❧✉❡❞ ♦♥t♦ ❡❛❝❤ s✉r❢❛❝❡ tr✐❛♥❣❧❡✳ ❉✉❡ t♦ t❤❡ ✐♠♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥t✐♥✉♦✉s❧② ♠❛♣♣✐♥❣
❛ ❝❧♦s❡❞ s✉r❢❛❝❡ ♦♥t♦ t❤❡ ✢❛t ❜✐t♠❛♣✱ t❤❡r❡ ❛r❡ ♥❡❝❡ss❛r✐❧② ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ ❜✐t♠❛♣ ❛♥❞
t❤❡r❡ ♠❛② ❛❧s♦ ❜❡ r❡❣✐♦♥s ✇❤✐❝❤ ❞♦ ♥♦t ❛♣♣❡❛r ♦♥ t❤❡ ♣❤②s✐❝❛❧ s✉r❢❛❝❡✳ ❊ss❡♥t✐❛❧❧②✱ t✇♦ ❛❞❥❛✲
❝❡♥t tr✐❛♥❣❧❡s ♦♥ t❤❡ s✉r❢❛❝❡ ❝❛♥ ❜❡ ♣❛rt ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s r❡❣✐♦♥s ✐♥ t❤❡ t❡①t✉r❡ ✜❧❡✳ ❚❤✐s ❞❛t❛
✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶ ❢♦r ♦✉r ✜rst t❡st ❝❛s❡✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② ♦✉r ♥♦✈❡❧ s♦❧✉t✐♦♥ s❝❤❡♠❡✱ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❲❛✈❡❢r♦♥t ♦❜❥❡❝t ✐♥✲
❝❧✉❞✐♥❣ t❤❡ t❡①t✉r❡ ♥❡❡❞s t♦ ❜❡ ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❧✐❜r❛r② ✇❤✐❝❤ ✐s ✉s❡❞
t♦ ❞✐s❝r❡t✐③❡ t❤❡ ♣r❡❞✉❛❧ ❜❛rr✐❡r ♣r♦❜❧❡♠s ✭✷✶✮✳ ❖♥❡ ✇❛② ♦❢ ❛❝❤✐❡✈✐♥❣ t❤✐s ✐s t♦ ♣r♦✈✐❞❡ t❤❡
t❡①t✉r❡ ❞❛t❛ f ❛t ❡❛❝❤ q✉❛❞r❛t✉r❡ ♣♦✐♥t✳ ❍♦✇❡✈❡r✱ ❢♦r ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♣r♦❝❡ss✐♥❣
✇✐t❤✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢r❛♠❡✇♦r❦ ❋❊♥✐❈❙ ❬✸✻❪✱ ✇❡ ✐♥st❡❛❞ ❝♦♥✈❡rt❡❞ t❤❡ t❡①t✉r❡❞ ♦❜❥❡❝t
✐♥t♦ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s❡tt✐♥❣ ❜② ✐♥t❡r♣♦❧❛t✐♦♥✳ ❚♦ ❛❝❝♦✉♥t ❢♦r ❜♦t❤ ♥❛t✉r❛❧ ❞✐s❝♦♥t✐♥✉✐t✐❡s
✐♥ t❤❡ t❡①t✉r❡ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s✉r❢❛❝❡✲t♦✲t❡①t✉r❡ ♠❛♣♣✐♥❣✱ ✇❡ ❝❤♦s❡ ❛ ❞✐s✲
❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ✭❉●✮ ✜♥✐t❡ ❡❧❡♠❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t❡①t✉r❡ ❞❛t❛ f ✳ ❚♦ ❜❡ ♠♦r❡
♣r❡❝✐s❡✱ ❧❡t Pr ❞❡✜♥❡ t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡ r✱ t❤❡♥ t❤❡ t❡①t✉r❡ f ❛♥❞
t❤❡ ✜♥❛❧ ♦✉t♣✉t u ♦❢ ♦✉r s❝❤❡♠❡ ❛r❡ t♦ ❢✉❧✜❧❧ f|K , u|K ∈ Pr ❢♦r ❛❧❧ tr✐❛♥❣❧❡s K ♦❢ t❤❡ s❝❛♥♥❡❞
s✉r❢❛❝❡✳ ❚❤✉s✱ u ❛♥❞ f ❛r❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ DGr ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ ♦♥ t❤❡ s✉r❢❛❝❡✳ ❚❤❡ ✐♠❛❣❡
❞❛t❛ f ✐s ❛❧✇❛②s s❝❛❧❡❞ t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳

❚♦ ❝❛rr② ♦✉t t❤❡ t❡①t✉r❡ ♣r❡♣r♦❝❡ss✐♥❣✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s♣❛t✐❛❧ ❧♦❝❛t✐♦♥ ❢♦r ❡❛❝❤ ❞❡❣r❡❡ ♦❢
❢r❡❡❞♦♠ ♦❢ t❤❡ s✉r❢❛❝❡ ❉● ❢✉♥❝t✐♦♥ f ✇✐t❤✐♥ t❤❡ t❡①t✉r❡ ❜✐t♠❛♣ ❛♥❞ ✉s❡ t❤❡ r❡s♣❡❝t✐✈❡ ❣r❛②
✈❛❧✉❡ ❛t t❤❡ ♥❡❛r❡st ♣✐①❡❧✳ ❋♦r ❝♦❧♦r t❡①t✉r❡s✱ t❤✐s ✐s r❡❛❧✐③❡❞ ✈✐❛ ❛ ✈❡❝t♦r ✈❛❧✉❡❞ ❉● ❢✉♥❝t✐♦♥
♦♥ t❤❡ s✉r❢❛❝❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ ❘●❇ ❝♦❧♦r s♣❛❝❡✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧ ❲❛✈❡❢r♦♥t ♦❜❥❡❝t ❡❛❝❤
s✉r❢❛❝❡ tr✐❛♥❣❧❡ ✉s✉❛❧❧② ♦❜t❛✐♥s ❞❛t❛ ❢r♦♠ ♠✉❧t✐♣❧❡ t❡①t✉r❡ ♣✐①❡❧s✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥
❛♥ ❛♣♣r♦♣r✐❛t❡ q✉❛❧✐t② ♦❢ t❤❡ t❡①t✉r❡ ✐♥ t❤❡ ❉● s❡tt✐♥❣✱ ❤✐❣❤❡r ♦r❞❡r ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s ❛r❡
♥❡❡❞❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s❝❛♥✳ ❆❧t❤♦✉❣❤ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❲❛✈❡❢r♦♥t ♦❜❥❡❝t t❤❡
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❋✐❣✉r❡ ✶✳ ▲❡❢t✿ ❚❡①t✉r❡ ❇✐t♠❛♣ ❛s ❞❡❧✐✈❡r❡❞ ❜② t❤❡ s❝❛♥♥❡r s♦❢t✇❛r❡✳ ❘✐❣❤t✿ ❚❡①t✉r❡ ♠❛♣♣❡❞ ♦♥t♦ t❤❡
❣❡♦♠❡tr②✳

♥✉♠❜❡r ♦❢ ♣✐①❡❧s ♣❡r tr✐❛♥❣❧❡ ♠❛② ✈❛r② s✐❣♥✐✜❝❛♥t❧②✱ ✇❡ ✉s❡ ❛ ❝♦♥st❛♥t ✜♥✐t❡ ❡❧❡♠❡♥t ♦r❞❡r
r = 2 ♦r r = 3 ✐♥ ♦✉r ❡①❛♠♣❧❡s✳

❇❡❢♦r❡ r❡❝♦✈❡r✐♥❣ t❤❡ ✐♠❛❣❡ u ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ♣r❡❞✉❛❧ ✭❡❞❣❡ ❞❡t❡❝t♦r✮ ✈❡❝t♦r ✜❡❧❞ p ∈
H(div;S) ✈✐❛ ❛ s❡q✉❡♥❝❡ ♦❢ ❜❛rr✐❡r ♣r♦❜❧❡♠s ✭✷✶✮✳ ❋♦r t❤❡ ❧❛tt❡r ✇❡ ❡♠♣❧♦② ❛ ❝♦♥❢♦r♠✐♥❣
❞✐s❝r❡t✐③❛t✐♦♥ ❜② s✉r❢❛❝❡ ❘❛✈✐❛rt✕❚❤♦♠❛s ✜♥✐t❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ❘❛✈✐❛rt✕❚❤♦♠❛s ❡❧❡♠❡♥t s♣❛❝❡
RTr+1 ✐s ❞❡s✐❣♥❡❞ t♦ ❜❡ t❤❡ s♠❛❧❧❡st ♣♦❧②♥♦♠✐❛❧ s♣❛❝❡ ✇✐t❤ RTr+1|K ⊂ Pr+1 s✉❝❤ t❤❛t t❤❡
❞✐✈❡r❣❡♥❝❡ ♠❛♣s ♦♥t♦ Pr❀ s❡❡ ❬✹✸❪✱ ❬✷✼✱ ❈❤❛♣t❡r ✶✳✹✳✼❪ ♦r ❬✸✻✱ ❈❤✳ ✸✳✹✳✶❪✳ ❋♦r ♦✉r ♣r♦❜❧❡♠ t❤❡
RTr+1 s♣❛❝❡ ❢♦r t❤❡ ✉♥❦♥♦✇♥ p ♦♥ t❤❡ s✉r❢❛❝❡ ✐s ❝r❡❛t❡❞ ✈✐❛ ♠❛♣♣✐♥❣ t❤❡ s✉r❢❛❝❡ ❡❧❡♠❡♥t
t♦ ❛ ✢❛t ✷❉ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✹✹❪ ❛♥❞ s✐♠✐❧❛r❧② ✐♥ ❬✸✺❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r
❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❡❧❡♠❡♥ts✳ ❆s s❡❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✵ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥

✭✷✹✮ u = B−1(div p+K∗f).

■♥ ♦✉r ❡①❛♠♣❧❡s✱ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡ ❞❡♥♦✐s✐♥❣ ❛♥❞ ✐♥♣❛✐♥t✐♥❣✱ K✱ K∗ ❛♥❞ t❤❡r❡❢♦r❡ B ❛r❡
❛❧❧ ♣♦✐♥t✇✐s❡ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❞✐✛❡r❡♥t✐❛t✐♦♥✳ ❲❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ ♠❛t❝❤✐♥❣
♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡s✱ ✐✳❡✳✱ u ∈ DGr✱ p ∈ RTr+1 ❛♥❞ f ∈ DGr✳ ■♥ t❡r♠s ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥t
❢✉♥❝t✐♦♥s✱ ✭✷✹✮ ✐s r❡❛❧✐③❡❞ ❜② s♦❧✈✐♥❣ ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐♥ L2(S)✱ ✇❤✐❝❤ ✐s
r❡♣r❡s❡♥t❡❞ ❜② ❛ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛ss ♠❛tr✐① ✐♥ DGr ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❡①♣❡♥s✐✈❡ t♦ s♦❧✈❡✳

✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts✳

✺✳✶✳ ●r❛②✲❙❝❛❧❡ ❉❡♥♦✐s✐♥❣✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ❞❡♥♦✐s✐♥❣ ♣r♦❜❧❡♠
✇✐t❤ K = id✳ ❚❤❡ ✐♥✐t✐❛❧ t❡st ❝❛s❡ ✐s t❤❡ s❝❛♥♥❡❞ t❡rr❛❝♦tt❛ ❞✉❝❦ ❢r♦♠ ❋✐❣✉r❡ ✶ ❜✉t ✇✐t❤
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t❤❡ t❡①t✉r❡ ❞❛t❛ ❝♦♥✈❡rt❡❞ t♦ ❛ ❣r❛② s❝❛❧❡✳ ❘❡❝❛❧❧ t❤❛t ♦✉r ✐♠❛❣❡ ❞❛t❛ ✐s s❝❛❧❡❞ t♦ ❛ r❛♥❣❡
[0, 1]✳ ❚❤❡ ❣❡♦♠❡tr② ❝♦♥s✐sts ♦❢ 354, 330 tr✐❛♥❣❧❡s ❛♥❞ 177, 167 ✈❡rt✐❝❡s✳ ❚❤❡ s✉r❢❛❝❡ t❡①t✉r❡ ✐s

❋✐❣✉r❡ ✷✳ ❉✉❝❦ t❡st ❝❛s❡✿ ♥♦✐s❡ ❢r❡❡ ❛♥❞ ♥♦✐s② ♦r✐❣✐♥❛❧s ✭t♦♣ r♦✇✮ ❛♥❞ ❞❡♥♦✐s✐♥❣ r❡s✉❧ts ❢♦r β = 0.1 ❛♥❞
β = 0.3 ✭❜♦tt♦♠ r♦✇✮✳ ❚❤❡ ♦❜❥❡❝t ✇❛s ❦✐♥❞❧② s❝❛♥♥❡❞ ❜② t❤❡ ❘❡❝❤❡♥③❡♥tr✉♠ ♦❢ ❲ür③❜✉r❣ ❯♥✐✈❡rs✐t②✳

♠♦st❧② ✉♥✐❢♦r♠✱ ❤♦✇❡✈❡r t❤❡r❡ ❛r❡ s♦♠❡ ❞❡t❛✐❧s ❛r♦✉♥❞ t❤❡ ❡②❡ ❛♥❞ ❛ s❡❝♦♥❞ ♦r❞❡r ❉● ❢✉♥❝t✐♦♥
✭r = 2✮ ♠❛♥❛❣❡s t♦ r❡s♦❧✈❡ t❤❡s❡ q✉✐t❡ ✇❡❧❧✳ ❆❧s♦ t❤❡r❡ ❛r❡ s❤❛r♣ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ ❜♦❞②✱
❜❡❛❦ ❛♥❞ ❢❡❡t✳ ❆s s✉❝❤✱ t❤✐s ♦❜❥❡❝t ♣r♦✈✐❞❡s ❛♥ ❡①❝❡❧❧❡♥t ✜rst t❡st ❝❛s❡ ❛♥❞ ✇❡ ❡①♣❡❝t t❤❛t
t❤❡s❡ ✐♥t❡r❢❛❝❡s ❛r❡ ♣r❡s❡r✈❡❞ ❜② t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❛♣♣r♦❛❝❤✳

❋♦r s✐♠♣❧✐❝✐t② ❛❞❞ ❛rt✐✜❝✐❛❧ ♥♦✐s❡ ❜❛s❡❞ ♦♥ ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
σ = 0.1 ❛♥❞ ♠❡❛♥ ✈❛❧✉❡ µ = 0.0 t♦ ❡❛❝❤ ❡♥tr② ✐♥ t❤❡ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♠❛❣❡
❞❛t❛ f ✳ ❚❤❡ ❞❡♥♦✐s✐♥❣ r❡s✉❧ts s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞
st❛rt✐♥❣ ❢r♦♠ ❛ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r ♦❢ µ = 1.0 ❛♥❞ st♦♣♣✐♥❣ ❛t µ = 0.02✳ ❋♦r t❤✐s ❛♥❞ t❤❡
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s✉❜s❡q✉❡♥t ❝♦❧♦r ❞❡♥♦✐s✐♥❣ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✱ t❤❡ ✈❛❧✉❡ α = 0.0 ✐s
✉s❡❞ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ❝❤❛♥❣❡s ✐♥ β✳ ◆♦t✐❝❡ t❤❛t B ✐♥ ✭✶✸✮ ✐s ❜♦✉♥❞❡❞❧② ✐♥✈❡rt✐❜❧❡ ❡✈❡♥
❢♦r α = 0 s✐♥❝❡ K = id ❤♦❧❞s✳

❋♦r ❜♦t❤ β = 0.1 ❛♥❞ β = 0.3 t❤❡ t❡r♠✐♥❛❧ ✈❛❧✉❡ ❢♦r µ ✇❛s r❡❛❝❤❡❞ ❛❢t❡r 4 r❡❞✉❝t✐♦♥s✱
♥❡❝❡ss✐t❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✜✈❡ ✐♥st❛♥❝❡s ♦❢ ♣r♦❜❧❡♠ ✭✷✶✮ ✇✐t❤ ❛ ◆❡✇t♦♥ s❝❤❡♠❡✳ ❆s s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✸ t❤✐s ❞✐❞ ♥♦t r❡q✉✐r❡ ♠♦r❡ t❤❛♥ 5 ◆❡✇t♦♥ st❡♣s ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ µ✳ ❚♦t❛❧ ✇❛❧❧✲
❝❧♦❝❦ t✐♠❡ ♦♥ ❢♦✉r ♥♦♥✲❤②♣❡r t❤r❡❛❞❡❞ ❝♦r❡s ♦❢ ❛♥ ■♥t❡❧ ✐✺✲✹✻✾✵ ❈P❯ r✉♥♥✐♥❣ ❛t 3.50 ●❤③ ✇❛s
s❧✐❣❤t❧② ❧❡ss t❤❛♥ 40 ♠✐♥✉t❡s✳ ❈♦♠♣❛r✐♥❣ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ♦♥❡ ❝❛♥ s❡❡ t❤❛t✖❛s
❡①♣❡❝t❡❞✖✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ β✱ t❤❡ ♥♦✐s❡ ✐s r❡❞✉❝❡❞ ♠♦r❡ ❡✛❡❝t✐✈❡❧② ❛♥❞ ❛❧t❤♦✉❣❤ t❤❡
♦❜❥❡❝t ❧♦♦❦s ♣r♦❣r❡ss✐✈❡❧② s♠♦♦t❤❡r ❞✉❡ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❝♦♥tr❛st✱ s❤❛r♣ ❝♦r♥❡rs ❛r❡ ♣r❡s❡r✈❡❞✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦ts ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ β ❛r❡ ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣
t❤❛t t❤❡ ❞❡❝r❡❛s❡ r❛t❡ ♦❢ µ ✐♥ ♦✉r s♦❧✈❡r ✐s ❛❞❛♣t✐✈❡❧② ❜❛s❡❞ ♦♥ ❜❛❝❦tr❛❝❦✐♥❣✱ ✇❤✐❝❤ ❝❛♥ ❜❡
s❡❡♥ ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ r❡❞✉❝t✐♦♥ ♦❢ µ ✐♥ t❤❡ ❞❛t❛ s❡ts ✐♥ ❋✐❣✉r❡ ✸✳

✺✳✷✳ ❈♦❧♦r ❉❡♥♦✐s✐♥❣✳ ❚❤❡ s❡❝♦♥❞ t❡st ❝❛s❡ ❝♦♥s✐sts ♦❢ ❛ s❝❛♥♥❡❞ s❤♦❡✱ ✇❤♦s❡ ❞❛t❛ ✐s
♣r♦✈✐❞❡❞ ❜② t❤❡ ❆rt❡❝ ●r♦✉♣ ■♥❝✳✷ ✉♥❞❡r t❤❡ ❈r❡❛t✐✈❡ ❈♦♠♠♦♥s ❆ttr✐❜✉t✐♦♥ ✸✳✵ ❯♥♣♦rt❡❞
▲✐❝❡♥s❡✳ ❚❤❡ s❤♦❡ ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② 100, 000 tr✐❛♥❣❧❡s ❛♥❞ 50, 002 ✈❡rt✐❝❡s✳ ■t ♣r♦✈✐❞❡s ❛♥
❡①❝❡❧❧❡♥t s❡❝♦♥❞ t❡st ❝❛s❡ ❜❡❝❛✉s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❧♦r ❝❤❛♥❣❡s ❣✐✈❡♥ ❜② t❤❡ str✐♣❡s✱ ✇❤✐❧❡
❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡r❡ ❛r❡ ❛❧s♦ ✈❡r② ✜♥❡ ❢❡❛t✉r❡s ♦♥ t❤❡ s♦❧❡ ❛♥❞ ❛ ❧❡❛t❤❡r② t❡①t✉r❡ ♦♥ t❤❡
♦✉ts✐❞❡✳ ◆♦✐s❡ ✐s ❛❞❞❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② t♦ ❡❛❝❤ ♦❢ t❤❡ ❘●❇ ❝❤❛♥♥❡❧s ❛s ❞❡s❝r✐❜❡❞ ❢♦r t❤❡
❣r❛②✲s❝❛❧❡ t❡st ❝❛s❡ ❛❜♦✈❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝❤♦s❡ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦❧♦r t❡①t✉r❡ ✐♥ t❡r♠s
♦❢ ❛ ✈❡❝t♦r ✈❛❧✉❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r r = 3✳ ❚❤✐s ❛♠♦✉♥ts t♦ ♣r♦❜❧❡♠s
✇✐t❤ ✶✳✽ ♠✐❧❧✐♦♥ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢♦r t❤❡ ♣r❡❞✉❛❧ ✈❛r✐❛❜❧❡ p ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ❝♦❧♦r
❝❤❛♥♥❡❧✳

❚❤❡ ❞❡♥♦✐s✐♥❣ ♣r♦❝❡❞✉r❡ ✇❛s ❝♦♥❞✉❝t❡❞ ✐♥❞✐✈✐❞✉❛❧❧② ♣❡r ❘●❇ ❝❤❛♥♥❡❧✳ ■♥✐t✐❛❧✱ ♥♦✐s② ❛♥❞
❞❡♥♦✐s❡❞ ♦❜❥❡❝ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ s❤❛r♣ ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ str✐♣❡s ❛r❡ ♣r❡s❡r✈❡❞
❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ β✳ ❉❡t❛✐❧s ♦❢ t❤❡ ❧❡❛t❤❡r✬s str✉❝t✉r❡✱ ♠♦st ♣r♦♠✐♥❡♥t❧② ✈✐s✐❜❧❡ ✐♥ t❤❡
②❡❧❧♦✇ str✐♣❡s ✐♥ t❤❡ ♥♦✐s❡✲❢r❡❡ ✐♠❛❣❡✱ st❛rt r❡❛♣♣❡❛r✐♥❣ ❛❢t❡r t❤❡ ❜✉❧❦ ♦❢ t❤❡ ♥♦✐s❡ ✐s r❡♠♦✈❡❞
❢♦r β = 0.5✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t s♦♠❡ ♦❢ t❤❡s❡ ❢❡❛t✉r❡s ❛r❡ ♣❛rt ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✉t✐♦♥
❛♥❞ ♥♦t ❥✉st t❤❡ t❡①t✉r❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞♦tt❡❞ t❡①t✉r❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ❛♥❞ ♣❛rt ♦❢ t❤❡
st✐t❝❤✐♥❣s s❡❡♠ ❧❡ss ❞✐s❝❡r♥✐❜❧❡ ❞✉❡ t♦ t❤❡ r❡❞✉❝❡❞ ❝♦♥tr❛st ❢♦r β = 0.5✳ ❆s ✇❛s ♥♦t❡❞ ❡❛r❧✐❡r✱
t❤❡ ♣r❡❞✉❛❧ ✈❡❝t♦r ✜❡❧❞ p ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❡❞❣❡ ❞❡t❡❝t♦r✱ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺
❢♦r ❡❛❝❤ ❘●❇ ❝❤❛♥♥❡❧✳

❲❡ ❛❧s♦ ❝♦♥❞✉❝t❡❞ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ t❤❡ ❥♦✐♥t BV ✲♥♦r♠✱ ❝❢✳ ❬✶✵❪

∫

S
|∇u| = sup





∫

S

3∑

j=1

uj div ηj ❞s : η ∈ W





♦❢ t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ✉♥❦♥♦✇♥ u = (u1, u2, u3) ∈ [BV (S)]3✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ s❝❛❧❛r ❝❛s❡ t❤❡

✷❤tt♣s✿✴✴✇✇✇✳❛rt❡❝✸❞✳❝♦♠

https://www.artec3d.com
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µ = 0.26244
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10−7
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✐t❡r❛t✐♦♥

‖δ
p
‖ L

2
(S

;T
(S

))

µ = 1.0

µ = 0.54

µ = 0.26244

µ = 0.11479

µ = 0.04519

❋✐❣✉r❡ ✸✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥♥❡r ❛♥❞ ♦✉t❡r ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ❢♦r t❤❡ ❞✉❝❦ ❞❡♥♦✐s✐♥❣✳
❉✐✛❡r❡♥t ❝♦❧♦rs ❞❡♥♦t❡ ♦✉t❡r ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡✐r ❞❡❝r❡❛s✐♥❣ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r µ ✇✐t❤ ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ♦❢
‖δp‖L2(S;T (S)) = 10−5✳ ❉✐✛❡r❡♥t s✉❜♣❧♦ts ❢♦r r❡s♣❡❝t✐✈❡ ❞❡♥♦✐s✐♥❣ ♣❛r❛♠❡t❡rs β = 0.1, 0.2, 0.3, 0.5✳

t❡st s♣❛❝❡ ✐s ♥♦✇ ❞❡✜♥❡❞ ❛s

W :=

{
(η1,η2,η3) ∈ [C∞(S;T (S))]3 :

3∑

j=1

|ηj(p)|22 ≤ 1 ❢♦r ❛❧❧ p ∈ S

}
,

❝♦♠♣❛r❡ ❬✶✷✱ ✷✹❪✳ ■t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t❤❛t t❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❜❡tt❡r s✉♣♣r❡ss❡s ❝♦❧♦r ❢r✐♥❣❡s
✭s✐♠✐❧❛r t♦ ❝❤r♦♠❛t✐❝ ❛❜❡rr❛t✐♦♥✮✱ ✇❤✐❝❤ ♦❝❝✉r ✇❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t✇♦ ♦r ♠♦r❡ ❝♦❧♦r ❝❤❛♥♥❡❧s
❤❛✈❡ ❥✉♠♣ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛t ♥❡✐❣❤❜♦r✐♥❣ ♣✐①❡❧s✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✶✱ ❈❤❛♣t❡r ✻✳✸✳✹❪ ❢♦r
❛ ❞✐s❝✉ss✐♦♥ ♦❢ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ ✈❡❝t♦r✲✈❛❧✉❡❞ BV ♥♦r♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦❧♦r ✐♠❛❣❡
r❡st♦r❛t✐♦♥✳

❯s❡ ♦❢ t❤❡ ❥♦✐♥t BV ♥♦r♠ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❡❞ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ ❝♦♠♣❛r❡❞ t♦



✷✵ ▼✳ ❍❊❘❘▼❆◆◆✱ ❘✳ ❍❊❘❩❖●✱ ❍✳ ❑❘Ö◆❊❘✱ ❙✳ ❙❈❍▼■❉❚ ❆◆❉ ❏✳ ❱■❉❆▲

❋✐❣✉r❡ ✹✳ ❙❤♦❡ t❡st ❝❛s❡✿ ♥♦✐s❡ ❢r❡❡ ❛♥❞ ♥♦✐s② ♦r✐❣✐♥❛❧s ✭t♦♣ r♦✇✮ ❛♥❞ ❞❡♥♦✐s✐♥❣ r❡s✉❧ts ❢♦r β = 0.2 ❛♥❞
β = 0.5 ✭❜♦tt♦♠ r♦✇✮✳
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❋✐❣✉r❡ ✺✳ ❙❤♦❡ t❡st ❝❛s❡✿ |p|2 ❛❝ts ❛s ❛♥ ❡❞❣❡ ❞❡t❡❝t♦r ❢♦r ❡❛❝❤ ❘●❇ ❝❤❛♥♥❡❧✳ ❙♦❧✐❞ ❜❧❛❝❦ ❝♦rr❡s♣♦♥❞s t♦
❛ ✈❛❧✉❡ ♦❢ |p|2 ≥ 0.4✳ ❋✐♥❛❧ r❡s✉❧ts ❢♦r β = 0.5 ❛r❡ s❤♦✇♥✳ ❚❛❦❡ ♥♦t❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❥✉♠♣ ❛♠♣❧✐t✉❞❡s ❛♥❞
♣♦s✐t✐♦♥s ❢♦r ❡❛❝❤ ❝♦❧♦r ❝❤❛♥♥❡❧✳

✭✶✹✮✱





▼✐♥✐♠✐③❡
1

2

∥∥∥∥∥∥



div p1

div p2

div p3


+K∗f

∥∥∥∥∥∥

2

B−1

♦✈❡r (p1,p2,p3) ∈ [H(div;S)]3

s✉❜❥❡❝t t♦
3∑

j=1

|pj |22 ≤ β2 ❛✳❡✳ ♦♥ S,

s❡❡ ❛❧s♦ ❬✶✷❪✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s pj ✐♥ t❤✐s ♣r♦❜❧❡♠ ❛r❡ ❝♦✉♣❧❡❞ t❤r♦✉❣❤ t❤❡ ✐♥❡q✉❛❧✐t②
❝♦♥str❛✐♥ts ❡✈❡♥ ✐❢ ✖ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ ♦✉r ❡①❛♠♣❧❡s ✖ K ❛♥❞ K∗ ❛❝t ♦♥ ❡❛❝❤ ❝♦❧♦r ❝♦♠♣♦✲
♥❡♥t s❡♣❛r❛t❡❧②✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡
✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✐♥t♦ ❛ ❜❛rr✐❡r t❡r♠ ❛s ✐♥ ✭✷✶✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ■♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①✲
♣❡r✐♠❡♥ts✱ ✇❡ ❞✐❞ ♥♦t ❡①♣❡r✐❡♥❝❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ r❡s✉❧ts ✉s✐♥❣ t❤✐s ♠♦❞❡❧ ❛♥❞ t❤❡r❡❢♦r❡
❞♦ ♥♦t ♣✉rs✉❡ t❤✐s ❢✉rt❤❡r ❤❡r❡✳

✺✳✸✳ ❈♦❧♦r ■♥♣❛✐♥t✐♥❣✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♥♦t ❜❡✐♥❣ ❛❜❧❡ t♦ s❝❛♥ ❛♥ ♦❜❥❡❝t ❝♦♠♣❧❡t❡❧② ✐s
q✉✐t❡ ❝♦♠♠♦♥✱ ❛s t❤❡r❡ ♠✐❣❤t ❜❡ ❛r❡❛s t❤❡ s❝❛♥♥❡r ❝❛♥♥♦t ❧♦♦❦ ✐♥t♦ ❞✉❡ t♦ ✐ts s✐③❡ ❛♥❞ t❤❡
♥♦♥✲❝♦♥✈❡①✐t② ❛♥❞ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♦❜❥❡❝t✳ ❚❤❡ ✐♥s✐❞❡ ♦❢ t❤❡ t✐♣ ♦❢ ❛ s❤♦❡ ♠✐❣❤t ❜❡ s✉❝❤ ❛♥
❡①❛♠♣❧❡✳ ❉❛t❛ ❝♦rr✉♣t✐♦♥ ❝❛♥ ❜❡ ❛♥♦t❤❡r r❡❛s♦♥ ❢♦r ❧❛❝❦ ♦r ❧♦ss ♦❢ ❞❛t❛✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ✐ss✉❡
❝♦♥❝❡r♥ ❜♦t❤ ❣❡♦♠❡tr② ❛♥❞ t❡①t✉r❡✱ t❤❡ ❢♦❝✉s ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ♦♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢
♠✐ss✐♥❣ t❡①t✉r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❧♦♥❡✳

❲❡ s✐♠✉❧❛t❡ t❤❡ ❧♦ss ♦❢ t❡①t✉r❡ ❞❛t❛ ❞✉r✐♥❣ t❤❡ s❝❛♥ ♣r♦❝❡ss ♦♥ t❤❡ ♦✉ts✐❞❡ ♦❢ ❛♥ ♦❜❥❡❝t
❜② s❡tt✐♥❣ t♦ ③❡r♦ ❛❧❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ t❤❡ ✐♠❛❣❡ ❞❛t❛ ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ ❝❡❧❧s ✇✐t❤ ✐♥❞✐❝❡s
✐♥ t❤❡ r❛♥❣❡ 30, 000 t♦ 33, 000✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞❛t❛ ❧♦ss ♦❢ ✸✪✳ ❲❡ ❞❡♥♦t❡ t❤✐s
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❡r❛s❡❞ ✐♠❛❣❡ r❡❣✐♦♥ ❜② E ⊂ S✳ ❉✉❡ t♦ t❤❡ ❛♣♣❛r❡♥t❧② ❧❛②❡r❡❞ s❝❛♥ ♣r♦❝❡ss t❤❡ ✐♥❞❡① r❛♥❣❡
❝❤♦s❡♥ ❝♦rr❡s♣♦♥❞s t♦ ❜❛♥❞s ♦r ✏str✐♣❡s✑ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✱ ✇❤✐❝❤ ❛r❡ ❜❡tt❡r ✈✐s✐❜❧❡ t❤❛♥
✉♥r❡❛❝❤❛❜❧❡ ❛r❡❛s ✐♥s✐❞❡ t❤❡ t✐♣✳

❋✐❣✉r❡ ✻✳ ❙❤♦❡ ✇✐t❤ ♠✐ss✐♥❣ t❡①t✉r❡ ✭t♦♣ ❧❡❢t✮ ❛♥❞ ❚❱✲✐♥♣❛✐♥t✐♥❣ s♦❧✉t✐♦♥s ❢♦r β = 0.5✱ β = 0.7 ❛♥❞ β = 1.0✳

❆s ✉s✉❛❧ ❢♦r ❚❱ ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s t❤❡ ♠❛♣♣✐♥❣ K ✐s ♥♦✇ ❝❤♦s❡♥ s♦ ❛s t♦ ✐❣♥♦r❡ t❤❡
❝♦rr✉♣t❡❞ ❞❛t❛✳ ❚❤✐s ❧❡❛❞s t♦

✭✷✺✮ (Ku)(p) := χS\E(p)u(p),

✇❤❡r❡ χ ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ✇✐t❤ ✈❛❧✉❡ ✶ ✐♥ t❤❡ ✉♥❝♦rr✉♣t❡❞ ❛r❡❛ S \ E✳ ❙✐♥❝❡ K ✐s
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s❡❧❢✲❛❞❥♦✐♥t ❛♥❞ ✐❞❡♠♣♦t❡♥t✱

K∗(Ku) = K(Ku) = Ku.

(Ku)(p)− f(p) = 0 ❤♦❧❞s ❢♦r ❛❧❧ p ∈ E ❛♥❞ t❤❡ ✭❝♦rr✉♣t❡❞✮ ✈❛❧✉❡ ♦❢ f|E ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ t❤❡
❞❛t❛ ✜❞❡❧✐t② ♣❛rt ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥ ✭✶✮✳

❈♦♥tr❛r② t♦ t❤❡ ❞❡♥♦✐s✐♥❣ s✐t✉❛t✐♦♥✱ K∗K ✐s ♥♦ ❧♦♥❣❡r ✐♥✈❡rt✐❜❧❡ ❛♥❞ α > 0 ✐s r❡q✉✐r❡❞✳
❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ K ♦♥❡ ❡❛s✐❧② ❞❡❞✉❝❡s t❤❡ ❢♦r♠✉❧❛

(B u)(p) =

{
αu(p) ❢♦r p ∈ E

(α+ 1)u(p) ❢♦r p ∈ S \ E.

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✐♥♣❛✐♥t✐♥❣ t❡st ❝❛s❡ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ β ❛♥❞ ✇✐t❤
α = 0.1 ❝♦♥st❛♥t ❢♦r ❡❛❝❤ ❝❛s❡✳

✻✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦✳ ❲❡ ❝♦♥s✐❞❡r❡❞ ❛♥ ❛♥❛❧♦❣ ♦❢ t❤❡ ❚❱✕L2 ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥
❛♣♣r♦❛❝❤ ❢♦r ✐♠❛❣❡s ♦♥ s♠♦♦t❤ s✉r❢❛❝❡s✳ ❈♦♠♣❧❡♠❡♥t❛r② t♦ ❬✸✺❪✱ ✇❡ ♣r♦✈❡❞ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss
♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ✐ts ♣r❡❞✉❛❧✱ ❛♥❞ r✐❣♦r♦✉s❧② ❡st❛❜❧✐s❤❡❞ str♦♥❣ ❞✉❛❧✐t② ✇✐t❤ t❤❡ ♣r❡❞✉❛❧ ✐♥
❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❚❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠ ✐s ❛ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✈❡❝t♦r ✜❡❧❞
p ∈ H(div;S) ✇✐t❤ ♣♦✐♥t✇✐s❡ ♥♦♥❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ♦♥ t❤❡ s✉r❢❛❝❡✳ ❆s ✐♥ t❤❡ ✢❛t
❝❛s❡✱ p s❡r✈❡s ❛s ❛♥ ❡❞❣❡ ❞❡t❡❝t♦r✳ ❲❡ ♣r♦♣♦s❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✐♥t❡r✐♦r ♣♦✐♥t
♠❡t❤♦❞ ❢♦r t❤❡ ♣r❡❞✉❛❧ ♣r♦❜❧❡♠✳ ❇❛s❡❞ ♦♥ t❤❡ ✜♥❞✐♥❣ t❤❛t t❤❡ ❧❛tt❡r ✐s ♣♦s❡❞ ✐♥ H(div;S)✱
✇❡ ❛r❡ ❧❡❞ t♦ ❝❤♦♦s❡ ❛ ❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ❜② t❤❡ s✉r❢❛❝❡ ❛♥❛❧♦❣ ♦❢ ✜rst✲ ♦r
❤✐❣❤❡r✲♦r❞❡r ❘❛✈✐❛rt✕❚❤♦♠❛s ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s✳ ■♥ ❝♦♥tr❛st t♦ ❧✐♥❡❛r ▲❛❣r❛♥❣✐❛♥ ❡❧❡♠❡♥ts
❡♠♣❧♦②❡❞ ✐♥ ❬✸✺❪✱ ♦✉r ❞✐s❝r❡t✐③❛t✐♦♥ ❡①❤❛✉sts t❤❡ s♣❛❝❡ ✇❤❡♥ t❤❡ s✉r❢❛❝❡ ♠❡s❤ ✐s r❡✜♥❡❞✳
◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✱ ✇❤✐❝❤ ❝♦♠♣r✐s❡ ❞❡♥♦✐s✐♥❣ ❛♥❞ ✐♥♣❛✐♥t✐♥❣ ♣r♦❜❧❡♠s✱ s❤♦✇ t❤❡ ✈✐❛❜✐❧✐t② ♦❢
t❤❡ ❛♣♣r♦❛❝❤ ❢♦r r❡❛❧✲✇♦r❧❞ ❣❡♦♠❡tr✐❡s ❝♦♥s✐st✐♥❣ ♦❢ ♠♦r❡ t❤❛♥ 350, 000 ❛♥❞ 175, 000 ✈❡rt✐❝❡s✳
❖✉r ♠❡t❤♦❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ s✉r❢❛❝❡s ✇✐t❤ ❜♦✉♥❞❛r②✱ ❜② r❡♣❧❛❝✐♥❣ H(div;S) ✇✐t❤
H0(div;S)✳ ❚❤✐s ❛♠♦✉♥ts t♦ ✐♠♣♦s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ p · n = 0 ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r②
∂S✱ ✇❤❡r❡ n ✐s t❤❡ ♦✉t❡r ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✐♥ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡✳ ❚❤❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞
❝❛rr✐❡s ♦✈❡r ✇✐t❤ ♠✐♥♦r ❝❤❛♥❣❡s✳

❚❤❡r❡ ✐s r♦♦♠ ❢♦r ✐♠♣r♦✈❡♠❡♥t ✐♥ ✈❛r✐♦✉s ❞✐r❡❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦r❞❡r r
♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ DGr ❢♦r t❤❡ ✐♠❛❣❡ ❞❛t❛ f ❝♦✉❧❞ ❜❡ ❛❞❥✉st❡❞ ❧♦❝❛❧❧② t♦ r❡✢❡❝t t❤❡ ❧❡✈❡❧
♦❢ ❞❡t❛✐❧ ♣r❡s❡♥t ✐♥ ❡❛❝❤ s✉r❢❛❝❡ ❝❡❧❧✳ ❚❤✐s ✇♦✉❧❞ t❤❡♥ ♥❛t✉r❛❧❧② ❧❡❛❞ t♦ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ p ❛♥❞
u ✇✐t❤ ✈❛r②✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ ❛s ✇❡❧❧✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ s♦ ❢❛r ❜❡❡♥ s♦❧✈✐♥❣ t❤❡ ♣r❡❞✉❛❧
♣r♦❜❧❡♠ ✇✐t❤ ❛ ❜❛s✐❝ ♣r✐♠❛❧ ✐♥t❡r✐♦r ♣♦✐♥t ❛♣♣r♦❛❝❤✱ r✉♥♥✐♥❣ ◆❡✇t♦♥✬s ♠❡t❤♦❞ t♦ ❝♦♥✈❡r❣❡♥❝❡
❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛rr✐❡r ♣❛r❛♠❡t❡r µ✳ ❆ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♣r✐♠❛❧✲❞✉❛❧ ♠❡t❤♦❞ ✇✐t❤
✐♥❡①❛❝t s②st❡♠ s♦❧✈❡s ✇♦✉❧❞ ❤❡❧♣ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✳
❲❤✐❧❡ ✇❡ ❛r❡ ❡①♣❧♦✐t✐♥❣ t❤❡ ▼P■✲❜❛s❡❞ ♣❛r❛❧❧❡❧✐s♠ ♦❢ t❤❡ ❋❊♥✐❈❙ ❧✐❜r❛r② ❢♦r s②st❡♠ ❛ss❡♠❜❧②
❛♥❞ ❞✐r❡❝t s②st❡♠ s♦❧✈❡s ❛❧r❡❛❞②✱ ♠♦r❡ ❡✣❝✐❡♥❝② ♠✐❣❤t ❜❡ ❣❛✐♥❡❞ ❜② ♣r❡❝♦♥❞✐t✐♦♥❡❞ ✐t❡r❛t✐✈❡
s♦❧✈❡rs ✇✐t❤ t❛✐❧♦r❡❞ ♣r❡❝♦♥❞✐t✐♦♥❡rs✳ ❚❤✐s ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳
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❆♣♣❡♥❞✐① ❆✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✷ ❛♥❞ ❆✉①✐❧✐❛r② ❘❡s✉❧ts✳ ▲❡t ✉s ❞❡♥♦t❡ ❜②

ℓ(p) :=

{
−µ ln

(
β2 − |p|22

)
✐❢ |p|2 < β

∞ ♦t❤❡r✇✐s❡

}
❛♥❞ ∇ℓ(p) = 2µ

p

β2 − |p|22
✐❢ |p|2 < β

t❤❡ ♣♦✐♥t✇✐s❡ ❜❛rr✐❡r t❡r♠ ❛♥❞ ✐ts ❣r❛❞✐❡♥t✸✱ ❞❡✜♥❡❞ ❢♦r p ∈ R
3 ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r p ✐♥ t❤❡

t❛♥❣❡♥t s♣❛❝❡ Tp(S) ♦❢ t❤❡ s✉r❢❛❝❡ S ❛t s♦♠❡ ♣♦✐♥t✳ ▼♦r❡♦✈❡r✱ ❧❡t

b(p) :=

∫

S
ℓ(p) ❞s ❛♥❞ 〈b′(p), δp〉 :=

∫

S

(
∇ℓ(p), δp

)
2
❞s

❞❡♥♦t❡ t❤❡ ✐♥t❡❣r❛t❡❞ ❜❛rr✐❡r t❡r♠ ✭❝❢✳ ✭✷✷✮✮ ❛♥❞ ✐ts ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ❢♦r ✈❡❝t♦r ✜❡❧❞s p, δp ∈
L2(S;T (S))✳ ▲❡t ✉s r❡❝❛❧❧ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶ t❤❛t b ✐s ❝♦♥✈❡① ❛♥❞ ✐t ❝❛♥ t❛❦❡
✈❛❧✉❡s ✐♥ R ∪ {∞}✳ ❲❡ ❞❡♥♦t❡ ❜② ∂b(p) ⊂ L2(S;T (S))∗ t❤❡ ❝♦♥✈❡① s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ b ❛t p✳
◆♦t✐❝❡ t❤❛t L2(S;T (S))∗ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ L2(S;T (S)∗) ❛♥❞ ❛❧s♦ ✇✐t❤ L2(S;T (S))✳

❇❡❢♦r❡ st❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✷ ✇❡ r❡q✉✐r❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ♣❛r❛❧❧❡❧s ❬✹✼✱ ▲❡♠♠❛ ✹✳✹❪ ❛♥❞ ✐ts ♣r♦♦❢ ✐s t❤❡r❡❢♦r❡ ♦♠✐tt❡❞✳

▲❡♠♠❛ ✶✸✳ ❈♦♥s✐❞❡r p, δp ∈ L2(S;T (S)) s✉❝❤ t❤❛t ❛❧❧ ♦❢ b(p)✱ b(p + δp) ❛♥❞ 〈b′(p), δp〉
❛r❡ ✜♥✐t❡✳ ❚❤❡♥ b ✐s ❞✐r❡❝t✐♦♥❛❧❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t p ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ δp✱ ❛♥❞ ✐ts ❞✐r❡❝t✐♦♥❛❧

❞❡r✐✈❛t✐✈❡ s❛t✐s✜❡s

✭✷✻✮ b′(p; δp) = 〈b′(p), δp〉 ≥
∫

S
(m, δp)2 ❞s ❢♦r ❛❧❧ m ∈ ∂b(p),

✇❤❡r❡ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ✐s ❝♦♥s✐❞❡r❡❞ ❛ s✉❜s❡t ♦❢ L2(S;T (S))✳

❚❤❡ ♥❡①t r❡s✉❧t ✐s ❡q✉❛❧ t♦ ❬✹✼✱ Pr♦♣✳ ✹✳✺❪ ❜✉t t❤❡ ♣r♦♦❢ r❡q✉✐r❡s ❛ ♥✉♠❜❡r ♦❢ ♠♦❞✐✜❝❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ▲❡t p ∈ L2(S;T (S)) ❜❡ ❣✐✈❡♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿

(i) ■❢ ∇ℓ(p) ❜❡❧♦♥❣s t♦ L2(S;T (S))✱ t❤❡♥ ∂b(p) = {∇ℓ(p)}✳

(ii) ■❢ ∇ℓ(p) ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2(S;T (S))✱ t❤❡♥ ∂b(p) = ∅✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s♣❧✐t ✐♥t♦ t❤r❡❡ ♣❛rts✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡ t♦ ②✐❡❧❞ t❤❡ r❡s✉❧t✳

P❛rt ❆✿ ❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ b(p) < ∞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s |p|2 < β ❛✳❡✳ ♦♥ S✳ ❇②
❝♦♥✈❡①✐t② ♦❢ ℓ✱ ✇❡ ♦❜t❛✐♥ (∇ℓ(p), δp)2 ≤ ℓ(p+ δp)− ℓ(p) ❛✳❡✳ ❛♥❞ t❤❡r❡❢♦r❡

∫

S

(
∇ℓ(p), δp

)
2
❞s = 〈b′(p), δp〉 ≤ b(p+ δp)− b(p)

❢♦r ❛❧❧ δp ∈ L2(S;T (S))✱ ♣r♦✈✐❞❡❞ t❤❛t ∇ℓ(p) ∈ L2(S;T (S)) ❤♦❧❞s✳ ❚❤✐s s❤♦✇s ∇ℓ(p) ∈ ∂b(p)
✐♥ t❤✐s ❝❛s❡✳

✸❚❤✐s s❤♦✉❧❞ ♥♦t ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ ♦♥ S ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳ ■♥ t❤❡ ♣r❡s❡♥t
❝♦♥t❡①t t❤❡ ❣r❛❞✐❡♥t ∇ℓ(p) ✐s t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ℓ : R3 → R✳
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P❛rt ❇✿ ◆♦✇ s✉♣♣♦s❡ t❤❛t m ∈ ∂b(p) ❤♦❧❞s ❛♥❞ ❧❡t E ⊂ S ❜❡ ❛♥ ❛r❜✐tr❛r② ♠❡❛s✉r❛❜❧❡
s✉❜s❡t ❛♥❞ v : S → T (S) ❜❡ ❛ ✈❡❝t♦r ✜❡❧❞ ♦❢ ❝❧❛ss C0✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ S✱
‖v‖L∞(S;T (S)) ✐s ✜♥✐t❡✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t ♥❡❝❡ss❛r✐❧②

✭∗✮
∫

E

(
∇ℓ(p), v

)
2
❞s =

∫

E
(m, v)2 ❞s

❤♦❧❞s✱ ✇❤✐❝❤ t❤❡♥ ✐♠♣❧✐❡s m = ∇ℓ(p) ❛♥❞ ∇ℓ(p) ∈ L2(S;T (S))✳ ❚♦ t❤✐s ❡♥❞✱ ❞❡✜♥❡ Eδ :=
{p ∈ E : β−|p|2 > δ} ❢♦r δ > 0✳ ◆❡①t ✇❡ ❞❡✜♥❡ vk := χE1/k

v ❛♥❞ εk := (2 k ‖v‖L∞(S;T (S)))
−1

❢♦r k ∈ N✳ ❚❤❡♥✱ s✐♥❝❡ ∇ℓ(p) = 2µ p

β2−|p|22
❜❡❧♦♥❣s t♦ L∞(Eδ;T (S)) ❢♦r ❛♥② δ > 0✱ ✇❡ ❤❛✈❡

∣∣〈b′(p), ±εkvk〉
∣∣ = ±2µ εk

∫

E1/k

(p, vk)2

β2 − |p|22
❞s < ∞.

▼♦r❡♦✈❡r✱

✭∗∗✮ b(p± εkvk) = −µ

∫

S\E1/k

ln
(
β2 − |p|22

)
❞s− µ

∫

E1/k

ln
(
β2 − |p± εkvk|22

)
❞s.

❚❤❡ ✜rst ✐♥t❡❣r❛❧ ✐s ✜♥✐t❡ s✐♥❝❡ b(p) ✐s✳ ❋♦r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✱ ✇❡ ✉s❡ t❤❛t

β − |p± εkvk|2 ≥ β − |p|2 − εk‖v‖L∞(S;T (S)) ≥
1

k
− 1

2 k
=

1

2 k

❤♦❧❞s ❛✳❡✳ ♦♥ E1/k✳ ❍❡♥❝❡ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ β + |p± εkvk|2 ≥ β ✇❡ ❝♦♥❝❧✉❞❡

β2 − |p± εkvk|22 ≥
β

2 k
❛✳❡✳ ♦♥ E1/k

❛♥❞ t❤✉s t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭∗∗✮ ✐s ✜♥✐t❡ ❛s ✇❡❧❧✳ ❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r δp = ±εkvk✱
t❤❡ t❡r♠s b(p)✱ b(p+ δp) ❛♥❞ 〈b′(p), δp〉 ❛r❡ ❛❧❧ ✜♥✐t❡✳ ❍❡♥❝❡ ▲❡♠♠❛ ✶✸ ②✐❡❧❞s

〈b′(p), ±εkvk〉 ≥ ±εk

∫

S
(m, vk)2 ❞s ❢♦r ❛❧❧ m ∈ ∂b(p).

❚❤✐s ✐♠♣❧✐❡s

✭∗ ∗ ∗✮
∫

S

(
∇ℓ(p), vk

)
2
❞s = 〈b′(p), vk〉 =

∫

S
(m, vk)2 ❞s ❢♦r ❛❧❧ m ∈ ∂b(p), k ∈ N.

■t r❡♠❛✐♥s t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭∗ ∗ ∗✮ t♦ s❤♦✇ ✭∗✮✳ ▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ s❡❝♦♥❞ t❡r♠
✐♥ ✭∗ ∗ ∗✮ ❛♥❞ ♦❜s❡r✈❡ t❤❛t χE v = limk→∞ vk ❤♦❧❞s ❛✳❡✳ ♦♥ S s✐♥❝❡ t❤❡ s❡t ✇❤❡r❡ |p|2 = β
❤♦❧❞s ❤❛s ③❡r♦ ♠❡❛s✉r❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ❞♦♠✐♥❛t❡❞ ♣♦✐♥t✇✐s❡ ❜② |(m, vk)2| ≤
|m|2‖v‖L∞(S;T (S)) ∈ L2(S)✳ ❚❤✉s ❜② ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥

lim
k→∞

∫

S
(m, vk)2 ❞s =

∫

E
(m, v)2 ❞s.
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❲❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ✜rst t❡r♠ ✐♥ ✭∗ ∗ ∗✮✳ ❙✐♥❝❡ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r ♦r ♥♦t ∇ℓ(p) ❜❡❧♦♥❣s
t♦ L2(S;T (S))✱ ✇❡ ❝❛♥♥♦t ❛r❣✉❡ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥st❡❛❞✱ ❧❡t ✉s ❞❡✜♥❡

S+ := {p ∈ S : (p, v)2 ≥ 0} ❛♥❞ S− := S \ S+.

❚❤❡♥

χS+

(
∇ℓ(p), vk

)
2
=

{
2µ (p,v)2

β2−|p|22
≥ 0 ♦♥ S+ ∩ E1/k

0 ❡❧s❡✇❤❡r❡

❛♥❞ t❤❡r❡❢♦r❡ {χS+

(
∇ℓ(p), vk

)
2
}k∈N ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s✐♥❣ ♦♥ S+ ✇✐t❤

♣♦✐♥t✇✐s❡ ❧✐♠✐t χS+∩E

(
∇ℓ(p), v

)
2
✳ ❇② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱

lim
k→∞

∫

S+

(
∇ℓ(p), vk

)
2
❞s =

∫

S+∩E

(
∇ℓ(p), v

)
2
❞s

❤♦❧❞s✳ ❙✐♠✐❧❛r❧②✱ t❤✐s r❡s✉❧t ❝❛♥ ❜❡ s❤♦✇♥ ✇✐t❤ S− ❛s ✇❡❧❧✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t
✐♥ ✭∗ ∗ ∗✮ ❛♥❞ ❝♦♥❝❧✉❞❡ ✭∗✮✱ ✇❤✐❝❤ ✐♥ t✉r♥ ♣r♦✈❡s m = ∇ℓ(p) ❛s ✇❡❧❧ ❛s ∇ℓ(p) ∈ L2(S;T (S))✳

P❛rt ❈✿ ■❢ b(p) = ∞✱ t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ∂b(p) = ∅ ❤♦❧❞s✳

❚❤❡ r❡s✉❧t ♥♦✇ ❢♦❧❧♦✇s ❡❛s✐❧② ❜② ❝♦♠❜✐♥✐♥❣ P❛rts ❆✕❈✳

❙♦ ❢❛r ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❜❛rr✐❡r t❡r♠ b ✇✳r✳t✳ t❤❡ L2(S;T (S))
t♦♣♦❧♦❣②✳ ❚❤✐s ✐s ❤♦✇❡✈❡r ♥♦t s✉✣❝✐❡♥t s✐♥❝❡ ♣r♦❜❧❡♠ ✭✷✶✮ ✐s ♣♦s❡❞ ✐♥ H(div;S) ❛♥❞ ❢✉rt❤❡r
♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❛r❣✉♠❡♥ts ✐♥ ❬✹✼❪ ❛r❡ r❡q✉✐r❡❞✳ ▲❡t ✉s ❞❡✜♥❡ ❜② b̃ t❤❡ r❡str✐❝t✐♦♥ ♦❢ b t♦
H(div;S)✱ ❛♥❞ ❧❡t

✭✷✼✮ ∂b̃(p) :=
{
m̃ ∈ H(div;S) : b̃(q) ≥ b̃(p) + (m̃, q − p)H(div;S) ❢♦r ❛❧❧ q ∈ H(div;S)

}

❞❡♥♦t❡ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ b̃ ❛t p ∈ H(div;S)✳ ❋✐♥❛❧❧②✱ Π : L2(S;T (S)) → H(div;S) ❞❡♥♦t❡s
t❤❡ H(div;S)✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r✱ ❞❡✜♥❡❞ ❜②

m̃ = Πm ⇔ (m̃, z)H(div;S) = (m, z)L2(S;T (S)) ❢♦r ❛❧❧ z ∈ H(div;S).

❈♦r♦❧❧❛r② ✶✺✳ ▲❡t p ∈ H(div;S) ❜❡ ❣✐✈❡♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ∂b̃(p) = Π ∂b(p) ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✿

(i) ■❢ ∇ℓ(p) ❜❡❧♦♥❣s t♦ L2(S;T (S))✱ t❤❡♥ ∂b̃(p) = {Π∇ℓ(p)}✳

(ii) ■❢ ∇ℓ(p) ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2(S;T (S))✱ t❤❡♥ ∂b̃(p) = ∅✳
Pr♦♦❢✳ ▲❡t Λ : H(div;S) → L2(S;T (S)) ❞❡♥♦t❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣✱ ❛♥❞ ❧❡t Λ∗ :

L2(S;T (S))∗ → H(div;S)∗ ❞❡♥♦t❡ ✐ts ❛❞❥♦✐♥t✳ ❙✐♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ b̃(p) = b(Λp) ❛♥❞ Λp = p

❤♦❧❞s ❢♦r ❛❧❧ p ∈ H(div;S)✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ ❝❤❛✐♥ r✉❧❡ t❤❛t

RH(div;S)∂b̃(p) = Λ∗RL2(S;T (S))∂b(Λp) = Λ∗RL2(S;T (S))∂b(p)
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❤♦❧❞s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✺✱ Pr♦♣✳ ■✳✺✳✼❪✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❘✐❡s③ ♠❛♣s RH(div;S) : H(div;S) →
H(div;S)∗ ❛♥❞ RL2(S;T (S)) : L

2(S;T (S)) → L2(S;T (S))∗ ❛r❡ ♣r❡s❡♥t ❤❡r❡ s✐♥❝❡ ✇❡ ✐❞❡♥t✐❢②
t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ✐♥ ❜♦t❤ ❍✐❧❜❡rt s♣❛❝❡s ✇✐t❤ ❡❧❡♠❡♥ts ❢r♦♠ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ✐ts❡❧❢❀ ❝❢✳ ✭✷✼✮✳
❲❡ ❤❛✈❡ t❤✉s s❤♦✇♥ t❤❛t

∂b̃(p) = R−1
H(div;S)Λ

∗RL2(S;T (S))∂b(p)

❤♦❧❞s ❢♦r ❛❧❧ p ∈ H(div;S)✳ ■t ✐s ♥♦✇ ❛♥ ❡❛s② ❡①❡r❝✐s❡ t♦ ✈❡r✐❢② t❤❛t R−1
H(div;S)Λ

∗RL2(S;T (S))

✐s ❡q✉❛❧ t♦ Π✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✷✳ ❘❡❝❛❧❧ ❢r♦♠ ✭✷✷✮ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H ❛♥❞ b ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡✱ ❛s
❛❜♦✈❡✱ ❜② b̃ t❤❡ r❡str✐❝t✐♦♥ ♦❢ b t♦ H(div;S)✳ ❚❤❡ ✭✉♥✐q✉❡✮ ♠✐♥✐♠✐③❡r ♦❢ ✭✷✶✮ ✐s ❝❤❛r❛❝t❡r✐③❡❞
❜②

0 ∈ ∂
(
H(p) + b̃(p)

)
.

❙✐♥❝❡ H ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ❛❧❧ ♦❢ H(div;S) ❛♥❞ b̃ ✐s ✜♥✐t❡ ❡✳❣✳✱ ❛t p ≡ 0✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

0 ∈ ∂H(p) + ∂b̃(p)

❜② t❤❡ s✉♠ r✉❧❡ ♦❢ s✉❜❞✐✛❡r❡♥t✐❛❧s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✺✱ Pr♦♣✳ ■✳✺✳✻❪✳ ◆♦t✐❝❡ t❤❛t t❤✐s ❛❧s♦
✐♠♣❧✐❡s |p|2 ≤ β ❛✳❡✳ ♦♥ S s✐♥❝❡ ♦t❤❡r✇✐s❡ b̃(p) = ∞ ❛♥❞ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ✐s ❡♠♣t②✳ ❍❛✈✐♥❣

❝❤❛r❛❝t❡r✐③❡❞ ∂b̃(p) ✐♥ ❈♦r♦❧❧❛r② ✶✺ ❛♥❞ ✉s✐♥❣ t❤❡ ♦❜✈✐♦✉s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ H✱ ✇❡
❝❛♥ ✇r✐t❡ ❡q✉✐✈❛❧❡♥t❧② ✭✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❈♦r♦❧❧❛r② ✶✺✮

0 = R−1
H(div;S)H

′(p) + Π∇ℓ(p)

⇔ 0 = R−1
H(div;S)H

′(p) +R−1
H(div;S)Λ

∗RL2(S;T (S))∇ℓ(p)

⇔ 0 = H ′(p) δp+ 〈Λ∗RL2(S;T (S))∇ℓ(p), δp〉H(div;S)∗,H(div;S) ❢♦r ❛❧❧ δp ∈ H(div;S)

⇔ 0 = H ′(p) δp+ 〈RL2(S;T (S))∇ℓ(p), Λδp〉L2(S;T (S))∗,L2(S;T (S)) ❢♦r ❛❧❧ δp ∈ H(div;S)

⇔ 0 = H ′(p) δp+ (∇ℓ(p), Λδp)L2(S;T (S)) ❢♦r ❛❧❧ δp ∈ H(div;S).

❚❤✐s ✐s ♣r❡❝✐s❡❧② ✭✷✸✮✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ P❛rts ♦❢ t❤✐s ♣❛♣❡r ✇❡r❡ ✇r✐tt❡♥ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✇❛s ✈✐s✐t✐♥❣
t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇r✐t✐s❤ ❈♦❧✉♠❜✐❛✱ ❱❛♥❝♦✉✈❡r✳ ❍❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❢♦r t❤❡✐r ❤♦s♣✐t❛❧✐t②✳

❘❊❋❊❘❊◆❈❊❙

❬✶❪ ❍✳ ❆tt♦✉❝❤✱ ●✳ ❇✉tt❛③③♦✱ ❛♥❞ ●✳ ▼✐❝❤❛✐❧❧❡✱ ❱❛r✐❛t✐♦♥❛❧ ❛♥❛❧②s✐s ✐♥ ❙♦❜♦❧❡✈ ❛♥❞ ❇❱ s♣❛❝❡s✱ ✈♦❧✳ ✻
♦❢ ▼P❙✴❙■❆▼ ❙❡r✐❡s ♦♥ ❖♣t✐♠✐③❛t✐♦♥✱ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✭❙■❆▼✮✱
P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✱ ✷✵✵✻✳
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❬✷❪ ❚✳ ❆✉❜✐♥✱ ❆ ❝♦✉rs❡ ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✱ ✈♦❧✳ ✷✼ ♦❢ ●r❛❞✉❛t❡ ❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ❆♠❡r✐❝❛♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✷✵✵✶✳

❬✸❪ ❈✳ ▲✳ ❇❛❥❛❥ ❛♥❞ ●✳ ❳✉✱ ❆♥✐s♦tr♦♣✐❝ ❞✐✛✉s✐♦♥ ♦❢ s✉r❢❛❝❡s ❛♥❞ ❢✉♥❝t✐♦♥s ♦♥ s✉r❢❛❝❡s✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s
♦♥ ●r❛♣❤✐❝s✱ ✷✷ ✭✷✵✵✸✮✱ ♣♣✳ ✹✕✸✷✳

❬✹❪ ❙✳ ❇❛rt❡❧s✱ ❚♦t❛❧ ✈❛r✐❛t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ✇✐t❤ ✜♥✐t❡ ❡❧❡♠❡♥ts✿ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥✱ ❙■❆▼
❏♦✉r♥❛❧ ♦♥ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✱ ✺✵ ✭✷✵✶✷✮✱ ♣♣✳ ✶✶✻✷✕✶✶✽✵✱ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✸✼✴✶✶✵✽✸✷✼✼❳✳
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