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Abstract

We show that on any smooth compact connected manifold of dimension m > 2 admitting
a smooth non-trivial circle action preserving a smooth volume v the set of (k1,..., ki )-weakly
mixing C°°-diffeomorphisms is generic in A (M) = {ho Sqoh~!: h € Diff*° (M, u)}C for
every Liouvillean number a, k& € N and specific tuples (x1,...,xx) € [0,1]%. In particular,
these diffeomorphisms have spectrally disjoint powers. The proof is based on a quantitative
version of the Approximation by Conjugation-method with explicitly defined conjugation maps
and partitions.

1 Introduction

For a start, we recall that a dynamical system (X, T,v) on a probability space (X, v) is said to be
weakly mixing if there is no nonconstant function h € L? (X,v) such that h(Tz) = X\ - h(z) for
some A € C. Equivalently there is an increasing sequence (my,), oy of natural numbers such that
lim, oo v (BNT~™ (A)) —v (A) -v(B)| = 0 for every pair of measurable sets A, B C X (see
[SKI6T] or [AKT0, Theorem 5.1]). A. Katok and A. Stepin introduced the more general notion of
k-weak mixing ([Ka03], [St87]):

Definition 1.1. An automorphism 7" of a Lebesgue probability space (X, i) is said to be k-weakly
mixing, & € [0, 1], if there exists a strictly increasing sequence (my), oy of natural numbers such
that the weak convergence

U™ —y (k- Pe+ (1 —k)-Id)
holds, where Uz : L? (X, ) — L? (X,p), f = foT, is the Koopman-operator induced by 7" and

P, is the projection on the subspace of constants.

By [St87, Proposition 3.1.] we can characterize this property in geometric language: A trans-
formation T" is x-weakly mixing if and only if there is an increasing sequence (1), of natural
numbers such that for all measurable sets A and B

lim p(ANT™B)=k-pu(A)-u(B)+(1—k)-u(ANB)
n—oo

We recognize that 0-weakly mixing corresponds to rigidity and 1-weakly mixing to the usual notion
of weak mixing. So k-weakly mixing interpolates between the notions of recurrence and weak



mixing. In fact for K > 0 a k-weakly mixing transformation has a continuous spectrum due to
[St87), Proposition 3.4]. Thus it is weakly mixing.

The concept of k-weakly mixing has implications on the spectral properties of the transformation
(see [St87, Theorem 1]): If x € (0,1) and T is a x-weakly mixing transformation, then a measure
oo of maximal spectral type of the operator Ur on the orthogonal complement Hy C L? (X, i) to
the subspace of constants satisfies that it and its convolutions Ué“ are pairwise mutually singular.
This property is called disjointness of convolutions. It is linked to a conjecture of Kolmogorov
respectively Rokhlin and Fomin (after verifying that the property held for all dynamical systems
known at that time, especially large classes of systems of probabilistic origin like Gaussian ones),
namely that every ergodic transformation possesses the so-called group property, i.e. the maximal
spectral type o is symmetric and dominates its square o * 0. This conjecture is an analogue of the
well-known group property of the set of eigenvalues of an ergodic automorphism and was proven to
be false. Indeed, in [St66] Stepin gave the first example of a dynamical system without the group
property. V.I. Oseledets constructed an analogous example with continuous spectrum ([Os69]).
Later Stepin showed that for a generic transformation all convolutions o*, k € N, of the maximal
spectral type o on L3 (X, u) are mutually singular (see [St87]) exploiting the concept of r-weak
mixing.

In [JL92| del Junco and Lemanczyk introduced the following strengthening of the notion of k-weak
mixing:

Definition 1.2. Let T be an automorphism of a Lebesgue probability space (X, B, 1) and &1, ..., kg €
[0,1]. Then T is called (k1,...,s)-weakly mixing, if there is an increasing sequence (1my,),,cy of
natural numbers such that for each i =1,...,k and for all A,B € B

lim p (ANT"™ B) =k;-p(A) - p(B)+ (1 —k;) - p(ANB).

n—oo

In other words, each T% is x;-weakly mixing along the common sequence (M), en- With the aid

of this concept del Junco and Lemanczyk were able to prove that for a generic automorphism for each
k(1),...,k(l) e N, k'(1),...,k'(I') € N the convolutions opka) * - - - * oprey and oqpway * -+ - * Oqpwr )
are mutually singular unless (k(1),...,k(l)) is a permutation of (k¥'(1),..., k' (")) (JJL92, Theorem
1]). Hereby, they were also able to get a description of the centralizer of T*1 x T2 x ... as well
as to reproduce several counterexamples (like non-disjoint transformations that have no common
factor or automorphisms with no roots) of Rudolph ([Ru79, section 4]) in a broader context.

An important question in Ergodic Theory (e.g. [OW91l p.89]) that dates back to the founda-
tional paper [Ne32| of von Neumann asks

Question. Are there smooth versions to the objects and concepts of abstract ergodic theory?

By a smooth version we mean a smooth diffeomorphism of a compact manifold preserving a
measure equivalent to the volume element. The only known restriction is due to A. G. Kushnirenko
who proved that such a diffeomorphism must have finite entropy. On the other hand, there is a
lack on general results on the smooth realization problem.

One of the most powerful tools of constructing smooth diffeomorphisms with prescribed ergodic
or topological properties is the so-called approzimation by conjugation-method (also known as the
AbC-method or Anosov-Katok-method) developed by D. Anosov and A. Katok in [AK70]. In fact,
on every smooth compact connected manifold M of dimension m > 2 admitting a non-trivial circle



action S = {S;},cq1 preserving a smooth volume v this method enables the construction of smooth
diffeomorphisms with specific ergodic properties (e.g. weakly mixing ones in [AK70, section 5])
or non-standard smooth realizations of measure-preserving systems (e.g. [AK70, section 6] and
[FSW0T7]). These diffeomorphisms are constructed as limits of conjugates f, = H, 0 Sq, ., o H,*,
where ant+1 = oy + ﬁ € Q, H, = H,_1 0 h, and h,, is a measure-preserving diffeomor-
phism satisfying S1 o h, = hp oS . In each step the conjugation map h, and the parameter
k, are chosen suchq”that the diﬂeom(g}phism fn imitates the desired property with a certain pre-
cision. Then the parameter [,, is chosen large enough to guarantee closeness of f,, to f,_1 in the
C*>-topology and so the convergence of the sequence (fy), ¢y to a limit diffeomorphism is pro-
vided. It is even possible to keep this limit diffeomorphism within any given C'°°-neighbourhood
of the initial element S,, or, by applying a fixed diffeomorphism g first, of g 0 S, 0o g7!. So
the construction can be carried out in a neighbourhood of any diffeomorphism conojcugate to an
element of the action. Thus, A(M) = {hoS;oh=1 : t €Sl h € Diff* (M,v)}  is a natu-
ral space for the produced diffeomorphisms.m Moreover, we will consider the restricted space

Ao (M) = {ho S, oh~1 : heDiff** (M,v)} for a € St. Another feature of the AbC-method
is the possibility to deduce statements on the genericity of the constructed properties in A(M) or
Ay (M): As mentioned above Anosov and Katok proved that the set of weakly mixing diffeomor-
phisms is generic in A (M) in the C* (M)-topology. More specifically, for every Liouville number
« the set of weakly mixing diffeomorphisms is generic in A, (M) ([ES05], [GKu]). See also [FK04]
for more details and other results of this method.

Using a smooth variant of the method of approximation by periodic transformations Stepin
constructed a smooth xk-weakly mixing diffeomorphism in [St87) section 4]. Another construction
of a smooth diffeomorphisms without the group property even in the restricted space A, (M) for
arbitrary Liouville number @ was exhibited in [Kul6].

In this paper we construct the first smooth (k1, ..., ki )-weakly mixing diffeomorphisms: For
k € N we define the set IIj of tuples (k1,...,kk) € [0,1]k satisfying k1 < ko < --+ < kg, Kk >
k-(ky— k1) as well as kK — K1 < Kp—1 — Kgp—2 < -+ < Ka — K1.

Theorem 1. Let M be a smooth compact connected manifold of dimension m > 2 with a non-
trivial circle action S = {St},cp, St+1 = S, preserving a smooth volume v. Moreover, let k € N
and (K1,...,6x) € g. If @ € R is Liouville, then the set of volume-preserving (K1, ..., ki )-weakly
mixing diffeormorphisms contains a dense Gg-set in the C™-topology in A, (M).

In particular, we get

Corollary 1. If « is a Liouville number, then for a generic T € A,(M) we have
Ork) ¥+ % Opk) L Oprry * -+ % Oprry

forevery k(1),...,k(1),k'(1),...,K'(I') € Nunless (k(1),...,k(l)) is a permutation of (K'(1),..., k' (I')).
In particular, the powers of T are spectrally disjoint.

At this point, we recall that two automorphisms 7" and S are spectrally disjoint if the maximal
spectral types or and op are mutually singular. In particular, spectral disjointness implies dis-
jointness in the sense of Furstenberg ([Fu67]). Another motivation to study spectral disjointness



of different powers deals with Sarnak’s conjecture stating that for every homeomorphism T of a
compact metric space X with topological entropy zero, any ¢ € C(X) and any « € X the sequence
(o (T™x)), ey is orthogonal to the Mobius function, i.e. we have

N
1 Z e (T"z) u(n) — 0 as N — oo, (1)
N

n=1

where the Mobius function p : N — Z is defined by p(1) = 1, p(n) = 0 for non-square-free positive
integers and p(n) = £1 depending on the parity of the number of prime factors for the remaining
positive integers (see [Sal, [ELR14]). In fact, it is shown in [BSZ12] that the spectral disjointness
of different prime powers implies the validity of a generalized version of equation [I] where p can
be replaced by any bounded multiplicative function of the positive integers.

Remark 1.3. By some modifications using the conjugation maps as in [GKu| and [Ku| we are even
able to construct the (ki,. ..,k )-weakly mixing diffeomorphisms in such a way that they preserve
a measurable Riemannian metric and that their projectivized derivative extension is ergodic with
respect to a measure in the projectivization of the tangent bundle which is absolutely continuous
in the fibers.

Remark 1.4. Recently, great progress has been made in extending the approximation by conjugation-
method to the real-analytic category in case of the torus T™, m > 2, in a series of papers ([Balf],
[Kul7], [BK]). All these constructions base on the concept of block-slide type maps on the torus
and their sufficiently precise approximation by volume-preserving real-analytic diffeomorphisms.
By this approach it is possible to adapt the constructions of this paper to show that for every
méeN m>2keN, p>0and (ki,...,k) € Il there are real-analytic (k1, ..., k)-weakly
mixing diffeomorphisms 7' € Diﬁ‘; (T™, ). We are going to present the details in a forthcoming
paper.

2 Preliminaries

We use the definitions and notations introduced in [Kul6l, subsection 1.1].

2.1 First steps of the proof

First of all we show how constructions on St x [0, 1]m*1 can be transfered to a general compact
connected smooth manifold M with a non-trivial circle action S = {S;},.g, St+1 = S;. By [AKTO,
Proposition 2.1.] we can assume that 1 is the smallest positive number satisfying S; = id. Hence,
we can assume S to be effective. We denote the set of fixed points of S by F' and for ¢ € N Fj is
the set of fixed points of the map S%. On the other hand, we consider S* x [0, 1]m*1 with Lebesgue

measure p. Furthermore let R = {Ry},cq: be the standard action of S' on S' x [0, 11", where
the map R, is given by R, (0,71, ...,7mm-1) = (0 + o, r1,...,;7m—1). Hereby we can formulate the
following result (see [FSWOQT, Proposition 1]):

Proposition 2.1. Let M be a m-dimensional smooth, compact and connected manifold admitting
an effective circle action S = {St},cp, St41 = St, preserving a smooth volume v. Let B =

OM UF U (qul Fq). There exists a continuous surjective map G : S' x [0,1]™"" — M with the

following properties:



1. The restriction of G to S' x (0, l)mf1 18 a C*°-diffeomorphic embedding.

2. v (G (a (Sl % [0, 1]’”‘1))) —0
3. G (a (Sl % [0, 1]7”‘1)) > B

4. Gi(p) =v
5. SoG=GoR

By the same reasoning as in [FSWQT], section 2.2] this proposition allows us to carry a construc-
tion from (Sl x 0,17, R, ,u) to the general case (M,S,v):
Suppose f : St x [0,1]™7" — S! x [0,1]™ " is a (K1, ..., kx)-weakly mixing diffeomorphism suffi-
ciently close to R, in the C°-topology obtained by f = lim,_,o fn With f,, = H, 0 Rq,, ., © H L
where f, = R,,,, in a neighbourhood of the boundary (in Proposition we will see that these

conditions can be satisfied in the constructions of this article). Then we define a sequence of
diffeomorphisms:

_ N Go f,oG™ ! j G (st ™t
FiMoM P = f (x) zfx € x (0,1) m)_l
Sans (2) ifeeG(o (Sl % (0,1) ))

Constituted in [FK04 section 5.1] (which bases upon [Ka79, Proposition 1.1]), this sequence is
convergent in the C'°*°-topology to the diffeomorphism

ofoG™ ! ) 1 m—1
ForoM  Fu GofoG '(z) ifzeG (S x(0,1) )

S (z) ifzeG(d (Sl x (0, 1)’”*1))
provided the closeness from f to R, in the C*°-topology.
We observe that f and f are metrically isomorphic. Then f is (k1, ..., kg )-weakly mixing because
the (K1, ..., kr)-weak mixing-property is invariant under isomorphisms.

Altogether the construction done in the case of (Sl x [0,1]" "R, u) is transfered to (M,S,v).

Hence it suffices to consider constructions on M = St x [0, 1]m_1 with circle action R subsequently.
In this case we will prove the following result:

Proposition 2.2. For every k € N, (k1,...,k;) € Il and every Liouvillean number « there is a

sequence (au,) of rational numbers o, = % satisfying lim,, o |a — a,| = 0 monotonically and

neN
sequences (Gn)pens (Pn)nen 0f measure-preserving diffeomorphisms satisfying gn o Ri = R# o gn
as well as ¢, o R1 = R o ¢, such that the diffeomorphisms f, = H, o Ry, © H ' with
H, =hiohso... oiZZ, wher;nhn = Gn O ¢n, coincide with R, in a neighbourhood of the boundary,
converge in the Diff>° (M)-topology and the diffeomorphism f = lim, o0 fr @8 (K1, .., kr)-weakly
mixing and satisfies f € Ay (M).

Furthermore for every € > 0 the parameters in the construction can be chosen in such a way that

deo (f, Ra) < €.



2.2 Outline of the proof

The constructions are based on the “approximation by conjugation”-method developed by D.V.
Anosov and A. Katok in [AK70]. Here one constructs successively a sequence of volume-preserving
diffeomorphisms f,, = H, 0 Sq,, , © H ', where the conjugation maps H,, = hj o ... o h, and the
rational numbers «,, = 22 are chosen in such a way that the functions f,, converge to a diffeomor-
phism f with the aimed Tf)roperties.

First of all, we will define the conjugation map h,, as a composition of two volume-preserving diffeo-
morphisms h,, = g, 0¢,. Here, g, is the shear g, (6,71,...,7m-1) =0 +ng, -r1,71,...,7m—1) and
¢, is a step-by-step defined smooth volume-preserving diffeomorphism. Its construction in section
bases on maps of the form q’)gj) = C;l o1, 0 Cy with C) being a stretching by A € N in the
first coordinate and ¢ ; a “quasi-rotation”, i.e. a rotation by 7 in the x1-x;-coordinates on large

part of the domain. In fact, ¢, will be of the form ¢E\TZ) 0---0 d)&? with explicitly chosen parameters
Aj € N, Aj < Ajy1, on the different sections. Moreover, we define a sequence of partial partitions 7,
whose elements have such a small diameter that even the image under H,,_1 o g,, converges to the
decomposition into points. We will prove the (k1,..., k;)-weak mixing property on those partition
elements.

Like the criteria for weak mixing in [FS05|, [GKu| and [Ku| we use the concept of “almost uniform
distribution”. Descriptively, a set of small diameter is “almost uniformly distributed” under a dif-
feomorphism & if it is mapped to a set of small width in the #-coordinate and almost full length
in the r1,...,7y,_1-coordinates in an uniform way (see Definition for the precise definition). In
our case ¢, = ¢, o Rgﬁ:;r L ° D, I with a specific sequence (mn)nEN of natural numbers such that

R{'» | causes a translation by ﬁ to the adjacent domain of definition of the map ¢, (see section

. In Lemma we make the kgy observation that

_ —1 o\ — 1
¢m) 0--+0 qﬁfi) o Rg:””:l o (¢E\22 ) o ( E\m))

almost uniformly distributes an element of the partition 7, if u; > A; for each j =2,...,m. On
the other hand, we observe that ®; acts approximately as the translation by R_: if y; = A;. On

nqn

this account, the choice of parameters \; in the definition of ¢,, is exactly done in such a way that
after a translation by R_: we have an increase of the A-values on a portion of about x; of the

ndqn

partition element (see Lemma. Thus, we will have “almost uniform distribution” under ®?, on a
portion of about k; of the partition element. The subsequent application of the shear g, will cause
that this is almost uniformly distributed on the whole manifold S! x [0,1]™ ", In section [5| we will
establish the (k1,. .., kk)-weak mixing property in our construction.

In section@we will show convergence of the sequence (fy,),cy in Aq for a given Liouville number o
by the same approach as in [FS05]. For this purpose, we have to estimate the norms |||H,|||x very
carefully.

3 Explicit constructions

We fix (K1,...,kr) € i and an arbitrary Liouvillean number o € S*. We also introduce the
notation 81 = k1, B; = k; — ki1 for i =2, ... k. Obviously, Zle Bi = Kkq. In particular, we have



Zle B; = ki < 1. By the requirements on tuples in II; we also have

k
ZBi>k'327 Bi>3i+1 for every i = 2,...,k— 1.

i=1
Moreover, let (an) be a sequence of rational numbers Bm = % satisfying Bi’n — BZ as
neN "
n — oo as well as the relations
k k
> Bin >k Ban, Bin > Bivin forevery i=2,... k=1, > B, <1.
i=1 i=1

With the aid of these we also introduce the numbers u;,, € Z, 7 =0, ...,k — 1 such that
n = dn : (BZ,n - B2+7L,n) for i = 07 ceey k— 27 Uk—1,n = dn ' BZ,n =C2n- (2)
In particular, we have up, = 0 and w41, > Ujn-

Finally, we also introduce the numbers
i
lﬁi’n:Zﬁd’n fori=1,...,k. (3)
d=1
Since Bd,n — Bd for n — oo, we also have k;,, — K;.

3.1 The conjugation map ¢,

The construction of the conjugation map ¢, bases on the following “pseudo-rotations” inspired by
[F'S05].

Lemma 3.1. For every € € (O, %) and every i,j € {1,...,m} there exists a smooth measure-
preserving diffeomorphism ¢.; j on R™, which is the rotation in the x; — x;-plane by w/2 about the

point (3,...,3) € R™ on [26,1 — 2¢]™ and coincides with the identity outside of [e,1 — ]™.
Proof. See [Kul6, Lemma 4.1]. O

Furthermore, for A € N we define the maps C) (21,22, ..., Zm) = (A - 21, 2, ..., Zsm). Using these
maps we build the smooth measure-preserving diffeomorphism

1 m— 1 m— _
¢)\,E,j : |:07 )\:| X [07 1] ! — |:07 >\:| X [Oa 1] 17 ¢)\,5,j = C)\ ! o @E,l,j o C)\

Afterwards ¢ ; is extended to a diffeomorphism on St x [0, 1]m_1 by the description

1 1
d))\,E,j <$1 + X:Z‘Qa ---;xm) = ()\707 a0> + (b)\,E,j (331,.%‘2, -~'ax’rn) .

For convenience we will use the notation (;SE\] ) = ¢A’401n4 j- By construction the map ¢, . ; satisfies

the following properties: This map satisfies the following properties:



Proposition 3.2. Let j € {2,....m}, ¢ € (0, i) and A € N. Moreover, let tg € Z, us €N, t, € Z,
[2eps] < ts < ps — [2eus], for s =1,...,m. Then we have

1.
_ t ty to t+1 [t te+1
1 0 1 0 1 s s
i -+ 77—’_ X ]
¢>\767]<|:)‘ Acpr A >\'.U1:| 5_1—[2|:.Us Hs }>
to  ti to t;4+17 A lts to+1l t+1 ' Tt 41
:{0+ j ,°+J+]><H[s,‘+} y [1_ L+ ’1_1] < ] {Jf}
A Ay A Ay s s ps o o 2 L s
2.
to t1 to t1+1} " [ts t5+1}
A~ + o~ + X = 2
¢)\,E,J<|:)\ A'ul A )\'ul EQ s Us
[t0+1 ti+1 to+1 tj} j_l{ts ts+1} {tl t1+1] o~ {ts ts+1}
= - ) -~ | X Ty T X R X H Ty T
A Awj oA Al oy LHs T s B oojpy LHs Hs

In particular, we get

to+2 to+1—2¢ Tt ts+1
¢)\,s,j <|: 0 \ 5 0 \ :|><H |:a )
1

-1
t 1 t;+1 ¢ 1 t; ts T ts ts+1
:{04— LA 7O+ —]}x |:S,s+:|><[25,1—26]>< {‘S,ﬁ}
A AL A Ayl Lis T s i LHs M

We start to define the diffeomorphism ¢,, on the sector [ﬁ + ﬁ, ﬁ + n%q%} x [0, 1]m—1
foreach l,v € Z,0 <l <n, 0 <v < ngy,.
In a first step, we consider domains of the form
Al,v,s,u =

l v $-Com U l v 5-Cap u—+1

} x [0,1]™71,

ngn  n?-q2  dp-n?-¢2  dy-n?-¢2’ng, n?-¢2  dy-n?-q2  dn-n?-q
where s,u € Z, 0 < s <k and 0 < u < cap.

We define § = = mod k. Then for every s € Z, 0 < s < k, there is a unique ¢t € {0,1,...,k — 1}
such that s = §+t mod k. Recall the numbers u;,, 0 <i < k — 1, from equation

o If the number v € Z, 0 < u < cap, satisfies u; , < u < U1, With ¢ > ¢ — 1, then we put

3)

_ 4(m) ( (2)
¢n - ¢dn.(nqn)2~(m71)~(l+k7t) 00 ¢dn-(nqn)2'2'(l+k’” © ¢dn_(nqn)2~(l+k—t)

on the domain A, s ..

o If the number v € Z, 0 < u < ca p, satisfies u; , < u < Ujp1,, With ¢ <t — 1, then we put

On = ¢(m) )2 (m=1)-(1+k) ©---0 ngf)

° 2
dn'(nQn )2-2-(Z+k) (bd (

- (ngn . nqn)Q'(H'k)

on the domain Aj, s .



In the next step we recall the requirements Zle an > k- Bg’n and 2?21 an < 1. Then we
put
_ 4(m) (3) (2)
(bn - ¢d (nGn )2( n—1)-(14k) © ¢d (ngn)2? (1+k) ¢dn~(nqn)2’(l+k)

on the domain

k
k- Can l v Zi:l Cin ] % [07 1]m—1 )

l v
+ : - +
[n-qn W @ ngn 2 dnon?e g2

Finally, we put

-1
on the domain [n— + g T %,%% nqul%} x 0,17

This is a smooth map because ¢, coincides with the identity in a neighbourhood of the different
sections.
Hereby, we have defined the diffeomorphism ¢,, on the fundamental sector [O, qi} x [0, 1}7"_1. Now

we extend ¢, to a diffeomorphism on S x [0,1]™ " using the description ¢, o R1 = R o ¢y,.
an an

%7l€2:iandl€3:g. Sinceng—n2—§<i:/12—mand

3+ (ke — k1) = 3 < I = k3 we have (K1, k2,K3) € IT3. In Figurewe list the powers v of d)

Example 3.3. Let k1 =

on a domain | L 4 oty L ﬁ} % [0, 1] for different values of | € Z. o
1 1 1 3
8 4 2 4
ey e B 3 2119 |id
23 23 124 20 24 24 |id
129275 (13 (25 25 24 24 25 | id
[=32-62-6{2-5(2:0 2:-6/2-42-6]1d
[=42-62-6\2-72:52-712-72:7id
Figure 1: List of powers y of 67, . ona domain [+ o ~L 4 2] [0,1] for different

values of [ € Z. In the horizontal direction we have the portions of the length 2 p of the domain.



3.2 The conjugation map h,

We define the conjugation map as the composition
hn = gn © Cbna
where
9n (9,7‘1, .o 771777,71) = (9 + ngn - T1,71,... 7Tm71) .
3.3 Partial partition 7,

In this subsection we define the announced sequence of partial partitions (1,),cy of M = St x
[0, 1"

Remark 3.4. For convenience we will use the notation [}, [a;, b;] for [az, ba] X ... X [@m, b

Initially 7, will be constructed on the fundamental sector [O, qi} x [0, 1}7"71. We start by

considering the following sets: In the #-coordinate we define

Il,v,u,t(lz) ’H"tgmv(nfl«#k)) —

l v u tf) tgm»(n—1+k)) 1
-t + =+t + ’
"Wn (nQn)2 dy, - (nQn)z dy, - (nqn)z 2 d,, - (nqn)27rL~(n—1+k) 10nt - d,, - (nqn)Q"”‘("—l-‘rk)

L A ty? N S T 1

"n (nqn)Q dy - (nQH)Q dn - (nqn)z2 dy - (nqn)Qm‘(n_l—i_k) 10n* dy, - (nQn)Qm‘(n_l—i_k)

k ~ k ~ m-(n—1+k)—1
I, = l+v+2d:15d’”+1_2dzlﬁd’”- - (1= L ( ) ;
n-qgn 5n4

2. 2 2. 2
n? - q2 2-n%-q2

l vkl 1=k Ban 1\
n - SN (Y .
n-g, n%-q? 2.-n2-¢2 5n4

In the 7-coordinates we define

Wjél)’jém’tgz) ’’’’’ t(2n71+k)7j37tg2) _____ tgnflﬁ»k) ,,,, jm,tgy%),n.,t%%il+k) =
(1 .(2 2 n—1+k
i, 3 1 Fot L i + !
n- qTZL n2 . q,'% (nqn)2~2 (nqn)Q(n—l-‘rk‘) 10”4 . (nqn)Q(n—1+k)
(1 (2 2 n—1+k
O I I P U
n- q72L TL2 . q% (nqn)Q-Q (nqn)Q-(nflﬁ»k}) 10”4 . (nqn)2~(n71+k)
m . (2) (n—1+4k)
Ji t; t; 1
X + 55 + ...+ N + T s
7;:113 [RQ . q% (nqn) (nqn)Q (n—1+k) 10n4 - (nqn)Q (n—1+k)
jitl ) . R g 1
ngn (nga)” T (ngn) T 100t - (ng,)* Y
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Incase of ,v € Z,0 <l <nand 0<v < ng,, we define

T 71
151357 g seesim U (Il,v,u,t§2),...,tim'<”’”"')’ Y Il»U) XWi0 42 42 40 ot 07t D)t

7]2 Jz NETS
where the union is taken over

eucZ 0<u<Yh  cin

()EZ Lo 2—‘ <t()<n Q2 — [13;:;2—‘ —1,fors=2,..m-(n—1+k)

()eZ LO 2—‘ <t()<n Q@ — [13’22—‘ —1,fors=2,...,.n—14+kandi=2,...,m

2

2
In Lemma we will choose ¢, as a multiple of 10n2. In particular, [1'01#—‘ = o

10n2 "
Remark 3.5. Descriptively I (1) .(2) is the cube
VyJo  3Jn 3J3sesdm
I vl w4l I A A & i Sl G G+l
—+ 2,2’7+ 2.2 L2 2. 27 . 2 XH 2.2 2. 42
ngn N°-qn NGgn N°- Q5 n-qy, N°-q, N-qy “qz o L7 dn Mgy
with some holes. These holds are inserted in order to guarantee that I LoD i@ s belongs to
YyUsJo " sdo  5J35--]m

i

man on the #-axis. This property

the "good domain” of ¢, ! and also of ¢, after a translation by
will be exploited in the proof of Lemma

With the aid of these sets we define our partial partition 7,:

e On [ﬁ, Tll'*'—ql} [0, 1]m71 0 <l < n — k, the partial partition 7, consists of all such sets
2
I 03D 5P s , at which j; € Z and LO 2—‘ <7 < anEL — ngz—‘ —1fori=23,...,m and

L (1) qax (1) 2 _[_an ] _
UEZ 0<v<n-g,—1laswellas j5 ' €Z, |15%5| < Jp < ng, 03 1 as well as

) e Z,0< j(2) < n —1 apart from those ]( ) satisfying
l+]2 Y=p—s modn for s=1,2,...,k+1.
e On [ﬁ, qi} x [0,1]™ " there are no elements of the partial partition 7,,.

As the image under R, /,, with a € Z this partial partition of [0, qi} x [0, 1}m—1 s extended to
a partial partition of S' x [0,1]™ ",

Remark 3.6. By construction this sequence of partial partitions converges to the decomposition
into points.

Remark 3.7. In the following we will often write a partition element in the comprehensive
form fn = ij:O I; x W, at which W = =ny (fn) is the m — 1-dimensional projection of fn

in the ry,...,7y,_1-coordinates and we have the following sections I; on the f-axis: If ¢, =
(m) (3) 2) l v u ! _u+l
- (ngn )2 (M1 7 © O¢ (ngn)? 2-To¢dn.(nqn)2-T on | ogm + nZq2 + @ nZ-q2 0 ngn + 2 2 + dnnZqZ X

11



0,1 mfl, then sections on this domain are given by I, = I
J

Loy, g (1R where the union
(T+1) (m-(n—1+k))
13 yoerty .

is taken over the allowed values of R
Finally, Iy corresponds to the section I, l{v, i.e.

k 3 k 2 m-(n—1+k)—1
! +U+Zd—1ﬂd,n+1_2d—16d,n.<1_(1_1> ( ) >,

n-qp n?-q2 2-n?-q2 5n4

l v+ 1 1— Z’;fl Bd " 1 m-(n—1+k)—1
n - =1Pdn (4 _ (1
nogn  nt-ogk 2-n?-q2 ont

Note that the partition elements are constructed in such a way that
k ~
/J/(IN X W) = <1 - Zﬁd,n) T (In) .
d=1

Remark 3.8. For an element fn = U;.V:O I; x W of the partition 7, we observe:

Onlryxw = id

Remark 3.9. The additional restrictions on jéQ) will be helpful in Remark

4 (7,9, s,¢)-distribution

We introduce the central notion in the proof of the criterion for (k1, ..., kg )-weak mixing deduced
in the next section:

Definition 4.1. Let ® : M — M be a diffeomorphism. We say ® (7,4, s1, s, €)-distributes a set I,
if the following properties are satisfied:

°« (f) is contained in a set of the form [c,c +~] x [0,1 — 8]™ " for some ¢ € SL.

e For every (m — 1)-dimensional cuboid J C J of ri-length at least s; and of side length s in
the ro, ...,y _1-coordinates it holds:

(0074 (559)) (1) 00 (3)] < (1) 0 3)

where ;™1 is the Lebesgue measure on [0,1]™ ",

Remark 4.2. Inspired by [F'S05| we will call the second property “almost uniform distribution” of
I in the rq, .., 7, _1-coordinates.

In the next step we define the sequence of natural numbers (1m,,),,cy:

1 10n?
mn:min{mgan : meN, inf m-an——&—k:’S }
kez dn+1 n-gn n+1

12



Lemma 4.3. The set M,, := {m <@n+1 : mEeN, infgey ’m Pntr _ -+ k‘ < 1on® } s nonempty

dn+41 Noqn
for everyn € N, i.e. m,, exists.

Proof. In Lemmawe will construct the sequence o, = 2’ " in such a way, that ¢, = 10n2-§, and

= 10n2-p,, with p,,, G, relatively prime. Therefore the set {j . Z:ﬁ 3 =1,2,.., an} contains

‘{8;; different equally distributed points on S!. Hence for every x € S! there is a j € {1,...,gn11},
O

Pnt1
dn+41

such that infgey ’x —j- + k" < 10” . In particular this is true for x =

1
n-qn "

Remark 4.4. We define

1
ay, = (mn i1 ) mod 1
dn+1 - gn

By the above construction of m,, it holds: \an\ < Lﬁj In Lemma we will see that it is possible
to choose g1 > 200-n?-k-d? -n* (n+k) . (n R Thus we get:

1
lan| < — .
2004 - k- d2 - (n-gy)t "R

By this choice of the number m,,, R~  causes a translation to the adjacent

1 .
o o -domain of

definition of the map ¢,,. On such a domain the elements I,, of the partial partition 7y, are positioned
in such a way that all cp;} ; act as the particular rotations. On the adjacent section, the stretching

parameters A; in qb(j_) are chosen so that either ¢, is of the same form as before or ¢, maps

RZ’“H ogp ! ( ) to a set of almost full length in the rq, ..., 7, _1-coordinates. We make this precise

in the subsequent lemma.

Lemma 4.5. We consider a set I, belonging to a partition element of n, of the form

th—i-l) t§m~(n—1+k)) 1
dy - (

sy Tt d T (n—14k) T 100t - d, - (n_qn)2~m‘(n—1+k)’

ne (N qn) (0 gn)
t§T+1) L tgm.(nfuk)) 11 B L ]
dy - (n- qn)2~(T+1) dp - (n- qn>2»m‘(n—1+k) 1004 - d,, - (n - qn)Q'm'("_l““)
m 3 tgz) tz(-”’”’“) .
" 11;[2 [(”;)2 e T (ngy)* "R " on - (ngy)* "R’
ji tz(g) tgn—l-&-k) 1 ]
0l 0 g PO o <nqn>2'<”“’“>]’

where the union is taken over all occurring tgj), and assume that

(m) (3) (2)
d)n - (b - (n n)QA(WL—l)»T ©---0 ¢dn-(nqn)2'2'T © ¢dn~(nqn)2'T

on it. After an application of Rlo;Tfl with some | € {1,...,k} the image Rla;”fl o ¢t (I,) lies in a
domain where

(m 3
d)n - ¢d )(nQn)2 (m-1)-U e qsgn)'(nQn)QQ.U d)d (nqn

13



1. IfU =T, then ¢, o R™ o ¢-1 (I,,) is contained in the cube

QAn41

L] il 4]

ngn’ NG (ngy,)? s a ar

In particular, Tz (¢n o RLmn o ¢l (In)> 1s contained in the same ﬁ—cube as w7 (I,).

An41
2. IfU >T, then ¢, o fomﬁ ogt is (qu)27 Tt #, o ;) distributing the set I,,.

Proof. When applying the map ¢, ! we observe that the set is positioned in such a way that all
the occurring maps ¢_ } ;j act as the respective rotations. Then we compute ¢! (I,,) with the aid
of Proposition [3:2}

; (2) (n—1+k)
U 12 + s +ot 2 + !
dy - (ng,)* T dyy - (ng,)? T dy - (ngn) > "D T 1008 d,, - (ng,) XA
J2 v ts’ ¥t A Y 1
dy, - (nqn) 2(T+1) dy, - (nqn)Q(T-i-Q) d,, - (nqn)Q(n—l-‘rk-‘rT) 10n4 - d,, - ( )Q(n—l-‘y—k-‘rT)
m—1 t((i—l)TH) tgiT) jivt tgi)l tgilHk) 1
>< J— J— — J— — J—
i (ngn)? (ngn)*" (ngn)” TV (ng,)* T (ngy)* "D
+ ;
10n4 - (nqn)2~(n—1+k+T)
i—1)T n—1+4+k
I )
(ngn)* (nqn)Ql(n_lJrkJrT) 1004 - (nqn)Q'(n_lJrkJrT)
tg(m—l)'T+1) tg'rw(n—l-&-k)) 1 1
X|l-——7— — + ,
(qun)Z (nqn)Q‘m'(”_1+k)_2'(m_1)'T 10n4 - (nqn)2-m~(n—1+k,)—2~(m—1)‘T
tg(m—l)‘T-i-l) tgm~(n—1+k)) 1
l-— ... = —
(nqn)Q (nqn)Q-m~(n—1+k)—2~(m—1)~T 1004 - (nqn)zm‘(n_1+k)_2'(m_1)‘T

By our choice of the number m,, the subsequent application of R, "o yields a shift by —— q +lay,
on the #-axis, at which a,, is the “error term” introduced in Remark W1th the aid of the bound
on la, from Remark |4.4{ we can compute the image of I,, under ®,, := ¢,, o Rlamfl o¢ L. In the first
case (i.e. U =1T) we get

14



th+1) tgm'(n—l-&-k)) 1

l
+ + ..+ + ,
U |"I’an dn . (n . qn)Q-(T-i-l) dn X (Tl . qn)2-m-(n—l+k) 10n4 - dn . (TL . qn)Q-m.(n—l—l-k)

T+1 ‘(n—1+k
L tg ) + ...+ tgm " )41 — 1
ngn  d, - (n- qn)2-(T+1) dy - (n- qn)2~m'(n—1+k) 1004 - dy, - (1 - qn)Q‘m.(n_l_;’_k)
; (2) (n—1+k)
J2 t2 t2 1 o1
" annf T T (g P 10pt (g PR dy - (ngn)™" - lan,
; (2) (n—1+k)
J2 lo [2) +1 1 oT
+ 2 T T B +dy - (ngn)” -lan
(nqn)2 (nqn)Q 2 (nqn>2'(n—1+k)) 10n4 . (nqn)2-(n—1+k)
m (2) (n—1+k)
Ji : t; 1
X + - + ... + — + — ,
g’ |~(nqn)2 (nqn)2 ’ (nQn)2 (n=1+k) 10n4 - (nQn)2 (n=1+k)
i ) L A 1
(ngn)”  (ngn)”” 7 (ngy)" " 100t - (ng,)* T |

In the second case U =T + S > T we calculate ¢,, o Rg’:fﬁ o ¢ 1 (I,) to

l S t(2) t(S) t(T+1)
U —— . 2(T+1) + : 2.(T+2) +ot . 20U : 2-(U+1) +o
Nn  dy, - (ngy) dn - (nqn) dy, - (NGn) dy - (ngn)
2 s w0 s

+

dn . (nqn)2-2U
H(m=1)-T+1)
1

+ + + ...
dn ° (TL(]n)2-(U+T) dn : (nqn)ZA(U+T+1) dn : (TLQn)2.(U+T+2)

(2T+1) £(37) i
+ ! + ..+ ! + +..+
dn - (ngn)* 7Y dy - (nga)* Ty (ngy ) 2OV dy + (ngy)* "D
N N tgm-(n—l+k)) . 1
d, - (nqn)2.m~(n71+k)+2-(m71)-(U7T) 10n4 - d, - (nqn)2m4(n,1+k)+2.(m,1)_(U7T)v
L j2 . N tgm.(nflJrk)) +1— 101714
ngn d, - (nqn)2.(T+1) d, - (nqn)2-m.(n71+k)+2-(m71)~(U7T)

t(S+1) t((n—l-‘rk) 1
X 2 2 + dn . (TL(]n)2U : la’n;

+ ...+ +
(nqn)Q (nqn)Q(n71+k‘75) 10n4 . (nqn)2~(’n71+k‘fs)

(S+1) ((n—1+k)
ts ty +1 1 2U
+ ...+ - +dp - (ngn)™ - lay
(nqn)Q (nqn)Q'(n—l+k—S) 10”4 . (nqn)Q-(n—l—‘rkJ—S)
m (S+1) (n—14k)
t: t; 1
s et S iTE=s) T 2 (n—14k—5)"
i=3 (nqn) (TLQn) 10n* - (nqn)
tz('SH) . tgn—1+k) 1 1
(nqn)Q (nqn)Q-(nflﬁ’k*S) 10”4 . (nqn)Q-(TL*l‘i’ka) :
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Thus such a set ®,, (I,,) has a -width of at most Wl)g_(m.

Let J =T1]", [ﬁ, 1— ﬁ] and J C J be any (m — 1)-dimensional cuboid of r-length I; > —L;

and of side length ¢, ! in the 7a,...,7,,_1-coordinates. In each of the coordinates 7y, ... ’Tmilrjq}
contains at least (e (1 1;3’4 ))"‘“’“—S and at most W—'gukis) intervals of the form
tESJrl) tl(_nflJrk) )
l(”qn)2 et (ngy)* "1 i 10n4 - (ngy)> (1A=
t§S+1) tgn—1+k) 1 )
m + ..+ (nqn)z(nflﬂcfs) - Lont - (nqn)}(”1+ks)‘|'

~ n—2+k—S
while in the rj-coordinate J contains at least (Lll (ngn)?] — 2) : ((nqn)2 (11— ))

Tont and
)2-(n71+k7$)

at most I - (ng, such intervals. Hereby, we estimate

@ (@n (I,) NSt x J)

(m—1)-(n—1+k—S)—1 (m—1)-(S—1)+m-(n+k)—T
> h T (1 S ) (1 - 1)
“d, - (nqn)Z(T-‘rm—l)—i—m—Q I (nqn)Q 10n4 5n

> (1 - z) (L) - ()

exploiting 1,, > niq% and
1 1\ 7 (AR =T (m=1)(n+k=2)
On the other hand, we have
L 1 1\ ™ (k) =T+(m=1)-(S-1)
H ((I)” (1) NS x J) < d, - (nqn)2~(T+mfl)+m72 e (1 - 5n4>
< (1 + ;) (L) = ()

for n sufficiently large. Hence, the properties of a (m, 10#, ﬁﬁqgl, %)—distribution are
fulfilled. =

The previous lemma shows the significance of an understanding of how the (ng, )-powers in the

definition of ¢,, evolve while passing from [%, i:;ﬂ x [0, 1]m—1 to I:’I%Liq:i’ %} « [0, l]m—l:

Lemma 4.6. Let l,v,i € Z, 0 <l <n—k, 0 <v<ng, and 0 < i < k. On every section

75—;1 + n;fq%, Tf'gi + n’é’fqli x[0,1]™" the ratio of domains, where the (nqy)-power in the definition

of ¢y, is greater than the (ngy,)-power of ¢, in the corresponding domain in {ﬁ + ﬁ SEINIES U

2.2 Nogn n2.q2
[0, l]m_l, s equal to 22:1 Bdn = Kin-

16



ngn’ NGn

Proof. First of all, we notice that there is no decline of (ng,, )-powers when passing from [L l+1} X

[0,1]™" to [lﬂ H"—“} x [0,1]™". Obviously, on the domains of the form

ngn’ Ngn

k
l v k-cop l v > d=1Cdn m—1
2.2 2. 27 T3 5o | < [0.1] )
n-q¢n nNn*-q3 dnp-n?-¢2' n-q, n*-q dp-n?-q:
: : Sy Ban—k-Pan ; :
i.e. on a corresponding 6-length of n3a2 , we always have an increasing (ng,)-power

while passing from [ to [ + i for any 7 > 1.

A more careful analysis has to be executed on the domains of the form

[ l v l v k-con

+ , + XO717n—1
n.qn N2-qrn-gn  n?-gh dn-n2-q3j 0.1]

in the definition of ¢,: When passing from [ to [ + ¢ the number § changes to § — ¢ mod k.
Accordingly for each s € {0,1,...,k — 1} the corresponding number ¢, is changed to ts +4 mod k.
On the one hand, we observe that on the domains Ajy; 5. With v < us 4i-1,, the (ng,)-power
is larger than on A;, s ,. On the other hand, the (ng,)-power remains the same on domains of
the form Ayt p s for w > uy 11, due tol +i+k — (ts + 1) = 1+ k — t,. Hence, this yields an

k=1 upti—1,n
ts=0 d,-n2.q2 >
Ujn = C2,n for j > k. By definition of the numbers u; ,, in equation [2| we get

increased (ngy,)-power on a corresponding 6-length of > where we use the convention

k—1 > k >
Uty +i—1,n k - »32,71 - Zd:i+1 ﬂd,n

2 2 2 2
dn~’l’L'qn nqn

ts=0

k-B2.n
n2-q2 *

in case of ¢ < k. In case of i = k the fraction is equal to

Altogether the (ngy,)-power in the definition of ¢,, has increased on a corresponding #-length of

1 % P 1 . .
e Yot Ban = 77qz i using equatlon O

Remark 4.7. For a partition element I, = ij:o I; x W we introduce subsets N;, i = 1,...,k
of the set of indices {0,1,..., N — 1} in the following way: j € N; if the (ng,)-power of ¢, on
R_i (I; x W) is larger than the (ng,)-power of ¢,, on I; x W.

ndn,

By the previous Lemma and the shape of partition elements in 7, we have

I UIjXW :Hi7n~,u(fn).
JEN;

5 Criterion for (ki,..., k;)-weak mixing
In this section we will prove a criterion for (s1, ..., £y )-weak mixing on M = S x [0,1]™" in the

setting of the beforehand constructions. For the derivation we need a couple of lemmas. At first
we examine a sequence of partial partitions that will be used in the criterion:

17



Lemma 5.1. Consider the sequence of partial partitions (1), cy constructed in section and
the diffeomorphisms g, from chapter Furthermore let (H,), .y be a sequence of measure-

preserving smooth diffeomorphisms satzsfymg |IDH,—1|| < ln(q") for every n € N and define the
partial partitions v, = {Fn =H, 109, (In) : I c nn}. Then we get v, — €.

Proof. By construction n,, = {f iqe An}, where A, is a countable set of indices. Because of
Ny — € it holds lim,, oo 1 (UzeAn I ) = 1. Since H,_1 o g, is measure-preserving we conclude:
s () = g (U s (2)) = g (o (U 1)) -1
i€l i€h, ieA,

For any m-dimensional cube with sidelength [,, it holds: diam(W, ) vm - l,. Because every
element of the partltlon 7, is contained in a cube of side length 2 p it follows for every ¢ € A,:

diam (ITZL) Vm - == Hence, we have for every I'}, = H,,_1 0 g, (I}l)
: 7 m In dn
diam (1%) < [ DH,ally - [Dgally- Yy < ) g Y o ln),
n=-qy, n qn Qn
We conclude lim,,, oo diam(I';,) = 0 and consequently v, — €. O

In the following the Lebesgue measures on S*, [0,1]™ 2, [0,1]™ " are denoted by A, (™2 and
i1 respectively. The next technical result is needed in the proof of Lemma

Lemma 5.2. Given an interval K on the r1-axis and a (m—2)-dimensional interval Z in (ra, ..., "m—1)

K.~ denotes the cuboid [c,c+ ] x K x Z for some v > 0. We consider the diffeomorphism
by M — M, g(0,r1,...,7m-1) = @+b-r1,71,...,7m—1) with some b € N and an interval

L= [ll,lg] Of Sl

If b MK) > 2, then for the set Q := 7z (Kc, NG, " (L x K x Z)) we have:

Q) = MK - A (L) p" ) (2)| < (i A+ 2T gy A(K)> a2 (2)

Proof. We consider the set:

Qv =7 (Key NGy ' (Lx K x Z))
={(r1,r2,csTm_1) EKXZ : (0+b-r,7)ELXK X Z,0€ [c,c+7]}
={(r1,r2,cc;Tm_1) EKXZ : b-ry €[l —c—,la —c] mod 1}

The interval b - K seen as an interval in R does not intersect more than b - A(K) + 2 and not less
than b- A (K) — 2 intervals of the form [i,i + 1] with ¢ € Z. Therefore we compute on the one side:

[(Q) < (b./\(K)+2).W.u(m—2) (2)

= (A(K)-X(L)+2-b+A(K)w+2'b7> =2 (Z)

18



and on the other side

Both equations together yield:
- - 9.
Q) = ) X0) 12 (2) = AK) i (2)] < (5504 B2 ) i 2),
The claim follows because

(Q) = A(K) - A (L) - w2 (Z)| = 5 A () - u" 2 (2)
k

(Q) = A(K) - A(L) - u" =2 (2) = - A(K) - ™2 (2)]

=

IN

O

Lemma 5.3. Let n be sufficiently large, g, as in section and I,, = U;YZO I; x W € ny, where 1,
is the partial partition constructed in section[3.3. For the diffeomorphism ¢,, constructed in section
and my, as in chapter we consider ®,, = ¢, 0 RL™» o p-L for somei € {1,...,k}. We assume

On+41

that @, (qu”),“ 10%, ﬁ%, a %) -uniformly distributes I; x W and denote [10%, 1— 101Tl4]m—1
by J,. Then for every m-dimensional cube S of side length q,;' lying in St x J,, we get
_ _ 22
| (L x W@t o g, (9)) = (L x W) - p(S)] < == pu (I x W) - () (4)

In other words this Lemma tells us that parts of a partition element contained in the “distribution

part” of ®,, are “almost uniformly distributed” under g, o ®,, on the whole manifold M = S! x
[0,1]™".

Proof. Let S be a m-dimensional cube with sidelength ¢, ! lying in S! x J,,. Furthermore we
denote:

Se = Ty (S) Srl = Ty (S) S% = TM(ry,.crm—1) (S) ST = Srl X S== 71';(5) .

Obviously: A(Sp) = A(Sy,) = g, and A(p) - A (Sy,) - p™=2) (S5) = p(S) = ¢,

By assumption ®,, (* L Lt %)—distributes I; x W, in particular ®,, (I; x W) C

dn‘(’”«‘]n)2, 10”‘“@’
[e,c+ 7] x J, for some ¢ € S! and some v < m
D, (I; x W) ﬂggjl (S) Cle,e+9] xSy =t Ky

By construction of the map g, it holds:

Since 2y < Tma? < q,; !, we can define a cuboid S; C S, where S1 = [s1 + 7, s2 — 7] X S, using
the notation Sy = [s1, s2]. We examine the two sets
Q=77 (Key Ngnt (Sp x Sy)) Q1= (Key N gyt ([51+7, 52— 7] X S,))

As seen above @, (I; x W) N gt (S) C®, (I; x W)ng, ' (S)NK,

¢,v» which implies the inclusion
P, (I; x W)N gyt (S) C @, (I; x W)N (St x Q).
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Claim: On the other hand: @, (I; x W) N (S* x Q1) € @, (I; x W) N g, ' (9).

Proof of the claim: For (6,7) € ®, (I; x W)N(S' x Q1) arbitrary it holds (6,7) € ®, (I; x W),
ie. 0 € [c,c+1], and 7 € 7wz (Key Mgyt ([51 47,52 —] x Sp)). This implies the existence of
0 € [c,c+ 7] satisfying (6,7) € K. Ng,* (S1). Hence, there are 8 € [s1 +7,s2 —7] and 71 € S,
such that g, (é, F’) = (8,71). Since g, maps sets of the form I x 7 to a set I x 7, where I,I C S!
are intervals of the same length, and ’9 - é’ < v, we have g, (0,7) = (B,F) for some 3 € [s1, sa).
So (0,7) € @, (I; x W)n g, ' (S). O
Altogether the following inclusions are true:

P, (I x W)N (S x Q1) C @, (I; x W)N g, " (S) C @, (I; x W)N (S' x Q)

Thus we obtain:

[ (L x W et (g,1(5))) — (L x W) - (S)]
gmax<‘u(lj xWnNe ' ("% Q) —pn(l; x W) - pn(S)],
\ngqung@»—mgxwymao

We want to apply Lemma for K = S,,, L =Sy, Z=Szand b =n-q, (note that for n > 2:
b ANK)=n-q, -q,t =n>2):

. cp(m=2) (g
- dn n - gn A )\(57-1)> : (SF)

§<2'X(Se)+ - +2'A(Sgl)>'ﬂ(m2)(sz)

nqn (nqn)3 (HQn) "

In particular we receive from this estimate: 1 - 1 (S) > fi(Q) — 1 (S), hence we have i (Q) <

(1+ 1;4) - (8) <2 u(9) for n sufficiently large.
Analogously we obtain: [ (Q1) — 1 (S1)] < 12 - 1 (S) as well as i (Q1) < 2 (5).
Since @ as well as @)1 are a finite union of disjoint (m — 1)-dimensional intervals contained in J,

of ri-length at least L as well as r;-length qi for ¢ > 2 and P, (* L1 1 §)—

ng? dn-(ngn)?’ 10017 ng2’ qn ' n

distributes the interval I; x W, we get:

[=p}

(L x WNet (8 x Q) —u(l; x W)A(Q)] < %M(Ij X W) (Q) < (I x W) - u(8)

as well as

w
(=)

(L x Wne b (ST Q1)) —p(l; x W) a(Qr)] < —H (L x W) (Q1) < —p (L x W) - u(S).
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Now we can proceed
(L x W (ST x Q) — (L x W) - u(9)]
< (@ x Wt (ST x Q) — u(Ly x W) w(Q)] + p(I; x W)+ [i(Q) — 1(S)]

< X W) (8) (I x W) - S (S) = 2 (I % W) - (S).

Noting that p (S1) = 1 (S) —2y- 2 (S,) and so p (S) —p (S1) < 2- n{; i (Sy) < 2+ p(S) we obtain
in the same way as above:

[ (L x Wndt (S % Q) — (L x W) - p(S)] < %'M(Ij x W) - p(S).

Using equation [5] this yields:

(I % W A0 (557 (8))) = e (I x W) - (S)] < 2 - (1 % W) - i (S).

In the proof of the criterion we will consider specific cubes:

Definition 5.4. By S;, . ;.. we denote the cube H:’;l [g—", ”q—“} Let &,, be the family of cubes

Siy.....im satisfying 0 < j; < g, — 1 as well as {18’;14-‘ <ji<qn-— (1824] —1fori=2,...,m. Then

S, is defined to be the partial partition &,, := {Hn,l (Sn) : Sp € én}

Remark 5.5. A partition element I,, = I, OO is contained in a cube
sUsJo "sdo 5035+ )m

(1 (2 .1 (2
ngz  n?-q2’ ng:  n?-¢2

s l v s l v+1

P (ngn)? an M40 (ng,)’

Thus g, (fn> is contained in

s+ 1453 v os+iY 1+ iP 41wt
+ , +
dn - gn n?-q2 dn n-dn n?-q2
-(1 (2 (1 (2
js" R A

m . .
Ji ]i+1]
X , .
i_HP,{””q% n?-q;

2 2 27 2 2.2

So we observe that g, (fn> is contained in a cube S,, € én completely or both have an empty

intersection due to the restrictions on j§2).
By the same reasoning we have (Ri'm" (fn) Ng;t (Sn)) =u (fn Ng,*! (Sn)) for every I,, € 1,

Qp41

ie{l,....,k} and S, € S,,. With the aid of Lemma and the bounds on a,, from Remark
this also yields

i (6n 0 RE 0 67" (1 x W) 01t (S0)) = (1 x W N g (S)

for every j ¢ N;.
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Remark 5.6. Under the condition |DH,_||, < W we have

In(g,) m

diam (H,_1 (S,)) < -0
n qn
as n — co. So we have &,, — €.
We investigate (K1,p, .. ., Kk,n)-weak mixing of f, on such sets A, € &,, and partition elements
Iy evy:
Lemma 5.7. Let f, = H, o Ry, © H, ' and the sequence (mn)neN be constructed as in the
previous sections. Fori=1,... k, every A, € &,, and I',, € v,, we have:

’M (Fn n fn_i'm" (An)) =i (L) - p(An) = (L= ki) - (T 0 An)‘ < 2712 () - e (An) -

Proof. We write A, = H,,_1(S,) and T, = H,_1 09, (fn>, at which I,, = U;V:o I; x W. Further-

more we note fin = H,oR:™ o Hy' = H,_10g,0®} og- o H ", where ®, = ¢, 0 R op, .

QAn 41 QAn41
Then we calculate
|l‘ (Fn nfpome (An)) = K (Tn) -1 (An) = (1= Kip) - (P 0 Aﬂ)|
= ‘N (jn N q);i o 9;1 (Sn)) — Rin - [ (fn 1 (Sp) = (L= Kin) - p (fn 09;1 (Sn)ﬂ .
We recall that for every i = 1,...,k:
H U IjXW :ﬁz,nﬂ(jn)
JEN;
(see Remark . Hereby, we conclude

‘/v‘ (Fn N fnii.mn (An)) —Kin " (Tn) - p(An) — (1= “i,n) p(Tnn An)|
< % (I); U Ij x W mg;I (Sn) _(1_/‘7i,n)',u'<fnmg;1 (Sn))
JEN:

+ Y (L x W@ o gt (S) — p (I x W) - ()] -
JEN;

We start to examine the first term. By Remarks [£.7] and [5.5] we have

(1— Kin) 4 (fn Ng:t (Sn)) —u{ | U Lxw)|ng S
JEN;

Additionally, Remark [5.5] tells us that p (I; x W gy (Sn)) = p (@57 (I; x W) N gyt (Sy)) for
each j ¢ N;. Hence, the first term is equal to 0.
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In the next step, we examine the second term. We note that the cube S, is contained in

St x 1ot 1 — Tlrﬂ]m_l. So we can apply Lemmafor j € N;:

S < W@ 0 g (S0)) — (T x W) (S < 30 22 (T % W) - (S,)

JEN;, JEN;

S% Y (In) 1 (Sn) -

Now we are able to prove the aimed criterion for (k1,..., £ )-weak mixing.

Proposition 5.8 (Criterion for (k1,...,k)-weak mixing). Let f, = H, o Ra,,, o H,' and the
sequence (my), oy be constructed as in the previous sections. Suppose additionally that for every
neNdy (fimn, fimn) < & fori=1,...,k, |DHy1lly < 9) and that the limit = lim, o0 fn
exists. Then f is (k1,...,Kkk)-weakly mizing.

Proof. Since every measurable set in M = S! x [0, 1]7"_1 can be approximated by a countable
disjoint union of cubes in S* x (0, 1)m_1 in arbitrary precision, we only have to prove the (k1, ..., ki)-
weak mixing property in case that A and B are m-dimensional cubes in S' x (0, 1)m71. So let
A,B CS! x (0,1)™ " be m-dimensional cubes and ¢ > 0 be given.

According to Lemma and Remarkrespectively the partial partitions v, := H,_109, (1,) and
G&,, converge to the decomposition into points. Thus we can approximate B by a countable disjoint
union of sets I';, € v, and A by a countable disjoint union of sets C,, € &,, in given precision,
when n is chosen big enough. Consequently for n sufficiently large there are sets B; = Uiez% re,

By = ;s Iy, with countable sets ¥, ¥2 of indices satisfying By € B C B; and p(BAB;) <
€ uw(A) - pu(B) for j = 1,2. Furthermore, there are sets Ay = Ui@]g Ci, Ay = Ui624 C? with
countable sets ¥3, 32 of indices satisfying A1 C A C As, |u(A) — u(4;)| < e p(A)- p(B) as well as

dist(9A,0A;) > 5 for j = 1,2, if n is chosen sufficiently large. Because of dq (f*™n, fimn) <

for i = 1,...,k the following relations are true:

fimn (@) € Ay = fm () € A
Jimn (@) € A= [imn(2) € 4

Thus:

p (BN fm (A) < p (BN S0 (A1) < p (BN f0mn (A))
<p(BOfm (A)) < p(Ban fy7m (Ag))

Additionally we choose n such that 22 < ¢ as well as |k; — K| < € p(A) - 1 (B) hold. We can
apply Lemma on the sets Ay and By. Therewith we obtain the following estimate from above
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for every i € {1,...,k}:

p (BN (A)) = ki (A) - p(B) = (1= ) - (AN B)

<Sp (B2 fr ™ (A2)) = K e (A) - (B) = (1= Kign) - (AN B) + 2+ |k — ki

<e - pu(Az) - p(B2) + i - 1 (A2) - 1 (B2) + (1 = Kip) - (A2 N B2) = Kin - 11 (A) - 11 (B)
—(I—kin) - n(ANB)+2-c-pu(A)- pn(B)

<e - (u(A) +p(ALA2)) - (1(B) + p(BAB:)) + ki -3+ € - pu(A) - (B)
+ (1= Fin) - (W (ALA2) + 1 (BABs)) +2- - p(A) - p(B)

<8-e-u(A) u(B).

Analogously we estimate:

i (B~ (A)) = - i (A) - i (B) = (1= ) - (AN B) = —8 -2y (A) - u (B).
Both estimates combined enable us to conclude:

1 (B OS5 (A)) = ks (A) - (B) = (1= ki) - (AN B)| <82 u(A) - u(B).

Since € can be chosen arbitrarily small, the (k1,. .., kx)-weak mixing property is proven. O

6 Convergence of (f,), .y in Diff* (M)

In the following we show that the sequence of constructed measure-preserving smooth diffeomor-
phisms f, = H,o Rq, , 0o H, ! converges. For this purpose, we need a couple of results concerning
the conjugation maps.

6.1 Properties of the conjugation maps ¢, and H,

In this subsection we want to find estimates on the norms |||H,|||x. For this we will need the next
technical result which is an application of the chain rule:

Lemma 6.1. Let ¢ := qégf:) 0..0 ¢E\22), j € {l,...,m} and k € N. For any multiindex a with
|@| = k the partial derivative Dg [qﬂ] consists of a sum of products of at most (m — 1) - k terms of

the following form
Dy ([¢0] ) e ol o 06l

where l € {1,....,m}, i € {2,...,m} and b is a multiindex with ‘g

<k.

In the same way we obtain a similar statement holding for the inverses:

-1 -1
Lemma 6.2. Let ¢ := ( g\?) 0..0 ( gf:)) ,j€{1,...,m} and k € N. For any multiindex a

with |d| = k the partial derivative Dg [y)]; consists of a sum of products of at most (m —1) -k terms
of the following form
N -1 . ~1 -1
7 1+1 m
(6 ]) 6o
where | € {1,....m}, i € {2,...,m} and b is a multiindex with ‘5’ <k.
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With the aid of these technical results we can prove an estimate on the norms of the map ¢,:

Lemma 6.3. For every l € N it holds
onlll < C - q2 (m—1)2-1-(n—1+k)

where C' is a constant depending on m, | and n, but is independent of q,.

Proof. First of all we consider the map (ﬁA = ey = C;l © @e,1,5 © Cy introduced in subsection

BTt

~ 1
d))\ (xla 7xm) = ()\ [905]1 ()\%1,.%2, 7xm) ) [@6]2 (/\:L'la x2, axm) PREES) [Sas]m (Axlax% () xm))

Let I € N. We compute for a multiindex @ with 0 < |@| < I: ||Dg [¢a];ll, < A" - [[|ee]|l; and for
re{2,..,m}: [|[Da o], ll; < A lllee|||i. Hereby we estimate || Dz [¢2], ]|, < C- ! and analogously
| Da [gb;l} || < C - M for a constant independent of . In conclusion this yields |[|gx||]; < C - AL

In the next step we consider ¢ := d) /\m ..o ¢E\22). Let Az == max {Aa, ..., A }. Inductively we will

show |[||¢]]]; < C - A for every 1 € N, where C is a constant independent of ;.
Start: | = 1. Let I € {1,...,m} be arbitrary. By Lemma a partial derivative of [¢], of first
order consists of a sum of products of at most m — 1 first order partial derivatives of functions

¢>\ Therewith we obtain using |||¢g\g)€|||1 < €'+ Anaa the estimate ||D; [¢],[|, < Cy - Ao} for every
i € {1,...,m}, where C is a constant independent of A.

-1 _
With the aid of Lemma we obtain the same statement for ¢—! = ((ﬁ&?) 0..0 ( g\’:))

Hence we conclude: [|[¢]||; < C; - A7 L

Assumption: The claim is true for [ € N.
Induction step | — [+ 1: In the proof of Lemma one observes that at the transition [ — [+ 1 in

the product of at most (m — 1) - I terms of the form Djy ([q{)g\ﬂ l) ¢§i 11 .0 ¢)§\22) one is replaced
by a product of a term (D D~[ } ) <;S/\’1 1 .. 0 qﬁg\?) with j € {1,...,m} and at most m — 2

partial derivatives of first order. Because of |||¢>\)|Hl+1 < C- AL and |||¢E\]J)|H1 < C - Mg the

max
Amaz-exponent increases by at most 1+ (m —2)-1=m — 1.
In the same spirit one uses the proof of Lemma to show that also in case of ¢! the Anaa-
exponent increases by at most m — 1.
Using the assumption we conclude
16lllier < C- ARGVt = € ARE (D).

max

So the proof by induction is completed.

In the setting of our explicit construction of the map ¢,, in section we have ¢ = —40%4 and
Amaz = Ay - (10 - q7l)2'(m—1)'(n—1+k). Thus:

- 1) (r— (m—1)-1
lignllle < € m,tm) - (do - (- ) "= 7140)

< C (ma lv TL) : qi-(m71)2~l-(n71+k¢)

where C (m,l,n) is a constant independent of ¢,,. O
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In the next step we consider the map h,, = g, o ¢,, defined in section [3.2
Lemma 6.4. For everyl € N it holds:
lhalll < C - g3 tm =D s

where C' is a constant depending on m, | and n, but is independent of ¢, .
Proof. By definition of the map h,, = g, o ¢, in section we have:

B (T4 ooy Tn) = G © O (T15 20y Tim)

= ([0n (@15 zm)]y + 100G [On (21, 2m)]g 5 [ (215 Tm)g 5o [ (21,0, 2)],)
and
@y, ) = 05t 0 gyt (1 ey Tn)

= ([@71 (r1 —n - qn - T2, T2, ...733m)]1 s [¢;1 (r1 —n-qp - T2, T2, ...,xm)]m)
We estimate:
[l <2+ (- gn)' - lénl[ls < C (m, 1) - gy - g2 =D =140 < O (m, 1, m) - g2 (=D (08)

with a constant C (m,l,n) independent of g,,. O

Remark 6.5. In the proof of the following Lemma we will use the formula of Faa di Bruno in several
variables (e.g. [CS96]). For this we introduce an ordering on N¢: For multiindices i = (pu1, ..., ita)
and 7 = (vq,...,v4) in N¢ we will write ji < 7, if one of the following properties is satisfied:

1. il < |7], where || = Y0 .

2. |ji] = [7] and py < vy

3. Al =17, pi=vifor 1 <i<kand pry; <wvgr foral <k <d
Additionally we will use these notations:

e For 7 = (vy,...,vq) € N&:

e For 7/ = (v1,...,v4) € Ng and 7 = (z1, ..., 24) € R%:
d

>V __ v

1l
i=1

Then we get for the composition h (z1,...,xq4) = f (g(l) (T1, .y Tq) s ooy g (1, ...,xd)) with suffi-
ciently differentiable functions f : R™ — R, ¢ : R? — R and a multiindex # € N¢ with || = n:
K
- =[Pl
e Y pyy Soa
s=1 4

o N
XeNg with 1<|X|<n pa(#X) 9= Rl (lj!)| |
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Hereby [Dﬂﬁ] denotes (D;g(1)7...,DTj g(m)> and

Ds (ﬁ, X) =

{(kkzll) Feng,

—

ks

0T N0 <T < <13 o= Kand YR .z:.:g}
=1 i

i=1
Finally we are able to prove an estimate on the norms of the map H,:

Lemma 6.6. For every | € N we get:
N Hplll; < C - g2 (m=DL(nth)

where C' is a constant depending solely on m, I, n and H,_1. Since H,_1 s independent of q, in
particular, the same is true for C.

Proof. Let [ € N, r € {1,...,m} and ¥/ € Njj’ be a multiindex with || = [. By applying the before
mentioned formula of Faa di Bruno we estimate:

||Dﬁ [Hn] = ||D17 [Hn—l © hn]

rHo THO
fc'.
o il

l —
> 1Dx (Hnal,fly- > D2 7t R ]
s=1 .

. N
XeNg with 1<|X|<! pa(2X)  I=1 L (lj!)| |

IN

By definition of the set p; (17, X) we have Y7, k;| - I; = i7. Hence:

S m S m S S m S
BUEDSRE Sl 03TRI IS ol IS AN iy B ol
i=1 t=1 \i=1 ¢ t=1i=1 i=1 t=1 i=1
E; A 2 me1)2]- .
Hereby, we compute using Lemma H;Zl |||hn|”Ilj| < C'Qi (m—1)-1 (n+k)’ where (' is a constant
i
independent of ¢,. Since H,,_; is independent of ¢,, we conclude:
> . — 2 .
||Dl7 [H7Jr||0 <C- %21 (m=1)™t (n+k)7
where C is a constant independent of ¢, .
In the same way we prove an analogous estimate on ||D17 [Hg 1] 7H 0 and verify the claim. O

In particular we see that this norm can be estimated by a power of ¢,.

6.2 Proof of convergence

For the proof of the convergence of the sequence (fy),, oy in the Diff>* (M)-topology the next result,
that can be found in [FSWOT7, Lemma 4] is very useful.
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Lemma 6.7. Let k € Ny and h be a C°-diffeomorphism on M. Then we get for every a, 8 € R:
dy (hoRa o hil,hoRB o hil) <C - H\hmzii o= 1],
where the constant Cy, depends solely on k and m. In particular Cy = 1.

In the following Lemma we state that under some assumptions on the sequence (), y the
sequence (f,),cy converges to f € Ay (M) in the Diff>* (M)-topology. Afterwards we will show
that we can fulfil these conditions (see Lemma [6.9).

Lemma 6.8. Let s > 0 be arbitrary and (ky),, oy be a strictly increasing sequence of natural numbers
satisfying > oo, ki < e. Furthermore we assume that in our constructions the following conditions

are fulfilled:

o — ] <e and o — ap| <

1
< = or every n € N
2o Gy AT Y

kp+1

where Cy,, are the constants from Lemma [6.7

1. Then the sequence of diffeomorphisms f, = Hyp o R, ., © H; ' converges in the Diff*(M)-
topology to a measure-preserving smooth diffeomorphism f, for which d, (f, Ra) < 3-€ holds.

2. Also the sequence of diffeomorphisms fn = H,oR,o0H, '€ A, (M) converges to f in the
Diff>*(M)-topology. Hence f € An(M).

Proof. See [Kul6, Lemma 5.8.]. O

As announced we show that we can satisfy the conditions from Lemma [6.8]in our constructions:

Lemma 6.9. Let (ky), oy be a strictly increasing sequence of natural numbers with > ki < 00

and Cy, be the constants from Lemma[6.7. For any Liouvillean number o there exists a sequence
ap = p—: of rational numbers with 10n? divides g, such that our conjugation maps H,, constructed
in section [31] and [3-3 fulfil the following conditions:

1. For every n € N:
1

z'kn'ckn : |||HnH

o — an| < Fon 1
[

2. For everyn € N:
1

20 kg - ||| Halll2

a—ay| <

3. For everyn € N

In (g,
IDH, A, < 240

9 . _1)2. . v
Proof. In Lemmawe saw ||[Hol|lk, 41 < Cp - g2 D7) Eat ) " here the constant €, was
independent of ¢,,. Thus we can choose g, > C,, for every n € N. Hence we obtain: |||Hp|||x,+1 <
2.m?-(n+k)-(kn+1)
dn .
Besides ¢, > C,, we keep the condition g, > 200 (n — 1) -k - d? (n —1)+n=14k) . qiﬁrfzﬂc)

n—1"
In(gn)

from Remark H in mind. Furthermore we can demand ||DH,, 1|, < = from ¢, because H, 1
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is independent of ¢,. Since « is a Liouvillean number, we find a sequence of rational numbers

Qp = %, Pn, @n relatively prime, under the above restrictions (formulated for §,,) satisfying:

|ov — aup—1]

PR Ch. - (10n2) F2m (o) Gon k17 1 2em® (n40)- (o +1)7

oo — @y | =

Put ¢, = 10n? - §, and p,, := 10n? - ,,. Then we obtain:

| — | < @~ @]
n

2n+1 k- kn . Ckn . q1+2‘m2'(n+k)'(kn+1)2 .

n

2 2
So we have |a — ar,,| =3 0 monotonically. Because of H\HMHZ:E < gzm R Rt DT s vields:
2n+1'k'Qn‘kn‘c}kn‘||‘H71|||:Zii . Thus the first property of this Lemma is fulfilled.

Furthermore, we note k, > 1 and Cj, > 1 by Lemma Thus gy, - kn - Ck, > gn. Moreover,
Hylllh > |[Hnll, = 1, because H,, : S* x [0,1]™ " = S x [0,1]™ ' is a diffeomorphism. Hence
0
[H |55} > || Hlll1. Altogether we conclude 271 g, - Ky, - Cre, - ||| Hon ||[57 51 > 2740 - gy« ||| Hou |1
and so:

| — | <

1 1

a— Q| < <
S e g e o IS = 270 K g T

(6)
En+1
i.e. we verified the second property. O

Remark 6.10. Lemma [6.9shows that the conditions of Lemma [6.8] are satisfied. Therefore our se-
quence of constructed diffeomorphisms f,, converges in the Diff>*(M)-topology to a diffeomorphism
feAs(M).
To apply Proposition [5.8 we need another result:
Lemma 6.11. Let (o), oy be constructed as in Lemma . Then it holds for every n € N, for
every i € N, i <k, and for every m < qpy1:
o 1
o (£ F57) < o

Proof. According to our construction it holds h, o Ry, = Ra,, o h, and hence

fa—1=Hy—10Rq, 0o Hyly = Hyy 0 Ro, 0 hyohyt o HY

=H, 10h,0R,, oh,'oH ' =H,oR,, oH,"

Hereby and with the aid of Lemma [6.7] we compute:

do (fi™, fi™) =do (Hj 0 Risa,,y © Hy ' Hj 0 Riay o H ') < ||| Hj||y i -1+ 2+ o — ] -

Since m < gn41 < g; we conclude for every j > n using equation |§| :

o (7 78) < WA -2l = ol < H 2 e < 700 <
Thus for every m < g,41 we get the claimed result:
k © 1\
o (£ 157) = Jim o (F7 A7) < i D do (P < Y 5= (5)
j=n+1 j=n+1
O
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Remark 6.12. Note that the sequence (my),,cy
my, < ¢n+1 and hence[6.11] can be applied on it.

defined in section 4| meets the mentioned condition

Concluding we have checked that all the assumptions of Proposition [5.8| are satisfied. Thus
this criterion guarentees that the constructed diffeomorphism f € A, (M) is (k1,..., ki)-weakly
mixing. In addition, for every ¢ > 0 we can choose the parameters by Lemma [6.§] in such a way,
that dos (f, Ra) < € holds.

In order to prove the genericity results in section [7] we have to compute the weak distance
between f and f,:

Lemma 6.13. Let v, == Hy, 10 g, (nn) and (my), oy be the sequence of natural numbers defined
in section[f Then we have for every i € {1,...,k}

) ) 1 1
Z o (fam () AfEme (o) < n g

CcEVn,

Proof. At first we observe for I'), = H,_1 0 g, (fn) € vy

i (£ () AL (T) = (RE2 (00" (1) ) Ahagr o RET 0 bty (03 (1))

and introduce the notation by, ; := do (Rg:”gl yPnt1 0 RQ’ZI; o h;_lH).

In case of 0 <[ < n — k there are

2 a 2 2 4 " 2.(m—1)+1
n-qn-|ng —2- Tons ‘(n—k—=1)-(n°qg; —2- Tonz <(n-qn)

elements of the partition 7, on {L H‘—l} x [0, 1]m71. By the shape of elements in 7, and the

ngn’ Nqn

calculations in the proof of Lemma the image of such an element under fo‘:i"l o ¢, ! consists of

k q2 m-(n—1+k)—1 q2 (m—1)-(n—2+k)
1+ch,n'(n2qi—2"’1022—‘> ~<n2qi—2~[1022—‘>

k
S Z Cdyn . (nqn)ﬁlm(’n*l*‘rk)

blocks.

On the “distribution part” such a block has sidelengths
p gths —
-1 . . ' -1 .
(n»qn)l"(’fﬁ*k*“ in the coordinates 71, ...,7,_2 as well as (n.qn)2'7”*(”*1&111:)72»(111—1)"1—' in the r,,_1-

coordinate for some 7' € {1,...,n — 1}. The part of h,, 110 R:™" o h;}rl (qﬁ;l (fn)) corresponding
1

1-1p . .
n.qn)z'?zi““ﬂ in the #-coordinate,
1

QAn 42

1—
el 9b,; in the
d".(n_qn)Z-(n—l-Fk-%—T) n,?

An+1

to any block of R:™» (¢; 1 (fn)) surrounds a block of sidelengths

. -2 . . 1— L.
f-coordinate, (nq)z-m—sﬁww) — 2by, ; in the 7y, ..., 7, —o-coordinates and na )z_m_(n,lsf:),Z_(m,l)_T -
“dn ‘n
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. . .. . . . 1--L
2b,,; in the r,,_1-coordinate as well as it is contained in a block of sidelengths dn_(n‘qn)ziﬁlﬁw) +

1
5l
)2»'"1,»(1L71<i’»nk)72»(7n71)»T +
3

. . -1 . .
2b,, ; in the f-coordinate, W%—i_%"’i in the rq, ..., 7, _o-coordinates and e
“dn “4n

2by,; in the 7,,_1-coordinate.
Similar considerations apply on the block R;™" o ¢, LIy x W).
Since

bn,i =do (RZ:fﬁvthrl © R;ZTQ © hr;lr1> < H‘hn+1|||1 ko, - |O‘n+1 — Ony2
1

2~m2-(n+k+1)-kf’/+1
qn+1

<N Hntalll1 - @ns1 -2+ g —af <
by Lemma [6.9] we conclude

k
S (i () AFET () < (n—k) - gn - (n- gn) MO > can - ()™ R g m by,

cEVy d=1
< 1 1
2n  n2m . g3m

This implies the claim. U

7 Proof of genericity

First of all, Proposition yields the denseness of (k1, ...,k )-weakly mixing diffeomorphisms in
Ay (M):

Because of A, (M) = {hoRy,oh~!t:heDiff* (M,u)} it is enough to show that for every
diffeomorphism h € Diff>* (M, u) and every € > 0 there is a (k1,. .., kx)-weakly mixing diffeomor-
phism f such that dog (f,hORa ) h_l) < e. For this purpose, let h € Dift* (M, ) and € > 0
be arbitrary. Since Diff>* (M) is a Lie group, the conjugating map g + ho go h~! is continuous
with respect to the metric do,. Continuity in the point R, yields the existence of § > 0, such
that de (9, Ra) < 6 implies do (hogoh™ ho R, 0oh™') < e. By Proposition we can find a
(K1, ..., ke)-weakly mixing diffeomorphism f with deo(f, Ra) < 0. Hence f := ho f o h™! satisfies
doo (f, ho Ry, o h_l) < e. Note that f is (K1,. .., KK)-weakly mixing.

In order to prove the genericity statement in Theorem [I] we consider all sequences of constructed
diffeomorphisms (f,),, ¢y satisfying the requirements from the previous sections. Let U,, (f,) be the
subsequent neighbourhood of the diffeomorphism f,,:

Un (fn) =

, Z U (gz‘nln (Fn) Af:];mg (Fn)) < E . W for 1 = 1’ . 7]@}

Tn€Ev, n

{g € Diff* (M, ) : dg,., (fn,9) < 2
n+1

By ©,, we denote the union of all neighbourhoods U, (f,,) over all the n-th diffeomorphisms in the
above mentioned sequences. Since the neighbourhoods U, (f,,) are open the sets ©,, are open as
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well. Then

o= Ue.

neNs>n

is a G-set as the countable intersection of open sets.

e For all the sequences (f,),cy the respective limit diffeomorphism f € A, (M) belongs to
©, because it belongs to U, (f,) for every n € N by construction (cf. Lemma [6.13). So ©
contains all the constructed diffeomorphisms with the aimed properties. Hence, it is dense in
Aq (M) due to the above considerations.

e In the next step we want to show that f € © is a (k1, ..., ki )-weakly mixing diffeomorphism:
For any f € ,enUssn ©s there is a sequence (ng),cy with n; — oo as [ — oo, such that
f € Oy, So there is a sequence (f,,),cy of diffeomorphisms, at which f,, is the n;-th
element of one of the above mentioned sequences of constructed diffeomorphisms, such that
f € Uy, (fn,). We observe that v,, — € as [ — oo, where v, is the partition belonging to the
diffeomorphism f,,. Moreover, we have

|,u (Fm n fiiimnl (Am)) — Riny - (Fm) CH (Am) —(1— “i,nz) T (Fm N Am)|

23
<n 'M(Fm) ':U'(Anz)
l

for every 'y, € vy, and A,, € &, by the definition of the neighbourhoods U, (fy,). Then
we can conclude that f is (k1,. .., Kg)-weakly mixing.

Thus the set of (ki,...,kr)-weakly mixing diffeomorphisms in A4, (M) contains a dense Gs-set.
Hence, Theorem [I]is deduced from Proposition [2.2

8 Applications

As a first application of the (k1, ..., ki )-weak mixing property we state [JLI2, Lemma 1.3]:

Lemma 8.1. Suppose that T is (1 — k1,...,1 — ki )-weakly mizing with k1,...,kk € (0,1) and
(log (k1) ,...,log (kK)} linearly independent over Q. Then

Ok(1) %+ % Opk(l) 1 Okl (1) X+ % Opr/ (1)

for all numbers 0 < k(1),...,k(l), k' (1),..., k' (") < K unless (k(1),...,k(l)) is a permutation of
(K'(1),..., k' (1")).

Hereby, Corollary [1] follows from Theorem

Moreover, we can follow the lines of [JL92] and [Ru79, Example 2] to get a smooth weakly
mixing diffeomorphism with no measurable square root: Let T € A, (M) be a diffeomorphism as
constructed in Corollary [lland S =T x T x T. By [JL92, Corollary 3] any measurable square root
must have the form (7' x TU2) x T!3)) U, with I(i) € Z and 7 = id, where U, : M3 — M3 is
defined by Uy () (j) = = (7(j)). Thus, for some i we would have (i) = ¢ and then 2I(i) = 1 which
is impossible for I(i) € Z.
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