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Abstract

We consider a nonparametric autoregression model under conditional heteroscedas-
ticity with the aim to test whether the innovation distribution changes in time. To this
end we develop an asymptotic expansion for the sequential empirical process of non-
parametrically estimated innovations (residuals). We suggest a Kolmogorov-Smirnov
statistic based on the difference of the estimated innovation distributions built from
the first [ns| and the last n — |ns] residuals, respectively (0 < s < 1). Weak conver-
gence of the underlying stochastic process to a Gaussian process is proved under the
null hypothesis of no change point. The result implies that the test is asymptotically
distribution-free. Consistency against fixed alternatives is shown. The small sample
performances of the proposed test is investigated in a simulation study and the test is
applied to data examples.
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1 Introduction

Assume we have observed a time series that can be modelled via an autoregression model,
possibly with conditional heteroscedasticity. We aim at testing for a change point in the
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innovation distribution. Tests for change points in the distribution of time series data have
received a lot of attention in mathematical statistics; see Picard (1985), Giraitis, Leipus &
Surgailis (1996), Horvath, Kokoszka & Teyssiere (2001), Inoue (2001), Boldin (2002), Lee &
Na (2004), Huskova, Praskova & Steinebach (2007), Huskova, Kirch, Praskova & Steinebach
(2008), among others. Recently, an online-monitoring procedure to detect changes in the
innovation distribution of linear autoregressive models was developed by Hlavka, Huskova,
Kirch & Meintanis (2012). Those tests have applications in different areas, e.g. finance,
climate science and medicine. For instance financial time series are tested for changes in the
volatility or return (see e.g. Andreou & Ghysels (2009)) or, for climate control reasons, the
annual water flow of rivers are tested for changes (see Huskova & Antoch (2003)).

Classical tests for change points in the distribution of independent data are often based
on the difference of empirical distributions of the first |ns| and the last n— [ns| observations,
respectively (0 < s < 1). To derive asymptotic properties of the test sequential empirical
processes are considered; see Shorack & Wellner (1986, p. 131) and also Csérgo, Horvéath &
Szyszkowicz (1997). Those methods for independent data have been transferred to test for
change points in the innovation distribution of parametric time series models. Sequential
empirical processes based on estimated residuals and corresponding change point tests were
suggested by Bai (1994) for ARMA-models, by Koul (1996) in the context of nonlinear time
series and by Ling (1998) for nonstationary autoregressive models. Those articles are the
ones most similar in spirit to the paper at hand. However, we do not assume any parametric
model for either the autoregression function, nor for the conditonal variance function, but
use nonparametric kernel estimation methods. The (non-sequential) empirical process of
residuals in a nonparametric homoscedastic autoregressive time series model was considered
by Miiller, Schick & Wefelmeyer (2009) who prove an asymptotic expansion. Moreover,
residual empirical processes play an important role in the test for multiplicative structure in
a nonparametric heteroscedastic time series regression model by Dette, Pardo-Fernandez &
Van Keilegom (2009). On the other hand our approach is similar in spirit to Neumeyer & Van
Keilegom (2009) who consider change point tests for the error distribution in nonparametric
regression models with independent observations. However, in comparison to the latter three
articles the methods of proof in the paper at hand require considerably more technical effort
because both the time series structure of the data and the additional index s € [0, 1] in the
stochastic process have to be taken into account.

We prove an asymptotic expansion for the sequential empirical process of residuals and
prove weak convergence of the scaled and centered process to a Gaussian process. It can
be seen from those results that the nonparametric estimation of the autoregression and
variance function decisively changes the asymptotic behaviour in comparison to the case
where innovations would be known. The asymptotic expansion of the sequential process
is then used to show that nevertheless the Kolmogorov-Smirnov test for a change point as

described above is asymptotically distribution-free. As a by-product of our proofs we obtain



results on uniform rates of convergence of kernel estimators (see Lemma B.1 in the appendix).
Those are similar in spirit to results derived by Hansen (2008), but in contrast we avoid the
stationarity assumption. Only some stabilization of the mean of innovation densities is
needed (see assumption (F’)), which allows us to apply the results to prove consistency of
the test under the existence of a change point. We moreover present a simulation study
which shows good approximations of the asymptotic level as well as good power properties
of the test under the example models considered. As data applications we consider two
financial time series, namely the quarterly GNP of the USA and the S&P 500 index.

The paper is organized as follows. In section 2 we present the model, the nonparametric
curve estimators and the stochastic process used for the change point test. In section 3 we
list technical assumptions and present the asymptotic results for the sequential empirical
process as well as for the process used for the change point test under the null hypothesis
of no change point. Asymptotic results under fixed alternatives are presented in section 4.
Section 5 is concerned with a homoscedastic modification of the model. In section 6 we
present simulation results and consider the data examples. Section 7 concludes the paper,
whereas all proofs are given in the appendix.

2 Model, hypotheses and test statistic

Let (Xj) ez be a real valued stochastic process following the heteroscedastic autoregressive

model of order one,

(AR) Xj =m(X;) +o(X;1)e,
where the innovations ¢;, j € Z, are independent with E[e;] = 0 and E[e3] = 1 Vj and
¢; is independent of the past X, k£ <j —1, Vj.

Assume we have observed Xj,..., X, and our aim is to test for a change point in the
innovation distribution. Thus we formulate the null hypothesis as

Hol El,...,gnNF
(with F unknown) while the fixed alternative has the form
o : 300€ (0,1): e1,esClnoe) ~ Fs Elngo)tse-sn~F, F#AF

(F, F unknown). Let &; denote an estimator for the innovation ¢;, j € Z, to be defined below.
We consider a Kolmogorov-Smirnov type test statistic based on the stochastic process

) L] — Wye /- )
Tn(87t) - \/ﬁZk:TIL Dok Zé_m;frl ‘ <F|_n8j (t) - F*—Lnsj (t)> , S€E [07 ]-]7t S ]Ra (21)

n

3



where the sequential empirical processes are defined as

[ns)

- Wnj ~
F[nsj@) = Z LnsJJ I{Ej < t}
7j=1 Z
wnj

j=|ns|+1 Zk:L”SJ'H Wk

The weights are chosen as w,; = w,(X,_1) with continuous weight function w, : R — [0, 1]

such that for some sequences a,, — —o0, b, — 00,

1, x € la,+ K, b, — K]
wy(x) = 2.2
(x) 0. = ¢ lab] (2.2)

for some fixed k > 0 independent of n. The weights are included in the definition of the
sequential empirical processes to avoid problems of kernel estimation in areas where only
few data are available, compare to Miiller, Schick & Wefelmeyer (2009) and Dette, Pardo-
Fernandez & Van Keilegom (2009). Further let the residuals be defined as

X, ()
! o(Xj1)

for kernel regression and variance estimators

i) — Z?ﬂK(zian)Xi (23)
z 1K<

N K () (X — ()2

7 (z) = (2.4)

zm(w—fH)

and &(x) = (62(x))"/2. Here K denotes a kernel function and ¢, a positive sequence of
bandwidths. For the ease of representation we use the same bandwidth ¢, to estimate m
and o, though in practice it may be advisable to choose different bandwidths. The asymptotic
results presented in the paper remain valid when two different bandwidths according to the
assumptions (C) and (C’), respectively, in the next sections are chosen.

We list model assumptions as well as assumptions on the estimators in the next two
sections.

3 Asymptotic results under the null hypothesis
Throughout this section we make use of the following assumptions.

4



(K) The kernel K is a three times differentiable density with compact support [-C, C] and
SUDye— 0,0 KW (u)| < K < o0, p=0,1,2,3. Moreover K(C) = K(-C) = K'(C) =
K'(=C) =0 and [ K(u)udu = 0.

(C) The sequence of bandwidths ¢, fulfills

(logn)"
ncztv3

nct (logn)" — 0, — 0 forallpn>0.

Remark: As can be seen from the proof the first bandwidth condition can be replaced by
nct (gnq2)2(ql)? = O(nck (logn)® a8 21y = o(1), where gy, 43, g1, 74, 75,7 are defined
in assumptions (X) and (M) below. The second bandwidth condition is equivalent to
the existence of some § > 0 such that

(logn)? _ (ogn)"

3+26 ’ 1+l
nc, nen 3

~0 (3.1)

for allm > 0. The first condition in (3.1) is typical in the context of empirical processes
of nonparametrically estimated residuals, compare Dette, Pardo-Fernandez € Van Kei-
legom (2009) or Neumeyer & Van Keilegom (2009), while the log-factor stems from
the boundary truncation via the weight function. The second condition in (3.1) arises
at the very end of the proof of Lemma B.J in appendixz B due to a d-dependent covering
number. The constant 0 is also used in Lemma B.2 in appendix B.

(I) For the interval I,, = [a,, b,] there exists some r; < oo such that (b, —a,) = O((logn)™).
Moreover (ff;j” fxo(@)de + [ fx, (x)dx) = o((logn)™1).

(W) The weight function w, : R — [0, 1] fulfills (2.2) and is three times differentiable such
that sup, ey SUP,er W (z)] < oo for p=1,2,3.

(F) The innovations ¢;, j € Z, are identically distributed with distribution function F.
Their density f is continuously differentiable and sup,.g |f(£)t| < oo as well as

supyeg | f ()] < oo,
Remark: Due to the continuity of the density f and the derivative f’ it follows that
also sup,eg f(t) < 00, supep |f/(t)| < 0o and sup,cp | f/(t)t] < oo.

(E) There exists some b > 1+ v/3 such that E [|Xo|*] < oo and E [|e;]|*] < oc.

(X) The observations X, j € Z, are identically distributed and the process (X;);ez is a-
mixing with exponentially fast decaying mixing-coefficient a(n).
Their density fx, is bounded and four times differentiable with bounded derivatives.
The density is also bounded away from zero on compact intervals and there exists some
ry < oo such that ¢/ = (inf,er, fx,(7))"! = O((logn)™¥).

Remark: Assumptions (F) and (X) imply strong stationarity of the process (X;);ez.
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(Z) It holds that
sup (([m(@)] + o(@))** fx,(@)) = O(1)

$€Jn

and there exists some 1 < j* < oo such that

sup ((!m(%’)| +lo(@)))* (Im(a)] + |o(2)])" fXO,Xjfl(x,x')) = 0(1)

z,x' €Jy

is valid for all j > j*+1, for k = 1,2, n — oo with J, = [an—(C+cn 2n~2(logn)2)c, , bu+
1
(C + cn?n~2(logn)?)ey).

(M) The regression function m and the scale function o are four times differentiable and

there exist some r,,r, < oo and g, ¢ with ¢, = O((logn)™), ¢7 = O((logn)™),
(gn)™" = O(1), (¢7)~" = O(1) such that sup,cp,, ce,p,tcen] \m (@) = Olan),
SUD e o, —CienbutCen [ (@)] = O(an), = 0,1,2,3,4 and (infoer, [o(2)]) ™" = O(q)).

An example for which the assumptions are fulfilled is the AR(1) model X; = 0.5X,_1 +¢;
with standard normally distributed innovations ¢;, 7 € Z. Then the observations X;, j € Z,
are identically N(0, %) distributed and with I, = [— (2 log((log n)?))"/2—x, (2 log((log n)?))*/*+
k], a weight function that fulfills (W), a kernel function that fulfills (K) and a bandwidth
that fulfills (C) all assumptions are fulfilled. To this end note that exponential a-mixing
holds for stationary models with limy o (|m(x)| + |O’($)|E[|€J|T]%)/|ZE| < 1 for some 7 > 1
with El|e;|"] < oo; see Doukhan (1994).

In the first theorem we state a stochastic expansion of the residual based sequential
empirical process. The proof is given in appendix A.

Theorem 3.1 Under model (AR) with assumptions (K), (C), (1), (W), (F), (E), (X), (Z),
and (M) we have that under the null hypothesis Hy of no change point
1 el

_Zwm (I{g; <t} = F(1))

LHSJ

= —Z (I{e; <t} = F(1)) +—f

3IH

Z [T t)t%Z(s?—l)JroP(—)

§H

uniformly with respect to s € [0,1] and t € R.

Remark 3.2 The theorem complements results by Miiller, Schick & Wefelmeyer (2009)
and Dette, Pardo-Fernandez & Van Keilegom (2009). In both articles only non-sequential
processes are considered (i.e. the case s = 1). While Miiller, Schick & Wefelmeyer (2009)
consider a homoscedastic version of model (AR) (o = const, see also section 5), Dette, Pardo-
Fernandez & Van Keilegom (2009) consider a heteroscedastic autoregression/regression model
and a result similar to Theorem 3.1 (for s = 1) can be derived from their proofs. The se-
quential process (s € [0,1]) though requires much more involved methods of proof that also

result in slightly more complicated assumptions. ll
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From the stochastic expansion weak convergence of the sequential residual process can
be derived. The proof of Corollary 3.3 is given in appendix A.

Corollary 3.3 Under the assumptions of Theorem 3.1 under the null hypothesis Hy of no
change point the process

Lns)
N <Zk 1 Wnk <Ftnsj(t) _F(t))> ., se0,1,teR,

n
converges weakly to a centered Gaussian process (Kp(s,t))sc(o,1),tcr With

COV(KF(Sl,tl),KF(SQ,t2>> = 51 /\82 F(t

—~

Nta) — F(t1)F(t2))

(t1

+ 5182 f(tl (E 811{81 < tz}] +tHE [(5% - 1>I{51 < t2}])
(
(

+

f tQ (E 61]{81 < tl}] -+ th[({?% — 1)]{51 S tl}])

FI0) () (14 (64 ) B + (B - D) ).

Remark 3.4 From Theorem 3.1 and Corollary 3.3 it can be seen that the nonparamet-
ric estimation of the autoregression and conditional variance function vastly influences the
asymptotic behaviour of the process. The asymptotic distribution of the partial sum pro-
cesses decicively changes when based on residuals compared to the corresponding processes
built from iid innovations. This is different from simpler situations in specific parametric
time series models, see Bai (1994) and Kreif§ (1991), among others, but corresponds to sit-
uations in parametric as well as nonparametric regression models, see e. g. Koul (2002) and
Neumeyer & Van Keilegom (2009). Note however that neither the chosen kernel function
nor the bandwidth have any influence on the asymptotic distribution. Bl

The stochastic expansion given in Theorem 3.1 can be used to derive the asymptotic
distribution of the change point test. First we state weak convergence of the process defined
n (2.1). To this end in the following let (G(s,2))sec[o,1],2€[0,1] denote a completely tucked

Brownian sheet, i.e. a centered Gaussian process with covariance structure
Cov(G(s1, 21), G(s2,22)) = (51 A S92 — 5152) (21 A 22 — 2122).

Theorem 3.5 Under model (AR) with the assumptions (K), (C), (I), (W), (F), (E), (X),
(Z), and (M) under the null hypothesis Hy of no change point there exist Gaussian processes
(Gn(s, F(t)))scp)ter; m € N, with the same distribution as (G(s, F'(t)))scpo]ter such that

sup  |Th(s,t) — Gu(s, F(t))| = op(1).

s€[0,1],teR

The proof is again given in appendix A as well as the proof of the next corollary in which
we state the asymptotic distribution of the change point test.
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Corollary 3.6 Under the assumptions of Theorem 3.5 under the null hypothesis Hy of no
change point the Kolmogorov-Smirnov type test statistic supyepo 1) ter T, (s,t)| converges in
distribution to sup e 1) .e0,1) |G(s; 2)]-

Remark 3.7 From Corollary 3.6 it follows that the test is asymptotically distribution-free
although the stochastic expansion given in Theorem 3.1 still depends on the innovation
distribution in a complicated way. This remarkable feature in the context of procedures
based on nonparametric residual empirical processes was already observed by Neumeyer &
Van Keilegom (2009) in the context of independent observations. The critical values for the
test are tabled in Picard (1985). W

4 Asymptotic results under fixed alternatives

The assumptions (K) and (M) as well as the following assumptions are used to proof consis-
tency of the test under fixed alternatives.

(C’) The sequence of bandwidths ¢, fulfills

(logn)"
nc+v3

ncd — 0, — 0 for all n > 0.

(I’) For the interval I,, = [ay, b,] there exists some r; < oo such that (b, —a,) = O((logn)™).
(W?) The weight function w, : R — [0, 1] is continuous and fulfills (2.2).

(F’) Let ¢; have distribution function F,, and density f.,, j € Z. Let %Z’jzl SUpeg fe,; () =
O(1) as well as & 377 sup,eg | fo; (£)t] = O(1) for n — oo.

Remark: Under the alternative Hy the assumption is fulfilled when sup,p f(t) < oo,
sup,cp f(t) < 00, sup,p |f()t| < oo, and sup,cp |f(t)t] < oo, where f and f are
densities corresponding to F and F, respectively.

(E’) It holds that 137" | E [|X;[**] = O(1) for some b > 1+ /3, n — ooc.

(X’) The observation process (X;);ez is a-mixing with mixing-coefficient a(n) = O(n=")

(B+V3b+2+3
£ > max (2(1+\/§)b—2(2+\/§)’7>'

The observation densities fyx, are four times differentiable and fulfill

for some

SUDLer T Y iy |f)(£)_1(x)| =0(1), p=0,1,2,3,4. Moreover there exists some 7y < 00
such that ¢ = (infrey, 3 350 fx,, (2))7" = O((logn)™).
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(Z’) For all m,, <n with m_ ' = o(1) it holds that
s, ((Im(@)] + [o(2)]) 7 maxocscnm, S0 fx (@) = O(1),
e, ((m(@)] + lo@))* 5 maxo<scnm, LET (1+ B fx (@) = 0(1),

and there exists some 1 < j* < oo such that

S+man
1
k k
s (Im(@)| + lo(@)])" (Im(z")] + [o(z)]) e 0<§33Xmmz fxix;o (@,2)] = O(1)
’ " 1,j=S+1
[i—g>5*
and

it+5*
Sup <<|m(x)| + |a(x>|>2kj*+lr;1%>;_j* Z (1+ B! fXj_l(x)> = 0(1)

for k =1,2,n — oo with J, = [an—(C—l—CT_L%n_%(log n)z)e, bn+(C+c;%n_%(log n)2)cn)-
Remark: It suffices when the assumption is valid for m,, defined in (B.4) in the proof.
Under the alternative Hy the arithmetic mean of all fx, , converges to the weighted
sum of the observation density before the change point and the long range observation
density after the change point with weights 6y and 1 — 6y, so (Z°) is fulfilled if (Z) and
(Z) with the long range observation density instead of fx, are fulfilled and the last part
of (Z’) holds.

Remark 4.1 If the observations and the innovations are identically distributed it holds that
the second and third part of (X’) are equivalent to the second and third part of (X) and (Z’)
is equivalent to (Z). The other assumptions are not equivalent, even if the the innovations
are identically distributed. In detail it holds that assumption (I’) is weaker than (I), (F’) is
weaker than (F), (E’) is weaker than (E), the first part of (X’) is weaker than the first part
of (X), as well as (C’) is weaker than (C). H

Remark 4.2 Note that under the alternative the process (X;),ez is not stationary. Thus
to obtain consistency most auxiliary results in appendix B are proved without assuming
stationarity. A stabilisation of the density averages as in assumptions (F’), (X’) is sufficient

for our results to hold. In particular we generalize some of Hansen’s (2008) results in Lemma
B2 1

Theorem 4.3 Under the assumptions (K), (C°), (I’), (W’), (F’), (E’), (X’), (Z’), and (M)
under the fized alternative Hy with a change point in |nby|, we have

[nbo |
Zk 1 Wnk

Sup - (Fmeoj (t) — F(t)) = op(1)
igﬂg ZZ:Lne;;JH (O <Frt—[n90J( ) — F(t ))' =op(1).



Corollary 4.4 Under the assumptions of Theorem 4.3 the Kolmogorov-Smirnov type test
based on the process T, is consistent against fized alternatives Hi.

The proofs of Theorem 4.3 and Corollary 4.4 are given in appendix A.

5 The homoscedastic AR-model

In this section we consider a homoscedastic AR-model

(AR1) X; =m(X;_1) + ¢y,
where the innovations ¢;, j € Z, are independent with E[e;] = 0 and E[e?] < oo Vj
and ¢; is independent of the past X, k£ <j —1, Vj.

Our aim is to test the change point hypotheses Hy vs. H; from section 2. Note that here
under H; the change in the innovation distribution can result from a change in the variance.
The residuals are now defined as é; = X; —m(X,_1) and the test statistic is built with these
in the same way as described for the heteroscedastic case; see (2.1). Let assumptions (Z),
(M) under the null hypothesis and assumption (Z”) under the alternative be formulated as
(Z), (M) in section 3 and (Z’) in section 4, respectively, but replacing the variance function
o by a constant. Let (F) be formulated as (F), but replacing conditions sup,cp | f(£)t| < oo,
sup;eg | /()12 < 0o by sup,eg f(t) < 00, sup;eg | f/(t)t] < 0o. Let (F”) be formulated as (F’),
but deleting the last condition. Let (E) and (E”) be formulated as (E) and (E’) respectively,
but replacing 2b by b. Then the following asymptotic results are valid.

Theorem 5.1 Under model (AR1) with assumptions (K), (C), (1), (W), (F), (E), (X),
(7 ), and (M) we have that under the null hypothesis Hy of no change point

|_ns

[ns]
—Zwm ({5 <t} — F(t)) = ~

D NUCED RO YUE) SORRHE T

j=1

uniformly with respect to s € [0,1] and t € R.

Corollary 5.2 Under the assumptions of Theorem 3.1 under the null hypothesis Hy of no
change point the process

ns|
Jn (Zk 1 Wnk <F|_nsj(t) — F(t))) , s€]0,1],t eR,

n

converges weakly to a centered Gaussian process (Kp(s,t))scp,1]er with

Cov(Kp(s1,t1), Kp(sa, 1)) = s1 A 82 (F(ty Ata) — F(t1)F(ts))
+ 5152 (f(tl)E[éTlI{&fl S tg}] —+ f(tg)E[&TlI{&fl S tl}} + f(tl)f(tg)\/'ar(gl)>.
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Theorem 5.3 Under model (AR1) with assumptions (K), (C°), (I'), (W’), (F”), (E”), (X’),
(Z27), and (M ) the Kolmogorov-Smirnov type test based on the process T, is consistent against

fixed alternatives H.

The proofs are analogous to the proofs of the results in sections 2 and 4, but easier due
to the simpler structure of the model and the process. They are omitted for the sake of
brevity.

6 Small sample performance

6.1 Simulations

The heteroscedastic model. To examine the performance of the test on small samples
we considered AR(1) models and ARCH(1) models.
For the AR(1) case we considered the models

X;=05-X,1+¢, €1,...,€12) ~N(0,1), ELR 41y -y En ™~ Fy (respectively F’g),

2
where F) is the distribution function of a random variable that is A(—2¢,1) distributed
with probability 0.5 and N(2¢, 1) distributed with probability 0.5 and F} is the distribution
function of a random variable that is A(0, (1 — ¢)?) distributed with probability 0.5 and
N(0,2 — (1 — ¢)?) distributed with probability 0.5, for different values of (. Though the
data are generated by a homoscedastic model we assume for the data analysis validity of the
heteroscedastic model (AR).

In Table 1 the rejection probabilities for 500 repetitions, level 5% and sample sizes n €
{100,200} are shown. They are also shown in the left panel of Figure 1. It can be seen that
the level is approximated well and the power increases for increasing parameter ¢ as well as

for increasing sample size n.

% (=0 |¢=01[¢=02|¢=03[¢=04[¢=06|¢=08]| ¢=1
i, n =100 5 6.2 9.2 10.2 16.4 29 41
Fi,n=200| 58 9.8 10.6 12.4 16.2 40.2 78.2 92.4

¢ =099
Fy, n =100 5 6.8 6.4 7 7.2 10.8 18 28.2
Fy,n=200| 58 8.8 9.8 9.6 11.2 18.4 41.6 63.4

Table 1: Rejection probabilities obtained from AR(1) models
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The same kind of change points was examined for ARCH(1) models

X, = \/0.75 +0.25X2 ¢,

E1yen-

ez ~N(O0,1), 1241, -

e, ~ Fy (respectively Fz)

with rejection probabilities for 500 repetitions and level 5% as displayed in Table 2 and in

the right panel of Figure 1.

% (=0 1¢=01]¢=02|¢=03[¢=04|¢=06|¢=08]| (=1
Fi,n=100| 4.8 6.4 6.6 7.8 15.6 29.6 56.8
Fy, n =200 5 8.4 9.2 11.2 14.6 37.2 55.4 80

¢ =0.99
Fo,n=100| 48 6.8 7.6 8 7.4 10.2 17.6 42.2
Fy, n = 200 5 8.2 10 8.6 11.4 19.4 43.2 78.8

rejection probability

[

01

[

Table 2: Rejection probabilities obtained from ARCH(1) models

0.3 o4

0.5

0.6 0,7

difference zeta

08 0.9

rejection probability

[ 0,1 0,2

0.3 o4 0.5

0.6 0,7

difference zeta

08 0.9

Figure 1: Rejection probabilities obtained from AR(1) (left) and ARCH(1) (right) models
for n = 100 (dashed curves) and n = 200 (solid curves). The thick curves represent the
results for the model with Iy, the thin curves the results for the the model with Fy.

We also considered innovations with Student-t distribution with three degrees of freedom.

The Student-t distribution has heavier tails than the normal distribution and is therefore

more appropriate for modeling financial data. Due to the fact that Var(e;) has to be one for
all j, the Student-t distribution was standardized. We considered the ARCH(1) models

X, = \/0.75 +0.25X2 - ¢,

€1y ER] St(3), E[2]41s- -

12
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% (=0 |¢=01|¢=02]¢=03[¢=04|¢=06|¢=08]|¢=1

n = 100 5.4 6.8 8.2 8.4 10.6 10 9.6 9.4
n = 200 6 9.6 12.8 14.6 17.2 17 18.8 19.8
n = 500 6.8 14.6 26.6 28.8 33 39.4 42.8 46

Table 3: Rejection probabilities obtained from ARCH(1) models with St(3+10¢) distributed

innovations

for different values of (. The rejection probabilities for 500 repetitions, level 5% and sample
sizes n € {100,200, 500} are shown in Table 3 and in Figure 2.

The asymptotic level is approximated reasonably well and the power increases with in-
creasing ¢ as well as with increasing n. Here the increase with ( for small n is not as
pronounced as for the models considered before, because the difference between the distri-
bution before and after the change point is for ¢ = 0.5 just slightly different to that for { =1
because the Student-t distribution converges to the standard normal distribution.

We also examined the following ARCH(1) models:

X, = \/0.75 + 0.25XJ271 - €5, €1,...,€n] ~ St(3), ELB 41y En ™ Fy (respectively ]34),

2

where F} is the distribution function of a random variable that is (St(3) — 2¢) distributed
with probability 0.5 and (St(3) 4 2¢) distributed with probability 0.5 and Fj is the distri-
bution function of a random variable that is (1 — () - St(3) distributed with probability 0.5
and /2 — (1 — ()? - St(3) distributed with probability 0.5, for different values of (.

The rejection probabilities for 500 repetitions and level 5% are shown in Table 4 and Figure
3.

% (=0 1¢=01]¢=02|¢=03[¢=04|¢=06|¢=08| (=1
Fy,n=1001| 5.4 7 7.4 12.2 20.2 32.8 34 62.4
Fy, n = 200 6 9.2 12.4 25 51.2 82 78 84.6

¢ =0.99
Fy,n=100| 54 8 8.8 8.2 8.4 11.2 18.6 37.8
Fy, n =200 6 8.6 10.2 9.2 11.6 15 39.8 77.4

Table 4: Rejection probabilities obtained from ARCH(1) models

The models with Student-t distributed innovations with three degrees of freedom do not
fulfill the moment assumptions, because moments greater than or equal to 3 do not exist,

but the simulations show that the test works on them just the same.

13
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Figure 2: Rejection probabilities obtained Figure 3: Rejection probabilities obtained

from ARCH(1) models with St(3+10¢) dis- from ARCH(1) models for n = 100 (dashed

tributed innovations for n = 100 (dashed curve) and n = 200 (solid curve). The thick

curve), n = 200 (solid curve) and n = 500  curves represent the results for the model

(dotted curve). with F, the thin curves the results for the
the model with Fj.

Finally, we considered the skew-normal distribution as innovation distribution. Let Fj

denote the skew-normal distribution with location parameter
- 2 ((10€)* + (100)")
72+ (272 — 27) - (10¢)* + (72 — 27) - (10¢)*

scale parameter (w(1 + (10¢)?)Y2/(r + (7 — 2)(10¢)?)/? and shape parameter 10¢. We
considered the AR(1) and ARCH(1) models

X;=05-X,_1+¢y, €1,---,€|2] NN(O,l), El2]4+1s--En ™ F5

2

and

X; = 0754 025X7  vej, ez ~ N(OD), Egpn, e~ B

for different values of (. The parameters in the skew-normal distribution were chosen like
this to guarantee E[e;] = 0 and Var(e;) = 1 for all j. The rejection probabilities for 500
repetitions and level 5% are shown in Table 5 and Figure 4.

The homoscedastic model. For the homoscedastic model X; = m(X;_;) + ¢; as
considered in section 5 only Var(e;) < oo Vj is assumed so that we can simulate a change in
the variance. To this end we generated data from the AR(1) model

X;=05-X;o1+¢g,  e1,...,602 ~N(0,05%), ezji1,...,80 ~ N(0,(0.5+()%)

2
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% (=0|¢=01|¢=02|¢=03|¢=04|¢=06|¢=08]|¢=1
AR(1), n = 100 5 7 7.2 8.6 11.4 9.8 122 | 10.8
AR(1), n = 200 5.8 8.4 102 | 148 | 152 | 172 | 208 | 21.6
AR(1), n = 500 7.8 9.2 172 | 234 | 288 | 348 | 368 | 388
ARCH(1), n =100 | 4.8 7.6 8 10 11.8 11 12 | 122
ARCH(1), n =200 | 5 7.8 11.8 12 152 | 188 | 206 | 186
ARCH(1), n =500 | 7.4 9 148 | 218 30 354 | 36.6 | 38

Table 5: Rejection probabilities obtained from AR(1) and ARCH(1) models with skew-

normal distributed innovations

rejection probability

[ 01 0.2 0.3

o4 0.5

difference zeta

0.6

0,7 08

0%

rejection probability

[ 0,1

0,2 0.3

o4 0.5 0.6

difference zeta

0,7 08 0.9

Figure 4: Rejection probabilities obtained from AR(1) (left) and ARCH(1) (right) models
with skew-normal distributed innovations for n = 100 (dashed curve), n = 200 (solid curve)
and n = 500 (dotted curve).

for different values of (.

The rejection probabilities for 500 repetitions and level 5% are shown in Table 6 and in

Figure 5.
% (=0 1¢(=01]¢=02|¢=03|¢=04]¢(=06]|¢=08|¢C=1
n = 100 4.6 6.8 8.6 9.8 14.4 20 29.4 39
n = 200 5.6 9 17.2 25.2 40.2 68.2 85.2 95.2

Table 6: Rejection probabilities obtained from homoscedastic AR (1) models with change in

variance
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Figure 5: Rejection probabilities obtained from homoscedastic AR(1) models with change

in variance for n = 100 (dashed curve) and n = 200 (solid curve).

It can be seen that the theoretical results are supported by the simulations.

Simulation setting. For cach simulation 10 - n observations X, were generated, 9.5 - n
with distribution before and 0.5 -n with distribution after the change point. For the test the
last n observations were used. This was done to ensure that the process is in balance.

The empirical processes were built without the weight function w,,, which means that I,, was
chosen as the real line. This is contrary to the assumptions. Nevertheless the simulations
support our theoretical results very well, so it can be assumed that the weight function is
necessary for the theory but the test can be used regardless.

The Nadaraya-Watson estimators m and ¢ were calculated with Gaussian kernel and band-
width ¢, = n~7. This is also not compatible with all assumptions, e.g. the support of the
kernel is not compact. However this has negligible effect on the simulations because the
Gaussian kernel decreases exponentially fast at the tails. The choice of bandwidth is not
compatible to the assumption as well because it does not converge faster than n~i. A com-
patible choice would be ¢, = n_i(log n)~" for some adequate 0 < r < oo, but for the small
sample sizes that were used the logarithm would be too strong in comparison to n‘i, SO we
omitted it.

To study the influence of the size of bandwidth we simulated the first AR(1) model (with
Fl) with ¢, = ¢ - n~1 for different values of ¢ € R-¢. The results are shown in Figure 6. It
can be seen that the rejection probability increases with ¢, especially for ¢ > 0.5, but also

the rejection probability under the null hypothesis increases with c.
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Figure 6: Rejection probabilities obtained form AR(1) models with Fy for different sizes of
bandwidth and n = 200.

6.2 Real data applications

We also applied our new test to real datasets. Firstly we examined the quarterly GNP (Gross
National Product) of the USA in billions of dollars from 1947(1) to 2002(3). The data have
been seasonally adjusted. We looked at the difference of the logarithm of the GNP, which
is naturally interpreted as the growth rate of GNP. Figure 7 shows that there might be a
structural break in the data and indeed our testing procedure rejects the null hypothesis of
no change point with p-value smaller than 0.001. The vertical line marks the point |[ns]
at which the test process T, (s, t) is maximal. We used the test statistic for homoscedastic
cases, next to the one for heteroscedastic cases, for these data, because the plot suggests
that there might be some change in the variance. Both tests delivered the same value of the
test statistic which is 1.392 (approximately).

The same data were examined in Shao & Zhang (2010) with some kind of CUSUM test that
is based on an self-normalization method. They tested for a possible change in the marginal
variance, 75% quantile and 25% quantile of the observations, and the test for a change in
the 75% quantile rejected the null hypothesis of no change point with p-value smaller than
0.001. The tests for a change in the marginal variance and 25% quantile did not reject the
null hypothesis of no change point. The p-values for these were greater than 0.1.

Shumway & Stoffer (2006) also examined these data and used stationary time series models,
such as AR(1) and MA(2), to fit them. Both model fits pass their diagnostic checking tests,
but our results, as well as the results of Shao & Zhang (2010), indicate that the data might
not be a stable process but contain a change point.

Another dataset that we examined is the daily log-return of the S&P 500 index, a world
known stock index that is quoted at the New York stock exchange, from July 1st 1998 to
June 30th 2006. Figure 8 shows that there might be a structural break in these data as well,

which is confirmed by our testing procedure with p-value smaller than 0.001. Again the
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vertical line marks the point |ns| at which the test process Tj (s, t) is maximal. Like in the
GNP example we used the test statistics for both cases (hetero- and homoscedastic) and both
delivered nearly the same value of the test statistic which is 1.578 for the heteroscedastic
and 1.575 for the homoscedastic case (approximately).

We examined these data although it is known that for financial data often higher moments
do not exist, because our simulation study with Student-t distributed innovations shows that
the testing procedure works even if the moment assumption is not fulfilled.

The S&P 500 data were also examined by Kirch & Tadjuidje Kamgaing (2012). They
used a testing procedure based on cumulative sums of parametrically estimated residuals
for nonlinear autoregressive models. Instead of log-returns they used transformed squared
log-returns and they also reject the null hypothesis of no change point. They do not give a
p-value but reject clearly at level 5%.

0 500 1000 1500 2000

Figure 7: U.S. GNP quarterly growth rate Figure 8: S&P 500 daily log-return

7 Concluding remarks and outlook

In this paper we transferred classical ideas of testing for change points in samples of indepen-
dent observations to testing for change points in the innovation distribution in nonparamet-
ric autoregressive models with conditional heteroscedasticity. To this end we considered the
sequential empirical process of estimated innovations, proved an asymptotic expansion and
weak convergence. We showed that the classical Kolmogorov-Smirnov test for a change point
is asymptotically distribution-free in the new context and is not influenced asymptotically
by the nonparametric estimation of the innovations. We proved consistency of the test under
fixed alternatives and demonstrated the good performance in a simulation study. The proofs

are based on empirical process theory for time series data and require the development of
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several technical auxiliary results. In particular we prove uniform rates for kernel estimators

and their derivatives under nonstationarity assumptions.

It is the topic of a future project to apply the theory developed here to test for serial
independence of innovations or independence of the current innovation and past observations
resp. covariates in nonparametric time series regression models. Moreover our aim is to model

k-dimensional joint innovation distributions in multivariate time series models.

A  Proofs: main results

In this section we give the proofs for Theorems 3.1, 3.5, 4.3 and Corollaries 3.3, 3.6, 4.4,
whereas some auxiliary results (Lemmata B.1-B.6) are stated and proved in section B. In
some proofs standard arguments are given in condensed form for the sake of brevity. All
details can be found in Selk (2011).

A.1 Proofs for results under the null hypothesis

Proof of Theorem 3.1. From Lemma B.4 and Lemma B.5 it follows that under H,
uniformly with respect to s € [0,1] and ¢t € R

[ns] [ns]
LS (148 < 1= F0) = 3wy (14 < 1) = F(0) + Rols.) + on( =),

ns|

L
= %; (I{e; <t} —F(@) + Ru(s,t) + oP(%), (A1)

where for

[ns] R R
1 m—m o
R,(s,t) = — ni | F X t— (X, — F(t A2
(5.1 nj§1jwj< (" + 2 - F0) ()
it is straightforward to show by a first order Taylor expansion applying assumption (F) as

well as Lemma B.2 that

1 Lre) m-—m o 1
Rufont) = 0% 3wy (P00 412000 <) o) (49)

A
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uniformly with respect to s and ¢. Now inserting the definition of 7 from (2.3) we have
X, ) 1

ns| n ns ) Xi_1—X;
L 1 Z]LZIJ wn]K< : 1Cn - O’(Xjfl)
PSP = A et TR e
i—1 Zk:l K (J*C—n—>
n ns X 1—Xi— (m(Xi—1)—m(X;-1))
1 Z ]L 1Jw’”K( e 1) EXJ'—l) =
= 2 K (_Xjflc;Xk_l)
n |_nsj
SR DI} JNORER
uniformly with respect to s and ¢, which follows from Lemma B.3 (i)—(iii). Now
,Enslj Wy |ns] 1 &
S = IS 0 waXm) = () (A4
j=1

sup
s€[0,1]

can be shown by Chebyshev’s inequality and we obtain
o 1
)

1 262[7;_8] + Op(% .

n

(A.5)

[ns]

- Z Wy T (X )
i=1

2

By an application of
o 62 —0? (6 —0)
Z 1= _
o 202 202
and Lemma B.2, for the second term arising from (A.3) we have
| Lns) . Ll e .
_anﬂ (— 1) ) Zwm 7 (Xi- 1)‘|‘0P(%)-
Now noting that
L G e
K (rin(2))* (A.6)

’ (x) - Zl 1 Cn

similarly to the derivation of (A.5) with results similar to those in Lemma B.3 one obtains
1
(A7)

Lnsj R
1) = —
< - > 2n 4
J=1

. Zwm

Finally from (A.3), (A.5) and (A.7) one has
1< [ns] 1 &, 1
Dy 2ot S0 2 (=D +or(),
7j=1 7j=1
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R, (s,t) =



and the assertion follows from this equality and (A.1). O

Proof of Corollary 3.3. By an application of Theorem 3.1 it remains to show that

1 Lol |ns] l & |ns] 1 <,
V| =Y U ey St} = FO) + = =f() = > e+ == f(B)t= > (] 1)

j=1 j=1 j=1

= Z(an(s7ta f(t)v f(t)t) —FE [an(sv t f(t)a f(t)t)D (Ag)

converges weakly to the process (Kg(s,t))scp,1),tcr- Here we use the notations

_1 J [ns] [ns] 1
Zyj(s,t,u,v) =n 2(I{€j§t}l{ﬁ§8}+ - ue; + - 51}(5?—1) . (s, t,u,v) € F,
where

F= {(s,t,u,v) cse0,1,teRue {O,Supf(t)] RONS [— sup|f(t)t|,sup|f(t)t|}}
teR teR

teR

is equipped with the semi-metric
(s tu,v), (88,0, 0") = |s = | +|F(t) = F()| + |u— | + v =]

and is totally bounded. By an application of Theorem 2.11.9 in van der Vaart & Wellner
(1996) one can show weak convergence of the process

(Z (an(s, t,u,v) — E[Z,;(s,t,u, v)]))
(s,tiu,0)eF

j=1
to a centered Gaussian process. Details are omitted for the sake of brevity, but the arguments
are similar to (but simpler than) those in the proofs in Neumeyer & Van Keilegom (2009)
(see their proof of theorem 3 and the online supporting information).

The assertion now follows by the continuous mapping theorem applied to the projections

u = f(t) and v = f(t)t and by a straightforward calculation of the asymptotic covariance.
O

Proof of Theorem 3.5. For the process 7}, defined in (2.1) we have by a straightforward
calculation

To(s,t)

Zk Lnsj—l—l Wnk 1 ) Z Lns ] 1 Wnk 1

anjf{gj <t} - > wnI{ <t}

j=Ins|+1

n

[ns]

_ Vm Z““’”’”Zwm (I < 1} - F(t)) - Zt”fj“f"“zwm (I, <1} - F()

[ns]

_ /n _Zwm (I{¢ <t} —F(t)) -

Lns

Zwm (I1{g; <t} = F(1)) | +op(1)
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uniformly with respect to s and ¢. Here the last equality follows from (A.4). Now inserting
the expansion given in Theorem 3.1 we directly obtain

To(s,t)

_lns) e LN ,
_\/_n (1 n) nSJZI{]_ n — |ns| 2, =t ) +or)

j=lns|+1

uniformly with respect to s and ¢t. The assertion follows from Remark 2 in Neumeyer &
Van Keilegom (2009), which goes back to Theorem 3.1 by Csorgd, Horvath & Szyszkowicz
(1997). O

Proof of Corollary 3.6. It directly follows from Theorem 3.5 and the continuous mapping
theorem that

sup |To(s,t)| ——  sup |G(s, F(t)) = sup [G(s,2)]
s€[0,1],teR N0 se0,1],teR s€[0,1],2€[0,1]
where the last equality holds by continuity of F'. O

A.2 Proofs for results under fixed alternatives

Proof of Theorem 4.3. Assume that H; is valid with a change point in [n6y]. Analogously
to the proof of Theorem 3.1 we have from Lemma B.4 that uniformly with respect to t € R

ZLnGO W ) I_nQOJ
ST (g (1) = F(1) = Z wny(I{2; < £} = F(t))
Ln@oj

= — Z W 1{53 < t} F( )) +Rn(907t> +0P(1)

= Rn(‘%? )+OP<1)7

where the last equality follows from Lemma B.6. Here, for R, as defined in (A.2) one has
by the mean value theorem applying assumption (F’) and Lemma B.2 that

() — (@)

Thus the first assertion of the Theorem follows. The second assertion is shown analogously.
O

~

o
sup |f(t)| 4+ sup
teR zely,

m-—m

sup |f(t)t|Op(1) = op(1).

teR

sup |R,(0p,t)| < sup
teR zely,

Proof of Corollary 4.4. Assume that H; is valid with a change point in |[nfy|. For T},
defined in (2.1) we have

ZLn O e 2ot +1 Wnk ( ~ P
sup |7, (6. 1)| = Visup | <=L L (Bl (1) = B a0
\_noO Zn w
Wh, = nb nk ~
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from Theorem 4.3. Now under H; the right hand side converges to infinity in probability
from which consistency follows. O

B Proofs: auxiliary results

B.1 Results

For easy overview we first state the auxiliary results and then collect the proofs in the next
subsection.

Lemma B.1 Under the assumptions of either Theorem 3.1 or Theorem 4.3 we have that
LZK(V) (ZE — X"—l) XF—F b ZK(V) (x _ Xi_l) x*
ne, Cn ney <= Cn

i=1
_1
forv=0,1,2, k=0,1,2, where €, = c,ﬂn_%(logn)%.

sup
x€l,

= Op(&)

Lemma B.2 Under the assumptions of either Theorem 3.1 or Theorem 4.3 we have that

3 sy m(x) — m(x)
(i) sup o

x€l,

sup W =0Op ((c;%n_%(logn)% + ci) (qan:qfl)2> = op(1), where qn, ¢/, ¢°
.'Eeln o

are defined in (M) and (X) resp. (X’).

(i) sup |~ (M)‘ — op(1), sup

z€l, % U(m) z€l,

) (M) _ <m<y>—m<y>>
ox o(x) Oy a(y)

_1 1 1
= Op ((cn *n~z(logn)? + Ci> qnqifq;i) = op(1),

32 (5 )| -0

(iii)  sup = op(1),
z,ye[n,x;:éy |y - 'CL‘|(S
o (M) _2 (fr(y)—a(y))’
sup w o(x) z(;s o(y) = op(1) with § from (3.1).
T,y€ln,x#yY |y — ZL‘|

Lemma B.3 Under the assumptions of Theorem 3.1 we have

1 [ns] 1K (Xj—l—Xi—l) 1 Zn K (X]-_l—Xk_1> .
. Cn Cn nen k=1 Cn
() 521[31,)11 n? ;81 ]Z_;wng Lsw K (Xj—lek71> B OP<%>
Xi1—Xi
" - LS T ( Bt ) (0(Xi_1) — o(X;_1)) L
ii) sup |—= ) & — on(—
36[071] n2 i=1 j:l U(X]_l) L ZZ:I K (Xj—l_Xk—1> P n
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n Xj1—Xi—1
. i w,) ﬁzile(—ﬂ ) (m(X, ) — (X)) 1
iii) sup |— = op(—=).
sefo1] |7 4= o(X;-1) Ly ( i 17Xk,1> Pn

Cn

n

Lemma B.4 Under the assumptions of either Theorem 3.1 or Theorem 4.3 we have that

| lns (Xj1)>—f{€j <t} +F€f(t)) = O <%>

—Zwm(f{gj <t} —F. ( —(X;o1) +
uniformly with respect to s € [0,1] and t € R, where under Hy all F;, are equal to I

m—m

Lemma B.5 Under the assumptions of Theorem 3.1 we have that
[ns] [ns]

w2 1 S0 = F0) = 03 (16 <= PO +on( 7

J=1

< -

uniformly with respect to s € [0,1] and t € R.

Lemma B.6 Under the assumptions of Theorem 4.3 we have that

Ln@oj n
LS (e <0 - F0) = op(), + S wy (T <0 = F) = op()
j=1 Jj=Inbo]+1

uniformly with respect to t € R.

B.2 Proofs

Proof of Lemma B.1. Let k& € {0,1,2}. Throughout the proof we assume that |XF| <
nt logn for all i with b from assumptions (E), (E’). This is possible, because

n . 1 n
P<111<1?%>%|X ‘>nblogn) < ;POX{“‘ >nblogn> < m;Ele‘kb] = o(1)

by assumption (E) resp. (E’).

Choose points z;, j = 1,..., M} < M, = (b, — a,)/(€c,) (for I, = [an,b,] from
assumption (I) resp. (I')) such that I,, is covered by intervals [x; — €,¢,, Tj + €,¢,]. Now let
Kr = KI_c,c), where K1 is bounded by K on the support [—C, C] of K for v € {0, 1,2}
(assumption (K)). Then by the mean value theorem we have

LZ W) (x—_X—1> X,k]
ne,, “ Cn !
=1
LZ w) (Ti = X1 g
Cn 4= !

n

3 (B |

n

LZK(V) <x_—X2—1) XF—E
1

Cn

IA
2
o =
3

3
N

gt

S
N

8

<
o

I
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for all « such that | — z;| < €,¢,. From this we obtain

- - X;_ 1 « r—X
SN kW (AR xk g N g®) i) xk
ve, | e ; < Cn ' Ny ; Cn '
1 — T, — X;_ 1 & T, — X;_
< _ W) [ 23 il kE_ - ) [ Y i—1 k '
g Y K < - ) S 2 K - X! (B.1)
1 "L T Xi,1 k 1 "L Ty — X’i*l k
+1Sn]12ﬁ*6 n_cn -~ I ( cn ) ‘Xz —F E;K[ cn }Xz (B 2)
1 < — X
+26, max E K (IJ ) | XK
1M | e, n

The last term on the right hand side can be bounded by
2¢, sup F

3R (P
z€ly, ncn i1
= 2€, sup — Z/KI “Xﬂ

xEIn

/KI ) du sup — X:E“X’f

.’EEIn

Xi1=x— ucn] fxi_, (@ —ue,) du

| /\

. 1=x] fx\ () = O

by a change of variable and by assumption (K) and (Z) or (Z’), respectively, and model
assumption (AR). In what follows we show that term (B.1) is of order Op(€,); it can be
shown analogously that (B.2) is of the same order. Define (for j fixed)

Y, = K®) (5%——)“) Xt_ | [KM (%_—Xl) sz} ,
Cp, Cn

then the sequence (Y;); inherits the mixing conditions from (X;); due to 2.6.1 (ii) in Fan
& Yao (2005). Further the variables are centered and bounded by 2Kn'/*logn. We apply
Liebscher’s (1996) Theorem 2.1 to > | Y; to obtain

> M €n>

i — Xio
P (L o S (2

nM2_2
< M, [4exp |- e i W +42 a(m,) (B.3)
64 (14 myc,) A(my,) + 2 MKm,nvé,log(n) Mn

for some M independent of j and for

TL

Ly ke (B )Xk]
NCn =

- { |ne2(log M,,) (logn)™| if np—zc g(log;n)g =0(1) (B.4)

|n'~ 5 €, (log M,,) "1 (logn)~2| otherwise.
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Further,

i+j5*
2k
Ama) = 20 e sy e 508 [ =] g

1 S+mn,
X sup —  max Z {X 2k X

x€Jy, M 0<S<n—mn

Xy = ] Fxo (@)

i=S+1
_ 1 S+may 2
o) (fﬁfm_no&%’fmn.z]f[ -] seeto)
n i=S+1
S+mqp
- xiuepj W 0<§I<I%Xm Z E{ -1 =7, X]'*1 = l'/:| in—l»Xjfl (:Ca :L'/) )
1,j=S+1
li—31>35"

with j* as in assumption (Z) resp. (Z’). In order to obtain B.3 from Liebscher’s Theorem

one has to show that

min(T+mp,n)
2 2
031}1231( ) E ;1 Y; < (mncn + mncn) A(my,).
=T+

This can be done by some tedious calculations, which are omitted for the sake of brevity.

By assumption (Z) resp. (Z’) we have A(m,) = O(1). To see this consider for example
for £ =1 the term

S+mn
1
SR T DIFc) [0 S Y
1=S+1
1 S+mn
= sup— max > Elm(z)+o(2)el] fx,_, (z)

m,, 0<S<n—my,
z€Jp n i=S+1

IN

m,, 0<S<n—m
r€Jn no=r= ni:S-l—l

S+mp
sup ((Im(fﬁ)|+2la($)|) ~ max > fxil(x)) = 0(1)
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(note that m, ' = o(1)), and

sup —  max

zeJ, Mn 0<S<n—my, .
i=

IN

sup —  max
z€J, My 0<S<n—mp

1
1+ sup —  max

IN

< 1+ sup <(|m(x)| + o))’

IEJn

S+may, |:
S+1

my, +

E [Xf

S-‘rmn

—Mn

1=5+1

> E{Xf

S+mn
— 0(1).
o~ 0<§ggxmn Z Ixioa( ) O(1)

- } Fos (@)

S+my,

> E [Xf

i=S+1

Xi1=33} Ix; 4 (@)>1

Xi1 = $:| infl(x)

Xiq = SC} fxi ., (z)

i=S+1

The other terms in the definition of A(m,,) are treated similarly.

Inserting the definitions of M, €,, m, and A(m,) = O(1) one obtains with a simply
calculation that (B.3) is of order o(1) by the assumptions on the bandwidth ¢, and the
mixing coefficient. This concludes the proof.

|

Proof of Lemma B.2. We only present the proofs for the assertions on m, those on &
follow by similar arguments using (A.6).

Let g(z) = =20 K (“f—n’*1> Xk for k € {0,1,2}. Then from Lemma B.1 it directly

follows that

sup
J?EIn

Let further g;;(z) = E [XF|X,_1 = z] fx, ,(z) for i = 1,...,n. Then

x€l,

sup | 2 (E 34(2)]

n

Noting that by assumption (K),

1 )
—we,)du — — ) ()] .
ucy)du n§ Iri (T)

1
_Ezg’“( ))‘
11 T —y
= - K® E | XF
sy oS [0 ()

11
= —=Y " [ KW ;
sup\ 5o / (u) gr.i(z

n

=1

/K(V) (w)uldu =0for p<v+1, p#v, /K(V) (w) u”du = (=1)"V!
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for v € {0, 1,2}, from a Taylor expansion it further follows that

aa;, (E [9k(x)] — %ng(ﬂf)) ‘

sup
ZEEIn
C?L sup (l/+2 '/ K l/) V+2du _ 0(02 qk) (B 6)
o (V+2)I€Jn e

where the last equality follows from assumption (X) resp. (X’) and (M) (note that go; =
Ixiys 91 = mfx._ys goi = (m? 4+ 0?) fx,_,). Note further that

SUPger |§0 (l’) -2 Z?:l 9o,i (.fll')‘ -5, -1
2 1 — - n nn — 1 + OP <cn 2” 2 (10g n) qn + CnQn) (B7)
lnfoceln ’% Zi:l infl (ZL‘)}

by (B.5), (B.6) and assumption (X) resp. (X’).
Now for 1 = §1/go from (2.3) we obtain

= inf |1
Ieln

inf
Ieln

sup |in(z) —m(z)]

:BGIn
= sup gi(x) — 5 2 gua(@) +m() (5 320 g0a(@) — Go(x))
vel, 9o()
Ty (1) = 0 g1a(@) + ma) (3 0 g0ae) = dol)
= sup - go(x)
x€ln m

1
infoer, T30 fx,_, ()
< e ;o<)1 (u,p gi(z Zgu +sup!m !sup ng“ )
| —a; sup zel n zel n
1nfxeln % > 90,i(z)

| 1
= Op (Cn >n=2(logn)2quq! + Ciqnqi>

by (B.5), (B.6), (B.7) and assumption (X) resp. (X’). The first assertion in (i) now directly
follows from (inf,er, |o(z)])™" = O (¢7) (assumption (M)).
Differentiating it is easy to see that from (B.5) and (B.6) it follows that

o <fn(x) - m(m))‘
2 1500

oz o(x)
= Op ((Cﬁl “2(logn)? + ¢ )qn(q,fiq{i)”“) = op(1),

where the last equality only holds for v = 0,1 by our bandwidth conditions. The first

sup
xel,

1
= 0 ((¢2)"*) ZO gl ) ZO <sup
7=0 =0

z€el

assertion of (ii) follows.
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Finally, note that by considering the cases |z — y| < ¢, and |z — y| > ¢, we have

) (M) _ 9 (m(m—m(y))‘
ox o(z) Ay a(y)

sup

z,y€ln,,x#y |y - x|6
0 (m(xr) - m(x)) 5 o (m(w) - m(x)) 1-5
§2-sup—(— ¢, + sup sup r—y|
€l Ox O'(I') " r€ly dx? O'(ZL‘) a:,ye[n,0<|:pfy\§cn| |

_3 1 1 _5 1 1
= Op ((en"n *(10gn)* + &) qulafa)?) e+ Op (e 2 logn)? + ) au(afl)?) el
= op(1)

and the first assertion of (iii) follows. O
Proof of Lemma B.3. (i). For
n LR (e=fm) o Ly g (2=
A 1 Cn Cn nen k=1 Cn
dy(x) = wy(x)— & < : ) — < >
n i1 E 1 K( cnk71>
we have
- 1 & 1 r— X, 1
Ja@sar = 232 [ (25 (F52) < o) dotor( )

where last equality follows by a calculation of the variance and Chebyshev’s inequality. The
first equality can be derived by using

L kﬁ;K (ﬂ) ~ Fxo(@)

ney, Cp,

N|=

1y
sup = Op (chn’E(log n)2 + ci) : (B.8)

zel,

which follows from the proof of Lemma B.2 (note that with the notations used there,
(ne,) P> K((x—Xg-1)/cn) = go(x), fxo(x) =n"1 >0 goi(2)) and results from Lemma
B.2 (i) for the AR-model with m =0, o = 1.

Now assertion (i) is equivalent to

[ns) 1

1 -
sup |— d(X;_1)| = op(—=).
s€[0,1] n; (Ks0) P(\/ﬁ)

with centered functions d,, = d,, — [ d,(z)fx,(z)dz. By arguments similar to those in the
proof of Lemma B.2 and by results from Lemma B.2 for m = 0, ¢ = 1 we have P(Jn €
D,) — 1 for n — oo for the function classes

/ o
4@ ~ ) _

— Y

D, = {d I, — R‘ max (sup |d(x)], sup \d'(a:)]) + sup

4
x€ly, z€l, z,Y€ln, £y |37 - y|

sup d(a)| < 2. [ dly) i )y = 0}

Ieln
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_1
with z, = ¢, 2n~2(logn)2¢f (logn)2. Thus it remains to show that

[ns) 1

1
sup sup |— d(X = op(—=). B.9
s€[0,1] €Dy, ]Z =) P(\/ﬁ) (B:9)

To this end let &, = n~2(logn)~*. It follows from Theorem 2.7.1 in van der Vaart & Wellner
(1996) that M, < exp(2ﬁf((2 + by — Qp)én 1+‘5) balls of radius €, with respect to the
supremum norm || - ||;, on the interval I,, are needed to cover D,,. Here the constant K only
depends on o. Let dy,...,dy,, denote centers of those balls. We may assume that those
functions are elements of D, too (see Pollard (1990), p. 10). Further let 0 = 51 < ... <
s, = 1 segment [0, 1] in intervals of length < €,/2, such that M,; < Z-. Then it can be
shown that

[ns)
1

sup sup |— E d(X;-1)
j

s€[0,1] deDy

LnShJ

< max max E di(X;-1)
\<h<Mn 1<k<ins |1

1 n . .
+  max sup sup d(X;-1) ([{l < s} — [{l < sh}>
1<h<Mn1 s€[0,1] mit |s—sp|<én/zn dEDn | TV =1 n n
1 [nsh ]
+ max max sup - d(X,_1) —dp(X._y
h  1<k<Mn2 gep, mit ld—d||1,, <€n n = ( ( J ) ( J ))

| lnsn) .
<  max max E d( )| +o i
= 1<h<Myy 1<k<Mps B vn

By an application of Liebscher’s (1996) Theorem 2.1 to random variables Y; = dj(X;_1)I {% < s;,}

(for k, h fixed) one can show the existence of some constant M such that

[nsh ]

1 _
Pl max  max |— Z dp(X,-1)| > Me,

1<h<Mn1 1<k<Mno

M1 Mp2 1 \_nShJ
< P d
~ n Z k J 1) > M€n
h=1 k=1 j=1
2 V7222 1
< MMy | dexp | — T n E”_ T +4 n —a(|néci )
64n|né,ci |22 + 3nMe, [ne.ci |z, |né,ch |

= o(1).
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Details are omitted for the sake of brevity. From this the rate Op(&,) = op(n~'/?) follows
for (B.9).

(ii). We only describe the main steps of this proof. The random denominator can be replaced
by the true density fx, due to (B.8). Now define

A 1 - x—XZ-,l 2 Xifl — O\
() = w””)n_cn;K( n ) (a<x>}xo<:c§ .

Then, [ d ) fx,(z)dr = op(n/?) can be shown by Chebyshev’s inequality and for d, =
dy — [ dn(x)fx, () dz the assertion

Lns]

1
sup |— d,(X;_1)| =0
s€[0,1] nz (5-0) o

=)
=1 v
is shown analogously to the proof of (i).

(iii). The assertion can be proved by the same methods. a

Proof of Lemma B.4. Let d,; = (1h —m)/o and d,, = 6 /0. Now the assumption of the
lemma is equivalent to
PO 1

sup sup |H,(s,t,dy1,dn2) — Hy(s,t,0,1)| = op(—=

S S 5,1 s ) — (5,10, 1)] = 0p( 1)
with

1 Lns)

H,(s,t,dy,dy) = Zwm Hep <t-do(Xjo1) + di(Xj-1)} — Fo (tdo(Xjo1) + di(Xj-1))) -

] 1
For the proof we may assume that sup,.; |do1 (z)| < 1, infpeq, dpo(z) > tand [e;| < /nlogn
for all j =1,...,n because sup,.; \d1 (2)] = op(1), SUDger, |dya(2) — 1] = 0p(1) by Lemma
B.2, and further

ZE[a ]{5 > n(logn)? }] < Lo o(1)

P<1I£%}%|8j| > \/ﬁlogn) < oam

nlogn
by the model assumption Ele3] =1 for all j € Z.
Note that I{e; < t- dny(X;_1) + dp1(X;_1)} — I{e; < t} = 0 for all ¢ such that |¢| >
vnlogn, for all j = 1,...,n. Thus, by some simple estimations,
sup  sup |H,(s,t, A1, cim) — H,(s,t,0,1)]
s€[0,1] |t|>v/nlogn
1 [ns]

< sup sup EE W
5€[0,1] |t|>+/nlogn =1

(o () o (e

—FE.(t . d/\nQ(Xjfl) + dAnl(Xjfl)) + FEJ' (t)‘

J
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where in the last line we have applied that for ¢ > 1

Y (1-F (1) = %Zp(gj >1) < ——ZE E31{e} > *}] = 0(%2) (B.10)

Jj=1 Jj=1

by the model assumption E[e}] = 1 and analogously for t < —1, - 37" | F. (t) = O(1/t?).

For the remainder of the proof we therefore only need to consider |t| < \/nlogn. Define
sequences of function classes by

@) —dwl _

max{sup |d(z)], sup |d'(x)[} + sup 5
zel, zel, Y€l ,x#y ’y - .Z"

Dy, = {d I, >R

1
sup |d(z)| < zp1 log n} for z,; = (cn 2n_%(log n)% + ci) qnq,{qz

x€l,
d —d
max{sup d(o)] sup |4 ()]} + sup @) = d Wl o
x€ln z€ln z,yE€ln,x#y ’y - .T’

Dy, = {d I, >R

1 _1 1 1
inf d(x) > 1 sup |d(z) — 1| < zpo logn} for 2,5 = (chn*E(log n)z + ci) (qnqqu)z.

J)GIn LEGIn

Then by Lemma B.2, P(a?nl €D;,) — 1, P(czng € D, ,) — 1 and it remains to show that

1
su H,(s,t,dy,dy) — H,(s5,t,0,1)| =0, —= | .
sE[O,l],\t\SI?/ﬁlogn, | ( ! 2) ( )| P (\/ﬁ)
d1E€D1 p,d2 €Dy 4,

To this end we apply covering arguments. Let €, = min{z, n_%(log n)~'}. The &,-covering
numbers of both function classes with respect to the supremum norm on I, can be bounded
by M,, < exp(c(2+ b, — an)éﬁl/(H&)), see Theorem 2.7.1 by van der Vaart & Wellner (1996).
Let dyy,...,diy, and day, . . ., dapg, , respectively, denote the corresponding centers of covering
balls. Note that then sup,¢; |dix(z)| < 1+€, and dy(z) € [% — €, 2+ En] forallz € I,,. Let
further the intervals [0, 1] and [—+/nlogn, /nlogn| be segmented by points 0 = 53 < ... <
su,, = 1 and —y/nlogn = t; < ... < ty,, = v/nlogn, respectively, in segments of length
< &, such that the number of points are bounded by M, < 1/&, and M,; < 2y/nlogn/&,.
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Let || - ||7, denote the supremum norm on I,,. Then

sup |H,(s,t,dy,dy) — Hy(s,t,0,1)]

s€l0,1],1t1< v log n,
dy eDl,ndeEDQJL

IN

;Lnak)% ’Hn(3h7 tia dlka d2l) - Hn<5h7 t’i? 07 1)‘

+ max sup ’Hn(57t7d17d2) - Hn(sh7t7d17d2>| (Bll)

|s—sp | <enlt|<v/Alogn,
dleDLn,dgeDQm

+hmz}€}§ sup |Hn(8h7tad17d2) - Hn(shati7d1k7d2l)| <B12)
o Hd1*d1k\\J,‘ngﬁ[ﬁ;;idzl\\znéén
+ max sup |H,(sp,t,0,1) — Hy(s,t,0,1)] (B.13)
h [s—sp|<én,|t|<y/nlogn
—f—Il’}lLaX sup |Hn(8hati7071> - Hn(8h7t7071>|7 <B14)
v It_ti‘ggn

where the maximum is always with respect to h € {1,..., M}, i € {1,..., My}, k,1 €
{1,..., M,}.

To further bound the term (B.12) first consider fixed h € {1,..., M}, i € {1,..., My},
k,l€{1,...,M,} such that ¢t; > €, (the other case is treated analogously). Then

sup |H,,(sn,t, d1, da) — Hy(Sn ti, dig, dar))|
Hd1*dlkH17|L ;E;‘,W;;idzllhné%n
1 n
< sup - D walH{e; < tdo(Xj) + di(X;0)} — ey < tdo(X51) + din(X; 1)}
t—t;|<én, -
Hdl_d1k|\[,l§€n‘¢“d2_d21”InSEn j=1
1 n
+ sup - D was | Fey (b (X 1) + dig(X 1)) = Fe (tda(X ) + di(X0))

|t7ti‘§€nq
lld1 —dy gl 1,, <Ensllda—dgllf,, <&n

S Hn<17t2 + €n7 dlk + EHJ d2l + En) - Hn(latz - Enu dlk - E?M d?l - En)

j=1

2 n
+ Z W (st ((t; + &) (dau(Xjo1) + &) + dir(Xj-1) + &)
j=1

— I (6 — &) (da(Xj-1) — &) + dir(Xj-1) — En))

1
= H,(1,t;+ €, dip + €, du + €,) — Hy(1,t; — €,,d1jy — €,,doy — &,) + 0 <%> ;

where the last step follows from the mean value theorem, assumption (F) resp. (F’) and
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€, = 0o(1/4/n). Similarly for (B.14) we obtain

nmax  sup |Hn(5h7ti’071)_Hn(shat’071)|

hoi |t—t;|<é,
1
< max|Hy (Lt + &, 0,1) = Hy(L,t; = &,0,1)] + 0 (ﬁ) . (B.15)

For (B.11) we have

max sup |H,(s,t,dy,ds) — Hp(sp,t,dy,ds)
b |s—spi<en,It|I<Vmlogn,
d1 €Dy n,d2€D2

n
< max sup —

1 . .
3 BT
‘s,sh‘ggnn ) n n

1 1 1
< max sup (s—sh +—) §€n+—:0<—>
h ‘S_Sh‘ggn ‘ | n n \/ﬁ

and analogously for (B.13) the same rate o(1/y/n). Altogether we have shown that

sup |H,(s,t,dy,dy) — Hp(s,t,0,1)]
S€[0,1],[t|</ log n,
d1€D1,,d3€Dg 4,

< irzn%cxl ‘Hn(sha ti7 d1k7 d21) - Hn(5h7 tia 07 1)’ (B16)

+ m]?;{ |Hn(1at7, + Ena dlk + gna d2l + gn) - Hn(L tz - gna dlk’ - Ena d2l - gn)|

1

NG

To conclude the proof we exemplarily consider term (B.16); the other terms are treated
analogously. For all n > 0 we have

P (\/ﬁfflné}ch |Hy(Sh i, dig, dor) — Hy(sp, 63,0, 1)] > 77)
Mns Mnt Mn Mn

ZZZZP (vV/n|Hy(sn, b, dug, dog) — Hy(sp, 6,0, 1)) > 1)

h=1 i=1 k=1 I=1

IN

My, M, M, P
< M, 2exp [ — B.17
a ; kz:; lzzl: ( =P ( Any/n +2nA; 5 (n) )) (B.17)

by an application of Theorem 1.6 by Freedman (1975). To see this define (for h, i, k, [ fixed)

Y; = wy;l {% < Sh} (H{e; < tida(Xj1) + die(Xj1)} — I{g; <t}
—F. (tidy(X;-1) + du(X;-1)) + F, ()
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and note that |Y;| < 2, E[Y;| Xy, ..., X;_1] = 0= E[-Y;|Xo,..., X;_1] as well as

— IEI’n

Y ENXo,. . Xja] < ndiga(n) = > sup |F (tida(x) + dig(x)) — F., (t)]
j=1 j=1

< Cn(zpy logn + zpologn + €,)

by an application of the mean value theorem, the definition of D, ,, Ds, and assumption
(F) resp. (F’), for some constant C' independent of i, k,[. Hence, inserting the bounds on
M,,, M, and M,;, (B.16) can be bounded by

1 1
2 exp <10g (@) +2¢(2 4 by — ay)én
€

n

e )
— = 0
Any/n + 20n(zn1 logn + zpe logn + €,) ’

which follows from bandwidth condition (3.1). O

Proof of Lemma B.5. Analogous to the proof of Lemma B.4 we may assume that |¢;| <
vnlogn for all j =1,...,n. Then

sup [ (un(X;) = 1) (e < 1} = F(1)

s€[0,1], —
|t|>+/nlogn Jj=1
n

. .
< sup |- J{lgs}(wn(xj1)—1)(1—F(t))

s€(0,1], n < n

t>+/nlogn -]:1

1 & j
+ s SNl < W(X;21) — 1) (0 — F(t
s S {2 <sb w0 - 00 F)
t<—+y/nlogn J=1

<

%Z(l — F(yv/nlogn)) +%ZF(_\/5103”)

= (o) = *(55)

where the second last equality follows from (B.10).

Now let €, = n_%(log n)~'and let 0 =1 < ... < s, = 1 be such that s, — 5,1 < &,
foralli =2,...,M,, and M, < 1/€,. Further let —\/nlogn =1, < ... <ty,, = /nlogn
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be such that t; — t,-1 <€, forall i =2,..., M, and M, 5 < 2y/nlogn/€,. Then we have

1
oS3 ()~ 1) (e < 1) - F(0)
tG[f\/ﬁslié 7‘1,]\,/710g n) j=1

[mh]
< | max o — 1) (He <ti} = F(t))
1<i<My, o ]:1
1 [ns]
.l . —_ <Y
tomex o sup o > (wa(X50) = 1) (I <1} = F (1))
te[—+/nlogn,/nlogn] J=1
1 L”ShJ
= —1) (I{e; <t} — F(1)| (B18)
n =
1 [nsh ]
— n -1 (I <t F(t
+1<£%%X"1tt<enn;w Xj-1) ) (I{e; <t} = F (1))
1<i 2 J=
1 [nsh]
- D (wa(Xjo1) = 1) (Hey <t} — F(t) (B.19)
j=1
1 [nsh]
< a3 (X)) — 1) (e <) - F(8) (B.20)
1<i<M,, o 7j=1
1
+0(%)
1 & _ _
# o |03 (X = DI St e =l en>>‘ (B21)
]:
N X 1)1 <t F(t B.22
# oy | 2 (X~ D) < 6= @) = (6= ) (B.22)
J:
1 & _ _
+2, max o Z (F(ti+ &) — F(ti—&,)). (B.23)

To obtain the last inequality it can be shown analogously to the treatment of (B.11) in the
proof of Lemma B.4 that (B.18) is of order O(&,) = o(1/y/n). Further the bounding of
(B.19) by the sum of (B.21), (B.22) and (B.23) is straightforward by using monotonicity of
indicator and distribution functions.

Now by the mean value theorem and assumption (F) it follows that (B.23) is of order
O(€,) = o(1/y/n). The remaining terms (B.20), (B.21), (B.22) are treated in the same way
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and we will only consider (B.20) in what follows. For this term we have for each n > 0 that

[nsh |
1
PV max |37 (wa(X) = 1) (e < 6} = F(1)| >
1<i<My, o Jj=1
Mn,l Mn,Z LTLS}LJ
1
< Pl vn- - Z (wn(Xj1) = 1) (H{e; <ti} = F(t:)| > n
h=1 i=1 Jj=1

N|=

a(|n

My M, [ dexp [ — - : I L log n) 2
Y ( p( 64nwn+§\/ﬁmn2(logn)2j> " |n2(logn)—2| (logm) D)

(where a(+) denotes the a-mixing coefficient) by an application of Theorem 2.1 by Liebscher
(1996) and the bandwidth conditions. Details are omitted for the sake of brevity, but note
that

S+ Ln% (logn)~2]

1
wp = —4/——— max E[(wa(X;_1) — 1)
Ln%(log n)7%] 0<S<n—|n? (logn)-2] j:;l [ ’ }
an+kK o0 1
< d dr =
>~ /_Oo on(x) T+ b on(x) z 0 (logn)
by assumption (I). U

Proof of Lemma B.6. We only give arguments for the first statement. Similarly to the
proof of Lemma B.5 one can show that

1 [nbo ] 1 [nbo ]
=D e (e St} = F() = = 3 (I{e; <t} = F(1) +0p(1)
j=1 j=1
(applying assumptions (I’) and (X")). Then the assertion follows by standard arguments for
the empirical distribution function of iid-data. O
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